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Let S be a nonvoid set endowed with a ”"segment structure® which generalizes the notion of a segment
in a linear space, and which allows to define affine functions. The problem is treated, whether a pair
of sets X, Y C S can be separated by some affine function f : S — R. Here separation means f(y) >
f(2),y €Y,z € Z in it’s weakest and inf,cy f(y) > sup., f(2) in it’s strongest form. Several solutions
of this problem are presented as a consequence of von Neumann’s minimax theorem. As special cases
we obtain all the classical separation theorems for linear spaces, linear topological spaces, locally convex
spaces, normed spaces, etc., but also new results for convex metric spaces are derived.
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1. Preliminaries
1.1. Notation

Let S be a nonvoid set and 2° the power set of S. Then every nonvoid subset P C 2 is
called a paving in S and (S, P) is a paved space. We write P(S) (£(5)) for the paving of
all nonvoid (finite) subsets of S. If S is a topological space, then we set F(S) (K(5)) for
the paving of all closed (compact) subsets of S.

A paving P in S is called upward filtrating it VA, B € P 3C € P : C D AU B, and
P resp. the paved space (S,P) is called compact iff every subpaving Q C P with the
finite intersection property (J{P: P € R} # 0V R € £(Q), has the global intersection
property (J{P : P € Q} # 0, and a subset T of S is called compact (in P) iff the trace
Pr:={CNT:C e P} is compact.

A paving is said to be Ny—closed (N.—closed, N,—closed) iff it is closed under finite
(countable, arbitrary) intersections and it is called Us—closed iff it is closed under finite
unions.

We shall use the extensions R® := RU{+o0}, R, := RU{—~0o0}, and R := RU{—00, +-00}
of the set R of reals, and we set P" := {(av,..., o) € R" 1 ; > 0,4 <,y ", a; =1}
For a nonvoid subset R C R let RS denote the set of all functions f : S — R, and let

infr f = infier f(¢),T € P(S). For H C R and T € P(S) the family of all restrictions
h|T, h € H, will be denoted by H|T, and we set H+ R := {h+v : h € H,v € R}.
H is called V; — (V.—, V,—)closed iff H is closed w.r.t. formation of finite (countable,
arbitrary) suprema.
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Now let (S,P) be a paved space. Then a function f € R” is called lower semicontinuous
iff {f <a}:={seS:f(s) <a}ePforalla € R, and [ is continuous iff f and —f
are lower semicontinuous. We set LSC(S,P) for the family of all lower semicontinous
functions and C(S,P) for the family of all continuous real-valued functions.

Remark 1.1. Let (S,P) be a paved space.

a) If T e P(S)is compact in P, then every f|T, f € LSC(S,P), attains its minimum.
b) (i) ~vf € LSC(S,P) ¥y > 0, f € LSC(S, P).
f+~ € LSC(S,P) Vf € LSC(S,P),~ € R.
(i) S €P, feLSC(S,P) = fAveLSC(S,P)V~eR.
heP,fe LSC(S,P)= fV~ye LSC(S,P)V~eR.
(iii) If P is Ny — (Ne—,Ny—) closed, then LSC(S,P) is V§ — (Ve—, Va—) closed.
(iv) If P is Us — N.—closed, then LSC(S,P) NR** (LSC(S,P)NRY) is a convex
subcone of R*¥ (RY), and C(S,P) is a linear sublattice of R¥.
(v) {0,S}CcP < RCC(S,P) < RC LSC(S,P).

Proof. a) Wlg. let infy f < co. For P, := {f < (infr f) V (—n) + £} we have
P>...DP,€ePand P,NT #0, neN, hence argmin f|T' = _, P,NT # 0.

b) Part (iv) follows from the identity {f + g < a} = \,co{f < p} U{g < a —p}. The
other assertions are obvious. O

1.2. Abstract segment spaces

Let S be a nonvoid set. Then a function (-,-) : S x S — 29 with {s,t} C (s,t), (s,t) € S?,
is called a segment function and the sets (s,t) are segments in S. (Compare [5], [19], [22],
[34], [36], [41] for examples.) A subset T' C S is convex iff {s,t} C T implies (s,t) C T.
The paving C of convex subsets of S contains () and S, and it is closed with respect to
arbitrary intersections and nested unions. Here LSC(S,C) is the family of all quasiconvex
or lower convezity preserving [41] functions f : S — R.

We shall now consider special segment spaces with an additional structure which makes

it possible to define convezr functions forming a convex subcone of R*® or RS contained

in LSC(S,C):
A function p: S x S x [0,1] — S with u(s,t,1) = s and u(s,t,0) =t for s,¢t € S will be
called a segment structure for S, and (S, 1) endowed with the segments

(s,t), = p(s,t,10,1]) == {p(s,t,\) : A€ [0,1]}, s,t € S

is a structured segment space. The convex subsets are also called p—conver, a function
f:S — Ris said to be (u—)convez iff f € R** or f € RS and

flupls, £, 7)) < Af(s) + (1= A)f(t), s,t €5, Ae[0,1], (1)

and f is (u—)affine iff relation (1) holds with equality.
We set C, for the paving of all y—convex subsets of S, C, for the family of all y—convex
functions f : S — R, and A, for the family of all real-valued p—affine functions.

A paved structured segment space is given by a triplet ¥ = (S, P, u), where (S,P) is a
paved space and p is a segment structure for S. We set C*(X) = C, N P and A*(X) =
A,NC(S,P).
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A segment structure p is called

reflexive, iff p(s, s, \) = s for all s € S; A € [0, 1],

symmetric, iff u(x,y, \) = p(y,z, (1 — N)) for all (z,y,\) € S xS x [0,1],
associative, iff p(z, u(y, z,7), ) = plu(z, y, A+ (1 = X)7]71), 2, A+ (1 — A7) for all
(x,y,2,\,7) € S xS x5 x(0,1) x (0,1),

cancellative iff p(z,y, \) = p(x, z, A) for some (x,y, 2z, ) € S x S xS x(0,1) implies
y =z,

e  convezor [35] iff it is reflexive, symmetric and associative.

The segment space (5, i) is said to have the

e  Pasch Property [41] iff for all (sg, s1, 82, A1, A2) € S xS xS x (0,1) x (0,1) there
exists a pair (71, 72) € (0,1]* with

M(SQa /‘L(Slv S0, A1)) Tl) - lu(sh M(SQ, S0, )\2)7 7_2) (2)

If one can choose 7; = (1 — A\)A3_i(1 — A\ A2) 71, i € {1,2}, then we say that (S, u)
has the Algebraic Pasch Property.

Remark 1.2. Let (S, 1) be a structured segment space. Then the following properties
hold:

a)  The paving C, contains the singletons iff ;1 is reflexive.

b)  C,NR* (C, NRE C, NRY) is a V,—closed (V;—closed) convex subcone of R*®
(RJ,R¥) and a subset of LSC(S,C,).

c) A, is a linear subspace of R® and a subset of C(S,C,,).

d) A symmetric segment structure possesses the Algebraic Pasch Property iff it is
associative.

Let (S, 1) be a structured segment space. Then for 7' C S the (u—)core of T (in S) is
defined according to

cor,T={teT:¥se S\ {t} I € (0,1] with u(s,t,\) € T}.

This definition, which is not standard in literature, turns out to be useful in the sequel.
For convex subsets of linear spaces it coincides with the usual one (cf. Example 1.5 below).

Lemma 1.3. Let (S, u) be a structured segment space, and let T' € P(S) with cor,T # 0.
Let o € R and let f € R be p—convex. Then the following holds:

a) f|T > a > infg f implies f| cor,T > «a.
b)  Let (S, ) possess the Pasch Property, and let T' be conver.
(i) For sy € cor,T,s; € T and X € [0,1) we have z; := pu(sy,s0,A) € cor,T. In
particular, cor, T is a convex set.
(it) flcor, T > o implies either f|cor,T = oo or f|T > «.

Proof. a) Let ¢, € cor,T. Choose s € S with f(s) < « an
w(s,to,A) € T. Then s ¢ T implies A < 1, and a < f(z) <
Aa+ (1= N)f(to) yields f(to) > .

b)(i) We may assume \; := A € (0,1). Let s € S\ {#}. Since sy € cor,T" there
exists a Ag € (0,1] with 25 := u(sq, S0, A2) € T. In case \y = 1 we have pu(s2,21,1) =

d X e
Af(s)

f(s) +
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Sog = z9 € T. In case Ay € (0,1) we choose 71,72 according to (2), and we obtain
w(s2, 21, 1) = p(s1, 22, 72) € T, since s1,20 € T

(i) Let ¢t € T and to € cor,T with f(ty) # oo. By (i) we have z, := pu(t,to,1 — %) €
cor,T, and from o < f(z,) < (1 —2)f(t) + = f(to), n € N, we infer f(t) > a. O

Let (S, 1) and (T, p) be two structured segment spaces. Then a map ¢ : S — T is affine
iff

@(u(s1; 82, A)) = plp(s1),9(82), A), 81,82 € S, A € [0, 1].

Especially, if (T,p) = (R,v) with the natural segment structure v, then ¢ is affine iff
f e,

Remark 1.4. Let (S, ) and (7, p) be two structured segment spaces and ¢ : (S, u) —
(T, p) an affine bijection. Then the following holds:

a) ¢ ! is affine, and p is reflexive/symmetric/associative/cancellative iff p has these
properties.

b) ¢(C)eC,VC eC,.

c) gop€elh,VgeA,

d)  p(cor,Y) =cor,p(Y), Y CS.

1.3. Some first examples

Example 1.5. Let E be a linear space over the reals and E’ the (algebraic) dual space
of all linear functionals f : E — R. Every nonvoid convex subset S of E can be equipped
with the natural segment structure

V(s A) = As + (1= M\, (s,,0) € S x S x [0,1]

which is a cancellative convexor. It is well-known that this is — in essence — the unique
example of a cancellative convexor. (Cf. Lemma 3.3 below.)

Now let S = E and T a convex subset of E. Here A, = E' 4+ R is point separating (take
a Hamel base), and a v—affine function f € R*¥ is real-valued iff f # co. The v—core
cor, T, the algebraic interior [17] cor T and the set of all internal points [7] coincide. In
particular, by Lemma 1.3 b), cor T" is convex.

In the sequel, if not otherwise stated, convex subsets of linear spaces will always be
endowed with the natural segment structure.

Sometimes the following simple observation is helpful [15].

Example 1.6. Let S be an arbitrary set and C' a convex subset of a real linear space.
Suppose that there exists a bijection ¢ : S — C'. Then

(s, t,A) = o t(p(s) + (1= Ne(t), (s,t,\) €S xS x[0,1]

defines a segment structure on S such that ¢ : S — (' is affine. Hence, Remark 1.4
applies. In particular, p is a cancellative convexor.

Example 1.7. The set R®* may be endowed with the “extended segment structure”

v(s,t,\) = As+ (1 = N)t, (s,t,A) € R®* x R®* x [0, 1],
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which is a noncancellative convexor. Here A, = R, i.e. every real-valued affine function
is constant. The nonconstant affine functions f : R®* — R*® are of the form

o T =00

f(x):{ ar+p : xzeR

with o, G € R.
A nonvoid subset T" of R® has nonvoid v®*—core iff co € T. In this case, cor,T =

cor(T \ {oo}) U {0}

Example 1.8. (The circle) Let S* := {e% : 0 < £ < 27} be the unit circle in the complex
plane C. We define a segment structure on S! according to

ei(>\5+(1—)\)77) : |§ — 7”’ S e
o€, e \) = { OCTHOTA-Nn) oy s e g g
ei(>‘§+(1_)‘)(27r+77)) : 5 > /r’ + T

i.e., in case | —n| # m, o(e®, €™, [0,1]) is the shortest arc joining e and ¢™. This segment
structure is reflexive, symmetric, and cancellative, but not associative.

Indeed, for A =7 = we have A+ (1 = A\)7 =2, A\(A+ (1 = A\)7)~* = £, but

o, o(em, 6%, 3),5) = 6 £ % = o(o(e'T, e 2), 6%, ).
Especially, for f € A, we have f(e1%) = f(e'T6) =: o and a(ei%,ei?l,g) =el =1
together with o (e, e, 1) = ¢, ¢ € [0,2], implies f = a = f(1), ie., every affine

function f :S! — R is constant.
It is easy to see, however, that the o—affine functions f : S — R are point separating for
every nonvoid o—convex proper subset S of S*.

Example 1.9. (Products of segment spaces) Let (S;, it;)ie; be a family of structured
segment spaces, let S = [[..; S; be the cartesian product and m; : S — S; the projections.
Then (S, 1) with

i€l

p(s, t, N) = (pi(mi(s), m(t), Nier), s,t €S, A€ [0,1]

is the product space.
Here 1 is reflexive/symmetric/associative/cancellative iff every u; has these properties.
Moreover, the projections are affine and f;om; € A, for all f; € A,,.

Example 1.10. (The cylinder) Let (S, i) be the product of the circle (S*, o) with (R, v)
according to Example 1.9. Then pu(s,t, |0, 1]) is the geodesic segment joining s and ¢.
Let f € A,. Then, by Example 1.8, we have f(e*,r) = f(1,r) for all £ € [0,27),r € R.
On the other hand f(1,-) : R — R is a v—affine function. Therefore every f € A, is of
the form

f(@€r)=ar+ B, aBeR.

Here two points can be separated by an affine function iff they do not lie on the same
circle.
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The following closely related example was given by Horvath to demonstrate that convex
sets need not be contractible.

Example 1.11. ([18] ) Let S = {re® : 0 < ¢ < 2w, > 1} be the complement of the
open unit disc in the plane, endowed with the segment structure

(e e X) = (Arq + (1 — N\)ry)efMerti-e2)

Here the annuli '
{re’€:0§§<27r,a§r§b}, 1<a<b

are convex sets.
The map ¢ : S — [0,27) x [1,00) with ¢(re®) = (£,r) is an affine bijection. Therefore
every f € A, is of the form

fre®)=al+pr+7, (o,B,7) €R’

Perhaps a more natural segment structure would be
/ &1 € \) = () _ &1 ik
p(riet rae’? N) = (Arp + (1 — AN)rg)a (e, €2, \)

with o defined as in Example 1.8. Here, similar to Example 1.10, every f € A,/ is of the
form

fre®) =pr+~, (B,7) €R™.

Example 1.12. (Hyperspaces) Let (S, P, u) be a paved structured segment space with
() ¢ P. Then P can be endowed with a segment structure ji according to

(A, B, \) = {u(a,b,\):a€ A, be B}, A,Be P, A€ [0,1].

It is easy to see that fi is reflexive/symmetric/associative if p has these properties, but
cancellativity does not carry over, in general, from p to fi. For example, take S = R and
1 = v the natural segment structure. If P is the paving of closed convex or of bounded
convex subsets, then 7 is easily seen to be noncancellative, but if one takes for P the
paving of compact convex subsets, then  is cancellative, which is a basic fact in interval
arithmetics.

A more general result is due to Urbanski [40]:

Let S be a (Hausdorff) linear topological space and P the paving of bounded, closed,
convex subsets. Let fi(A, B,\) be the closure of fi(A, B,\). Then [ is a cancellative
CONVexOr.

The motivation for the study of abstract segment structures arose from the foundation
of a utility theory in game theory and mathematical economics [43] (compare also [14,
16, 23, 44]) but there are also other fields of application such as operational quantum
mechanics [13, 14] and color vision [14]. Later on, inspired by a paper of Rusin [32] on the
"nonlinear “ blending behavior of the octane number of gasoline, Gudder and Schroeck [15]
pointed out that the classical theory is too special to describe certain blending situations
arising in color vision, threshold phenomena, and chemistry. They showed that these
examples can only be described in an adequate way by segment structures where certain
properties of a convexor are violated.
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2. Separation Theorems

It is well-known that von Neumann’s minimax theorem [42] can be derived from the clas-
sical separation theorem for Euclidean spaces. But there are also completely elementary
proofs using only basic linear algebra [24, 30, 45]. In this paper we go the reverse way.
We prove our separation theorems with the aid of the following lemma which is closely
related to Ky Fan’s minimax theorem [8]:

Lemma 2.1. Let (S, u) be a structured segment space, T' a nonvoid convex subset of S,
F={fi,.... fa} a finite subset of C,, and {v1,..., 7} CR.

a) IfF CR*, and if every f; that attains the value oo on T is bounded from below on
T, then the following are equivalent:
() Je>0VteT JFi<n:fi(t)>y+e
(5) Aan,...,an) €P?: infp Y7 aifi > Y0 @iy
b) IfF C RS, then the following are equivalent:
(v)VteT Fi<n: fi(t) >
(6) I, ... ) €P™: infp > oy fi > D0 iy

Proof. W.l.g. we may assume v, =0 and T'= S.

a) Let (o) be satisfied. We set Z := {s € S : fi(s) < oo Vi < n}, and we fix an
A = {s1,...sm} € &E(Z). By von Neumann’s minimax theorem there exist vectors
(a1,..., ) €EP"and (04, ..., Bn) € P™ with

k<m —

mmzljaifxsk) = x;gx;ﬁkfxsk). (3)
From f; € C, it follows by induction that there exists an sy € S with
fi(s0) < Zﬁkfz’(s’k) Vi <n. (4)
k=1

By (3) and (4) together with () there exists an € > 0 with

ﬂ {(al,...,an) ep": Zaifi(s) Ze} #0 VAe&(Z).

sEA
Since P™ is compact, we obtain infsez > ¢ | o, fi(s) > € for some (ay,...,a,) € P* and
some € > (.

If every f; is real-valued, we are done. Otherwise we proceed as in [29]:
Let J ={j € {1,...,n} : fj(s) = oo for some s € S}, and let r = card J > 1. Choose
an M € N with f;(s) > —M for all j € J,s € S. Then for N > ¢ *Mr we get

- 1 M
;Ozzfz(S)—f—Nij(S) ZG—WT >0 \V/SGS,

jeJ

and for



80 J. Kindler / Separation Theorems for Abstract Convexr Structures

o (i++)1+%5)t  ied
: a(1+%)"" « ded{l,...,n}\J
we have (of,...,a)) € P" and infyeg > | o fi(s) > 0.
The implication (8) = («) is obvious.
b) Let () be satisfied. By a) the sets

n

Qn ::m{(al,...an)GP”:Zai (fi(s)\/(—N)—l—%) ZO}, N eN

seS i=1

are nonvoid, and every (o, ...ay) € (\y—, @n satisfies (). O

2.1. Separation of a point from a set

Theorem 2.2. Let (S, u) be a structured segment space, T a nonvoid convex subset of S,
F={fi,..., fa} a finite subset of C,, and s € S.

a) IfF CR* and if every f; that attains the value oo on T is bounded from below on
T, then the following are equivalent:
() Je>0VteT Fi<n:fi(t)> fi(s)+e
(ﬁ) 3(@1, c.. ,Oln) e pPr . infT Z?:l aifi > Z?:l O[ZfZ(S)
b) IfF C RS, then the following are equivalent:
(v) YteT Ji<n: fi(t)> fi(s)
(6) I, ... ) €P™: infp D> " o fi > >0 i fil(s)

Proof. a) Apply Lemma 2.1 a) to F' := {f; : fi(s) € R} and ; = fi(s).
b) Apply Lemma 2.1 b) with 7; = f;(s). Note that condition (¢) is satisfied for o; = 1 if
fi(s) = —oo for some i < n. 0

Theorem 2.3. Let 3 = (S, P, i) be a paved structured segment space, T a nonvoid convex

subset of S which is compact in C*(X), let F be a nonvoid convex subset of LSC(S,P)N C,,,

and let 6 : F — R be convex. Assume that either

(i) FCRS andd:F —R,, or

(ii)) F C R*, every f € F that attains the value oo on T is bounded from below on T
and 0 : F — R®.

Then the following are equivalent:

(a) YteT 3feF: f(t)>0(f).
(b) 3fe€F : infp f>0(f).

FEspecially, for s € S\ T the following are equivalent:

(¢) VteT 3feF: f(t)> f(s).
(d) 3f € F:infr f > f(s).

Proof. (a) = (b): For t € T choose f; € F and ;,7: € R with fi(t) > G > v > 0(fp).
By Remark 1.2 b) we have F C LSC(S,C*(¥)). Hence (,cp{ft < B;} NT = 0 implies
Nz {fe. < B, }NT = 0 for some finite set {t1,...,t,} C T. In particular, (. {fi, <7+
e}NT = for € = min;<, (5, —,). By Lemma 2.1 there exists an a = (o, ..., q,) € P"
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such that for f =>"" | o fi, we have infy f > >°"  cuyp, > >0 «ib(fi,) > 0(f).
(b) = (a) is obvious, and (¢) <= (d) follows with 6(f) = f(s). O

2.2. Separation of two sets

Let (Y, Z) be a pair of nonvoid subsets of a nonvoid set S and f € R”. Then (Y, Z7) is
said to be

o  f-separated iff there exists an a € R such that f(y) > o > f(2),y € Y, z € Z, holds,

o properly f-separated iff (Y, Z) is f-separated and supy f > infy f holds,

o  strictly f-separatediff there exists an o € R such that f(y) > a > f(2), y €Y, z € Z,
holds, and

o strongly f—separated iff infy f > sup, f holds.

For FC R a pair (Y, Z) of nonvoid subsets of S is called

o  F-separatediff there exists a nonconstant function f € F such that (Y, Z) is f—separa-
ted,

e properly/strictly/strongly F-separated iff there exists a function f € F such that (Y, Z)
is properly/strictly /strongly f—separated, and

e pointwise F-separated iff for every pair (y,z) € (Y, Z) there exists an f € F with
fy) # [(2).

and F is called point separating iff for every pair (y,z) € S? with y # z there exists an

f € Fwith f(y) # f(2).

A paving P in S is called (properly,. .. ) F-separated iff every pair (Y, Z) of nonvoid disjoint

sets Y, Z € P is (properly,. .. ) F-separated.

Theorem 2.4. Let ¥ = (S, P, u) be a paved structured segment space and Y, Z nonvoid

convez subsets of S which are compact in C*(X). Let F be a nonvoid absolutely convex

subset of A*(X). Then the following are equivalent:

(a)  The pair (Y, Z) is pointwise F—separated.

(b)  The pair (Y, Z) is strongly F—separated.

Proof. (b) = (a) is obvious.

(a) = (b): We fixay €Y. By (a) and F = —F, for every z € Z there exists a g € F
with ¢g(z) > g(y). Hence, by Theorem 2.3 there exists an f € F with f(y) > sup, f. Now
with Theorem 2.3 applied to " =Y and 6(f) = sup, f, f € F, the assertion follows. [

Corollary 2.5. Let a paved structured segment space ¥ = (S, P, ) and a nonvoid abso-
lutely convex family F C A*(X) be given. Let IC be a compact subpaving of C,, with

CNKekKuUu{d} vCecC (X)), Kek.
Then a pair of nonvoid sets (Y,Z) € K x K is strongly F—separated iff it is pointwise
F—separated.

Theorem 2.6. Let ¥ = (S, P, ) be a paved structured segment space and F a nonvoid
V y—closed convex subset of C(S,P) N LSC(S,C,) with F =F+R. LetY,Z € P(S) be
subsets with Z convex and Y, Z compact in C*(X). Assume that

V(y,z) eY x Z3f e FnA,: f(y) > f(2).
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Then the pair (Y, Z) is strongly F—separated.

Proof. We first fix a y € Y. By Theorem 2.3, applied to T' = Z and F replaced by
—FN A, there exists an f, € FN A, and an o, € R with sup, f, < o, < f,,(v). W.lLg.
we may assume a, = 0 since A, = A, + R.

From (., {f, <0} NY =0 it follows that (), z{f, <0} NY =0 for some B € £(Y),
since {f, < 0} € C*(¥) and Y is compact in C*(X). Now for f = \/,.5 f; we have
sup, f <0< f(y), y €Y. Il

Corollary 2.7. Let ¥ = (S, P, i) be a paved structured segment space with Us—N.—closed
P and {0,S} € P. LetY and Z be nonvoid subsets of S with Z convexr and Y,Z
compact in C*(X) such that (Y, Z) is pointwise A*(X)—separated. Then (Y, Z) is strongly
C(S,P)NC,—separated.

Proof. By Remarks 1.1 b) and 1.2 b), F = C(S,P)NC, is a Vy—closed convex subcone
of R® with R C F € LSC(S,C,). Hence Theorem 2.6 applies. O

Theorem 2.8. Let (S, 1) be a structured segment space, and let two upward filtrating
pavings Y, Z C P(S) be given such that every pair (Y, Z)€ Yx Z is properly A, —separated.
Suppose that every nonnegative f € A, is constant. Let Yo = (Y : Y € Y} and
Zo=U{Z:Z e Z}. Ifcor,Y # 0 for someY €Y, then there exists a p—affine function
f € R*S separating the pair (Yo, Zo) properly.

Proof. Let Y’ € Y with cor, Y’ # 0, and let yo € cor,Y’. W.lL.g. we may assume Y’ C
Y VY €Y. Forevery s € S\ {yo} we choose an a; € (0, 1] with ys := (s, v, as) € Y.
Since A, = A, + R, for every pair (Y, Z) € Y x Z there exists a ¢ = gy,z € A, with
infy g > 0 > sup, g and supy g > infz g. Now a,g(s) + (1 — as)g(yo) = g(ys) > 0 yields
g(yo) > 0, since otherwise g(s) > 0,s € S, would imply that g is constant. W.l.g we may
assume ¢(yo) = 1, and we arrive at g(s) > 1—a,~'. Now take a subnet of (gy ») converging

pointwise to some f € RS. Then f is R*—valued and p—affine with infy, f > 0 > Supy, f
and f(yo) = 1. [

Theorem 2.9. Let (S, 1) be a structured segment space, and let two upward filtrating
pavings Y, Z C P(S) be given such that every pair (Y, Z) € Y x Z is strictly A, —separated.
LetYo={Y: Y €YV} and Zy =\ U{Z : Z € Z}.

a)  For every yo € cor,Yy and 29 € Zy there exists a pu—affine function f € R* with
infy, f > supy, f and f(yo) =1 = —f(z0).

b)  Ifcor,Yy # 0 and cor,Zy # 0, then the pair (Yo, Zy) is properly separated by some
f €A, and every such f separates (cor,Yy,cor,Zy) strictly.

Proof. a) W.l.g. we may assume yp € ([{Y : Y € Y} and zp € ({Z : Z € Z}. For every
s € S\ {yo} we choose an a, € (0,1] with y, := u(s, v, as) € Yy. By assumption, for every
pair (Y, Z) € Y x Z there exists a g = gy,z € A, with g(y) > g(2) Yy € Y,z € Z. Since A,
is a linear space containing the constant functions, we may assume g(yo) = 1 = —g(zo).
Then we have a,g(s)+ (1—as)g(v0) = g(ys) > g(20), and therefore g(s) > 1—2a," for all

g = gy.z with y; € Y. Now take a subnet of (gy z) converging pointwise to some f € R
Then f is R*—valued and p—affine with infy, f > sup,, f and f(yo) =1 = —f(20).
b) For yy € cor,Y, and 2z, € cor,Z, choose f as in a). Then there exist numbers [, €
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(0,1],s € S\ {20}, with u(s, 20, 3s) € Zo, and as above it follows that f(s) < 28, — 1.
In particular, we have f € R¥ and therefore f € A,,.

Now let f € A, and o € R with f|Yy > o > f|Z) and supy, f > infz f. Suppose that
flZo = a. Then Lemma 1.3 a) implies f|cor,Z, < «, a contradiction. But, by Lemma
1.3 a), infy, f < o < f|Yy implies f|cor,Yy > o and similarly, supy, f > o > f|Z, yields
fleor, Zy < a. O

3. Applications

We shall now present some applications of our abstract separation theorems. First we
shall show how the classical separation theorems for linear and linear topological spaces

fit in our concept. Then metric spaces are studied which are convex in the sense of Menger
or Takahashi.

3.1. Linear spaces and cancellative convexors
We first recall some facts concerning the finite topology:

Remark 3.1. Let E be a linear space equipped with the natural segment structure v as
in Example 1.5. For v = (s1,...,8,) € E" and a = («y,...,a,) € P",n € N, we put
ou(a) = Y a;s;. Let P" be endowed with the Euclidean topology. Then the finite
topology on E is the finest topology for which the maps o,,v € |J. -, E", are continuous.
Here a map f from E into a topological space Z is continuous iff the maps f oo, : P* —
Z are continuous for all v € E" n € N (cf. [4], §2.4). In particular, every f € A,
is continuous, since f o o, () = D7 a;f(s;) is continuous, and every polytope
[Al, = {>0 qusi = (an,...,00) € P} = 0@, o) (P"), A = {s1,...,5,} € E(F) is

compact.

Example 3.2. For a linear space FE and its algebraic dual E’ the following holds:

a)  The paving P, of polytopes is strongly E’'—separated.

b) Let Y and Z be nonvoid convex subsets of E with cor Y # () and ZN cor Y = ().
Then there exists a non-zero f € E' and an « € R with f|Y > «a > f|Z. For every
such f we have f|corY > a.

c¢)  The paving of algebraically open convex subsets is strictly E’'—separated.

Proof. a) Let E be endowed with the finite topology and the natural segment structure
v. Let K denote the paving of all convex compact subsets of E. Then for ¥ = (E,P,v)
with P={C e€C,:CNK € KU{0} VK € K} we have C*(X) = P. By Remark 3.1 we
have P, C K and A*(X) = A, NC(E,P) = A, = E' + R is point separating. Now by
Corollary 2.5 the paving K is strongly E’—separated.

b) Let ) and Z be the pavings of all polytopes contained in cor Y resp. in Z. Then ) and
Z are upward filtrating, since cor Y and Z are convex. By Theorem 2.9 a) together with
a) and Example 1.5 there exists an f € E’\ {0} separating the pair (corY, Z). Finally let
f € E\{0} and a € R with f|Y > . Then infg f = —o0o yields f|corY > « according
to Lemma 1.3 a).

c¢) This follows from b). O

The above separation theorem for linear spaces carries over to abstract cancellative con-
vexors by means of the following well-known characterization:
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Lemma 3.3. ([13, 14, 16, 23, 27, 37]) For a structured segment space (S, ) the following
are equivalent:

(a) (S, ) is isomorphic to a convez set, i.e., there exists a linear space E, a convex
subset C' of E and an affine bijection ¢ : (S,u) — (C,v), where v denotes the
natural segment structure.

(b) A, is point separating.

(¢c) s a cancellative convezor.

Example 3.4. (Flood [9]) Let (S, ) be a structured segment space with a cancellative
convexor . Let Y, Z be two nonvoid convex subsets of S with cor,Y” # 0 and ZNcor,Y =
(). Then there exists an f € A, and an o € R with f|Y > a > f|Z and f|cor,Y > a.

Proof. By Lemma 3.3 there exists a linear space E, a convex subset C' of £ and an affine
bijection ¢ : (S, u) — (C,v). By Example 1.5 and Remark 1.4 the sets Y’ = ¢(Y) and
Z' = p(Z) are convex, cor Y’ = p(cor,Y) # 0 and Z' N corY’ = (). By Example 3.2 b)
there exists a ¢ € E' and an « € R with ¢g|Y’ > a > ¢|Z" and g|corY’ > a. Now, by
Remark 1.4 ¢), f = g o ¢ has the desired properties. O

3.2. Linear topological spaces

We now consider linear topological spaces E over the reals. We denote by E* the (topo-
logical) dual space of all linear continuous functionals f : £ — R. Linear topological
spaces are always assumed to be Hausdorff.

Recall that int T = cor T for every convex subset T of E with nonvoid interior int T

([17], §11).
Lemma 3.5. Let E be a linear topological space, T a nonvoid open subset of £/, and F a

nonvoid subset of E' such that o := sup{f(t —ty) :t € T, f € F} < oo for some ty € T
Then F is equicontinuous [7]. In particular, every f € E' with supy f < 00 is continuous.

Proof. Choose a balanced 0—neighborhood V' C T' — ¢5. Then for U = (a + 1) eV we
have sup cg sup,ep | f(s) — f(s +u)| <€ s €S O

Example 3.6. Let E be a linear topological space, and let Y and Z be nonvoid convex
subsets such that the topological interior int Y is nonvoid and ZN int Y = (). Then there
exists a non-zero f € E* and an o € R with f|Y > a > f|Z. For every such f we have
flintY > a. In particular, f|Y > a > f|Z if Y and Z are open.

Proof. By Example 3.2 b) there exists a non-zero f € E' and an o € R with f|Y > o >
f1Z, and for every such f we have f|intY = f|corY > a. From Lemma 3.5 it follows that
f is continuous. O

Example 3.7. Let E be a locally convex linear topological space, and let Y, Z € P(FE)
be two disjoint convex subsets with Y compact and Z closed. Then the pair (Y, Z7) is
strongly E*—separated. In particular, E* is point separating.

Proof. By [31], Theorem 1.10, there exists a convex 0—neigborhood V' such that (Y +
ViN(Z+V) =10. Since Y +V and Z 4+ V are open and convex, there exists an
f € E*and an a € R with f|(Y +V) > a > f|(Z + V) according to Example 3.6
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and therefore f|Y > a > f|Z. Since f is continuous and Y is compact, we arrive at
miny f > o > sup, f, so f strongly separates the pair (Y, Z). O]

Example 3.8. Let E be a Euclidean space. Then the following holds:

a) E' = E* ie., every linear function f € R¥ is continuous.
b)  The paving of all compact convex subsets of E is strongly E’—separated.
¢)  The paving of all convex subsets of E is E'—separated.

Proof. a) This is obvious.

b) This follows from Example 3.7.

c¢) Let Y and Z be two nonvoid disjoint convex subsets of E. Then (Y, Z) is E'—separated
iff (Y — Z,{0}) is E'—separated, where Y — Z denotes the algebraic difference. Hence,
w.l.g. we may assume Z = {0}. If 0 is contained in the closure clY, then 0 € H :=lin Y,
the linear hull of Y. In H we have cor Y # 0 ([17], §2), and the assertion follows from
Example 3.2 b), since every g € H' can be extended to an f € E’. Otherwise, by Example
3.7, the pair (clY, {0}) is even strongly separated. O

Example 3.9. (Dragomirescu [6]). Let E be a linear topological space, and let ) and Z
be two upward filtrating subpavings of P(FE) such that one of the sets Y € Y or Z € Z
has nonempty topological interior. Then the following are equivalent:

(a) Every pair of sets (Y, Z) € Y x Z is E*—separated.
(b) The sets Yy :=U{Y : Y € Y} and Z, :=J{Z : Z € Y} are E*—separated.

Proof. (b) = (a) is obvious.

(a) = (b): W.Lg. we may assume that cor,Y = intY is nonvoid for every ¥ € Y.
As in the proof of Example 3.2 b) it follows that every pair (Y, Z) € Y x Z is properly
E*—separated. By Theorem 2.8 there exists a non-zero f € E’ and an o € R with
f1Yo > a > f|Zy. By Lemma 3.5 f is continuous. O

Lemma 3.10. Let S be a topological space and F a nonvoid equicontinuous subset of
C(S,F(S)). Then every real-valued function g = \/,c;(fi — ), fi € F,a; € R,i € 1,
I an index set, is continuous.

Proof. For s € S and € > 0 choose a neighorhood V' of s such that

supsup | f(s) — f(v)| <e.
feF veV

For fixed v € V' (and for s) choose i, j € I with g(s) < f;(s)—a;+eand g(v) < f;(v)—a;+e.
Then we have

lg(v) = g(s)] < (f;(v) = fi(s)) V (fi(s) = fi(v)) + € < 2e.
0

Example 3.11. (Nehse [28]). Let E be a linear topological space and Y, Z € P(E) such
that Y is convex with nonvoid interior and ZN int Y = (). Then there exists a continuous
convex function f : F — R with f|Z > 0> f|Y and f| int Y < 0. For every such f we
have fl|intZ > 0.
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Proof. Choose yy € int Y. By Example 3.6 there exist f, € E* with f,(z) > supy f, and
f2(z) > f.(y), yeint Y, z € Z, and w.l.g. we may assume f,(z) — f.(yo) =1, z € Z.
Then we have f,(y —yo) = f.(y) — fo(2) +1 < 1, y € int Y, z € Z. By Lemma
3.5 the family F = {f. : = € Z} is equicontinuous. Now take f = \/,_,(f. — f:(2)).
For arbitrary s € S there exists a A € (0,1] with As + (1 — A)yy =: y € Y, and from
A() + (1= N olg) = fo(y) < f.(2) we infer f(s) < 1 —1 < oo. By Lemma 3.10, f
is continuous (and convex) and satisfies f|Z > 0 > f|Y and f(yo) = —1. Now let y; €
intY \ {yo}. Then there exists a A € (0,1) and a yo € Y with y; = Ayo + (1 — A)ye,
which implies f.(y1) — f.(2) = = A+ (1 = N)(f.(y2) — f.(2)) < =\, z € Z, and therefore
f(y1) < =X <0 by Lemma 1.3 a). O

Example 3.12. (Balaj [2]). Let E be a linear topological space and Y, Z € P(E) such
that Y is open and convex and clY N'Z = (). Then there exists a continuous convex
function f : E — R with f|Z > 0> f|Y. If Z is compact, then inf; f > 0 > sup, f can
be acheived.

Proof. By Example 3.11 there exists a continuous convex function f € R with f|Y <

0 < fI(E\clY). If Z is compact, take g = f — 2 miny f instead. O

Example 3.13. (Balaj [2]). Let E be a locally convex linear topological space and Y, Z
two nonvoid disjoint subsets of E such that Y is closed and convex and Z is compact.
Then there exists a continuous convex function f: F — R with inf; f > 0 > supy f.

Proof. As in the proof of Example 3.7 there exist disjoint open sets GG, H with G convex,
G DY and H D Z. By Example 3.12 there exists a continuous convex function f : £ — R
with inf; f > 0 > sups f (> supy f). O

3.3. Metric segment spaces

A triplet (S,d, (-,-)), where (S,d) is a metric space and (-, ) is a segment function for S,
will be called a metric segment space.

A triplet (S,d, n), where (S, d) is a metric space and pu is a segment structure for S, will
be called a structured metric segment space. Here (S,d, (-,-),) is a metric segment space.
We set Ay = A, N C(S,F(S)) for the linear space of all p—affine continuous functions
f: 95— R.

Example 3.14. In a structured metric segment space (S, d, u) a pair (Y, Z) of nonvoid
convex compact sets is strongly A} —separated iff it is pointwise Aj —separated.

Proof. Apply Corollary 2.5 to P = F(S5), K = K(S) NC,, and F = A7 Il

Remark 3.15. For a structured metric segment space (5, d, ) the following are equiva-
lent:

(i)  The open balls B°(s, p) :={t € S : d(s,t) < p},s € S, p > 0 are convex.
(i) The closed balls B(s, p) := {t € S:d(s,t) < p},s € S,p > 0 are convex.
(iii) The metric d is separately quasiconvex, i.e., d(s,-) € LSC(S,C,),s € S.
(iv) d(z,u(s,t,\) < max{d(z,s),d(z,t)} ¥(s,t,z) € S*, X € [0,1].

In this case, we say that (S,d, i) has convex balls.
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A structured metric segment space (S, d, 1) will be said to have Property UC iff for any
z € S and all sequences (s,), (t,) in S with

1
lim d(z, u(sp, tn, 5)) = lim d(z,s,) = lim d(z,t,)

n—oo n—oo n—oo

it follows that lim,, ... d(s,,t,) = 0.

The following lemma generalizes a result from [11], where it was proved for uniformly
convex Banach spaces. (Cf. Example 3.29 below.)

Lemma 3.16. Let (S,d, ) be a complete structured metric segment space with convex
balls and with Property UC. Then for the paving IC of all closed, bounded and convex
subsets of S the following holds.

a)  For each decreasing sequence (Cy) in K\ {0} and for each z € S with v =
sup,ey d(2, Cy) < 00 there exists a unique point T € [,y Cn with d(z, ) = .
b) K is compact.

Proof. We adapt the proof from [11]:

a) Let P, := C,, N B(z,7 + =). Then (P,) is a decreasing sequence of nonempty closed
sets. We show that lim,, .., d(F,) = 0, where §(P,) denotes the diameter of P,. Let
Spytn € P, with d(sp,t,) > 0(P,) — % Then u(sn,tn,%) € P,, since P, is convex.
Hence, {d(z,sn),d(z,tn),d(2, (S, tn, 5)} C [d(z,Cp),v + +] implies limy,_.oo d(sp,t,) =
0, because (S, d) has Property UC. By Cantor’s theorem there exists a point & with
Mnen Pr = {2}, and from d(2, C,,) < d(z,2) < v, n € N, we infer d(z, %) = ~. Conversely,
for € (e On with d(z,2) = v we have Z € ),y Pn = {2}

b) Let C be a subpaving of K with the finite intersection property. We fix a Cy € C and
a z € Cp, and we set O = (e B, R € & :={Q € &(C) : Cy € Q}. Since z € ()
and Cj is bounded we have 7 := supgrcg, d(2, Cr) < sup,cq, d(2,5) < oo. We choose an
increasing sequence R, in & with d(z,Cr,) + = > 7, n € N. By a) there is a unique
point & € [,y Cr, With d(z,2) = 7.

Now let R € & be arbitrary, and let C,, := Cr N Cx,. Then again (C,,) is a decreasing
sequence in K\ {0} with sup, oy d(z,C,) = 7, and by a) there exits an & € [,y Cn =
Cr N(,en Or,, With d(z,%) =~. Hence, 1 =2 € (\{{Cr: R € & =({C:CeC}. O

Example 3.17. Let (S, d, 1) be a complete structured metric segment space with convex
balls and Property UC. Then a pair (Y, Z) of closed, bounded, and convex subsets of S
is strongly A} —separated iff it is pointwise Aj — separated.

Proof. Apply Corollary 2.5 together with Lemma 3.16. O

In [12] various examples in hyperbolic geometry can be found satisfying the assumptions
of the above example. Classical examples are the Poincaré disc and the uniformly convex
Banach spaces (cf. Examples 3.24 and 3.29 below).

3.3.1. Metrically convex metric spaces

Every metric space (S, d) can be endowed with the geodesic segments

(x,y)a={s € S:d(x,s)+d(s,y) =d(x,y)}, =,y €S.
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Here (S,d, (-,-)q) is a metric segment space. A subset 7" C S is called d—-convez iff
(x,y)q C T for all {z,y} C T.

Let C4 denote the paving of all d—convex subsets of S and C,; the V,—closed convex cone
of all functions f : S — R® which are d-convez, i.e., with

f(s0)d(s1,82) < f(s1)d(s0,82) + f(s2)d(s0,51)
for all sq, 51,89 € S with s¢ € (s1, $2)4- (5)

We set A, for the linear space of all functions f : S — R which are d-affine, i.e. where
relation (5) holds with equality, and A% := A, N C(S, F(S)) for the linear space of all
continuous d—affine functions f : S — R.

A metric space (.5, d) is called

e  Menger—convez iff (x,y)q\ {z,y} # 0 for all x,y € S with = # y.
o  (strictly) metrically convex iff it can be endowed with a (unique) segment structure
i such that

d(s,pu(s,t,N)) = (1 —=A)d(s,t) and d(t, u(s,t, X)) = Ad(s,t)
for all (s,t,A) € S x S x [0,1]. (6)

e  strongly metrically convex iff it can be endowed with a segment structure p such that

d(u(s,t,a), u(s, t,8)) = |la— Bld(s,t), s,t €S, a,f € [0,1]. (7)

A (strictly) convez structured metric segment space is a structured metric segment space
(S,d, u) such that u (and no other segment structure) satisfies relation (6).

A strongly convex structured metric segment space is a structured metric segment space
(S,d, u) such that u satisfies relation (7).

Remark 3.18. Let (S,d, 1) be a convex structured metric segment space. Then

a)  uis reflexive, and p is symmetric if (5, d) is strictly metrically convex,
b) (1) (s,t), C (s,t)a, (s,t) € S? hence Cy C C,,
and
(i) (s,t), = (s,t)a, (s,t) € S? iff (S,d) is strictly metrically convex. Especially,
Cq = C, in this case.
c) (i) Every d—convex function f:S — R® is u—convex,
and
(ii) C4=C,NR* if (3,d) is strictly metrically convex.
d)  If Ay is point separating, then (5, d) is strictly metrically convex.

Proof. a), b) (i), and ¢) (i) are obvious.

b) (ii): Let (S, d) be strictly metrically convex. For (s,t) € S% with s # t and x € (s,t)4\
{s,t} set A =d(t,x)/d(s,t). Then, by (6), we have d(t, u(s,t,\)) = Ad(s,t) = d(t,x) and
d(s,p(s,t,N)) = (1 — N)d(s,t) = d(s,x), which implies x = u(s,t,\) € (s,t),. Together
with b (i) we obtain (-,-), = (-, )a

Conversely, let (-, ), = (-, -)a be satisfied, and let i be another segment structure satisfying
relation (6). Let s,t € S, A € [0,1] and & = fi(s,t,A). Then € (s,t); C (s,t)a = (s,1),
implies & = pu(s, t, A) for some A € [0,1]. Now d(t, &) = Ad(s,t) = Ad(s,t) implies A\ = ),
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ie. u(s,t,\) = fi(s,t,\) in case s # t. Together with a) we obtain i = pu.
c) (ii): Let f be u—convex. For s,¢,z and A as in the proof of b) (ii) we have f(z)d(s,t) =

Fuls,t (s, 1) < (Af(s) + (1= NF(O)(s,t) = [(s)d(t,a) + F@E)d(s,2), ie., [ is
d—convex.
d) Let p/ and p” be segment structures satisfying relation (6). Then for f € A, and

(s,t,A) € S x S x [0,1] with s # t we have
S (s, 8, 0))d(s, ) = fs)d(p' (5,8, A), 1) + f(£)d(i' (s, 8, A), 5) =
F()Ad(s, ) + f(O)(1 = N)d(s,t) = f(1"(s,t, A))d(s,1).
Since A, separates points, we obtain p/(s,t,A) = p”(s,t,\). Hence, i/ = i by a). ]
Lemma 3.19. For a metric space (S,d) we have (a) = (b) => (c) for the conditions:

(a) (S,d) is strongly metrically convez.
(b) (S,d) is metrically conver.
(¢c) (S,d) is Menger—conver.

If (S,d) is complete, then the three conditions are equivalent.
Proof. (a) = (b): Apply (7) with a € {0,1} and 5 = .

(b) = (c) is obvious.
(c) = (a): Now let (S, d) be complete. By a theorem of Menger ([26], p. 89) for every

pair (s,t) € S? with s # ¢ there exists a map ¢ = @, : [0,d(s,t)] — S with ¢(0) = ¢,
o(d(s,t)) = s and

d(p(ad(s,t)), p(Bd(s,t))) = la — Bld(s,t), (o, ) € [0,1]%.
Hence, (s, t, ) = ps(Ad(s,t)) has property (7). O

Example 3.20. In a complete Menger—convex metric space (S, d) a pair (Y, Z) of nonvoid
d—convex compact subsets of S is strongly A —separated iff it is pointwise A’ —separated.

Proof. According to Lemma 3.19 (S, d) can be endowed with a metric segment structure
p satisfying relation (7). By Remark 3.18 we have Cq C C, and Aj C Aj. Now the
assertion follows from Corollary 2.5 applied to P = F(S), K =C,NK(S) and F = A}. O

3.3.2. Takahashi—convex metric spaces

A metric space (5, d) is called (strictly) Takahashi—convez iff there exists a (unique) func-
tion p: S xS x [0,1] — S such that

Az p(,y, N) < M(z,2) + (1= Nd(z,9). (,9,2) € §% A€ [0, 1], (8)
In this case, u is called a Takahashi convex structure [38, 39).

A (strictly) Takahashi-convex structured metric segment space is a structured metric seg-
ment space (S, d, u) such that  (and no other Takahashi convex structure) satisfies rela-
tion (8).

Remark 3.21. Every Takahashi convex structure is a reflexive segment structure. Hence,
a metric space (5, d) is (strictly) Takahashi-convex iff it can be endowed with a (unique)
segment structure p such that the metric d is separately pu—convex in both variables. In
particular, every Takahashi-convex structured metric segment space has convex balls.
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Example 3.22. Let (5, d, ) be a complete Takahashi—convex structured metric segment
space with Property UC. Then a pair (Y, Z) of closed, bounded and convex subsets of S is
strongly A7 —separated (Aj—separated) iff it is pointwise A} —separated (A]—separated).

Proof. Apply Corollary 2.5 together with Lemma 3.16 and Remarks 3.18 ¢) and 3.21. [

Remark 3.23. a)  (Takahashi [38]) Every Takahashi-convex structured metric seg-
ment space (S,d, p) is a convex structured metric segment space, i.e., p satisfies
relation (6).

b)  (Talman [39]) Every strictly Takahashi-convex structured metric segment space
(S, d, ) is a strongly convex structured metric segment space i.e., i satisfies relation
(7).

c) A structured metric segment space (.5, d, p1) is strictly Takahashi-convex if it is Taka-
hashi—convex and (5, d) is strictly metrically convex. The converse is not true, in
general. (Compare Example 3.31 below).

Example 3.24. (The Poincaré disc) The open disc D = {z € C : |z| < 1} in the complex
plane with the Poincaré metric

d(z,w) = tanh™! S

— 2W

is a complete, strictly metrically convex ([12]; 2.4), and Takahashi convex ([12]; Lemma
6.8) metric space with Property UC ([12]; 2.5).

Example 3.25. A metric space (S,d) is said to be Ptolemaic provided that for each
quadruple (w,x,y, z) € S* the inequality

d(z,w)d(z,y) < d(z,z)d(y,w) + d(z,y)d(x,w) 9)

holds.

In a Ptolemaic metric space the metric d is separately d—convex in both variables, hence
the family C} of continuous d—convex functions f : S — R is point separating, and the
converse of Remark 3.23 a) is also true:

If a Ptolemaic metric space (5,d) is endowed with a segment structure p, then p is a
Takahashi convex structure if (and only if) (S, d, i) is a convex structured metric segment
space. (Set w = p(z,y, ) in (9)).

Examples of Ptolemaic metric spaces are Hilbert spaces (cf. Example 3.28 below) and
hyperbolic spaces [21].

3.4. Normed linear spaces

In the sequel, (£, || -||) will be be a normed linear space endowed with the induced metric
d(s,t) = ||s — t|| and the natural segment structure v(s,t, \) = As + (1 — \)t.

Remark 3.26. (Bilyeu ([3]) In a normed linear space (F,| - ||) the natural segment
structure v is the unique Takahashi convex structure.

Example 3.27. For a normed linear space (E, || - ||) the following are equivalent:
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(a) (E,| ) is strictly normed, i.e.,
|ls + ]| = ||s|| + ||t]| and ¢ # 0 implies s = at for some a > 0.

b) (E,d) is strictly metrically convex.

c) (E,| -] is tense, ie., (-,-), = (-, )a.

d) A subset of F is convex iff it is d—convex.

) A function f: E — R*® is convex iff it is d—convex.

) Ag=FE+R

g) A, is point separating.

h) Al=FE*+R.

i) A} is point separating.

) The paving of all compact convex subsets of F is strongly A’—separated.

The equivalence (a) <= (c¢) <= (d) is Theorem 11.2 in [36]. Compare also [10],
Theorem 1.

Proof. (a) = (b): Of course, u = v satisfies condition (6). Conversely, let s,t € S with
s # t and let p satisfy (6). Then for x = u(s,t,A), A € (0,1) with = # ¢, say, we have
Is —z|| + ||z — t|| = [|(s — x) + (x — t)||, hence s —z = a(x — t) for some o > 0. In
case A = 1 we have x = s = v(s,t,1). Otherwise, from |[s —¢t|| = (1 = \)7Y|s — z|| =
(1 —=XN"tallz —t|| = (1 = N)"ta)||s — t]| we obtain & = v(s,t,\), i.e., u=v.

(b) = (c), (e) and (g) = (b) follows from Remark 3.18.

(e) = (f) = (g) follows with Example 1.5.

(d) = (c): (s,t), is v—convex and therefore d—convex. Hence {s,t} C (s,t), implies
(s,t)q C (s,t),. The converse inclusion holds by Remark 3.18.

c) = (a): From ||s +t|| = ||s|| + ||¢]| we infer s € (0,s + t)4. Hence, by (c) there exists
aXe0,1] withs=X-0+4+(1—-X)(s+1).

(h) = (i) follows with Example 3.7.

(i) = (j): Apply Corollary 2.5 to P = F(S),K = K(S)NC,, and F = A}.

(c) = (d), (f) = (h) and (j) = (i) = (g) are obvious. O

~

Example 3.28. (]20, 21, 33]) For a normed linear space (F, || -||) the following are equiv-
alent:

(a) (F,d) is Ptolemaic.
(b) (E,|-]]) is symmetric, i.e., || Az —y|| = ||z — Ay|| for all z,y € FE with ||z|| = |ly]| =1
and all A € R.

(¢) (E,| -||) satisfies the parallelogram law
Iz + yll* + llz — yll* = 2[l=]* + 2[ly]1*.

(d) There exists an inner product (-,-) on E with ||z|| = v/(z,z), x € E.

The implication “(b) = (d)” in the following example was proved by Granas and Las-
sonde [11]:

Example 3.29. Let (E,||-||) be a Banach space and K the paving of all bounded, closed,
convex subsets of E. Then the implications (a) = (b) <= (¢) = (d) = (e) hold
for the conditions:
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(a) (E,| -||) satisfies the parallelogram law.

(b) (E,| - ]|) is uniformly convex, i.e., for all sequences (z,), (y,) in E with ||z,| —
1, |lyall — 1 and |2, + yn|| — 2 one has ||z, — y,|| — 0.

(¢c) (E,d,v) has Property UC.

(d) K is compact.

IC is strongly E*—separated.

G
N~—

roof. (a) = (b) <= (c) is obvious.

¢) => (d): This follows from Lemma 3.16.

d) = (e): By Example 3.7, E* is point separating. Now apply Corollary 2.5 with
— F(S) and F = E*. 0

ﬁ/\/\

As a consequence we obtain the following well-known result.

Example 3.30. Let H be a Hilbert space. Then the paving of all bounded, closed,
convex subsets of H is strongly H*—separated.

Example 3.31. We endow R" with the metric d,, induced by the sum-norm ||(s1,. . ., $»)||»
=" . |si|]- Let v, denote the natural segment structure on R". Here the metric segments
are the boxes

($,t)a, = (S1,t1)my X ooo X (Spytn)uys S =(S1,...,8n),t = (t1,... .ts).

By Remark 3.26, (R",d,) is strictly Takahashi convex with (unique) Takahashi convex
structure pu = v,, and therefore strongly metrically convex according to Remark 3.23 b).

Joé and Staché proposed in [19] to endow R™ with the segment function (-, -),,, inductively
defined as follows:

For n =1 and s1,t, € R let (s1,t1)1 = ($1,1),-

Let (-,-), be defined. For s = (s1,...,8n,8ps1) and t = (t1,...,tp, tnr1) € R™ we set
s"=(s1,...,8,) and t" = (t1,...,t,), and we define

(8,1 = ({8"} X (Snt1, tng1)1) U ((8",t")n X {tn11})
in case S,11 < tpy1. In case s, >ty we set (s,t),11 = (t,5),11 defined as above.

Similarly we define a segment structure u, for R", n € N, as follows:

For n =1 we set pu; = vy, hence (-, )1 = (-, ), = (-, ) -

Let 1, be defined. Let s = (s1,..., 80, Sps1),t = (t1, ..., tn, tny1) € R*™and X € [0, 1].
In case s # t and t,41 > Spe1 we put a = [|s — t]|,01 and G = |[|s™ — t"||,, and we

B (8" 8pp1 + (1 =Na) : A>pa™?
set fni1(s,t,\) = { (n(s™#% AaB1), ts1) A < Ba-l. In case t, 11 < 8,41 We set
:un—&-l(svtv >‘) = M?"H-l(ta S, 1-— )‘)
Suppose that (-, ), = (-, ),, holds.

Then in case t,,11 > s,+1 we have

Mn+1<87t7 [0,504_1]) = <8n7tn>#n X {tn+1}’

and
,Un+1<3>ta [BO‘il? 1]) = {Sn} X <5n+1atn+1>1
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which implies (s,t),.1 = (s,1)

Hn+1"
In case tp41 < Sp+1 we have (s, 8) 41 = (t, $)nt1 = (6 ) s = (S38) s -
Hence, (-,-)n = (-, )p.,n € N.

A short calculation shows that relation (7) and therefore relation (6) is satisfied for p = p,.
Thus, (R™,d,) is not strictly metrically convex for n > 2.

Of course, i, is a reflexive and symmetric segment structure, but, for n > 2, u,, is neither
cancellative nor associative.

To see this, take # = 0,y = e' + €% and 2 = —e! + €2, where ¢’ denotes the i—th unit
vector in R™. Then we have

pnl . 5) = (a((0,0), (1,1),2),0,.,0) = € = un .7, ),
and for \ = % and 7 = %, say, we obtain
pnan (9, A+ (L= 0717, 2,4+ (1= X)) = (e, 2, 2) =
3¢ A 2 = (o, 5) = i (5, 7). V).

Moreover, pi,(x, pin(y, 2, %),7’1) = pn(y, tn(x, 2, %),72) implies 71 = 7 = 0, i.e., the Pasch
Property is violated.

Now we show that every real-valued u,—affine function is constant.
First let f € A,,. Then f is separately (v;—)affine in both variables, i.e.,

f(s1,82) = as182+bsy +cso+d
with (a, b,c,d) € S*. From

2/(0,€) = 2/ (12((6,6) (0,0)3)) = F(£.6) + [(0,0), £ >0

and

2f(172) - f(17 1) + f(17 _1)
we infera =b=c=0,1ie, A,, =R.
Now A, = R follows easily by induction. In particular, by Remark 3.18 c), every
d,—affine function f : R™ — R is constant.
On the other hand, there are p,—convex subsets S of R” admitting nontrivial u,—affine
functions f: S — R.

Similar to Lemma 3.3 above, there exists an imbedding theorem for structured metric
segment spaces into normed spaces.

A structured metric segment space (.S, d, 1) will be said to satisfy the Theorem of Pro-
portional Segments ift

d(p(z, z, ), u(y, z,a)) = ad(z,y), ©,y,2 € S,a € [0,1] (10)

holds. Obviously, (10) implies that u is cancellative.
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Lemma 3.32. (Machado [25], cf. also Andalafte and Blumenthal [1]) For a structured
metric segment space (S, d, i) the following are equivalent:

(a) There exists a normed linear space (E, || -||), a conver subset C of E and an affine
isometry ¢ : (S, ) — (C,v), where v denotes the natural segment structure.

(b)  The segment structure u is a symmetric and associative Takahashi convez structure,
and (S,d, ) satisfies the Theorem of Proportional Segments.

(¢)  The segment structure p is symmetric and associative, and (S, d, i) has convex balls
and satisfies the Theorem of Proportional Segments.

(d)  The segment structure p is a convezor, and (S,d, ) satisfies the Theorem of Pro-
portional Segments.

(e) A, is point separating, and (S, d, 1) satisfies the Theorem of Proportional Segments.

(f) Ay is point separating, and (S,d, n) satisfies the Theorem of Proportional Segments.

Proof. (a) = (f): Obviously (C, ||-||, v) satisfies the Theorem of Proportional Segments.
This carries over to (S,d, u). By Example 3.7, E* and therefore {gop : g € E*} C A},
are point separating.

(f) = (e) is obvious.

(e) = (d) follows from Lemma 3.3.

(b) = (c) follows from Remark 3.21.

(¢) = (d): From condition (iv) in Remark 3.15 it follows that p is reflexive.

(d) = (b) = (a): This follows from [25] (Theorem 1 and p. 319 f), since every

symmetric associative segment function satisfies Machado’s Property (B) [25]. O

Example 3.33. Let (S,d, i) be a structured metric segment space satisfying the The-
orem of Proportional Segments, and let p be a convexor. Let Y,Z be disjoint non-
void convex and closed subsets of S with Y compact. Then the pair (Y, Z) is strongly
A, —separated.

Proof. Choose an affine isometry ¢ : (S, u) — (C,v) according to Lemma 3.32 (a). Then
the sets p(Y) and ¢(Z) are convex by Remark 1.4 b), ¢(Y') is compact and ¢(Z) is closed.
By Example 1.9 there exists a g € E* separating (¢(Y), ¢(Z)) strongly, and therefore,
f=gop €A (by Remark 1.4 c)) separates (Y, Z) strongly O

Example 3.34. Let (5,d, ) be a structured metric segment space satisfying the The-
orem of Proportional Segments. Let u be a convexor, and let (S,d) be complete with
Property UC. Then the paving of all convex, closed, and bounded subsets of S is strongly
A7, —separated.

Proof. Apply Lemma 3.32 7(d) = (c), (f)“ together with Example 3.17. O

Example 3.35. Let (S,d, ) be a strictly convex structured metric segment space satis-
fying the Theorem of Proportional Segments. If u is associative, then the paving of all
convex compact subsets of S is strongly Aj—separated. If, moreover, (S,d) is complete
and has Property UC, then the paving of all closed, bounded, and convex subsets of S is
strongly A’ —separated.

Proof. By Remark 3.18 a) and c) y is a convexor and A} = Aj. Hence the assertion
follows with Examples 3.33 and 3.34, respectively. O
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4. Concluding remark

As in the classical case our abstract separation theorems have a broad range of applicabil-
ity. They can be used to derive hull theorems such as bipolar theorems or Krein-Milman
type theorems, abstract versions of Bauer’s minimum principle, Helly and Klee type in-
tersection theorems, minimax theorems and many other results. It is intended to treat
these topics elsewhere.
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