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We study the homogenization of vector problems on thin periodic structures in IR". The analysis is carried
out within the same measure framework that we previously enforced in [4] for scalar problems, namely
each periodic, low-dimensional structure is identified with the overlying positive Radon measure p. Thus,
we deal with a sequence of measures {y.}, whose periodicity cell has size & converging to zero, and our
aim is to identify the limit, in the variational sense of I'-convergence, of the elastic energies associated to
e. We show that the explicit formula for such homogenized functional can be obtained combining the
application of a two-scale method with respect to measures, and a fattening approach; actually, it turns
out to be crucial approximating p by a sequence of measures {us}, where § is an auxiliary, infinitesimal
parameter, associated to the thickness of the structure. In particular, our main result is proved under the
assumption that the structure is asymptotically not too thin (i.e. § > ), and, for all 6 > 0, s satisfy
suitable fatness conditions, which generalize the connectedness hypotheses needed in the scalar case. We
conclude by pointing out some related problems and conjectures.
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1. Introduction

In this paper we deal with the homogenization of elasticity problems on thin structures.
Following the approach proposed in [4], we identify periodic structures to periodic positive
measures on IR"; for instance, a periodic network of bars may be represented through the
overlying one-dimensional Hausdorff measure. Thus, for a given periodic Radon measure
w1 on IR"™, we are led to study the asymptotic behaviour, as the positive parameter ¢ tends
to zero, of a sequence of functionals of the type

J.(u) = / Jle(w) du. . weCH (R, (1)

where €2 is a bounded open subset of IR", e(u) is the symmetric part of the gradient of u,
and /i, are the rescaled measures . (B) := ¢"u(£); the integrand j(z) is assumed to be

convex, to depend only on the symmetric part z* := # of the matrix z € IR" and to
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satisfy standard p-growth conditions, i.e., for all z € IR™ and suitable positive constants

c,C,
el < () = jz) £ CA+[P). (2)

For instance, in the case of an isotropic linearly elastic body, j will take the form j(z) =
Blz*[> + $]tr(z*)]?, being «, § the so-called Lamé constants.

In [4] we treated the scalar case: when u belongs to Ci(€) and e(u) is replaced by Vu
in (1), we proved a quite general homogenization theorem for the limit of the energies
{J-} in the variational sense of I'-convergence [8]. The method we used relies on a two-
scale structure result for sequences of gradients, holding under suitable connectedness
assumptions on the measure . Moreover, we investigated the case of reinforced structures.
Such kind of periodic structures are made by bars (or layers) of a very small cross-section
(or thickness) 4, so that the associated measures ps are absolutely continuous with respect
to the Lebesgue measure, and they weakly converge, as § tends to zero, to a measure u
supported on a thin structure (the zero thick skeleton). More precisely, given a periodic
measure . concentrated on a low-dimensional set in IR", we think of ys as the convolution
of p with a sequence of mollifiers {ps}, or else as the rescaled Lebesgue measure over a
o-tubular neighbourhood of the support of u. In this situation, we showed that the
connectedness of p guarantees the commutativity of the limit process with respect to ¢
(the periodicity parameter) and ¢ (the fattening parameter).

In occasion of the French-German-Italian Conference on Optimization held in Montpellier
on September 2000, Gérard Michaille asked us a question about the possibility of extend-
ing our results to the vector case. As far as we knew, it would have been reasonable
to expect a positive answer; this was partially motivated by the fact that a relaxation
theorem for the stored energy functional of elasticity had already been proved in [2].

In this paper, we show that actually the same two-scale technique, considered with respect
to a general measure i, may be fruitfully employed to handle the problem also in the vector
case; nevertheless, attention must be paid because some remarkable different features come
into light.

Actually, one can adapt the approach of [2] to the periodic setting, thus recovering the
space of all finite energy displacements; moreover a two-scale structure theorem for all
the possible two-scale limits of symmetric parts of gradients can be proved. In spite, the
assumptions that are needed on p for the validity of such result are so stringent that in
practise they are never satisfied by thin structures.

This fact leads to reconsider the J-fattening approach, which in the scalar case was
unessential in view of the above mentioned commutativity result [4, Theorem 6.1]. At
this regard, the behaviour of the elasticity case can be summarized as follows:

e the J-fattening approach is in some sense necessary to handle the problem, as oth-
erwise the I'-limit of the sequence of energies given by (1) may degenerate to zero,
even for quite simple measures ;

e the passage to the limit with respect to the periodicity and the thickness parameters
fails in general to be commutative;

e for every fixed 9, a homogenization result holds in suitable generality replacing the
measure g in (1) by the approximating measures ps defined as above; so the most
appropriated procedure seems to be first apply such homogenization result to each
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s, and secondly pass to the limit as § tends to zero; let us mention that such a
procedure has been extensively studied using quite different techniques (based on the
existence of extension operators) for which we refer to [7] and references therein;

e if welet § depend on ¢, and we let ¢ (and J(¢) at the same time) go to zero, it would
be interesting to characterize the rate of convergence to zero of the function 6 = d(¢)
which ensures a non-vanishing limit energy; in this case, we would like such energy
to coincide with the I'-limit obtained by the method described in the previous item,
that is making tend to zero € and ¢ in the order.

Each of these aspects of the problem is discussed therein. The outline is the following.

In Section 2, we introduce some notation and preliminaries; in particular, we give a short
survey of our earlier results on scalar homogenization.

Section 3 is devoted to the relaxation of elastic energies, via suitable notions of admissible
displacements and tangential strain operator.

In Section 4, we deal with the homogenization of vector problems: in Section 4.1 we
exploit the two-scale technique to find the I'-limit of the functionals J.; this can be done
under suitable assumptions on u, which are shown to fail for thin structures in Section
4.2.

In Section 5, we focus on the fattening approach, which allows to use fruitfully the result
found in Section 4.1 provided e first tend to zero (see Theorem 5.2) or d(g) > € (see
Theorem 5.4).

In Section 6 we discuss some related problems and conjectures. Throughout the following

sections, some of the proofs are omitted since they follow by minor changes from the
results of our previous paper [4], to which the reader is referred.

2. Notation and preliminaries

We begin by introducing some notation which are used throughout the paper.

Let Q be an open bounded subset of IR™ with boundary 99 of class C!, let R™  be

Sym
the space of n x n symmetric real matrices, and let p, p’ € (1, +00) be fixed conjugated
exponents. If not otherwise specified, j will denote a real convex integrand on IRg;m
satisfying (2).

In the following, p will always be a positive, Y-periodic Radon measure on IR", where Y :=
(0,1)™; we assume for simplicity the not restrictive conditions (YY) = 1 and p(9Y") = 0.
For every € > 0, we let p. be the (¢Y')-periodic measure defined by

/ () dpie(z) = " / pler)du(z) V€ Col) (3)
Q

Q/e

being Cy(2) the space of continuous and compactly supported functions on (.

We also set T the n-torus in IR". Whenever a p-measurable function is Y-periodic (or
kY -periodic for a positive integer k), its domain will be indicated by T (or kT).

We recall that, for a given o € L1, (€, R ), the vector-valued distribution div(op) is

w,loc Ssym
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defined on €2 by

(iv(on). v) == [ o Vodu Ve GRORY).

Here and in the follg)wing, the notation A - B stands for the scalar product between two
matrices A, B € R, or sometimes between two vectors A, B € IR".

When div(op) is a measure absolutely continuous with respect to u, with a density be-
longing to Lﬁ/(Q; IR™), we write for brevity div(opu) € LZ'(Q; IR"), and we denote by div, o
the derivative % div(op). The analogous definitions are adopted if o takes values in IR"

(in this case, div(opu) is a scalar distribution).

We set T),(x) the tangent space to p at x, namely
T,(x):=p— essU {@(z) : D€ XﬁI(Q;]R")} for p-a.e. x € Q1 (4)
where the class ij/(Q; IR™) of tangent fields to u is given by
X7 (R = {cp e L¥ (O RY) : div(dp) € L7 (Q)} .

For more details on the properties of the above notion of 7),, see [4] and references therein
(in particular, see [5] for the meaning of the p-essential union). We just remark that for
usual measures the right hand side in (4) is independent of the exponent p'; further, 7},
coincides with the usual tangent space to S when p is the Hausdorff measure H* over a
k-Lipschitz manifold S in IR". Let us now briefly recall the main I'-convergence theorem

proved in [4] for the sequence {F.} which corresponds to (1) in the scalar case, that is

F(u) = /Q F(VU) dp. . uechQ). (5)

Here the integrand f is assumed to be convex on IR™ and to satisfy the analogous of (2),
ie. clzlP < f(z) < C(1+ |zP) for all z € IR".

The T-limit of {F.} will be computed with respect to the convergence u.p. — ul", in-
tended in the sense of the weak * convergence of measures on IR" (here and in the following,
if u is a function on €2 vanishing on 02, we still denote by u its extension to zero out of
More precisely, we preliminarily redefine F. on the class M of Radon measures on IR" by
setting

+o00 otherwise.

FE()\):{fo(Vu),duE if A =up. , ueClQ), (©)

Then we say that F; L', prhom if, for every A € M, both the I'-liminf and I'-limsup
inequalities hold, which read respectively:

inf{liminge()\g) : AEAA} > Fhom()) ; (7)
inf{ limsup FL(\.) : )\54)\} < Fhom()) . (8)
e—0
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In order to find the explicit expression of F"°™, suitable assumptions on yu are required.
Their formulation involves the notions of p-tangential gradient and related Sobolev spaces
associated to . The p-tangential gradient V,, can be defined, for any smooth function
Y, by Pr,[V], being Pr, the orthogonal projector from IR" onto 7),. If one considers the
operator V, : LF () — Lb(§2;IR") as defined either on the domain D(V,,) := C5°(€2), or
on the domain D(V,) := C>(T), in both cases it turns out to be closable. The domain
of its unique closed extension gives in the former case the Banach space H&"’Z(Q) of u-
Sobolev functions vanishing at the boundary of €2, and in the latter case the Banach space
H*(T) of periodic u-Sobolev functions. We also set H'? —{uecLl’ (R") : we€

w,loc w,loc
Hyj(IR") V1) € C* ()}

We can now summarize the connectedness assumptions on y introduced in [4]. They are
given in relation to the growth exponent p of the integrand f in (5). For remarks and
examples concerning definitions below, we refer to [4, Section 4]; ¢ and C' are supposed
real constants.

e 4 is weakly p-connected on T if:
(C1) we HyP(T), V,u=0pae = Jc: u=cpae;
e 4 is weakly p-connected on IR" if:

(C2) we H'?

ploc Vou=0p-ae = dc: u=cp-ae.;

e 4 is strongly p-connected on T if:
(c3) 3JC / lul? dp < C/ \VyulP dp, Vu e H,P(T) with / udp =0;
% Y Y
e 4 is strongly p-connected on IR" if:

(C4) EIC:/ |u]pd,u§6’kp/ VP du Yk € N, Vu € H? With/ udp=0.
Y kY kY

w,loc
k

Finally, we are in a position to state the homogenization theorem holding for measures
which are strongly p-connected on IR". For the proof, as well as for weaker versions of
this result, which are valid when p satisfies (C3) but possibly not (C4) and (C2), we refer
to [4].

Theorem 2.1. Let u satisfy (C4). Then the sequence {F.} defined in (5) I'-converges
on M as ¢ — 0 to the homogenized functional F"™ given by

Fhom()\) o fQ fhom(VU(l‘)) dx zf)\ = ulm L u € Wol,p(Q)
oo otherwise,

(9)
where for any z € R™ the integrand f2™(z) is defined via the unit-cell problem
fhom(z) = inf{ / flz+Vu(y)dy : ue COO(T)}
%

~int{ / 1y Pryys + V() dp = we HEP(T)}
Y

being
fuly,2) =mf{f(z+€) : €€ [Ty}, V(y,2)eY xR". (11)
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3. Relaxation of elastic energies

In order to extend Theorem 2.1 to the case of elasticity, we need to restate the unit cell
problem (10) in a suitable space of admissible periodic displacements associated with the
measure p. Such functional space can be obtained by a procedure similar to the one
adopted in [2] within the non-periodic setting. Therefore, for the sake of clearness, let us
briefly recall the line followed in [2]: this will also enable us to give some explicit examples
of relaxation which will be useful in Section 4.2.

In [2, Section 3], the authors define, for any positive Radon measure p on IR™ and pu-

a.e. ¢ € Q, a linear subspace M, (x) of R as

Sym

M, (x) = ,u—essU {®(z) : D€ Xﬁ/(Q,lR"2 )}

Ssym

where

XP(QRE) = {cb € LZ(QRY) : div(dp) € Lﬁ'(Q,]R”)} .

Ssym Sym

The tangential strain operator e, : LF (€ IR") — LF (€, R

sym

D(e,) == C5° (S, IR™) e u = Py, le(u)] (12)

) is defined by

where D(e,) is the domain of e,, and Py, is the orthogonal projector onto M,. In
particular, one can show that

(i) if p is the Lebesgue measure over an open subset of IR", then e, u coincides with the
usual strain tensor e(u);

(ii) if p is the Hausdorff measure H' or H? over a one or two-dimensional structure in
IR, then e,u = Pr,(e(u))Pr,, being Pr, the orthogonal projector on T}, defined in
(4).

It turns out that the operator e, defined by (12) is closable (see Lemma 3.2 of [2]). There-

fore, one can consider the completion of C3°(£2;IR™) endowed with the norm ||ul|, .0 +

lleyul|p,u0, finding by this way the Banach space Dé:ﬁ(ﬂ; IR™) of admissible displacements.

Such space can also be characterized by duality and by relaxation. More precisely, using
the duality Lemma 3.1 of [4], one obtains:

u € Dé:Z(Q;]R") & 3C >0 : [u,div(Py,op)| < Cllollyue Yoe D). (13)
Here e, denotes the adjoint operator of e,,, and one can easily check that an element o of
/ n2 * . . . / n
L7 (S IR, ) belongs to D(er) if and only if div(Py,on) € LE (92;IR").

Sym

On the other hand, Dé:ﬁ(Q; IR™) coincides with the finiteness domain of the relaxed func-
tional .J in the LE-topology of

Sy = JIodte@)dn it ue GO
400 ifue LfL(Q; R™) \ C°(Q; TR™).

Indeed, one has

. . 1, BN
T(u) = fQ]H(x,euu) du ?f u € DO,Z(Q,IR ) 1 (14)
+o0 if e LE(;IR")\ Dy (92 IR")
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where
Ju(m,z) ==inf{j(z 4+ &) : €€ [Mu(z)]"}, V(z,z) € Qx R™ . (15)

For instance, in the case of an isotropic linearly elastic body, when j(e(u)) = Ble(u)|* +
2| tr(e(u))|?, the explicit expression of j, becomes j,(y,e,u) = aigﬁ\ tr(e,u)* + Ble,ul?

B(3a+28)
2(a+p)

Of course, one is free to choose a periodic measure p. In Examples 3.1 and 3.2 below, we
take as a periodic measure ; the Hausdorff measure H! over a truss structure composed of
straight linear elastic beams with constant stiffness, which are linked one to each other at
their ends (called nodes). It turns out that the relaxed energy sees only the longitudinal
component of the displacement on each bar. In fact, the total displacement vector field u
has an energetic meaning only at that nodes of the frame where the directions of outcoming
bars span all IR". In that sense, when dealing with a frame made of trusses, it is natural to
consider loads concentrated on the nodes and to write the total energy in terms of finitely
many variables corresponding to the displacement of each node (see for instance [6], [11]).
Unfortunately, such a representation is available only for one-dimensional structures.

in the case of a membrane, and j,(y, e, u) = e, ul? in the case of a string.

Example 3.1. Let us detail what the above described tools give when g is the periodic
measure in IR? whose restriction to the unit cell is the Hausdorff measure H! over a system
of threads parallel to the three coordinate axes (see Figure 3.1 below); for simplicity, we
normalize p in order that u(Y) = 1.

,,,,,,,,,,,,,,,,,,,,

Figure 3.1

We denote by 7 the measure associated to the fibers disposed along e/, so that u =
put 4 p? + p3. We claim that the space of admissible displacements can be characterized
by:

u € Dé:Z(Q; R < o ¢ H&j’zj(Q) for every 7 =1,2,3 . (16)

Before proving (16), let us add few comments on it.

Note that (16) provides a well-defined notion of displacement at each node xy in the
network determined by spt(u). Actually, for a given u € D (s, IR?), the component of
w along e’ at x, can be determined as the trace of u’ at .

We also observe that, taking as a density energy j(z) = 3|z*|* + %] tr(z*)|?, the relaxation
formula (14) reads
/‘ @IQ

J(u) = 331—;ﬁ {/)am

" +/’ax3)du] if u € D2 TRY),

otherwise,
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ou’
where, for every u € Dé’i(Q;]RS) and every j = 1,2,3, 8i is well defined (as a Lij(Q)
) l‘]
function), in view of (16).

Proof of (16). One can adopt two different arguments, based respectively on:

(i) exploiting the characterization by duality given by (13);
(ii) using directly the definitions of Dé:Z(Q; IR?) and Hé’ﬁj(Q).

For the reader’s convenience, let us explain both methods. (i) Let o € Lp (Q,IR" ). We

Sym

have:

0
div(Pag, o) Zdlv (¢ @ e Z CB;
j

Therefore, the requirement div(Py,opn) € Lﬁ’(Q; IR?) can be reformulated as div(c(e/ ®
SAITARS LZ;_(Q, IR?) for j = 1,2, 3, or equivalently (PTM ATANS Xﬁ;(Q), where ¢/ denotes
the j column of . Inserting such condition into (13), we infer that (16) holds. (ii) In
view of the definitions of Dé:Z(Q; IR?) and HS}’/IZ (), since the measures p/ are mutually

singular, it is immediate that the implication = in (16) holds. To show the converse, as-
sume that, for every j = 1,2, 3, the components «’/ of u belong to Hé’fjj (2). Then we claim

that u can be approximated in the LF-norm by a sequence {v,} C C5°(€2; IR?) such that
supy, Jq lepvnlP dp < +o00. Indeed, since v/ € Hé’ﬁj(Q), there exists {w] },, C C§°(Q), con-
verging to v’ in the L? -norm, such that sup,, [, [V, wl |Pdy? < +o0. Choose a sequence of

positive numbers {ph} converging to zero as h — +o00, such that hhm (pn HwhH Q) =0

for j = 1,2,3. For every h € IN, let {B),}; be family of the balls of radius p; cen-
tered at the points of QN z3, with &k = 1,...,K(Q). Consider the sequence of vec-
tor functions {v,} whose component v is obtamed as the restriction of wj to the set
F = [spt(p) \Uy B U [Ug Bk Nspt(p?)], for j = 1,2,3. One can extend each v} to a

smooth function on © (still denoted by v7), such that [|v}||cc.0 < [|w]|lse.o. By construc-

tion, the sequence of vector functions {vj,} thus obtained lies in C5°(;IR?), and satisfies

supy, Jo, leuvnl? dp < 4-c0. Moreover, Jim Jo, [vh, — w/[Pdp = 0, since, by the definition of
— 400

v) and the choice of the sequence {py}, it holds

[t = wipda= [ o~ ulpds
Q Q\F

<2 (1o + l0d ) 1@\ F) < 22K (@pllu I
Example 3.2. Let us consider the case when g is the periodic measure in IR* whose

restriction to the unit cell is the Hausdorff measure H! over a network containing also
oblique bars (see Figure 3.2 below).



G. Bouchitté, 1. Fragala / Homogenization of Elastic Thin Structures 347

Figure 3.2
For j = 1,2,3,4, we denote by p/ the measure associated to the fibers along the direction
VI being vt i=el, 1?2 = €%, 13 = el + €2, v! = el — €2, In this case, if one takes four scalar

functions v/, each one belonging to Hé’fj .(Q2), in general it does not exist an admissible
displacement u € Dé:Z(Q; IR?) whose component (u-17) along 27 equals u/. The existence
of such a displacement is subject to the additional compatibility conditions

trud(zg) = trul(xg) + tru?(zg),

trut(xg) = trut(zg) — tru?(zo),
which must be satisfied at each node xy of spt(u). This can be obtained argueing in

a similar way as in Example 3.1, for instance by duality. Moreover, still for j(z) =
Blz** + 5| tr(2*)|?, the relaxed energy takes the form

3a + 26 9
— di?if uw € DY (TR
J(u) = 2(a + ﬁ Z / ‘ ovi ‘ Wit ( )
~+00 otherwise,
where, for every u € D (Q IR%) and every j = 1,2,3, 4, the expression ; makes
v

sense (as a Lij(Q) functlon), as u - ¥ belongs to H&’jj(Q).

Periodic displacements. Let us adapt the previous framework to Y -periodic functions.
Set

Sym Sym Ly loc(

X?(T,R™%,) = {(I)GL”(T R™ ) : div(®p) € L7 IR”,IF{")} .

Notice that, since u(dY) = 0, the periodicity condition satisfied by functions in
Xp (T, R” ) does not affect their p-essential union, so that

Sym

p— essU {@(z) : D€ X” (T, Ingm } =M, (z) for p-ae. x € Q2.
In particular, we can restrict the tangential strain operator to the class of smooth periodic
functions, namely we can consider the operator e, : L7 (T;IR") — LE(T, IF{gym) defined
by
D(e,) :=C>(T;IR") , epu = Py le(u)] . (17)

Argueing as in the proof of [4, Lemma 3.4], one can show that the integration by parts
formula

/euu-q)du:—/udi\/u@d,u (18)
Y Y
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holds for every u € C>*°(T;IR") and every ¢ € Xﬁl(T; IRZ;m) This allows to adapt the
proof of [2, Lemma 3.2] to the periodic setting, thus proving that the operator e, defined
by (17) is still closable. Therefore, we can consider the completion of C*°('T; IR") endowed
with the norm ||ul|, v + |le u||p,.y- By this way, we find the Banach space of admissible
periodic displacements, that we call D};p (T;IR™). It turns out to be a closed subspace of

D"

w,loc

={ue Ll (R%R") : up € Dy (IR%IR") Vo € C(R™)}

w,loc

Extending the notion of tangential strain and the integration by parts formula (18) to
every u € DP(T;IR"), one can easily generalize the relaxation formula (14) to the periodic
case. More precisely, one finds that the relaxed functional of

J(u) = [y i(e(u))dp if u e C*(T;IR")
+00 ifue Lﬁ(T; R"™) \ C>(T;IR"),

is given by

= {fy Inlyr ey} dp 1w € D (TR (19)

+00 it w e L2(T) \ DL?(T; R™)

where j, is still given by formula (15).

4. Homogenization of vector problems by the two-scale method
4.1. Results for p-fat structures.

This section is devoted to transpose into the vector setting the main homogenization result
of [4] (¢f. Theorem 4.2 below). This aim will be pursued by means of the very same two-
scale technique used for scalar problems. We recall that a sequence {v.} € LF_(€2; IRY) two-

scale converge to vy € Ling (X T; IR?) if, for every test function ¢ € C°(Q; C®(T;RY)),

it holds (componentwise)

iy [ 0)(e. ) o) = [ v y)ole ) dL@ @ duty) ;20

=0 Ja axy
for more details and the properties of such convergence, we refer to [4, Section 2].

The key argument which is needed for applying the two-scale approach to the sequence
{J-} in (1), is an explicit characterization of all the possible two-scale limits of symmetric
parts of gradients {e(u.)}, when {u.} C C}(Q;IR") satisfy the uniform boundedness esti-
mate sup, [, |uc|? + |e(us)|P due < +o0. Such characterization requires suitable assump-
tions on the periodic measure pu. We are thus led to introduce the following notions of
p-fatness for periodic measures; they are the analogue in the vector case of the properties of
p-connectedness introduced in [4] within the scalar setting. The reason of the terminology
“p-fatness” comes from the behaviour of thin structures with respect to rigid orthogonal
displacements, and it will be clarified in Section 4.2. Observe that the relations between
the different notions of fatness below look similar to those holding for the connectedness
hypotheses of Section 2, that is (H4) = (H3) = (H1) and (H4) = (H2) = (H1).

e . is weakly p-fat on T if:
(H1) uweDP(T;RY), eu=0pae = JecelR" : u=cpae;
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e 4 is weakly p-fat on IR" if:

(H2)u € DP

e (R IR, eyu=0p-ae = JceR", Re R+ u(z) = Ru+c p-ae.

e . is strongly p-fat on T if:

(H3) JC>0: / |ulP dp < C/ lequl’ dp,  Yu € D,P(T;IR") with / udp =0,
Y Y Y

e  is strongly p-fat on IR" if:

(H4) 3C >0 :/ lulPdp < Ck?[ |eyul? dp Yk € N, Vu € D,P(kT;IR") With/ udp=0.
kY kY kY

A major role in the proof of Theorem 4.1 below, is played by the following orthogonality
conditions.
—  Let ,

V::{dWﬂé :Q>ex3%TJR”)}<:LgmeW);

Sym

under (H1), the orthogonal space of V' in L% (T;IR") is given by

Vii={ue Di’p(T; IR") : Jc such that u = c p-ae.} . (21)
—  Let , ,
W= {O‘ € Lf;(T; RE,,,) : div(Py,op) = 0} C Lﬂl(T; R,) 5 (22)

under (H3), the orthogonal space of W in Lk (T; R ) is given by

sym
W+ ={e,u : ueD(T;R")} . (23)

In order to show (21) and (23), one has to transpose into the vector framework the proofs
of Lemma 4.3 and Lemma 4.6 of [4]. Let us notice that condition (H3) ensures that the
subspace {euu D u € D};” (T, IR")} is closed. If it is not the case, we simply have

Wt ={eu : ue Di’p(T;]R")} ) (24)

where the closure is intended in the LF (T, ]Rg;m)—norm.

The orthogonality relations (21) and (23) can be used as crucial steps to obtain the
following two-scale structure result for symmetric parts of gradients.

Theorem 4.1. Let {u.} C C3(4R") satisfy [, (|uelP+ |e(ue) ) due < M ; possibly pass-
ing to a subsequence, assume that u. — ug € Ling, (2 x Y;IR") and e(u.) — x €

L (2 XY R™). Then:

(i) if p satisfies (H1), up(z,y) = u(x) (i.e. ug is independent of y), where the function
u belongs to Wy P (Q;IR") provided u satisfies also (H2) and (H3);

(it) under assumptions (H2) and (H3) on p, there exists uy € LP(Q,D,?(T;IR"))
such that x(x,y) = e(u)(z) + ey ui(z,y) + &(z,y), with w as in (i), and {(x,y) €
LP(Q; [M(y)]Y). In addition, e, u. = e(u)(z) + e, ui (T, y).
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Proof (sketch). The result can be deduced following the same line of the proof as in
[4, Theorem 4.2], taking care of adapting it to the vector framework. Mainly, one has to
replace the operators Vu and V,u by e(u) and e,u, the space T, and the projector onto

T, by the space M, and the projector onto M, ij/(T) by Xﬁl(T;RZ;m), and H?(T)
by D’(T;IR"). We notice also that the assertion u € Wy (Q;IR"™) in the statement can
be proved as follows: first show, by the generalization procedure indicated above, that
e(u) € LP(S; IR:;m), then apply the Korn inequality. O
We are now in a position to give the homogenization result for p-fat measures. We
preliminarily extend J. to the class M™ of vector Radon measures on IR" by setting

L) = Joile(w)dp. i X=up. , ueCiR"), (25)
: 400 otherwise;

then we say that {J.} I'-converge to J"™ if, for every A € M™, the I'-liminf and I'- limsup
inequalities (7) and (8) hold, with J. and J"™ in place of F. and F™,

Theorem 4.2. Let p satisfy (H4). Then the sequence {J.} defined in (25) I'-converges
on M" as e — 0 to the homogenized functional J*™ defined by

Jhom(\) = {fgjhom(e(U)(l‘)) de  if A= Q'LEn € WoP(Q;R™) (26)
400 otherwise,
where for any z € IRZ;m the integrand j%°™(z) is defined via the unit-cell problem
jom(z) s = e { / e+ e(w)(w)dpe : we C(TRY)}
. (27)

= inf{ / Ju (s Pr, oz +epu(y)) dp - u € D/ljp(T; Rn)} :
Y

Proof. It can be derived with minor changes from the proof of [4, Theorem 5.2]. In
particular, the I'-liminf inequality follows from the assumption (H4), Theorem 4.1, and
the relaxation formula (19); the I'-limsup inequality can be obtained considering the
sequence u.(z) := u(z) +ep(z, £) for ¢ varying in C5°(€2; C>°(T;IR")). O

Remark 4.3. A weaker version of Theorem 4.2 holds for measures p which do not enjoy
(H4) or (H2). In case of lackness of (H4), one has to restrict the statement to sequences
{uc} such that sup, [, |uc|Pdpu. < 4o00. In case of lackness of (H2), the homogenized
integrand is still given by formula (27), but it can degenerate along some directions. In
particular, the space VVO1 P(;IR™) in the domain of J"™ has to be replaced by

W&”}CI(Q;]R") ={ue LP(KIR"):Vze M, z-e(u) € LP(Q) and u - (zvq) =0 on 00},

being vq the unit normal to 0€2, and M the linear space generated in IR:;m by the relative
interior of the convex set K := {fy Ddp: P e Xﬁ’(T; ]R:;m), div,® =0, ||®|y .y < 1}.

The space M corresponds to the set of non-degeneracy directions of j"™; for knowing
how it can be obtained, we refer to the proof of Theorem 4.2 in [4].
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Let us notice that, when p is the measure chosen in Example 3.1, the space M is given by
the class of all diagonal matrices, so that the corresponding j"°™ is not coercive on Ingm
(see (41)). In spite, for the measure of Example 3.2, one can check that M equals IR?, so

that the corresponding j"™ is coercive on IR?

sym*

4.2. Thin structures are not p-fat.

We wish now to investigate the behaviour of low-dimensional structures in regard to the
p-fatness properties introduced in the previous section. Let us recall that, if u is a smooth
vector field on 2, and e;;, w;; denote respectively the symmetric and skew-symmetric
parts of the Jacobian matrix of u, for every 2/, 2" in 2 the Cesaro formula holds (which
can be proved by elementary integration by parts):

x//

) (=) (25 = S ) o

ui(2") = u;(2") +wi; (') (2] — ) +/

(I:,

Here the notation f;ﬂ Y(z) dz, stands for the one-dimensional integral fot (2’ + sv)v, ds,
being 2" = 2’ + tv.

In particular, it follows from (28) that, if u satisfies the equation e(u) = 0 on €2, then it
can be written as u(x) = Rz +c¢, being R a skew-symmetric n X n matrix, and ¢ a constant
vector. Such kind of vector fields u are usually referred in the elasticity literature as rigid
displacements.

Let us now focus attention on the two model examples when p is given on the unit cell
respectively by the measure p; equal to H'L F', where F is the vertical fiber Y N {y; =
yo = 0}, or by the measure ps equal to H?L S, where S is the horizontal plane Y N{y3 = 0}
(see Figures 4.1 and 4.2 below). In these cases, the condition e,u = 0 appearing in the
assumption (H1) yields respectively:

ou’ out  our  out  ou?

=0 -a.e. and = = + =0 -a.e. , 29
0y H oy ys Jys Oy e (29)

where u/ stands for the component of u along the direction e’.

In case of measure ji1, we infer from (29) that the third component u? of u must be constant
along F' (Figure 4.1 represents the case when such constant equals zero). Similarly, in
case of measure jip, the first components (u',u?) of u turn out to be given by a rigid
displacement on the plane S, that is (u',u?)(x) = Rz + ¢ for ps-a.e. x, where R is
a constant skew-symmetric element of IR?, and ¢ is a constant vector in IR?; recalling
that « must also satisfy a periodicity condition (cf. (H1)), this yields that ' and u? are
necessarily constant on S (Figure 4.2 represents the case when such constants are both
Z€r0).

The above examples show why low-dimensional structures are not p-fat, even in the
weakest sense of assumption (H1); indeed, more generally, each of the p-connected thin
structures that we considered in [4] for the scalar case, are not p-fat.

Thus, since there is no hope to apply Theorem 4.1 to the associated measures (and also by
stronger reasons discussed in Example 4.4 below), we shall need to hang on the fattening
method, as it is illustrated in the next section. We stress once more that this is in full
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contrast with the behaviour of the scalar case, in which we showed that an advantageous
approach for reinforced structures is letting the thickness parameter ¢ tend to zero before
making the homogenization procedure.

pl
7
-1 u
u
....... » ? ?
E ¢ 4
&"/ E . E | i
1 )
[]
: ©
' 4
Figure 4.1 Figure 4.2

Example 4.4. Further differences from the scalar case appear looking at the I'-limit
of the functionals (1), which can be found by explicit computations in case of simple
measures p, having the property to be p-connected but not p-fat. For instance, let u be
the periodic 1-dimensional measure in IR? considered in Example 3.1, and let us take as
a density energy j(z) = 3|2*[* + $| tr(z*)[>. We claim that

P—limJ.(u) =0  VueW;*(Q). (30)

e—

The validity of (30), that we are going to prove, puts in evidence how stringent is the need
of the fattening approach when dealing with the homogenization of elasticity problems
on thin structures.

Proof of (30). We begin by noticing that, since j(z) is nonnegative for every z € IR?, the
I'- liminf inequality is trivially satisfied. Therefore, we focus on the I'-limsup inequality.
In view of the density of C°(2;IR?) into I/VO1 ’Q(Q; IR?), by a standard diagonalization
argument it is not restrictive to assume that u € C§°(Q; IR?); moreover, by a well-known
property of I'-convergence, it is enough to prove that I' — liné J. = 0, being J.(u) =
e—

Sy Jue (@, V, u) dpe the relaxed functional of J. in the Lig—norm. We stress that the
explicit expression of .J, is analogous to the one found in Example 3.1, replacing p and
w’ respectively by their e-scalings . and .

Let u € C°(€;IR?), and let us show that we can find {u.} C Dé:ie(Q; IR?) such that

Uepre = u L ll—r}(l)/g |eu5u5|2 dpe =0 . (31)

We let {u.} be the sequence whose components u? are defined p.-a.e. by

, 0 t (!
ug _ {3 on Sp (:us) ’ (32)

su/ onspt(ue) \ spt(pd) .

It is easy to check that u. satisfy both conditions in (31). It remains to show that, for fixed
g, us belong to Dé:ZE(Q;IR?’). In fact, it is immediate that u! € Hol’ij(Q) for every j =
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1,2, 3; therefore, since the equivalence (16) proved in Example 3.1 still holds replacing u
by e, we obtain that {u.} lies in Dé:ie (Q;IR?).

5. The fattening approach

The aim of this section is to show that, even when the underlying periodic measure p
does not satisfy the p-fatness properties, the limit energy defined in (26) can still be used
for the homogenization of elastic thin structures. This can be justified by two different
arguments, both involving the fattening approach.

In a similar way as in [4], we consider a sequence of Y-periodic measures {5}, each one
associated with a structure of thickness §, in such way that {us} converge weakly * to
as 0 tends to zero. When the size of the periodicity cell of us is scaled to e, the elastic
energy of the corresponding ¢ thick, € periodic structure can be modeled by the functional

Jse(u) = / J(e() duse . weCHURY (33)

where p5. is the e-periodization of 5 according to (3).

The simplest procedure in order to study the asymptotic behaviour of the sequence defined
in (33), consists first in homogenizing with respect to each ps, and then let 6 tend to zero.

We are going to prove that, under the assumption that for each fixed § the measure p;
satisfies (H4), the effective energy obtained by this method coincides with the homogenized
functional defined by (26).

In what follows, the I'-limit of J5. as ¢ — 0 is computed with respect to the analogous
convergence as in Theorem 4.2, namely u.ps;. — uL". Moreover, in order to simplify
the presentation, we use as measures ps the approximations of p by convolution. More
precisely, for every 6 > 0, we let ps be a convolution kernel ps(x) := %p (%), where p is
assumed to be a smooth, positive, even function, with support compactly contained into
Y, and such that [, pdz = 1. We set pi5 := (ps * 1) L™, being ps x pu the smooth function
ps * () := [a ps(z — y) du(y); in particular, we observe that the sequence of measures

{us} converge weakly * to p as 6 — 0T. Further, due to the periodicity of y, it holds
pisna) = [ =) duty). (34)
being pg the Y-periodic function obtained by ps through
Py = > ply—i), yeY.
/A

For v € Lj, (IR"), ps x v denotes the usual convolution, that is ps * v(z) = [ga ps(z —
y)v(y) dy. Similarly as above, when v is Y-periodic, ps x v can be written as an integral
over Y, i.e.

prvvte) = [ e —yu)dy,  VoeI(T). (35)

We keep the notation j°™ for the function on IR;LQm associated to p according to (27);

when in such formula p is replaced by ps, we call j5° the integrand thus obtained.
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Lemma 5.1. For every z € R™ . it holds

Sym’

lim j;°"(2) = inf 553" (2) = j""(2) . (36)

§—0+ >0

Proof. Let z € ]ngm be fixed, and let us show that limsup j2o™(2) < jh°m(z). It is easy
§—0t

to check that

limsup inf / j(z+e(u)(y)) dus(y) < inf  limsup /Y (2 + e(u)(y)) dus(y) -

§—0+ uEC>®(T;R™) u€C>®(T;R™) s_,0+
(37)

For every u € C*°(T;IR"), due to the weak * convergence of s to p and to the continuity
of the mapping y — j(z + e(u)(y)), we have

lim j@+ewxwwmxw=iéjw+ewxwwmw>. (38)

=0t Jy

Combining (37) and (38), we deduce that limsup j2o™(z) < jhom(z).

6—0+ -

On the other hand, the inequality j1°m(z) < jiom(z) holds for every fixed 6 > 0. To
prove such claim, it is enough to show that, for every u € C*(T;IR"), there exists
us € C>°(T;IR") such that

Aﬂwmwmwmmwslqu+mmmew»

Set us := ps*u. Using in the order the commutation between convolution and symmetric
gradient, the Jensen’s inequality, (35), Fubini’s theorem, and (34), we obtain

[ 3te 4 eus)w) duty / Tps x (= + e(u)
S/yﬂa*ﬂ'[2+e<u>(y)} ph(x — )iz + e(u)(y)] dy} dp(z)

Y Y

:L}v+am@n{/pww—> @)y = [ 3G+ e dusty)

(v))] dp(y)

which concludes the proof. O]

As a consequence of Lemma 5.1, we obtain the following result, which gives a first rigorous
justification for using (26) as an effective energy, whenever p belongs to a large class of
(possibly non-fat) measures.

Theorem 5.2. Let i be a Y -periodic measure such that, for every § > 0, us := (ps*p)L"
satz’sﬁes (H4). Moreover, assume that the integrand j2°™ defined by (27) is coercive on

R™ . Then

sym *

I~ lim (r lim J55> — Jhom (39)

6—0

with J"°™ defined by (26).
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hom

Proof. By Theorem 4.2, for every § > 0 there holds ' — lin% Jse = J5om, where

Joitom(e(u)(z))dz  if A=uLl™, ue WyP(Q;IR")
+00 otherwise.

o -

Hence we are reduced to prove that JP™ I'-converges to J"™ as § — 0. Since by
Lemma 5.1 we have j2o™ > jbom by the coerciveness assumption on 5™ and the classical
Korn inequality, the functionals Jf°™ J"™ are lower semicontinuous and equi-coercive
on Wol’p(Q; IR™); thus we may substitute the weak star topology on measures A with the

strong topology on LP(2;IR"). We thus have F—li(rsniglf Jpem > jhom - On the other hand,

for every u € VVO1 P(Q;IR"), using us := u as an approximating sequence, we deduce from
(36) and the monotone convergence theorem that

I'—limsup J2™(u) < limsup J3o(u) < J™™(u) .
6—0 0—0

]

Remark 5.3. (i) The assumption (H4) on us can be recovered in practice by prov-
ing that Korn inequality holds on a connected periodic open subset of IR"™ whose
thickness is uniformly minorized (by ). In particular, considering one unit cell, it
implies that there exists a constant Cs such that

/\u|pdu5§a;/ ()P dus . Yu € DLP(T;IR™) with /udm:o; (40)
Y Y Y

(ii) Equality (39) remains true for all functions v € C°(Q;IR") also when j™ fails
to be coercive. In this case, if one would find the explicit expression of the left
hand side of (39) on its whole finiteness domain, one should extend by relaxation
the functional obtained as the restriction of J™™ to C5°(£2;IR™). For instance, (5.7)
remains true on Cg°(£2; IR™) when p is the measure of Example 3.1. In this case one
can easily check that

B(3a + 20)

2(a + B) (Zfl + 232 + 2:33) . (41)

7" (2) = ju( P, ") =

In particular, taking into account (30) and (39), equation (41) enlights the non-
commutativity of the limit process in £ and 9.

(iii) By a standard diagonalization argument, it turns out from Theorem 5.2 that, for a
suitable sequence §(¢) — 0, we have F—lirr(l) Jse)e = J hom' “A ‘more precise statement

concerning the results which can be obtained when ¢ depends on ¢ will be given in
Theorem 5.4 below.

Now we focus attention on the limiting behaviour of the sequence {.Js.} when the param-
eters 0 and € tend to zero at the same time, and in particular on the I'-limit as ¢ — 0
of {Js(), }, being 6(e) an assigned sequence infinitesimal with €. In light of the examples
made in Section 4, when the limit measure 1 does not satisfy assumption (H4), we can-
not expect the commutativity of the passage to the limit in (33) as € and § tend to zero.
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Anyhow, we are going to show that, when the dependence of § on ¢ is such that d(¢) > ¢,
the I-limit of Jy). as ¢ — 0 still coincides with the functional J"™ in (26), provided
a suitable additional assumption on the sequence {us} holds. Such assumption concerns
the constant Cy in (40). Indeed, if p does not satisfy any fatness condition, it is clear
that Cs will tend to infinity as 6 — 0. But we want to drive our attention on the precise
behaviour of Cs: in fact one can observe that, in most situations where fattened struc-

C
5 being C a positive constant
independent of §. Otherwise said, in most cases the following assumption is satisfied by
the measures p:

tures of thickness ¢ are considered, (40) holds with Cs =

(H3)s 3C >0 : / |ul? dus < (5%/ le(u)[” dps ,  Yu € D,P(T;IR") with / udps =0 .
Y Y Y

The main result of this section is the following. It yields a second reason to retain formula
(26) still valid for several non-fat measures.

Theorem 5.4. Under the same assumptions of Theorem 5.2, assume in addition that
condition (H3)s is satisfied by the measures us. Then, for every sequence §(g) such that
d(e) > e, we have

I — lim Jyo) = J™" (42)

e—0

with J"°™ defined by (26).

In order to prove Theorem 5.4, we need to restate the structure Theorem 4.1 about two-
scale convergence. The notion of convergence defined by (20) can be extended in a natural
way to the framework of varying measures j5) converging weakly * to p. A sequence

{v.} C L. (Q; IRY) will be said two-scale converging to vy € Ling, (€2 x T IRY) if, for
every test function o € C3°(Q2; C>=(T;IR?)), it holds

lim [ v.(2)¢(z, g) dps(e),e = /Q Yvo(w,y)w(w,y) dL"(x) @ du(y) - (43)

e—0 Q

We set N the subspace of the space W in (22) defined by

N =W X7 (T;RE) = {a € LZ(T; R div(op) = o} . (44)
Denoting by Pot,(T; ]ngm) the space of periodic potential matrices
Pot,(T;RL,) == {e,u © u€ DYP(T; IR} (45)
and recalling (24), we find that the orthogonal space of N in L (T; IRZym) i
= Pot,(T; RY,,) + LL(T; Mu(y)*h) - (46)
Let K be the convex subset of Ingm defined by
K- {/ywﬂ VN g € 1} | (47)

The next result can be obtained following the same line of proof as in [4, Lemma 4.5].



G. Bouchitté, 1. Fragala / Homogenization of Elastic Thin Structures 357

Lemma 5.5. Let "™ be the conver function on IRg;m defined by (27), and let (52°™)* be
its Fenchel conjugate. Then

(47°™)*(2*) = min {fy j*(o)dp : o €N, fy odp = z*} , V2* € ]Rg;m . (48)

-hom : . n?

F'M(z) =min{ [y j(z+¢W)dp - (€N}, VzeRL, . (49)
Moreover, if j2°™ is coercive on IR:;m, then the set K in (47) has a non-empty interior,
i.e. there exists r > 0 such that

TeRL, , |fl<r = reK. (50)

We are now in a position to state the variant of Theorem 4.1 holding for the generalized
notion (43) of two-scale convergence. For notational simplicity, in the following we omit
to indicate the dependence of § on ¢.

Theorem 5.6. Let {u.} C C3(Q;IR") satisfy [, (Ju-|” + |e(u:)|?) dus. < M; possibly
passing to a subsequence, assume that u. — ug € Ling (2 X Y;IR") and e(u.) = x €

L%n@m(Q xY; ]R”Q). Then, under the assumptions of Theorem 5.4, we have

(1) wgis independent of y and ug(z, y) = u(x) where the function u belongs to W, (Q;IR™).
(i)  there exists n € LP(Q; Pot,,(T; R ) such that x(z,y) = e(u)(z)+n(z,y)+&(z,y),

Sym

with w as in (i), and {(z,y) € LP(Q; [Mu(y)]L)
Proof of (i). Let v. be the unique function on IR" constant on each small cell Y;. =

e(i+Y), and such that [, v.duse = [, ueduse, for all i € Z™. Then, by a change of

variable and making use of (H3)s, we infer

gp
/ [ue — ve|’ dpse < Cﬁ/ le(ue) [P dpse
Yie Yie
so that, summing with respect to ¢ over Z™:

b
[t = dns < 05 [ fetw ) dus.
Q Q

As 0 > ¢, it follows that the sequence {v.} has the same two-scale limit as {u.}. Let
us check the two-scale convergence (43) of {v.} choosing a test function of the kind
o(z,y) = 0(x)¥(y), with 0 € D(Q;IR"), and ¥ € C>*(T). Since v, is constant on each
cell Y; ., there exists an infinitesimal o(e) associated with the Lipschitz constant of 6 such
that, for all i € Z™:

[ vt 0@ = ( /

Thus, summing the previous equality over ¢ € Z™ and passing to the limit as ¢ — 0, we

y€

v.(x) - 0(a) du5,€> ( /Y \Pdus) (1+0(e) -
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infer that

lim | w.(z)- Q(x)\lf(z) dus. =lim [ v.(x) - H(x)\ll(z) dps -
e—0 Q g e—0 Q g

_ (93% /Q o (2)0(z) du&a) ((lsii% /Y \Ildu5>
_ (/Qxyuo(x,y)-e(x) da:@du(y)) (/Y \Ddu) |

Thus, setting u(z) = [, uo(x,y)du(y), we deduce the first assertion of (i) from the
following equality holding for every pair (8, ¥) € D(£2;IR") x C*(T):

/Sle[UO(x7 y) —u(x)] - 0(x) U(y) de @ du(y) =0 .

We prove now that u belongs to W, (Q;IR"). For ¢ € C>(Q) and ¥ € N, one has

div (p@) (2. ) = U5 V(s

Thus, applying (43) to the sequence {e(u.)} with ¢(z)¥(y) as test function, enforcing
the integration by parts formula (18), and using the two-scale convergence of {u.} to
uo(z,y) = u(z), we obtain:

/Q X)) W) dr © duly) = lmy [, elue)p (o) (2
= —lim [, uc(z) - U(2) Vip() dpss. (51)
= — Joy w(@) - ¥ (y)Ve()de @ du(y)

=~y vd) - (Jyulo) & Vst )

where the symbol ® denotes the symmetrized tensor product of two vectors in IR".
S

Applying (51) for ¥ running over the elements of N+ whose Lﬁ'—norm is smaller than 1,
by the Hélder inequality and by (50), we deduce that, for a suitable constant C' > 0, there
holds

<C ||90HLP/(Q) ) Voel*Q). (52)

/Q w(z) @ Volx) da

S

This proves that the distributional strain e(u) belongs to LP(; R ), hence, by the

Sym

classical Korn inequality, u € W1P(Q;IR"). We may now integrate by parts to find

[u@ o Ve = - [ cw@e@ar + [ @) o n@)e@ o, 63)

o0N

where n(z) denotes the unit exterior normal vector to d€2. Then, from (52) and (53), it
easily follows that the trace of u vanishes on 0f2 .
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Proof of (ii). By (51) and (53), the equality

/szxy [x(w,y) — e(u)(2)] p(2)¥(y) dr @ du(y) = 0

holds for every ¢ € C*(€2) and ¥ € N. Localizing with respect to x, we infer that, for
almost all z € Q, x(x,-) belongs to N+. Then we conclude deducing (ii) from (46). [

Proof of Theorem 5.4 (sketch). The proof of the I' — limsup inequality runs exactly
as for Theorem 4.2 by considering an approximating sequence of the kind u.(z) = u(x) +
gp(w, £) for ¢ varying in C5°(€2; C>°(T;IR")).

In order to prove the I' — liminf inequality, let us consider a sequence {u.} such that
Ueptse — ul™ and sup, {Jse)(u:)} < +oo. Then by the p-growth condition from be-
low satisfied by j, the sequence [, |e(u:)[P duse remains bounded, so that we may apply
Theorem 5.6 (which holds in fact under the sole assumption of an uniform control on
fQ |ue|dps . instead of fQ |ue[Pdps ) to find that u belongs to Wol’p(Q) and that, possibly
passing to a subsequence, we have:

e(us) = e(u)(x)+n(x,y)+&(x,y), withn € LP(Q;?otu(T;IR"2 ), € € LP(Q; [Mu(y)r).

Sym

Then, using a straighforward convexity argument [see [4], Proposition 2.5], we deduce
that
limi[r)lfJg(E)7g(u6) = liminf/ Jle(ue)) dps
E— Q

e—0

> / ie)@) + ot ) + E(r.9)) de @ du(y)

> /Q yj“ (e(u)(z) +n(z,y)) de @ du(y)

6. Related problems and conjectures

We wish to conclude the paper by pointing out some related problems, which arise in
the framework of both scalar and vector homogenization. First of all, we think it could

be interesting to study the asymptotic behaviour of the sequence {.Js.} in (33), when ¢
depends on ¢, but we don’t have d(¢) > ¢ for ¢ — 0 (as in Theorem 5.4). The critical
scale for d(¢) below which the I'-limit degenerates to zero seems to be §(¢) ~ . As far as
we know, this problem is fully open in any general framework. Further, two more topics

are in our opinion worth of investigation, as they would provide respectively possible ap-
plications in mechanics, and a full theoretical understanding of non-local homogenization
phenomena.

The former matter is the investigation of optimal bounds for the effective matrices or
tensors, which can be obtained homogenizing scalar or vector problems on low-dimensional
structures. Actually, a wide part of the classical literature on homogenization, is devoted
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to the following problem: characterize the matrices A"™ or the fourth-order tensors
B which can be found starting respectively from a symmetric matrix A(x) or fourth-
order tensor B(x), whose elements are periodic and bounded functions on a sub-domain
of IR". To that aim, one has to prove accurate estimates satisfied by A"™ or Bhom
and possibly show that they are attained, namely that the involved inequalities turn into
equalities when A or B are suitably chosen. For instance, if one restricts the analysis to the
case of isotropic matrices associated to two-phase media, whose periodicity cell contains
two given materials in fixed proportions, the inequalities satisfied by the corresponding
homogenized matrix are the famous Hashin-Shtrikman bounds [9], which are regarded as
a central result in the theory of composite materials; it is also well-known that optimal
media in this respect are stratified composites of rank one. We refer to Chapters 6 and
13 of the book [10], and references quoted therein, for a review on this subject.

The same kind of problem may be considered, within our measure approach, for low-
dimensional structures. Indeed, one can wonder what kind of matrices or fourth-order
tensors may be found, via the homogenization formulae (10) or (27), when the integrands
f and j are prescribed quadratic forms, and p belongs by assumption to a certain class
of measures.

We address to a forthcoming paper for the answer to such question under dimension and
mass constraints on fx [3].

The latter topic we would probe, is the scalar homogenization, by fattening approach, of
measures £ which are not p-connected in the sense of (C'1). More precisely, let us consider
the sequence of two-parameter integrals {Fs.} defined as in (6), replacing the measure

pe(x) = p(2) by pse(x) = ps(Z), where pis := ps * pu.

If p is p-connected, we have shown in [4, Section 6] that the passage to the limit with

respect to the two parameters ¢ and J is commutative; thus, the homogenized energy

Fy:=1T-— liH(l) F5() is independent of the asymptotic behaviour of §(¢) as € tends to zero,
£—

and it can be obtained simply applying Theorem 2.1 to the measure pu.

On the other hand, if x4 is not p-connected, the commutativity of the limit process becomes
false, and Fy may be a non-local functional, depending on the rate of convergence to zero
of = d(e). The explicit computation of Fy when p is associated to a fibred structure
in IR?, has been performed by capacitary methods in [1], where it was firstly pointed out
the appearance of non-local homogenized functionals.

The range of this phenomenon is in our opinion an extended one, as non-locality is strictly
linked to the lack of connectedness (see [4, Section 6] for a reinterpretation of the main
result of [1] in the framework of measures). Thus, we have tried to characterize the func-
tional Fy when p is non-connected, and we have got convinced of the following conjecture,
which so far we are not able to prove.

Suppose that we can write p as pt = ptq + - -+ + f4,, where the measures p; are mutually
singular, and each of them is p-connected. Take a sequence {u.} C C}(2) such that
sup{ Fse)e} < 4+00. The two-scale limit ug(z,y) of u. (intended in the sense of (43)),
will be given, for p-a.e. y € Y, by a function u;(z) belonging to Wy (Q). Therefore, we
expect that Fy will contain the sum of the diffusion energies related to each p;, that is

> o fPom(Vuy) do, where f™ are defined by formula (10) with p = p;.
i=1
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Nevertheless, one should also take into account that, if u. oscillate at scale ¢, say u.(x) =

ug(z,2) + ev(w, Z), a term of order —1 in ¢ appears in the gradient of u., due to the

dependence of ug on the rapid variable £. We think that such term is responsible for
the interaction between the different “connected components” pu; of 1, and we guess that
it can be somehow decoupled from the other terms, in such way that it produces the

non-local effect in the expression of Fj.

In order to describe in a proper mathematical way the energy created by the gaps between
the different values uy(x), us(z), ..., up(z) of ug(z,-), we are led to consider an auxiliary
sequence of variational integrals on the unit cell. For every A in the space M(T) of signed
periodic measures, set

Vw )
/ P52 ) dusey i A = wiasge, w € C(T)
Y 19

400 otherwise;

Ge(N) =

and assume that the sequence G.(\) I'-converges with respect to the weak * convergence
on M(T) to a functional Go(A). Then, by the growth condition from below satisfied by
f, it is easy to check that G(\) is finite only if A is absolutely continuous with respect to
i, with a density w satisfying (V,w)p = 0, hence constant on spt(su;), for i = 1,...,m.
Therefore G is completely described in terms of the real function g defined on IR™ by

setting
9(017 e 7Cm) = GO(ZCiUi) .
i=1

The statement of the conjecture is the following:

Z/ fhom(Vu,(z)) da + / glui(x), ... up(x))de if N\ = w; L,
Fo()\l, ey )‘m) = i=1 V& { u; € WOLP<Q)7

+00 otherwise.

Let us finally remark that, to our mind, the validity of this conjecture can be extended to
the case in which pus, instead of being ps x i1, is any approximating sequence for y which
guarantees suitable properties of convergence for the related functional spaces X ﬁ; (Q). In
particular, the above expression of Fjy can be used to recover the non-local homogenized
functional found by Bellieud and Bouchitté in [1].
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