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The paper aims at creating a new insight into our perception of convexity by focusing on two fundamental
problems: the coincidence of two functions (at least one being convex) upon an information on a dense
set and the clarification of the relation between convexity and Fenchel subdifferential. Various results
are established into these directions. Several examples are also illustrated showing that some rather
unexpected situations can often occur.

Keywords: Convex function, coincidence, subdifferential

1991 Mathematics Subject Classification: 52A41, 49J52, 26E99

1. Introduction

If X is a Banach space, would you say that two lower semicontinuous (in short lsc) convex
functions ¢', g% : X — R U {+oo}, equal on a dense subset of their domain, necessarily
coincide? In other words, can we determine a Isc convex function if we know its values on
a dense set? In Proposition 3.4, we show that in infinite dimensions the answer is negative
even if it is assumed that g' < ¢ and that both functions are positively homogeneous.
Motivated by these considerations, we introduce the class G;(X) of Isc convex functions
g that do not admit any non trivial Isc majorant f coinciding with g on a dense subset of
dom g. We show that G, (R?) coincides with the set of lsc convex functions (see Corollary
3.7). This is not the case in infinite dimensions, since - as we prove in Theorem 3.8 - a
Isc convex function with a dense domain belongs to the class G;(X) if, and only if, its
domain is equal to X.

We also investigate the relation between Fenchel subdifferential and convexity by focusing
on the following question: given a Isc function f : X — R U {400}, can we conclude that
f is necessarily convex whenever the domain of the Fenchel subdifferential of f is dense in
X7 This assertion is true in finite dimensions but fails impressively as soon as we consider
infinite dimensional spaces (see Proposition 4.3). An interesting relevant question is the
following. Given a lsc convex function g and a lsc function f such that the domain of the
Fenchel subdifferential of f is dense in the domain of g and such that the closed convex
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envelope of f is equal to g, can we conclude that f = ¢? If Go(X) denotes the class of lsc
convex functions g for which the latter conclusion is true for all f, we show in Proposition
4.5 that Go(X) strictly contains G;(X). Finally we obtain the analogue of Theorem 3.8 for
the class Go(X). More precisely, we show in Theorem 4.8 that a lsc convex and positively
homogeneous function with a dense domain belongs to the class Go(X) if, and only if, its
domain is equal to X.

2. Preliminaries

In the sequel, let N denote the set of strictly positive integers, X a Banach space and X™* its
dual. For any x € X and p € X* we denote by (p, ) the value of p at x. Given a function
f: X —- RU{+00}, we denote by dom f = {z € X : f(z) € R} its domain. Throughout
this article, we shall deal with proper (i.e. dom f is nonempty) and lsc functions. Let us
recall that the Fenchel subdifferential df of any such function f at the point z € dom f
is defined as follows

Of(x) ={pe X" : fy) — f(z) = (p,y —x), Vy € X}. (1)

If ¢ dom f, we set df(x) = (). We denote by domdf = {z € X : 9f(x) # 0} the
domain of the subdifferential of f. We recall that whenever f is convex, dom df is dense
in dom f. In fact, the following result holds (see for example [5, Theorem 3.17]).

Proposition 2.1. Let f: X — RU{+o0} be a proper lsc convex function. Then dom df
is f-graphically dense in dom f, that is, for every x € dom f, there exists a sequence {z"}
in dom df converging to x such that the sequence {f(z")} converges to f(x).

Let us further recall that the closed convex hull of the function f, denoted co f, is defined
as the greatest lsc convex function majorized by f. It is well known that its epigraph
coincides with the closed convex hull of the epigraph of f. Let us remark that ¢o f takes its
values in RU {400} if, and only if, there exists an affine continuous function minimizing f
on X. It is known (see [4] for example) that for a proper lIsc function f: X — RU {400}
one has f = ¢of on domdf. This fact can be seen in the following simple way. Fix
x € domdf, take any p € 0f(x) and consider the function g = p + (f(z) — (p,z)). It
follows from (1) that f > g. Since g is Isc convex, we get that f > ¢o f > g. The result
follows from the observation that f(x) = g(z).

3. Uniquely determined majorants of convex functions

In this section we are interested in the question of determination of a convex function, by
means of an information for its values on a dense set.

A relevant, but more specific question is the following. Let g : X — R U {+oc} be a
proper Isc convex function. If f is Isc and D is a dense subset of dom g then

>y
— f=g7 (2)
f=gonD

Let us first tackle (2) for the special case where D = dom Og.
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Lemma 3.1. Let g: X — RU{+o0} be a proper lsc convex function. Then for every lsc
function f satisfying f > g we have

f ‘domag =g ’domag — f =g

Proof. Since f > g, it clearly suffices to show that f coincides with ¢ on domg. By
Proposition 2.1, for every z € dom g, there exists a sequence {z"} in dom dg converging to
x such that the sequence {g(z")} converges to g(z). By our hypothesis, f(z") = g(z") for
all n. Since f is Isc at x, letting n — +oo this last equality yields f(z) < g(x). Recalling
that f > g, we conclude that f(z) = g(z). O

We now have the following proposition.

Proposition 3.2. Let g : X — RU{+o0} be a proper lsc convex function and let D be
a subset of dom g which is g-graphically dense in dom dg (that is, any point in dom dg is
the g-graphical limit of a sequence in D). Then for every lsc function f satisfying f > g
we have

flo=9lp=f=g

Proof. In view of Lemma 3.1, it suffices to show that f coincides with g on dom dg. Let
any x € domdg. Then there exists a sequence {z"} in D converging to = with {g(z")}
converging to g(z). Then f(z™) = g(z") for all n > 1, and letting n — 400 we obtain
f(x) < g(x), since f is Isc at z. Recalling that f > g, we conclude that f(z) = g(x). O

The following corollary is a direct consequence of Proposition 3.2.

Corollary 3.3. Let g : X — RU{+o0} be a proper lsc convex function such that g |aomag
1s continuous and let D be a dense subset of domdg. Then for every lsc function f
satisfying f > g we have

flo=g9lp=f=g

Remark.

1. As observed by the referee, the assumptions of Lemma 3.1 (as well as those of Propo-
sition 3.2 and Corollary 3.3) yield dg(x) C 0f(x), for all x € X. Thanks to the convexity
of g, this inclusion still holds even if d is remplaced by any abstract subdifferential in the
sense of [8, page 35|, which relates directly to results concerning integration of subdif-
ferentials (see [6], [8], [9], [3] and references therein, as well as [7, Theorem 24.9] for the
convex case).

2. The assumption “g |qomay is continuous” adapted in Corollary 3.3 is strictly weaker
than the relative continuity of g on dom g. We refer to [2] for further details and a dual
characterization of this property.

The above results establish positive answers for the assertion (2) provided that the dense
set D satisfies certain conditions. The following proposition shows that without these
conditions, assertion (2) may fail even if both functions g' and g? are convex and positively
homogeneous. As usual, £*(N) denotes the Hilbert space of square summable sequences
and {e'} the canonical basis.

Proposition 3.4. There exist two distinct positively homogeneous lsc convex functions
g', g% : (](N) — RU{+o0} such that g* < ¢g* and g' = g* < +00 on an open dense subset
of *(N).
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Proof. Consider the functions g', ¢* : *(N) — RU{+o0} defined for any = = (x;) € ¢*(N)
as follows:

91(33)25;1?{2|93z|} and gz(:v):max{2|a:1\,gl(a:)}.

It follows directly that both functions are Isc convex and positively homogeneous and that
gt < g2 Let us also note that g*(e!) # g*(e!) and consequently g' # g2 Moreover, it is
easily seen that g' = ¢g> < 4+00 on the subset

D={(z) € AN): JeN,|a| < %\m}.

Since D is an open dense subset of £2(N), the assertion is established. O]

In the sequel we consider the question (2) globally, in the sense that we are interested
to Isc convex functions g for which the assertion holds true simultaneously for all dense
subsets D of dom g. This class is introduced in the following definition.

Definition 3.5. We say that a proper lsc convex function g : X — R U {+o00} belongs
to the class G1(X), if g does not admit any non trivial lsc majorant that coincides with g
on a dense set of dom g.

Proposition 3.2 guarantees that G; (X) contains all convex continuous functions on X. The
following result shows that, more generally, G;(X) contains also all Isc convex functions
g with int dom g # ().

Proposition 3.6. If g : X — R U {400} is a proper lsc convex function satisfying
int dom g # 0, then g € Gy(X).

Proof. Let f be a lsc majorant of g such that f = ¢g on a dense subset D of domg. Let
D, = DnNintdom dg. Thanks to the continuity of g on int dom g it is easily seen that D,
is g-graphically dense in dom dg, whence f = g, in view of Proposition 3.2. OJ

Taking the relative interior, one gets the following corollary.

Corollary 3.7. G(RY) coincides with the class of all proper Isc convex functions.

The following theorem gives information on G;(X) in the infinite dimensional case.

Theorem 3.8. Let g : X — R U {400} be a proper Isc convezr function with a dense
domain. Then g € G1(X) if, and only if, dlomg = X.

Proof. Suppose that dom g # X. Since dom g is convex and dense in X, it follows easily
that intdom g = (). Hence g takes at least one infinite value in every neighborhood of
each point of X. Since the function g is Isc at every x in X, we conclude that for every
integer n the set

D, ={zx € domg: g(z) > n}

is dense in X. Let us now take n > inf ¢ and consider the lsc function f: X — RU{+oc0}
defined by

f(x) = max{g(x),n}.
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It is easily seen that f violates (2), i.e. f > g, f = g on the dense set D,, and f # g.
Hence g ¢ G1(X), which proves the “necessity” part. The “sufficiency” part is a direct
consequence of Proposition 3.6, since dom g = X implies that dom dg = X. 0

4. Fenchel subdifferential and convexity

In this section we investigate the relation between Fenchel subdifferential and convex-
ity. The central question in this section is whether the non-emptiness of the Fenchel
subdifferential of a lsc function f on a dense set guarantees the convexity of f.

Let f: X — RU{+o0} be a proper Isc function. If we assume that f is convex, then
Proposition 2.1 asserts that dom df is dense in dom f. Let us observe that the converse
assertion is not true even if X = R as shows the example below:

0 ifr=0o0r 1;
flz) =

400 elsewhere.

Indeed, the function f is obviously Isc, non-convex and dom f = domdf = {0, 1}.

However, assuming that dom f is convex, the following proposition ensures the converse
in finite dimensions.

Proposition 4.1. Let f : R? — RU{+oc0} be a proper Isc function with a convex domain.
Then f is convez if, and only if, domdf is dense in dom f.

Proof. The “necessity” part follows from Proposition 2.1. For the “sufficiency” part,
assume that f is Isc and that D = domdf is dense in dom f. Setting ¢ = cof we
obviously have that ¢ is Isc convex, f > g and f |p= ¢ |p. Since dom f is convex, it
follows that dom f (and subsequently also dom df) is dense in dom g. This finishes the
proof in view of Corollary 3.7. OJ

In case where the Isc function f has a dense domain in X, the converse assertion becomes:

if domdf is dense in X, is f convex 7 (3)
This question was first considered in [1] where the following positive result was established
(see [1, Section 3]).

Proposition 4.2. Let f be a Isc function such that dom df is dense in X. Suppose that
at least one of the conditions (a), (b) or (c) is satisfied:

(a) X =R%

(b) domf=X;

(¢) Of has a locally bounded selection on domdf, i.e., for every x € X there exist
M >0 and r > 0 such that for all y € dom Jf,

ly =zl <r = Fpedfly):pl <M

Then f is a convex continuous function.

The following proposition completes the above results by exhibiting an example showing
that, in infinite dimensions, (3) is not true without additional assumptions. Let us note
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that in the forthcoming example the domain of the constructed nonconvex function f is
convex as was the case in Proposition 4.1.

Proposition 4.3. In the Banach space X = (*(N), there exists a proper lsc non-convex
function with a dense domain of Fenchel subdifferential.

Proof. Let us consider the functions g, f : (*(N) — RU{+oco} defined for x = (x;) € ¢*(N)
by

g(x) sup {ilzil} and  f(2) = max {x1(21), 9(2)},

where x(_11)(z1) = 0 if 2y € (=1,1), and x(—11)(z1) = 1 if not. The functions f,g
are clearly Isc and g is convex. Considering the restriction of f to the one-dimensional
subspace Re! we deduce that f is not convex. Set

U = {(z:) € A(N) : 3i € N, |wi| > %}.

We obviously have
f>29g>0 and flr=yglv. (4)

Let us remark that the domain of g contains the subspace of almost everywhere null
sequences, thus it is dense in £2(N). Since g is a Isc convex function, it follows that dom dg
is dense in dom g, and consequently also in ¢*(N). On the other hand, we conclude from
(4) that dom g N U C dom Of NU. Since U is open and dense, it follows that dom 0 f
is dense in X. 0

Motivated by the above example, let us consider the following general problem. Given a
Isc convex function g : X — R U {+o0} and a Isc function f: X — R U {+o0}, is it true
that
cof =g
— f=g7 (5)
dom df dense in dom g

Analogously to Definition 3.5, we introduce the following class of lsc convex functions.

Definition 4.4. We say that a Isc convex function g : X — R U {+o0} belongs to the
class Go(X), if g does not admit any non trivial Isc f such that ¢ f = g and dom df is
dense in dom g.

It is easily seen that assertion (5) is related with (2). In particular, if ¢ € G;(X), then
obviously (5) holds and g € Go(X). Hence, for any Banach space X, we have

G1(X) C Go(X). (6)

In finite dimensions, in view of Corollary 3.7, G;(X) = Go(X) and both classes coincide
with the class of all proper Isc convex functions. The following proposition shows that
inclusion (6) can be strict in infinite dimensions.

Proposition 4.5. Consider the Isc convexr function g : ?(N) — R U {+oco} defined for
every x = (z;) € (*(N) by
+oo

gle) =

=1
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Then g € Go(X), but g & G1(X). More precisely, for every lsc function f : (*(N) —
R U {400}, the following implication is satisfied

cof=9=[f=g.
Proof. Let us observe that

g(x) = Z (), (7)

where the function ¢ : R — R defined for all t € R by () = |t |*/? is convex, differentiable
on R and twice continuously differentiable on R\ {0} with ¢"(¢) > 0, for all ¢ # 0. Clearly
the function g is Isc and convex. Since ¢(0) = 0, the domain of g contains the subspace
of almost everywhere null sequences, thus it is dense in £*(N). Considering the sequence

T = (3 (%)2> , we conclude that dom g # ¢*(N). Hence according to Theorem 3.8 we
i>1

have g ¢ G1(X).

Let us now prove that g € Go(X). To this end, let f : (*(N) — R U {400} be a lsc
function satisfying cof = ¢ (the other assumption in (5) that dom Jf is dense in dom g
will be superfluous in the sequel). By Lemma 3.1, in order to show that f = g it suffices
to ensure that f |dgomag = 9 |domag -

Let us show that for every z € domdg and p = (p;) € dg(x), there exists m > 0 such
that for all v € X with [Ju|| <1 we have

g9(z +u) = g(x) + (p,u) +m [ul® (8)

Indeed, let us fix z € dom dg and p = (p;) € dg(x). Applying (1) for y = x + te’ (where
t € R and {e'} is the canonical basis), we have p(x; +t) > ¢(x;) + p;t. This inequality
shows that p; € dp(x;). Since ¢ is convex and differentiable we conclude that

pi = ¢ (z:). (9)

Choose m = 1 min {¢"(t) : |t| <|z||+1, t+#0}; obviously m > 0. Consider now any
u = (u;) € (*(N) with [Ju|]] < 1. Then for all i > 1 a direct calculation gives
Titu;
Pl w) = pla) +uig! () [ ok = D) dt (10)

T4

-6

where the above integral is defined as the sum of the generalized integrals lim [ (z;+u;—t)

6—0t z;

Titug
¢"(t) dt and 511H1+ [ (@i +u;—t) ¢"(t) dt in case that z; < 0 < z; +u; (and analogously,
—0 5

if x; +u; <0 <ux;). (Note that if z;(x; + u;) > 0, then (10) is nothing but the Taylor’s
integration formula for the twice differentiable function ¢ on the segment [z;, z; + u]
(respectively on [z; + w;, x;], if w; < 0)).

Let us remark that for all ¢ > 1

Titu; Ti+u;
(i +u; — )" (t) dt > 2m / (z; +u; — t) dt =m uj.

T T
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Combining with (10) we obtain
(i +us) 2 () + uip () +m . (11)
Adding the above inequalities for all ¢ and recalling (7) and (9), we obtain
g9(z +u) > g(x) + {p,u) +m [Jul”

Hence (8) holds and the proof finishes in view of the following lemma.

Lemma 4.6. Let g be a proper Isc convex function on X and x € X. Suppose that there
exist p € X*, v >0 and m > 0 such that for all u € X with |ju|| < 1 we have

9@ +u) = g(x) + (p,u) + m [ul]". (12)
Then, for every Isc function f such that f > g, the following implication s satisfied:
flz) >g(z) = ©cof #y. (13)
Proof. Let us set

Gu) = g(z +u) = g(r) = (p,u) and  F(u) = f(x +u) = g(x) = (p, ).

Thus G is a Isc convex function with G(0) = 0, F' is a lsc function with £(0) > 0 and
F > G. Moreover, relation (12) becomes:

m |ul]” < G(u), (14)

for all w € X with ||ul]| < 1. To prove the assertion of the lemma, it suffices to show that
coF # (. Let us remark that if z € X with [|z|| > 1, we have

x 1 1 1
G (H) < G + (1= LIGO) = 1 Gla).

] il
since G is convex. This shows, in view of (14), that for all ||| > 1

ml|z]| < G(z). (15)

Let us now prove that there exists a > 0 such that F' > a. Indeed, if this were not the
case, there would exist a sequence {z"} in X such that for all n > 1

F(z") < % (16)

Since G(2") < F(z™) we conclude thanks to (15) that for n large enough ||z™|| < 1. Thus
(14) yields m||z"||" < L. Tt follows that the sequence {z"} converges to 0. Letting n — oo
in (16), and using the fact that F is Isc we conclude that F'(0) < 0. This contradiction
shows that what asserted is true.

Thus F' > a, which implies that coF' > a. Consequently coF' and G cannot coincide at 0.
This finishes the proof. 0
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Remark 4.7. It is easily seen that, more generally, the Isc convex function g : *(N) —
+o00

R U {+oc} defined for all z = (x;) € %(N) by g(z) = > |z;|P (1 < p < 2) satisfies the
i=1

conclusion of Proposition 4.5.

The following result, analogous to Theorem 3.8, deals with the case of Isc positively
homogeneous convex functions g with dense domain.

Theorem 4.8. Let g : X — R U {+oc} be a proper lsc positively homogeneous convex
function with a dense domain. Then g € Go(X) if, and only if, domg = X.

Proof. Suppose that dom g # X and let us prove that g ¢ Go(X). For that, let us
consider the function f: X — R U {400} defined by

max {g(z),1} if g(z) > 0;

g(x) if g(z) < 0.

It is directly seen that f > ¢, which implies cof > ¢ since ¢ is convex, and that for all
re X
f(x) =g(z) <=z €D,

where D ={z € X :¢g(x) ¢ (0,1)}.

Let us show that cof = ¢g. This equality holds clearly on D. Let us now consider any
r ¢ D and let us set ! = ﬁx, z? = 0 and A = g(x) € (0,1). Since g is positively
homogeneous, g(z') = 1 and g(z?) = 0 which implies that both points z! and z? belong
to D. Thus cof(z%) = g(z*) for i = 1,2. Since the functions g and cof are convex, and

since = Az' + (1 — \)z? we deduce
cof(w) < Aeof (') + (1= Neof(2%) = Ag(a') + (1 = N)g(=*) = g(x).
It follows that cof (x) = g(x).

Let us show that f is Isc. Since ¢ is Isc, f > g and f |p = g |p, the function f is
obviously lsc at every point of D. Let now any x ¢ D and let {2"} be a sequence in X
converging to z. Since g is Isc at  and g(z) > 0, we have g(z") > 0 for n large enough,
and consequently f(z") = max{g(z"),1} > 1 = f(x). This shows that f is Isc at z.

Let us show that dom df is dense in dom g. To this end, let us consider any x € dom g.
Since g takes arbitrarily large finite values around z (see the proof of Theorem 3.8), there
exists a sequence {z"} in dom g such that g(z") > 2 and [jz" — z| < & for all n > 1.
Using Proposition 2.1, we obtain a sequence {y"} in dom dg such that g(y™) > 2 and
|z — 3| < % for all n. Since f > g and f(y") = g(y") for all n, by definition of the
Fenchel subdifferential we have dg(y™) C df(y™) for all n. It follows that the sequence
{y"} is included in dom Jf. Since the sequence {y"} converges to z, it follows that dom 0 f
is dense in dom g.

Since ¢ is positively homogeneous and takes finite arbitrarily large (hence in particular
positive) values, it follows that D # X, whence f # g. Thus g ¢ Go(X), which proves the
“necessity” part.

The “sufficiency” part is a direct consequence of Theorem 3.8 and inclusion (6). U
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Remark 4.9. The example of the function given in Proposition 4.5 shows that the as-
sumption “g is positively homogeneous” is indispensable in Theorem 4.8.
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