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1. Introduction

In this paper we consider the problem of the description of the continuum limit of discrete
systems with long-range interactions defined on a cubic lattice as the lattice parameters
tend to 0. Consider a domain € in RY, which will parameterize the limit continuum
region, and the portion Z, of the lattice \,Z" of step size ), contained in Q. Let u be a
function defined in Z,. If u : Z, — RY then we may interpret u(x) as the displacement
of a particle parameterized by x € Z,. The interaction between each pair of points x,y
in Z, will be described by an energy V¥,, depending on u(z) and u(y), and on the mutual
position of the points in the lattice. The total energy of the interactions among points of
this discrete system described by « is then given by the sum of these pairwise interactions,
which we can write in the form

Hy(u) = Z U (u(w) —uly), = —y).

T,Y€EZn, THY

In order to describe the continuum limit of these energies we identify the discrete dis-
placements u with functions defined on {2 which are constant on each cube of side length
A\, with vertices on the lattice \,Z". We denote by A, () the set of these functions,
and we regard the functional H,, to be defined as above on A, (?) interpreted as a subset
of L*(;RY). We can thus apply the techniques of I'-convergence for energies defined
on LY(Q;RY). We recall that the I'-convergence of a sequence of functionals is in a
sense equivalent to the study of the convergence of all minimum problems involving these
functionals and their continuous perturbations (see [16], [11] Part II).
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Figure 1.1: interactions on the lattice Z,

The main result of this paper is showing that, under some qualitative hypotheses on
the dependence of the energy densities ¥,, on u(x) — u(y) and under some quantitative
hypotheses on their dependence on x — y, the limit of the energies H,, gives a local energy
‘H defined on functions which may have a discontinuity along a hypersurface. These
energies contain a bulk term and a surface term accounting for fracture. We show that
the domain of the functional H is the space GSBV (Q2) of generalized special functions of
bounded variation, where it can be written in the form

H(u) = /Q F(Vu) do + /S ( )g([u],yu)dHN‘l.

The space GSBV () has been introduced by De Giorgi and Ambrosio [17] to give a
variational framework for energies in fracture mechanics and computer vision (see the
book by Ambrosio, Fusco and Pallara [5] for a complete introduction to GSBV and free-
discontinuity problems). We recall that the set S(u) is the (N — 1)-dimensional set of
discontinuity points for u, with normal v, while Vu denotes the (approximate) gradient
of w, which is defined on © \ S(u) and hence a.e. on €, and [u] is the jump of u across
S(u). We recall that in the terminology of fracture mechanics S(u) can be interpreted
as the fracture site, while u describes the displacement on the uncracked region, so that
F is a bulk energy density, while G is a fracture-initiation energy density (see [4]). Our
work is connected to a previous use of I'-convergence techniques to derive a continuous
model for fracture and softening problems from a discrete approach by Braides, Dal Maso
and Garroni [10], where only nearest-neighbour interactions were taken into account in
the 1-dimensional case, and to the description of finite-difference approximation of free-
discontinuity problems by Gobbino [20] (see also [21] and [14]), where only a special class
of interaction potentials is taken into account. The idea of a passage from a discrete to a
continuous setting using implicitly a variant of I'-convergence is also present in the earlier
work by Truskinovsky [24].

Under only suitable growth assumptions on W,, the description of the limit energy den-
sities involves complex limit formulas (see [13], [12], [23] for the one-dimensional case),
whose explicit computation is not easy. We consider further assumptions on ¥,, under
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which the form of F and G is explicit (for a particular case see [14]) and is derived from
a superposition principle. This principle also applies with some variants to obtain an
approximation of Griffith energy functionals in Fracture Mechanics (see [1]). Note that
by comparison, our results describe the limit domain and give some bounds also for more
general energies for which such principle does not apply (for an application to scaled
Lennard-Jones potentials see [12]).

We will treat the case of scalar-valued u only, as in this case the hypotheses on V¥,, are
quite general. Some of our techniques carry on to vector-valued w; for example if ¥, (2, w)
depends on z only through |z|. The typical shape of a function z — W, (z,w) which
satisfies our hypotheses is convex in an interval [T/ (w), T, (w)], and concave on the two
remaining half-lines. Our hypotheses on the dependence of ¥,, on w amount essentially

Figure 1.2: the typical shape of ¥, (-, w)

to supposing that the effect of W, (-, w) decreases with w in such a way as to avoid non-
local effects on the limiting energy (see [7] for an example of a non-local limit), and are
satisfied, for example, when we consider only a finite number of interactions. We will also
assume the technical hypothesis that for all w we have T,/ (w) — 400 and T, (w) — —o0
as n — +00, to ensure that no interaction occurs in H between the bulk and the surface
parts, so as to avoid further complications in the description of H. The effect of the
interaction between bulk and surface energies in H in the 1-dimensional case when T)F
remains bounded can be found in [10].

In our hypotheses the integrands F and G can be recovered by examining the convex and
concave parts of U, separately. With fixed w € Z" \ {0}, denote by F,, the pointwise
limit of W, (-, \,w) and with G, the limit of the scaled functions

z

Gun(2) = |w|/\n\11n<|w|/\ ,

)\nw).

Note that it is not restrictive by a compactness argument to suppose that both limits exist
thanks to the convexity/concavity hypotheses on ¥,,. The functions F,, and G,, describe
the macroscopic effect of the convex and concave part of the interaction of discrete points
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in the lattice Z" at distance \,w. The functions F and G are then obtained by summing
all the contributions when w varies in the lattice ZV, as

F(z) = Z k(w)F, (z : 1)

weZN\{0} ‘w‘
k(w
o) = 3 MG (s el ul
weZN\{0}

where k(w) € N denotes the ratio between w and the minimal vector in Z" with the same
direction. Note that F may easily turn out to be isotropic (e.g., when F,, is quadratic),
while G in general is not. However, the explicit formula giving G allows easily to con-
struct finite-difference schemes with interactions up to M-order-neighbours such that the
anisotropy of G is arbitrarily reduced.

Boundary-value problems can also be treated in this scheme; we propose two ways of
dealing with them. In the first one we consider discrete functions as defined on the whole
MZY and equal to a fixed function outside the domain €2; in this case the interactions
‘across the boundary of 2" give rise to an additional boundary term in the limit energy.
The second method consists in considering the functions as fixed only on 0f; in this
case, the boundary term gives a different contribution, corresponding to a boundary-layer
effect. We finally remark that our method easily extends to deal with lattices of different
shapes, such as exagonal or slanted ones.

2. Notation and preliminaries

In the sequel N will be a fixed positive integer denoting the dimension of the real euclidean
space in which the discrete model is set (often omitted in the case N = 1) and SV~ will
be the set of unit-vectors in RY. If x,y € R¥, then x -y denotes their scalar product,
|z|, ly| their euclidean norms and [z, y] the segment between = and y. B,(x) denotes the
ball of centre z and radius p. For a set A of RY we denote int (A) the interior part of
A. We write sgnt and [t] to denote the sign of ¢ and the integer part of ¢, respectively.
We write Ln(A) and H¥(A) to denote the Lebesgue (N-dimensional) measure and the
k-Hausdorff measure of A C RY, respectively. We sometimes write |A| = Ly (A). We also
write #A to denote the number of elements of A (+00 is A is not finite). We use standard
notation for Sobolev and Lebesgue spaces. If p is a Borel measure and B is a Borel set,
then the measure p L B is defined as 1l B(A) := (AN B). The notation f, f dx stands
for the mean value of f on B. The letter ¢ will denote a strictly positive constant whose
value may vary from line to line.

2.1. Special functions of bounded variation

Let © be an open subset of RY, and let M () be the set of all signed Radon measures on
Q with bounded total variation. We say that v € L'(Q) is a function of bounded variation,
and we write u € BV(Q), if all its distributional first derivatives D;u belong to M(S2).
We denote by Du the R¥-valued measure whose entries are D;u. The jump set S(u) is
the complement of the Lebesgue set of u; i.e., v ¢ S(u) if and only if

im o [ ) ==y =0
By(x

p—0t
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for some z € R. If u € L'(Q) then the set S(u) is Lebesgue-negligible, and if, in addition,
u € BV(Q) then the Hausdorff dimension of S(u) is at most N — 1. Precisely, S(u)
is rectifiable in that there is a countable sequence of C' hypersurfaces I'; which covers
HNL-almost all of S(u); ie., HN 1 (S(u) \ U2, i) = 0. Moreover, for HY~'-almost
every x € S(u) it is possible to find a, b € R and v € SV~ such that

iim o [ u) —aldy =0, tm ™ [ Juty) = bldy =0,
p—0+ BY(x) p—0F B, (w)

where B} (z) .= {y € B,(z) : (y —x)-v > 0}. The triplet (a,b,v) is uniquely determined
up to a change of sign of ¥ and an interchange between a and b, and in the sequel it
will be denoted by (u™,u",v,). We sometimes write [u] = u™ — v~ if no confusion may
arise with the integer part of u. If N = 1 we choose v, = e; on S(u) so that we have
[u](t) = u(t+) — u(t—), where we denote u(t+) the right and left limit in ¢ respectively.

The distributional derivative of a function v € BV (§2) admits the decomposition
Du=Vuly+J,+Cy,
where Vu Ly is the Lebesgue part of Du (we use the notation 4 for Vu if N = 1),
Ju = (wt —u )y, HYN L S(u)

is the Hausdorff part or jump part of Du, and C, is the Cantor part of Du. We recall
that the measure C), is singular with respect to the Lebesgue measure and it is ‘diffuse’;
i.e., Cu(S) = 0 for every set S with HV1(S) < 4o00. For the general exposition of the
theory of functions of bounded variation we refer the reader to Federer [19], Evans and
Gariepy [18] and Ziemer [25].

We say that a function u € BV () is a special function of bounded variation if C, = 0,
or, equivalently, if
Du=VuLly+ (u" —u ), HN 1L S(u).

We denote the space of the special functions of bounded variation by SBV(Q2). The in-
troduction of this space is due to De Giorgi and Ambrosio [17]. The space GSBV (2)
of generalized special function of bounded variation is defined as the space of scalar func-
tions in L'(2) such that for all T > 0 the truncations up := (=T) A (u V T) belong to
SBV(Q). For the properties of functions in SBV () and GSBV () we refer to the book
by Ambrosio, Fusco and Pallara [5].

Let p > 1. The spaces SBV?(2) and GSBV?({2) are defined as the subspaces of functions
u of SBV () and GSBV (), respectively, such that

HYHS(u) N Q) < 400 and Vu e LP(Q;RY).
These spaces are natural domains for the treatment of energies with bulk and surface
contributions in the case where the bulk energy density grows superlinearly at infinity.
2.2. T'-convergence

We recall the definition of De Giorgi’s I'-convergence in a metric space space (X, d): given
a family of functionals F,, : X — [0,4+00], n € N, for u € X we define

F'(u) = T(d)-liminf F,,(u) := inf{lim inf F, (u,) : limd(u,,u) = O} :
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and

F"(u) = T'(d)-limsup F,(u) := inf{lim sup F,(uy,) : limd(u,,u) = 0} :
If these two quantities coincide then their common value is called the I'-limit of the
sequence (F,) at u, and is denoted by I'-lim, F,,(u) or I'(d)-lim, F,(u). Equivalently,
F(u) = T'-lim,, F,(u) if and only if the two following conditions are satisfied:

(i) (lower semicontinuity inequality) for all sequences (u,,) converging to u in X we have
F(u) < liminf, F,(u,);

(i) (existence of a recovery sequence) there exists a sequence (u,) converging to u in X
such that F(u) > limsup,, F,(uy).

For a comprehensive study of I'-convergence we refer to the book of Dal Maso [16] (see
also [11] Part IT). Note that the functions F” and F” are lower semicontinuous. The reason
for the introduction of this notion is explained by the following fundamental theorem.

Theorem 2.1. Let F' = I'-lim, F,,, and let a compact set K C X exist such thatinfyx F,, =
infg F,, for allm. Then
dmin F = liminf F,,.
X n X

Moreover, if (u,) is a converging sequence such that lim,, F,(u,) = lim, infx F,, then its
limit is a minimum point for F.

2.3. Some Preliminary results

We first recall a density result in SBV?(€Q2) due to Cortesani and Toader [15] (see also
[9])-

Let W(Q2) be the space of all functions w € SBV(2) satisfying the following properties:

(1) HYH(S(w) \ S(w)) = 0;
(ii) S(w) is the intersection of 2 with the union of a finite number of (N — 1)-dimensional
simplexes;

(iii) w € Wke(Q\ S(w)) for every k € N.

Theorem 2.2. Let Q be an open subset of RY with Lipschitz boundary. Letu € SBVP(Q)N
L>(Q). Then there exists a sequence (w;) in W(Q) such that

w; — u strongly in L'(€2), (1)
Vw; — Vu  strongly in LP(£2) (2)
timsup [l < [l @
J—+oo
and
limiup/ qﬁ(w;-“,w;,l/wj)dHNil S/ d(ut,u,v,) dHN ! (4)
J—too J Sy, Su

for every upper semicontinuous function ¢ : RxRx SN~ — [0, +00) such that ¢(a,b,v) =
é(b, a,—v) for every a,b € R and v € SN~1,

We will treat N-dimensional problems by reducing to 1-dimensional one. To this end we
introduce some notation and a ‘slicing’ result. Let £ € S¥=! and let I1¢ := {y € RY :
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y - & = 0} be the linear hyperplane orthogonal to £ and P¢ : RY — II¢ the orthogonal
projection on II¢. If y € II¢ and £ C R™ we set

B .={tcR:y+tc E}. (5)
Moreover, if u : E — R we define the function u®¥ : E$Y — R by

ut(t) = uly + t8). (6)
Theorem 2.3.
(a) Letue GSBV(Q). Then, for allé € SN the function usY belongs to GSBV (Q5Y)
for HN"1-a.e. y € II5. Moreover for such y we have
WtV (t) = Vuly +t€) - € for ae. t € QY

SusY) ={t e R:y+t& € S(u)},
utY(tE) = uF(y 1) or utY(tE) = uF(y + t),

according to the cases v, - € > 0 or v, - £ < 0 (the case v, - & = 0 being negligible)
and for all Borel functions g

/HE Z g(t)dHNfl(w :/S )g(x)\uufldHNl.

teS(usv) (u

(b)  Conversely, if u € L*(Q) and for all € € {ey,...,ex} and for HNt-a.e. y € TI¢
usY € SBV(Q%Y) and

/H£ (/Q&y i+ #<S(ug’y))> dHY " (y) < +oo,

then w € GSBV?(QQ).

We finally recall a simple 1-dimensional I'-convergence result (for a direct proof see [12]).

Proposition 2.4. For any n € N let h, : R — [0,400] be convex and lower semicon-
tinuous functions such that the limit lim, h,(x) =: h(x) exists for all x € R. Assume in
addition that h is lower semicontinuous and int ({x : h(xz) # 4+o00}) # 0. Then for all
Gn, @ € LP(a,b) such that ¢, — ¢ weakly in LP(a,b), we have

b b
lim inf / () dt > / h(o) dt.

3. The one-dimensional case

We first recall some results in the case of nearest-neighbour interaction, and subsequently
use this result to obtain the I'-convergence theorem for long-range interactions.

Consider an open interval (a, b) of R and two sequences (\,), (a,) of positive real numbers
with a, € [a,a+ \,) and )\, — 0. Forn € Nlet a <z} < ... < 2" < b be the partition
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of (a,b) induced by the intersection of (a,b) with the set a,, + A\,Z. We define A,,(a,b) as

the space of piecewise constant functions such that 2, ... cN» € R exist satisfying
AL ifa<z<al
ux)=<c ifr <z<aztli=1... N,—1 (7)
nifxln <z <b

that is, A,,(a,b) is the set of the restrictions to (a,b) of functions constant on each [a,, +
kXn,an + (K +1)\,), k € Z.

3.1. Nearest-neighbourhood interaction

For n € N let ¢, : R — [0, +0c] be given, and let E,, : L'(a,b) — [0, +00] be defined as

) Ngl . <u(:c:;+1)A : u(x;)> vy

(8)

+00 otherwise in L'(a, b).

The following I'-convergence is a particular case of the results in [12].

Proposition 3.1. For alln € N let T € R exist with

lim T = 400, lim A\, TF = 0, (9)
and such that, if we define F,,G, : R — [0,400] as

(o) Un(2) T, <z2<TF
n\%) =

+oo  z€R\|[T,,T]]
At (;+Tgigm) 240
0 if z=0

Gn(z) =

the following conditions are satisfied: there exists p > 1 such that

F.(z) > [zF  VzeR (12)
sup ;gﬂg F.(z) < 400 (13)
Gn(z) >c>0  Vz#0, (14)

F,, is convex, and the restrictions of each G, to (—00,0) and to (0,400) are concave,
and, moreover, there exist F,G : R — [0, +00) such that

lim F,, = F, (15)

lim G, = G. (16)
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Then, (E,), I'-converges to E with respect to the convergence in measure and with respect
to the L'(a,b) convergence on L'(a,b), where

E(u) = /a F(a)dt + Y G(ul(t) ue SBV(a,b)
+oo otherwise in L'(a,b).

Remark 3.2. Note that the convergence hypotheses in (15) and (16) are not restrictive
up to passing to a subsequence. Note moreover that F' is convex, G is concave and that
if all A, (/) are locally equibounded then we also have

G(2) = lim Ay, (%)

by the uniform convergence of G, to G on compact subsets of R \ {0}.

By [12] we may drop the convexity and concavity hypotheses, in which case the description
of F and G is more complex.

3.2. Multiple-neighbourhood interaction

With fixed n € N and for k = 1,..., N, let ¥ : R — [0, +00) be given functions. We
will investigate the limiting behaviour of the following energies defined on L!(a, b):

s

Ea(u) iz S kg (u(xi“””’“)—U(x”j’“
n\U) = nrn

W)\
' 4 B if ue A,(a,b) (17)
k=1 i=1 7=0

+00 otherwise.

We begin by proving the following result.

Proposition 3.3. Suppose that for everyn € N and k € {1,...,N,} there exist points
T,’fﬁ, T,’Z + such that the following conditions are satisfied:

lim T} = —o0, lim T}, = +oo0, lim A, Ty, =0, (18)

ok s convex and lower semicontinuous, (19)
‘[T" Tk
n,—’' n,+

and ¥ are concave and lower semicontinuous, (20)

wZ}(_OO’Tk n|[T57+a+w)

n,—)

for some p > 1

Un(@) = 2P T, <a<T,, (21)
Mt(@) > ¢>0 ifx ¢ [T, T,,], (22)

there exist F* G* : R — [0, 4+00) such that

lim ¥ (z) = F¥(x)  for every x € R (23)



372 A. Braides, M. S. Gelli / Limits of Discrete Systems with Long-Range Interactions

i

kX,

lim kX, 0F ( ) = G"(x)  for every x € R, (24)

and G* is superlinear in 0, i.e., taking into account that G*(0) = 0 by (24),

k
lim ¢"(2) =

0 Te]

(25)

If &' (u) denotes the I'-liminf, &,(u) with respect to the convergence in measure then
E'"(u) > E(u), where £(u) is defined by

) /abf(u) dt+ Y G([u)(t)) ifue SBV(a,b)

teS(u) (26)
+00 otherwise in L'(a,b),
with
+00 +oo
Flx) =Y kF¥(x) and G(z) =) kG*(x). (27)
k=1 k=1

The proof of the proposition will make use of the following lemma.

Lemma 3.4. Let 1, : [0,400) — [0,400) be non decreasing functions and let T, be
positive real numbers such that

lim ATy = 0, lim T}, = +00 (28)
w”|(0T : is conver (29)
¢n‘(Tn,+oo)Zs concave. (30)

Assume in addition that there exist F,G : [0,+00) — [0,4+00) such that G is superlinear
in 0 and

P(z) =limy, (), G(z) = lim A, (A%) (31)

for every x > 0. Then, for every sequence (1) such that lim, A,/ T} =0 and T > T, for
all n there exist non-decreasing ¢, : [0, +00) — [0, +00) with ¢, < ©,, satisfying

(b”‘(o,TTg) is convex (32)
¢n’(TT,ﬂ+OO)zs concave, (33)

and such that
lim ¢, (z) = F(z) and lim\o, (Ai) = G(x) (34)

for every x > 0.
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Proof. We denote G,,(x) = A\, ((z — A\ T5)/An), which is a concave function on (0, +00).
The sequence (G,,) converges uniformly to G on all compact subsets of (0, +0c0). Since
G is superlinear in 0, we claim that for all M > 0 there exists ¢ > 0 and n,; € N such
that G,,(z) > Mz on [0, €] for all n > ny,. Suppose otherwise and choose € > 0 such that
G(g) > Me; if, up to subsequences, we have G,,(x,) < Mz, for some z,, < ¢, then, as G,,
is positive and concave,we have also G,(¢) < Me, which gives a contradiction letting n
tend to 4o0.

Let

Ty, = max{x €0,7,): v (x—) < T —2

(x, = 0 if the set on the right hand side is empty) We set

onla) = { i) + PO o) i, <o <
() ' ife>T).

Clearly ¢, is convex on (0,7}.) and concave on (T}, +00). Moreover, it can be immediately
checked that ¢,, < 1, and that ¢, is non-decreasing. The only thing left to prove is that
lim,, z,, = +00. To check this, note that

Un(T) = Yn(z) _ Gu((T5 = T)An) = Anthn()
T —x (T — )

For what proven above and since A, (7}, — T,,) — 0 for all fixed x we have

A CARTAC)

n T —x

= +00.

On the other hand for all fixed z > 0 we have limsup,, ¢/, (z—) < 400, so that z < z,, for
n large enough. O

Proof of Proposition 3.3. First, we rewrite our functionals as follows

Nn

Eulw) =) Y Eri(w), (35)

k=1 i=1
where EF is defined by
[#5=]-

BEi(u) =

! i+(+1)k i+jk
u(Tn —ulx,
kAt ( ( kl ( )> : (36)

7=0

Let u,,u € L'(a,b) be such that u, — w in measure and suppose that liminf, &, (u,)
+00. Up to subsequences, we also can assume that u,, — w pointwise and lim inf,, &, (u,,)

A
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lim,, &,(u,). By (21) and (22) we can apply Proposition 3.1 to E}'. Asliminf, E} (u,) <
lim, &, (u,) < +oo, we get that u € SBV?(a,b) and

n

lim inf £V (u,) > / Fia)dt+ 3 G ([u)). (37)

Fix an integer k > 2 and i € {1,...,k}. We will prove that although ¥ satisfies weaker
hypotheses than ., we still have

liminf E%*(u,,) > / w) dt + Z G*([u (38)

" S(u)

Once this inequality is proved, the thesis follows immediately: with fixed m € N we have
from Fatou’s Lemma

hmme (un) >hm1anZEl“un ZZ </ k(ll)dt—l-ZGk([U]))a
S(u)

k=1 =1 k=1
so that we have &'(u) > £(u) by letting m — +o0.

The proof of (38) is divided into two steps. For the sake of simplicity we assume Tff’ L=
—TF Té, =T ,1’_ and we denote these points by T* and T)}, respectively. The necessary

n,—?

changes for the general case will be clear from the proof.

Step 1 Assume that T! < TF for every n € N. Define

[r’?i - {J < {0, ceey {Nnk_ Z} } |u”< z+(]+1)k) - un(xi;rjk>| - Trlfk)\n} .

Note that #I%! is equibounded by (22). Moreover, it can be easily checked that if j € %7
then there exists [ € {i + jk,...,i+ (j + 1)k — 1} such that [ € I"'. Hence, we get that
#IN < H#HI <c.

. . . > > 1 k
Define u®i on [zi+ik 25FUTVRY ag follows

Uy (257IF) if j €Ik
uy' (z) = un<x;+(j+1)k) _ un(x:':rjk)

kA, (z — a:ifjk) + up(x “ij)

We have that for every k and i fixed, (u*?), converges to u in measure or, equivalently,

uk? — u,, converges to 0 in measure. Indeed, fixed € > 0, let s be an index such that

[, ey N s ug (@) = ua(2)| > €} # 0 (39)

n? TL

and let j be such that s € {i +jk,....i + (j + Dk —1}. If x € [z5,257) N {z :

n’'n

|uki(x) — u,(x)| > €}, since uP¥(z) is a convex combination of the values uf(x+i%),
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uk,i(w;‘;r(jﬂ)k)

- , we have

e < |up'(z) = un(2)]

< M (@) = (@) + (1= Ny (23T — (a7

i+(j+1)k—1
< S et - el
I=i+jk
< max |t (22) — () | K

I=i+jk,...i+(j+1)k—1

Then, for each index s such that (39) holds, we can find an index s’ with |s — s'| < k and

|tn (25 11) — uy(23)| > £. Note that s’ € I for n large, so that

o [ubi(2) — up(2)| > e} < #IVEN,.

n

We claim that @7 is equi-integrable. Indeed, fixed an index j ¢ I* if {i + jk,... i+
(j+ 1Dk —1}N I =0, a simple convexity argument shows that

L i
m:j(ﬁl)k z;—k(ﬁ- )k

I gt [P dt.
x:j'ﬂk I%-Hk

Since there are at most #I1! indices such that {i + jk,...,i + (j + Dk — 1} N IM £ 0,
for every measurable set A we have

b ’
/\uﬁ”’\dtgyqu(/ |u}f|ﬂdt) + ckATF,
A a

which proves that the sequence is equi-integrable.

Now the lower semicontinuity and compactness theorem (see e.g. [6] Theorem 2.3) in
SBV (a,b) gives

akt weakly in L'(a,b), Z [k — [u](t) (40)

SuEHN(t—e t+e)

where ¢ is a point in S(u) and € > 0 is any small-enough real number. By using the
subadditivity of ¥* on (—oo, —T%) U (T, +00), we have

B (up) Z/ YF (k) dt + Z kA (ZS(un J(t—zstre) ])

kA,
teS(u)

Using (19), (40), (23) and (24), we get

‘ b
lim inf E5 (u,,) > / Fr(i)dt+ ) G*([u))

! a S(u)

by Proposition 2.4.
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Step 2 Suppose that T} > T* for infinitely many n. For the sake of simplicity suppose
that it holds for all n. Note that hypotheses (18), (19), (20), (22) and the finiteness of
F}, imply that there exists a minimum point & € [—T* T¥] for ¢k. Suppose first that

¢k e (=T} TF). We can apply Lemma 3.4 twice, to the functions ¢, (z) = ¢k (z) =

n’ - n

YE(ck £ ), with T, = TF £ ¢f and T}, = T)} + ¢}, to obtain functions ¢} .. We define then

n7+(x—c’;) if x> cF

¢k($) :{ Z,—(sz_x) ifl‘écfl

If ¢® = T* then we just choose as ¢F on [T* T!] the affine function satisfying ¢* (T¥) =

YE(TF) and ¢F (T}) = *(T1). Similarly, we deal the case ¢ = —TF.

The new sequence ¢ satisfies all the hypotheses of Proposition 3.3 relative to the index
k. In addition, each ¢} is convex in [T}, T] and ¢} < ¢}. We can apply Step 1 to
the functionals E®* defined as in (36) with 1* replaced by ¢*, noting that by Lemma 3.4
the limit functions F* and G* remain unchanged. We then obtain (38) since EX(u,) >

E¥(u,) for all n. 0

In the following proposition we deal with the upper inequality for the I'-limit.

Proposition 3.5. Let ¢ : R — [0, +00] satisfy hypotheses (18)—(24) of Proposition 3.3
and assume in addition that there exist F,G : R — [0, 4o00] given by (27) such that

Nn
F(x) = limz kyF(z) for every x € R (41)
k=1
4l x
_ 2\ ik
G(z) = llznkz:; k“Apaby (kAn) for every x € R. (42)

Then, for every u € L*(a,b), T-limsup, &,(u) < E(u) where the T-limsup is taken with
respect to the strong convergence in L'(a,b).

Proof. The case F = +oo is trivial. We therefore assume that {z : F(z) # 400} # 0,
and consider u € L'(a,b) such that £(u) < 4o00. Note that u € SBV?(a,b) by (21) and
(22), since F > F' and G > G*.

We will first prove the I'-limsup inequality assuming in addition that @ € L*(a,b) and
ess-inf @, ess-sup @ € {z : F(x) # +oo}. We claim that a recovery sequence for such a
function is simply the piecewise-constant interpolation function u,, € A, (a,b) of u defined
to be identically u(z!+) on the interval [z¢,z%1), for all i € {1,..., N, — 1} and equal

to u(a+) and u(b—) on (a,z}) and [#2" b), respectively. It can be easily checked that
u, — u strongly in L'(a,b). Indeed, for any interval [z?, z5F!), we have

n’rn

ZU:{‘rl $:L+l xr
[ ) —ulds < [0 ([ pawiae )Y ) ds
o T SN2

lei+1

/A (il + 3 1fll) da
o 5(a)

IN
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Summing over ¢ we get

/b lup — u|da < (b— a)(uuum £y HuH)An
’ S(u)

For any € > 0 fixed, we claim that there exists m = m(e) € N such that

zn: Z Efi(uy) <€ (43)

for n large enough, from which we deduce immediately that for such m

limsup &, (u,,) < Z th sup E%(u,,) + ¢. (44)

" k=1 i=1
We divide the proof of (43) in three steps.

Step 1. As remarked in the proof of Proposition 3.3 each function ¥ is non-increasing
up to a point cfl and non-decreasing afterwards. From this monotonicity property we get,
for all m € N,

ZZE'”U,L < ZZ(Z)—(L ¥ (ess-inf 1) + 1 (ess-sup 1))

k=m 1=1 k=m i=1
i
+ 3 G’“(/ adit Y ),
jeam” SN (whvh']
where we set
Gh(x) = kAt (m ). (45)

yl = 2tk for j =0,..., M and
Tyt =15 € {0, M} S(u) 0 (g, wi ") # 0
Since, for every m € N,
N o0
lim Z k(¢F (ess-inf ) + ¥ (ess-sup 1)) = Z k(¢* (ess-inf @) 4 ¥ (ess-sup 1))

n
k=m

and, by our assumptions,
Z k(1" (ess-inf 1) + ¢F (ess-sup 1)) < 400,

with fixed € > 0 there exists m = m(e) € N such that

—+00

Z k(" (ess-inf ) 4 ¥ (ess-sup ) < ¢

k=m
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and there exists ng = ng(e,m) € N such that, for any n > ny,

Nn

Z E(pF (ess-inf 1) + ¥F (ess-sup 1)) < Z k(* (ess-inf ) 4+ ¢*(ess-sup 1)) + €.

k=m

Step 2. It remains to estimate
.

zzzak(/j adi+ S ).

k=m =1 je gt S@)N(whvh ']

If G =400 on R\ {0} there is nothing to prove. Assume that G is everywhere finite. It
then suffices to notice that

Jj+1

yn
ess-inf u(b — a) — Z\u < / udt + Z [u]
v

J

" SN (whvh
< ess-sup u(b—a)+ Z lut —u”|
S(u)

and, once again by the monotonicity properties of 1* which translate into analogous
properties of G¥

Gﬁ(/jw adt+ Y [ul)

Yh
S@)N(whvh]

<Gk <ess—1nf (b — a) Z lut — )
+GE (ess—sup wb—a)+ Z lut — u’|)

S(u)

Since #.J5% < #S5(u), we can repeat the reasoning of Step 1, applied to

Nn
Z kG* (ess-inf u(b — a) — Z lut —u~|) + kG* (ess-sup (b — a) + Z lut —u™|),
=m S(u) S(u)

to find m’,n’ € N such that for n > n’, we have

1

Sy a(f e ¥ w)se 0

k=m’ =1 jc yhks S(u)N(yhyh

Step 3. There is only left the case G = 400 on a half-line. Assume for instance that
G = +oo on (—00,0), and G is finite on [0, +00). This assumption implies that [u](t) > 0
for every t € S(u). Hence,

1
yht

(ess-inf @)kA, < / wdt + Z [u] < ess-sup u(b—a)+ Z lut —

J
o SN (hyi S(u)
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So, for any m € N, we get

J+1

ZZZek(/j adt+ Y [ul)

k=m =1 jesp! S(u)N(yhyh™]

Nn

< Zk(#S Gk<esssupub—a —|—Z|u )

S(u)
+(b — a)YF (ess-inf u))

Since

hmZkG (ess-sup U(b — a) —i—Z]u —u"|) < 400,
S(u)

we can proceed as in Step 1 to obtain inequality (46) for some m’,n’ € N.

We conclude the proof of the proposition in the following additional three steps.

Step 4. We now check that for any k£ and ¢

b
lim sup B4 (u,) < / Fr(aydt+ 3 G ((u]). (47)
We have
gt vt
Eb(u,) < Y kmb’“(][_ udt) + > Gﬁ(/ adt+ ) [u]>.
g J jeaR e S()N(yhyh ']

Let n be large enough so that Tff’ < ess-inf 1 < ess-sup u < Tffﬁr. For every t € S(u)

there exists j¢ € {0,..., M®} such that S(u) N (2, y& '] = {t}. Then, by convexity,

EM(u,) < /w )dt + Z Gﬁ(/jﬁludtﬂu](t)).

J=3k, t€S(u)
Since F¥ G* tend to F*, G*, respectively, uniformly on compact sets of R and R\ {0},
o
respectively, and, for every j, lim,, fy%% udt = 0, passing to the limsup we get (47).
Step 5. By substituting (47) in (44) and letting ¢ — 0+, we get the I-limsup inequality.

Step 6. We finally extend the result to a general u such that £(u) < +o0.

Let ¢ = inf{x € R : F(z) < +00}, ¢a = sup{z € R : F(z) < +00}. We may assume
c1 # co otherwise there is nothing left to prove. For k € N, define

1 1
my = Cl—FE ifCleR Mk: C2_E ifCQGR

—k ife; = —o0 k if ¢p = +00.
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If u e SBV?(a,b) is such that £(u) < 400, uy is defined as

u(r) = ula+) + /x(u vV my) A My, dt + Z [u](y).

yeS(u), y<z

It is easily checked that uy — win LP(a, b) and limy, E(ug) = £(u). We get I'-lim sup,, £, (u)
< &(u) by using the lower semicontinuity of the I'-limsup, O

4. The N-dimensional case

In this section we extend the results obtained in Propositions 3.3 and 3.5 to the general
N-dimensional case. We will describe the continuum limit of energies

Ha(u) = Y Wn(u(z) = uly), = —y). (48)

T#Y

where Z,, is the portion of a lattice of step size \,, contained in a fixed open set 2 (see the
Introduction). A key point will be the reduction to the 1-dimensional case by considering
1-dimensional fibers, where we can apply the previous results. In order to simplify the
description of the limit we will suppose that €2 is convex, so that these fibers are always
intervals. In the general case it is necessary to neglect the interactions between points
x,y such that the interval with endpoints x and y does not lie inside €2. We will give a
description of the limit in terms which are equivalent to, but differ a little from, those
in the Introduction, by gruping the interactions first by their direction (indexed by a
‘rational direction’ ) and then by relative length (indexed by a positive integer k).

Let Q be a bounded, convex, smooth open set of RY with 9 of class C* and let ey, ..., ey
denote a fixed orthonormal basis of RY. In order to rewrite functional H,, as defined on
a subset of L*(€) we identify the functions defined in Z, = \,ZY N as the set A, () of
functions which are constant on each cube a + (0, \,)Y with a € A\, Z". For such « the
value u(a) is defined as the constant value taken by u on a+ (0, \,)" a.e. Let D c SN~1
be the set of ‘rational directions’ in RY, defined as

D ={¢/lg] : € € ZV \ {0}}.

If v € D we denote

§(v) = min{[¢| - v = &/[¢], € € ZV \ {0}}.

We will also write D), to denote the set of directions v € D such that £(v) < M. For any
veD,neNand k=1,...,N,(v), let ¥ : R — [0, +00) be continuous functions. We
define H,, : L*(Q2) — [0, +-00] as

Ny (v)
vor  p (e EAE0Y) — u(a)
o DR B e ()
Y if ue A,(Q)

+00 otherwise in L'(Q)
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where N,(v) := sup, diam (Q2"¥)(X,£(v)) " and

RM = {a e \ZN : a,a + k E(v)r € Q.

In this way we have rewritten the functional H,, considered in (48) if we take

kv(2) = —1 v)z Vv
U (2) = gy Ve (B E) =, kA E W),

The following theorem gives a convergence result for the functionals H,, as n — +o0.

Theorem 4.1. Assume that real numbers Tfi and p > 1 exist such that the following
conditions are satisfied:

(1) (conditions on the lattice parameters) for allv € D, k € N

Hm ATy =0, LmTy = +oo; (49)

(2)  (structure conditions on F)

VY s convex on [T, jf;i, T,’fi]
PV s concave on (—oo, Ty (50)

YEY s concave on [T 400);

n,

(3)  (growth conditions on nearest-neighbour interactions) if v € {ey,...,ex} then

Vet (z) > |2 ifx € [Ty, o]

(51)
Mrt(x) > e>0ifz <T,” oraz > Tﬁ,’_’;;

(4)  (existence of single-interaction limit energy densities) for all v € D, k € N there
exist F*v, G* : R — [0, +00) such that G*" is superlinear in 0 and

FR (@) = lim gl (@), G(a) = limkag(v) v (- An”;@)) (52)

for all v € R;
(5)  (existence of limit energy densities) if F*,G” : R — [0, +00) are defined by

F = i KEY  and G = i kG
k=1 k=1
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then
Fa) = tmY kb (a)
k=1
Nn(v)
G“(x) = lim Z KA (v Wu(mng( )) (53)
D EW)F(z) = lim) €) Z Ky (), (54)
Np(v)
Segre = e S () 6
for all z € R;

(6)  (growth condition on the limit bulk energy density) we have

Zg ) < (1 + |xfP) (56)
reR
for all z € R.
Then H,,(u) T-converges to the functional H : L*(2) — [0, +o00] defined as

/ F (Vu(z)) do + Gut —u",v,)dHN ™t ifue GSBV(Q)
Q S(u)
+o0 otherwise in L'(Q)

H(u) =

with respect both to the L'(Q)-convergence and to the convergence in measure, where

F:R—[0,+0), G:R x S¥"1 —[0,+00) are defined as

Flx) = Y W) F(x-v)

veD

G(z,m) = > EW)G"(zsgn(n-v))ln-v|.

veD

Before proving this result it is worth commenting hypotheses (1)—(6).

Remark 4.2. The first hypothesis in (1) ensures that the concave parts of 1" are mean-
ingful in the description of the limit surface energy density. Indeed, if lim sup,, A Tki >0
then the corresponding G** may not give a contribution to the energy density G, which
should then be modified accordingly. If lim inf, Tffi < 400, on the other hand, then the
description of F must be modified by taking a suitable convex modification of ¥¥" into
account (in the case of 1-dimensional nearest-neighbour interaction a precise description
of this procedure can be found in [10]).

Condition (2) may be weakened in view of the results in [12], but in general the I'-limits
with respect to the L'(€2) convergence and to the convergence in measure may be different.
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Condition (3) ensures that the limit domain is contained in GSBV (2). Both conditions
may be slightly modified by taking the coerciveness conditions for functionals defined on
GSBV () into account (see [5]).

The superlinearity condition on Gk” in (4) may be dropped if we assume some mono-
tonicity conditions on the points 7/ e.g., that T’” < Tll’ < Tl" < Tk" (see Step
1 in the proof of Proposition 3.3). Moreover, if only a finite number of 1nteractions are
considered then this condition may be dropped on those not taken into account (see the
theorem below).

The existence of the functions F* and G* in (4) is not restrictive, upon extracting a
subsequence, by the convexity and concavity conditions on ¥¥*. Note that F'*" is convex
and G*" is concave on (—o0,0] and on [0, ).

Conditions (5) ensure that there is no contribution to F and G which cannot be captured
by considering F* and G only; i.e., there is no big contribution by F** and G*" if k&(v)
is large. It can easily be seen that if this condition is not satisfied then the I'-limit may
not be local.

Condition (6) is technical, and is related to the general difficulty of representing bulk
functionals which satisfy different growth estimate from above and below.

We can simplify Theorem 4.1 in the case of a finite set of interactions. The proof is the
same, up to ignoring the contribution which are not present.

Theorem 4.3. Let D be a finite set in D containing ey, ...,en, and for all v € D let
I(v) C N be a finite set. We suppose that 1 € I(e;) for all j =1,..., N, and we denote

A={(vk): veD, kel(v)}.

Assume that real numbers (Tfi) and p > 1 exist such that the conditions (1)-(4) of
Theorem 4.1 are satisfied for (v, k) € A. Let H,, : L'(Q) — [0, +00] be defined by

N , [ ula+ kN E(v)v) — u(a
3w (R )

(vk)EA eRF

Hy(u) == .
if u e A,(Q)
~+00 otherwise,
let
F(x) = lim Z V)Y (1 v)
(v,k)eA
G =l 3 SRV, (Toneiy )t

and suppose that F(x) < c¢(1+ |z|?) for x € R. Then H,(u) I'-converges to the functional
H: LY(Q)) — [0, +o0] defined as in Theorem 4.1.

In order to simplify the proof of Theorem 4.1 we introduce some notation and state some
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preliminary remarks. We define F* GF : R — [0, +00) as follows

+00 otherwise

v . kv kv
F:’V<l’> = {wi? (LL’) lf Tn,— S |I| S Tn,+

kv xz k,v .
B (g0 * Do) 20

0 ifz=0.

GM () =

Note that F* is convex and G*" is concave on (—oo, 0] and on [0, +00), and that we still
have F*" = lim,, F*" and G*" = lim,, G&".

We recall that if ¢ € SV~! we denote by II¢ the linear hyperplane orthogonal to ¢ (which
will be identified with R¥~! when needed) and P* : RY — II¢ the orthogonal projection
onIlé. If y € Il and E C RN weset E5Y := {t € R: y+t&£ € E}. Moreover, ifu: E — R
we define the function u¥ : ESY — R by u®¥(t) := u(y + t£). We set

Qf ={y eTl*: Q% £ ().

Remark 4.4. If yy, 40 € QF, let (ay,b) = Q5% and (ag,by) = Q%%. Then, for any
fixed n > 0, there exist two constants o, M > 0, depending only on 7 and &£, such that
|ay — as| + [by — by| < Mlyy — 3| whenever |y; — yo| < o for all g1,y € Qf := {y € Q° :
dist (y, 0Q°) > n}.

Remark 4.5. If S =5, U...U Sy is a finite union of (N — 1)-simplexes and we denote
n(y) =#{t e QY . y+t£c S}

for y € Qf, then there exists a closed set B C II¢ with H¥~1(B) = 0 such that n(y) :
Q¢ \ B — N is locally constant.

Remark 4.6. By applying the result above we get that Q% \ B is a finite union of open
disjoint sets U such that n(y) is constant on U. Moreover, if y,z € U and for any i =
1,..., M we denote t;,, t. the points in Q5% Q%% respectively, such that y+1,¢, z+1.€ € S,
then [t} — tL] < ¢z —y| with ¢ = ¢(&1, ..., Em)-

Proof of Theorem 4.1. In order to simplify the notation, we suppose that /% is even
for all k,v and n, the proof in the general case following easily. We begin by rewriting
the functional H,, as a sum of ‘nearest-neighbour type’ functionals based on sub-lattices
of \,Z~. First of all, note that

Ho(u) =) Hi(u),

veD
where
Ny (v)
Vo et (M) —uie))
= 3 5 pet (i

We will proceed by analizing the limiting behaviour of H? first. To this end, with fixed
& o= W)y, let &, ..., & € ZN NIIY be such that & - & = 0 for ¢ # j. Denote
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M(v) = |det(&,...,¢&n)| and L(v) = M(v)/|&|. Note that M(v) € Z. Let z; be
the points in I1” such that

{ziii=1,.. . . Mw)}={zeZ":0<(z-&)<|§], j=1,...,N}

and let R” := {m1& + ...+ myén : m; € Z}. Then, we can split Z" into an union of
disjoint copies of R” as
M(v)
ZN = U (zi + RY).

i=1

Figure 4.1: the lattices z; + R
ForneN,i=1,..., M(v) we write
Ry :={a € R : N, a € (z+R)},

so that, HY (u) = >, H% (u), with

Ny (v) _
e = 3 et (M )
k=1 aeRﬁ:? "

We now prove the I'-liminf and I'-limsup inequality separately.

Proof of the I'-liminf inequality. We will use the 1-dimensional results of the previous
section to provide an estimate of the functionals H!* in order to recover the desired
inequality by a slicing technique. Consider u,,u € L'(Q) such that u,, — u in measure
and sup,, H,(u,) < 400 and fix a direction v € @ and z; as above; if a € Rﬁf we will
denote

La={zeRY:0< (z—a- &) < A|glj=1,..., N},

and, for § = P"(«), we also denote Qg, = P"(
function u that is constant on each )

wn). Then, with fixed n > 0, for any
for n sufficiently large

v
a,n?

M) > 30 AN, ) (57)

BeLyl,
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holds, where Z7 := {3 € P”(R:l’fi’) : Qpn N # 0} and £ (-, Q"P) is the localized
version of the functional defined in (17), obtained by replacing A,, ¥, T ., (a,b) and
{21} by Aul(v), Yhv, T 9 and {i € \&(V)Z : B + iv € Q}, respectively.

n

Let A, (£, z; + R”) denote the restrictions to Q of functions constant on each Q,, We
want to define a sequence v, in A, (Q, z; + R) which coincides with w,, on the edges of
‘almost’ each poly-rectangle Q, ,. With fixed 3 € Z)", denote

¢t =1(f) := min {z € Mé(V)Z 2 Qy,,, C Q where a = 3+ z'y}

i = 1(3) := max {Z ENEWV)Z - Qen C Q where a = 8 + iu};

if a = 3+ iv, we define v,(z) on Q,, as

un (@) ifi<i<i
Va(2) = Q up(B41iv) ifi<i (58)
u,(B+iv) ifi>i
We claim that
lim inf 7% (VY Q1Y) > FY (0" dt + Z G" ([u"Y)), (59)
" @Y S(urv)nQLY

where, for the sake of simplicity, we have set Q, := {x € Q : dist (P"(x),0Q") > n}.

We first prove (59) in the case v € {ey,...,en}; subsequently, we will infer the same
inequality for every v € (), ,,. Then, let v = e; and v, be as above; in this case we have to
consider a single lattice, determined by z; = 0. Note that v, — u in measure in L'(£,);
indeed,

{z € Q1 v,(x) # up(x)} = U {a+[0,>\n)N:azﬁ+iej,i>§ori<1}.

Bez?"
By Remark 4.4, we get that, for n sufficiently large as to have N\, < p, for any 3 € Z,7""
MF{i €NZ i >dori<i} < ANM (60)
with M = M (%) and p = p(2) in Remark 4.4. Since #Z,7" < [Q% |\, we obtain

lizn Hz € Q, :v,(x) # up(2)}] < lignc)\n = 0.
Hence, v, — u in measure on €;/"Y and, by construction, we have

D A e w0 = /Q L ETO Q) dHY T (y) — eFP(0)A. (61
pez " !
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Since & ej’o( -, Q7YY satisfies the hypotheses of Proposmon 3.3, by taking the equibound-
edness of HY(u,) and the convergence in measure of v,/” to u®¥ into account, we get

that u®v € SBV (/") and

lim inf £ (vf7 ¥, Q) > / L Feuerydt + > G ([u)).

& S(us )N Y
Again by the uniform bound on HY(u,) with respect to v and 7, we deduce that u €
GSBV(Q) by the slicing result Theorem 2.3(b).

We now turn our attention to v € D\ {eq,...,en}; it is easy to check that (60) still holds
and, taking into account that HN"1(Qs,) = L(v)(A\,)N !, we can rewrite (61) as

HY () > / L) &% (01 Q) dHY () — eFL(0) A (62)

Note that, since 12" does not satisfy in general hypothesis (51), we cannot use Proposition
3.3 directly. However, we can repeat the proof of Proposition 3.3, by defining the sets
I™ (v, ;) and the piecewise affine functions u®(v, 2;)(-) in the same way as the sets %7
and the functions u®' are defined there, and noticing that, if v},... v) are the functions
defined in (58) with respect to ey, . .., ey, respectively, then we can estimate w, (z)—v,(z),
(v, 2;) in terms of u, (z) —vJ (z), 4. Thus we get that v, still converges to u in measure

and (59) holds.

We can now take the liminf as n goes to 400 using (59) and Fatou’s Lemma to get

1
v L(v)

i W) 2 [ ([ a3 g uen)a ). )

S(ur¥)NQyY

Letting 7 tend to 0+ and summing over ¢ we obtain
lim infH () > / W) F (V- v) da
" Q

+ | e (ulsen (v )l v R,
S(u)
With fixed a positive number M we then obtain
liminfH, (u,) > /f VF” (Vu(z) - v) do

veD)s

+ [ E0IG (ulsgn (- vl v] MY ).

Eventually, we obtain the desired inequality by letting M — +oc.

Proof of the I'-limsup inequality. To prove the I'-limsup inequality with respect to the
Lt-strong convergence we first deal with functions in W(RY) (see Section 2.3). As in
the 1-dimensional case, a recovery sequence will be given by the interpolates of v on the
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lattice A\, Z". The technical difficulty derives in the fact that the 1-dimensional sections
of these interpolations are not themselves interpolations.

Let u € W(RY) be such that H(u) < +oo. Up to considering in the sequel the lattice
MZN 4 €,, for suitable &, — 0, we can assume that S(u) N A\,ZY = () for all n. Then,
we define u,, € A,(Q) by setting u,(z) := u(a) on a + [0, \,)". We have that u,, — v in
LY(©). Indeed, with fixed @ € A\, Z" and = € a + [0, \,,)", we have

|un(z) — u(z)| [u(ar) — u(z)|

< ‘/ —u(ta+ (1 —t)x dt‘ lut —u”|(2)
zE[ax]ﬂS( )

< [ Vullo VN, + 2||ul| o M'x 4, (2),

where M’ is the number of (N — 1)-simplexes contained in S(u) and A, is the set of
those cubes whose intersection with S(u) is non-empty. Since A,, C {z : dist (z, S(u)) <
VN, }, it is easy to compute that |A,| < c),. Hence, we get

lim [, — w13y < Timn e[Vl |2 + 2wl oY (S(w)) ) A = 0

by integrating on a + [0, \,)" and summing over «.
We will proceed as follows: first we will prove that for every direction v € D

lim sup M, (u,,)

/Q )\ F (Vu(z) - v)de

/ E(v u)sgn (v - V) |vy - v| dHY Y (64)
subsequently, we prove that for every € > 0 there exists M > 0 such that
lim sup Z HY (uy,) < e. (65)
VED\D]W

With fixed v € D, we prove (64). For the rest of the proof it is useful to estimate the
value of the functionals H” with respect to sets of the form P*~1(C) N Q with C C Q.
For £ € RY let B = B¢ be the set of Remark 4.5 and, for € > 0, denote
Bt = {yeclIl®:dist(y, B°) < ¢},
Z’nk = {2eRY:0< (2 —a-&) < kM|&,
OS (l’-Oé'é}) < An‘f]’]:277N}7
Ayl = {ae Ry Q" NS () # 0}

Then, for o € R*Y according to the different cases we have the following estimates:

TL’L7

EALEW)ER (Vo)
u(a + kX&) — u(a)) _ if o ¢ ANV
kA€ (v) T TG eM ullx + ¢l Vull)

otherwise,

EANE ()l ( (66)
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with M’ the number of simplexes of S(u) and ¢ := diam §2. Hence, we get

Ny (v)
N u(a+ kX&) — u(a)
S>> kA ( kA E(v) ) < (v, e),

ozEC’fﬁ k=1

where C’éi =U{a € Rﬁ;j : PS(QY,") N BE # 0} and

Nn(v)
calv,e) = (Zwvnwnoo) G (@M [ullse + ¢l Vull) )

x(HYH(By.) + [PV (By)). (67)

Thanks to this bound, in the following we will confine our analysis to estimate the value
of the functionals on poly-rectangles whose projection does not intersect the set BY. For
such poly-rectangles, the function n(y) defined in Remark 4.5 is constant along the set.
Let y € Q¥ then, for any n € N, there exists a unique 8 € \,Z" NII¥ such that y € Q%

we will denote this point (depending also on n) by 3(y). Note that #5(u)” = #g(u)y’ﬁ(y)
for y € Q7 \ BY. We have that

Hy(un) < / Ev¥i(unW, Q) dHN !
w) s [, 107 E |
+ Z sup #([ﬁ \ [{g)C}‘nN + M(V)Cn<’/7 5)7 (68)
8 y:B=0B(y)

where IV .= {i € \,{(V)Z : y + v,y + (i + \,)v € Q}. We claim that, for every y € Q%

limsup £ ("0, Q) < | F @) der Y @) (69)

" QY S(ur¥)NQY
ie., uP®) s g recovery sequence for u*#®) although it does not coincide in general with
its piecewise-constant interpolation on A\,&(v)Z N ;. By reasoning as in the proof of

Proposition 3.3, it is not difficult to see that it suffices to prove that u®® g g recovery

sequence for the functionals E¥? defined in (36). For the sake of simplicity we will prove
this result for &k = 1 and v = e;, as the treatment of the general case amounts only to a
more complex notation.

Starting from the value of u at points of the lattice \,Z", for any n € N, we provide
a function v, which is piecewise affine along the direction e;. More precisely, fixed y €
Q% \ B and i € 1Y we define vJ¥ for t € [i,i + \,) as

e ‘ﬂ(y)( ; — B (;
U i+ A\) —u (¢) . . N
U%’y(t) — N, (t—i)+u J’B(y)(z) iel¥\ Sg(y)

u P (4) i € Say)

(70)

where Sg(,) = {i: (i, + \y) N (S(u)%P® £ 0}, If y € Q% \ B we have that

VPY(t) — u9Y(t) a.e. in Q9 (71)
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and, since #S(u)”"” = #5(u)” o , by taking Remark 4.6 into account, for all s €
S(u) ¥ = S, there exists unique zn( ) such that i, (s) — A\, € Sa(), lim, i,,(s) = s and

[07Y] (i, (5)) — [u¥](s) uniformly with respect to y. (72)

Indeed, if t € Q%Y for n large we have

o7 (t) — a ¥ (t)] =

i+An
f Vu(B(y) + se;) - ejds — Vu(y + te;) - €;

i+An
< @150 - ol + |5~ t) ds < e,

To prove (72), with fixed s € S(u)”" and i,(s) € S(,), we may assume that s > i,(s).
Hence, by Remark (4.6),

1Y (in(s)) — u Y (s+)| < |u(B(y) + inl(s)e;) — u(B(y) + sej)|

+u(B(y) + se;) —u(y + se;+)|
[Vulloo(18(y) — yl + lin(s) — s])
c|B(y) =yl < chn.

An analogous computation shows that [v¥(i,(s) — \,) — u%¥(s—)| < c\,. Since c is
independent of y and n we have that the convergence is uniform.

<
<

Now, we get

Epup,000) < [ Fsmds Y 6o (00s)
QY

€85y

= (D + (ID. (73)

Hence, lim sup,, Er’ (ufﬂ’ﬂ(y), Q) < limsup,(I), + limsup,,(I),. We now compute each
of these quantities. Since F,’ — F¢ uniformly on compact sets, by property (1) of
Theorem 2.2 and by (71), we get

limsup (1), < / Fei(u®Y) dt
Q°Y

n

by using the Dominated Convergence Theorem. It remains to estimate the last term.
Consider for k € N, the set SF = {z € S(u)9¥ : |[u%¥]| > +}. Then

(I1)n < c#(S@)\ S5,) + Y G ([03¥](in(s)))-

k
sESjm

Since, by (72), [v7¥](i,(s)) — [u%*¥](s) uniformly as n — +oo, by taking (52) into account,
we have

limsup(I1), < c#(S(u)ej’y\Sﬁy)-F Z G ([u](s))

n
SGS’-“

c ( ( ejy\ ZGeJ e]y

SES; y

IN
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Since limy, #(S(u)%¥ \ S§,) = 0, we get

lim sup (II), Z G ([u®Y)(

SES; y

We now prove that

limsupz sup #(IP\ IV)eAY =o. (74)
n 8 y:6=06(y)

With fixed n > 0, by Remark 4.4, we have

> sup #UIINIDeA) < M ) HYHQY) + HYTH(Q\ Q) sup H(Q7Y).
Jé] {y:6=6(y)} yeQv

Hence,
lim sup Z sup  #IP\ IV)eAY < cHNTHQV Q).
n 8 {y:8= B(y)}
Since HNH(Q \ Q) — 0 as n — 0+, we get (74).

By (67) and (53), it can be easily seen that lim sup, M(v)c(v,e) < ce. Then, it suffices
to pass to the limsup as n — +o00 in (68), use (69) and let € tend to 0.

It remains to prove (65). Let M be a fixed positive real number. Then taking (66) into
account, it can be easily seen that

Y Hilw) <e Y EWFIVulle)Qf + E@)GT ()R 1)),

VED\D]\/I VED\DM

where we denote T'(u) := 2M'||ul| + diam ||Vu||w. Passing to the limsup as n — +oo
and using (54), (55), we get

limsup Y Hi(un) <c Y (EWF(|Vulle) +E@)G (T ().

" veD\Dy v€D\D)y

Since by the finiteness of F and G

Jim S ) (F(1Vulle) + (T (w) ) = 0
v¢Dy

we get the thesis.

Finally, let u € L*(2) be such that H(u) < +o00. Then, by Theorem 2.2, we can find
u, € W(RY) such that u,, — u strongly in L'(Q2) and lim,, H(u,) = H(u). The inequality
follows by the lower semicontinuity of the I'-limsup. The hypothesis that u € L>*(2) can
be easily removed by a truncation argument, by taking hypothesis (56) into account. [
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5. Examples and applications

A convergence theorem for discrete functionals with non-cubic underlying lattices can be
obtained from Theorem 4.1 by a superposition argument.

Example 5.1. (General lattices) Let P := {p1,...,pn} be linearly independent vectors
in RY and let R := {myp, + ...+ mnpy :m; € Z for i = 1,..., N} be the integer lattice
associated to P. Set

= {’%:SGR\O}, £(vp) == min{r > 0:7vp € R} if vp € D”.

With fixed A\, > 0 we define A7 (Q) as the set of restrictions to ) of functions u constant
on {x € RY : 0 < (x — M\y-ps) < Ma|ps| fori = 1,..., N} for each v € R, which
correspond to the set of functions defined on A, R N €.

Given functions wk P R — [0,400) for al k,n € N and vp € D, we define H” :
LY () — [0, +00] as

Ny (vp)

N yrr u(a + kA (vp)vp) — u(a)
=22 2 RNk ( EME(wr) )

vpeDP k=1 ,epbyp

if u e A?(Q), and H? = 400 otherwise in L'(Q), where
Ry ={a € MR+ aa+ kMNE(vp)vp € Q)

and N, (vp) := sup, diam (Q"7¥) (A& (vp)) .

If (447) satisfies hypotheses (49)-(56) (where we replace e; by p;), then H” T'-converges
with respect to the convergence in L'(€2) and the convergence in measure. Moreover, if

FEve( )—hmwk p (2), Gy (2 )—hmk)‘"f(yp)wk ® (m>7

and A : RY — R¥ is the linear operator such that A(e;) = p;, then the limit functional
HF is given by

/ > &wp) ZkF’”P (Vu(z) - vp) |detA| ™" da (75)

vp eDP

/ Z &(vp) Zk‘ka’<[ ] sen (v, - 1/73)>|1/u vp||detA| " dHNY (76)

1/7>€D7D k=1

(77)

if u € GSBV(Q), and H”(u) = 400 otherwise in L'(€2). This result can be easily
obtained by applying Theorem 4.1 with %" (z) := |Av |1/}}C P (L) and vp =

- fy and
noticing that H? (u) = H,(uo A) for every u € A?(Q).

|Av
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As a particular case of the previous example, we can also treat nearest-neighbour inter-
actions on hexagonal lattices by considering them as second-neighbour interactions on a
slanted lattice.

Example 5.2. (Hezagonal lattice) Let N = 2 and p; = e, po = —%el + ‘/7562. Fix

k.vp

A, :=n~? and assume that Yp # 0if and only if k = 1 and vp € {p1, p2,p1 + p2}, i€,
every point in the lattice R is supposed to have interaction only with the vertices of a
regular hexagon of center the point itself.

.

. . . . .

Figure 5.1: first-order interaction in the hexagonal lattice and the corresponding second-
order anisotropic interaction in the standard lattice

Consider for example
Q;

" (()\an) A c?),

with a;, ¢; € RT and p3 := p; + p, then, by using formula (75), we get

u(e) =

3 3
2 2

HT (u :/ aiVu‘pﬁ—d:c—l—/ a;ci|v - pi|—= dH .
W= J 2 alVenPomdet [ 5 adlpl

u) -

In particular, if we choose a; = ay = a3 = \/5/2 and ¢g = ¢y = c3 = 1/\/5, we have that
H” (u) = / |Vu|2dx—|-/ |® (1) dH,
Q S(u)

where ®(z) = 1 SO |27 - pil is the deformation of R? into itself that applies the unitary
ball into the hexagon 0% vertices +py, ps, £p3 and is positively homogeneous of degree
1.

Example 5.3. (Energy with a fived range of interactions) According to the ‘local-type’
interactions of many mechanical models, we confine our attention to the case in which
the potentials ¥)** are null if k¢(v) > R, for R > 0 fixed. In this case we deal with n(R)
non-negligible interactions. If N =2 and R > 1, it is easy to see that n(R) is a multiple of
8. Indeed, the set of directions D is invariant under the action of the linear trasformations

below:
-1 0 1 0 -1 0 0 1
0O 1/)°\0 —-1/)°\ 0 —=1/)’\1 0/’
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o))

If we assume that the interaction relative to the direction (v, 1») is equal to the one
relative to (—v1,1%), then it can be shown that, for potential of the form k¥ (2) =
crpmin{z?, dy,, }, the limit energy is isotropic in the volume part. The surface part will
retain some of the symmetries of the polygon identified by the directions in Dg. It is easy
to find suitable ¢ ,, di, in a way that the surface part can be written as the euclidean
norm of the deformation of R? positively homogeneous of degree 1 that maps the unitary
ball in the polygon.

For example, let R = v/2, A, =n~2 and let

() = (Va- 1)%((%%) A1) i1 € {ter, Leo}
1

Yi(z) = (ﬂ—l)i((xﬁmﬁ)

if v € {e; £ ey, —e1 e}
Then, the limit energy is
H(u) = / |Vu|? dx +/ |®(v,)| dH?,
Q S(u)

where ® is the deformation of R? relative to the regular octagon with center 0 and one
vertex in e;.

Example 5.4. (Potentials with a separate dependence on the reference position) Con-
sider the case in which the potential W, in the notation of the Introduction, are of the
form

w
an<z7 w) = p(/\_>¢n(2)7
p and v, assigned. In particular, we can deal with

plw)=eM" and  pw) = |w|™,

with 6,3 > 0, and a > 4, respectively. If w € ZN\ {0}, v = ﬁ, and k = %, then we can

consider ¥ (z) = ¥, (\,|w|z, \yw). Under the hypotheses of Theorem 4.1, the sequence
of the relative energies I'-converges and the limit energy can be expressed in terms of p
and of the limits

F(z) = liyrln U (An), G(z) = lirrln Antn ().

In particular, if ¢, (z) = A\ '9(22)\,) with ¢(2) = z A 1, then the limit energy can be
written as

H(u) = c(p) /Q IVl da + /5( | Z I - wl|w|p(w) dHV

weZN\{0}

with ¢(p) = + D wezN\ {0} lw|?p(w). For a deeper analysis of this case we refer to [14].
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6. Boundary value problems for the discrete energies
6.1. Boundary values as interactions through the boundary

We give a notion of boundary value problem for a discrete system on 2 by defining the
boundary datum ¢ on a neighbourhood of 02, and considering all functions as equal to
@ outside 2. We then separate ‘interior interactions’ from those ‘crossing the boundary’;
the latter give rise to a boundary term. For the sake of simplicity we consider the case of
a finite number of interactions only.

loc(RN) N LOOGRN)
be fixed and such that HY1(S(p) N 9Q) = 0 and let A be defined as in Theorem 4.3.
For u € A, (), let B, (u) := Hp(u) + HE(u) where

Hﬁ(u) — Z Z kAng(V)iﬁZ’V(SO(& + kAng(V)V) - u(a)>7

A
(1k)EA aeREY (89) "

In order to consider a suitable notion of boundary value, let ¢ € SBV/?

with RFV(99Q) == {a € \ZY o € Q,a + kXN E(v)v & Q}, i.e., we consider separately the
interactions crossing the boundary of €2, and where we set the value

, 1
¢(a) ;= limsup — e(y) dy.
p=0+ P Jatfop)N

Theorem 6.1. Under the hypotheses of Theorem 4.3 we have that B, (u) I'-converges
with respect to the L'(Q)-strong topology to the functional B defined in L*(S)) as

JHW+ [ G(v(w) — @, ve0) dHY T ifu e GSBV(Q)
B(u) = o0

+00 otherwise,

where y(u) is the inner trace of u with respect to 0N (i.e.,

Y(u)(z) = lim u(y) dy),
p—0+ B(z,p)NQ

the value of ¢ on 0S) is in the sense of traces of functions in SBV and vsq is the inner
normal to OS).

Proof. In the sequel it will be useful to extend functions in L'(Q2) and in A,(Q) to
functions belonging to LL (RY) and A, (RY) that take into account the value of ¢ outside

loc

Q. Thus, T, : L'(Q) — Ly, (RY), T2 : A,(Q) — A, (RY) will be defined as follows:

To(u) = 4" %nQN () = u(a) ?faEQ
e inRY\Q ola) ifaéQ.

If u, € A,() and u, — w in L'(Q), then it can be easily seen that T7(u,) — T,(u) in

LL (RY). In the sequel it will be useful to define, in the notation of the introduction,

Hu(u, B) := 3", yep Yn(u(z)—u(y), v—y) for a general set B. Let n > 0 and set 2, = {z €
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RY : dist (z,Q) < n}. Then, for n large enough By, (u) > Hy(T7(u), Q) — Ha(p, 2, \ Q).
It can be seen that H,(p, 2, \ Q) < w(n) with lim, ow(n) = 0. Then, if u, — win L'(),
using the I'-convergence of H,,(-,€2,) to H(-,€,) and the estimate above, we get

lirrzinan(un) > H(T,(u), ) —w(n)

- / F(V(T,(u)) de + / G(T, (W), vr ) dHY " — w(n).
2y

S(Tp (u))Ny

The I'-liminf inequality follows by letting 7 tend to 0.

Conversely, let u be such that B(u) < +oo and define u,, € A4,(Q2) to be the piecewise-
constant interpolation of u on the points of the lattice \,,Z". Then 1, (uy,) is the piecewise
constant interpolation of T,(u), and, by the proof of Theorem 4.1, it is also a recovering
sequence for H(T,(u),2,) for any n. Hence

lim sup B, (un) < limsup Hy, (17 (un), ) < H(Tp(u), )

n n

and the thesis follows by letting n — 0. O

6.2. Convergence of boundary value problems

Thanks to Theorem 6.1 we can state a convergence result for boundary value problems
as follows.

Theorem 6.2. Let the hypotheses of Theorem 6.1 be satisfied with o € L®(RY). Then
the minimum values

min{Bn(u) DU € An(Q)} (78)

converge to the minimum value

min{ H(u) + | G0(w) — g, von) MY we sBV()}. (79)

Moreover, if (u,) is a sequence of minimizers for (78) which is bounded in L*>(Q2) then it
admits a subsequence converging to a minimizer of (79).

Proof. By a truncation argument, we can find a sequence (u,) of minimizers for (78)
with ||tn|lee < ||¢]lco- We then obtain that the sequence (v,,) constructed in the proof of
Theorem 4.1 is precompact in L'(€), so that also (u,,) is precompact in L*(2). By the
uniform bound the limit is in SBV(€2). We can then apply Theorem 2.1. O

Remark 6.3. In the same way we can deal with the convergence of minimum problems
with Neumann boundary values of the form

min{Bn(u) . / hude : u € Ay (Q), un € K}, (80)

where K is a compact set of R and h € L'(Q), or with mixed boundary conditions.
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6.3. Boundary values as a condition on the boundary: boundary layers in
the 1-dimensional case

=U,...,

reference configuration of n 4+ 1 particles disposed on a bar of lenght ¢ and interacting
pairwise with interaction-energy given by potentials 1/*. In order to study the convergence
of minimum points for the discrete energies with prescribed displacements in 0 and ¢, we
study the I'-convergence of functionals that take into account the boundary conditions.

With fixed a positive real number d, let A% (1) := {u € A,(I) : u(0) = 0,u(¢) = d} and
let £ be defined as

n+1 k—1 k

Z kak( z—i—(j—i—l)/{:)/\n)—u(i—i—jk)\n)) ifue AL

kA
k=1 i=0 ;=0 n

+00 otherwise.

We have the following result.

Theorem 6.4. Under the hypotheses of Proposition 3.3, £2 T'-converges with respect to
the strong topology in L*(I) to the functional E? defined as

£9(u) = )+ Z G*(u(a+)) + G*(d —u(b-))) uwe GSBV(I),
+0o0 otherwise

in LY(I)

Proof. With fixed u,, € A%(I) converging to u, we deal with the [-liminf inequality first.
It suffices to study the limit behaviour of Z ' E%i(u,) where

ol O RS N O W (—“(x) —uly) ).

kXA,
x,yE[O,f},|w*y|=k)\n

For k fixed let i(k) := n — [%]k. Note that i(k) is the unique value in {0,...,k — 1} such
that ¢ = n modulo k. Let « <0 < £ < 3; for i € {0,...,k — 1} define v}, € A, («, 3) as

Un((2+jk))\n) lf] :ia"'ajmax
0L (i + 7)) = < un(id,) on (o, i\,)
un((z + ]maxk))\n) on ((Z + jmaxk))\na 5)7

if i #£ 0,i(k), with Je. = max{j € N: i+ jk < (},

| un(z) on (0,¢)
v () =<0 on (a,0)
d on (¢,),

if i = 0,2(k). In particular, EFi(u,) > EF(vE) — (Ja| + |8 — €])¥F(0), and v! converges
in L'(a, ) to v', defined as
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| u(z) on (0, /)
v'(z) = ¢ u(0+) on (a,0)
u(f=) on (£, 5)

if i £ 0,4(k),
| u(z) on (0,¢)
v'(z) =<0 on (a,0)
d  on((,

if i = 0,4(k). Hence, we have

n

B
lim inf E%(u,,) > / FEo'ydt + > GH([v']) = (lo] + |8 — () F*(0).
@ S(vt)

Letting o — 0,3 — ¢ we get the inequality for k fixed. It remains to sum over k and
proceed with standard arguments.

Now let u be such that £4(u) < +o0. Assume that S(u)N(\,Z) = 0 and define u,, € A%(I)
to be the piecewise-constant interpolation of w on the points {%, o= ﬁ} Then, if
&Eu(+,(0,0)) is the functional relative to the partition {£,...,¢ — £}, we have

£ ) < Enlun, (0, 0)) + i (G'; (u(k—£)> +GE <d - u<€ - f))) (81)

n n
k=1

Since u,, restricted to (0, ¢) is the piecewise-constant interpolation of u in (0, ¢), we have
that limsup &, (uy, (0,¢) < E(u). By the boundedness of u, reasoning as in Step 1 of the
proof of Theorem 4.3, we can neglect > 7+! (GE(u(®)) + GE(d — u(t — £))), for m large.
Thus, it remains to show that limsup, (G%(u(£)) + GE(d — u(l — £))) = G*(u(a+)) +
G*(d — u(b—)). This can be easily seen in the case u(a+) # 0, u(b—) # d, by using the
uniform convergence of G to G* on compact sets of R\ {0}. In the other case it suffices
to notice that the inequality (81) can be refined, for example for u(a+) = 0, as

n+1
14
o )
Hun) < En(un, [0,0) + > Gh(d—u(¢ -)).
k=1
where &,(+,[0,¢)) is the functional relative to the partition {0,...,¢ — £} and for which
the interpolation of u on the lattice {0,...,¢ — ﬁ} is still a recovery sequence fo £(u). O
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