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In the present paper we derive criteria for upper Lipschitz/Hélder continuity of the set of minimal points
of a given subset A C Y of a normed space Y when A is subjected to perturbations. To this aim we
introduce the rate of containment of A, a real-valued function of one real variable, which measures the
depart from minimality as a function of the distance from the minimal point set. The main requirement
we impose is that for small arguments the rate of containment is a sufficiently fast growing function. The
obtained results are applied to parametric vector optimization problems to derive conditions for upper
Holder continuity of the performance multifunction.
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1. Introduction

Rate of convergence and Lipschitz type properties of solutions to perturbed optimization
problems are fundamental topics of stability analysis in scalar optimization. The list of
contributors to the subject is long and contains for instance [24], [14], [16], [26], [17], [27],
[19], [20], [28], and many others. In vector optimization the results on Lipschitz continuity
of solutions are scarce and concern mainly some special classes of problems, for linear case
see eg.[10], [11], [12], for convex case see eg. [9], [13].

In the present paper we investigate upper Hélder continuity of the set of minimal points
Min(A|K) with respect to cone I C Y of a given subset A C Y of a normed space Y
when A is subjected to perturbations. We express perturbations by a certain multivalued
mapping ', defined on a space of perturbations U, with I'(ug) = A, and consider the
family of problems (P,) of finding Min(I'(u)|K) . Upper Hblder property at u, ensures that
the distance of a solution of perturbed problem (P,) to the set of solutions of unperturbed
problem (P,,) can be estimated via the distance of perturbation ||u — ug|| raised to some
power ¢ . Hence, upper Holder property is of interest when it is impossible or too dificult
to deal with the original problem and one wants to know the magnitude of the error
made by accepting a solution of perturbed problem as a solution of the original problem.
For instance, numerical representations of problems lead to perturbations due to finite
precision. The upper Lipschitz property (upper Hélder property with ¢ = 1) has already
appeared in investigation of stability of different problems; see eg [21], [22].

In Section 3 we introduce the rate of containment of a set A with respect to K, which is a
function of one variable and measures the depart from minimality as a function of the dis-
tance from the minimal point set. This is a nondecreasing function, in general nonconvex,
even for convex sets. In Section 4 our main result is Theorem 4.2 which gives conditions
for upper Holder continuity of minimal point multifunction M (u) = Min(I'(u)|K) at a

ISSN 0944-6532 / $ 2.50 (© Heldermann Verlag



328 E. M. Bednarczuk / Upper Hélder Continuity of Minimal Points

given point ug . The essential requirement of Theorem 4.2 is that the rate of containment
of the set I'(ug) is a sufficiently fast growing function for arguments close to zero. In
Section 5 we apply the obtained results to vector optimization problems. In Theorem 5.5
we give conditions assuring upper Holder continuity of the performance mulifunction of
parametric vector optimization problems. These conditions are expressed with the help
of the notion of strong minimal solution which can be viewed as a generalization of the
notion of ¢p—local minimizer as defined by Attouch and Wets ([2],[3]).

Throughout the paper we assume that (Y, ||-||) is a normed space and K is a closed convex
pointed cone in Y . Let A C Y be a subset of Y. We say that y € A is a minimal point of
A with respect to K if (y —K)NA = {y}. By Min(A|K) we denote the set of all minimal
points of A with respect to K. We say that the domination property, (DP), holds for A
if AcC Min(AIK)+ K.

2. Containment Property

By B(a,r) we denote the open ball of radius r and centre a, B(0,1) = B. For any subset A
of Y and any y € Y we have d(y, A) = inf,c4 [|[y—al and B(A,e) ={y € Y | d(y, A) < e}.

Definition 2.1 ([6])(Containment property). We say that the containment prop-
erty (CP) holds for a subset A C Y of Y if for every € > 0 there exists 6 > 0 such
that

[A\ B(Min(A|K),e)] + B(0,9) C Min(AIK) + K. (1)

If Min(A|K) is closed, (CP) implies (DP). Properties of (C'P) are investigated in [6],
[7].

The following proposition gives a purely topological proof of the equivalent form of con-
dition (1) for cones with nonempty interior .

Proposition 2.2. Let K be a closed convex pointed cone inY , int KK #0, and ACY a
subset of Y . The following are equivalent:

(i) (CP) holds for A
(i) for each ¢ > 0 there exists 6 > 0 such that each y € A\ B(Min(A|K),e) can be
represented as

y=n-+k, where ne Min(AK),k+ B(0,0) C K. (2)
Proof. (i) — (i7). For any 0—neighbourhood O, define
Ko={keK|k+0OCK}.

Clearly, we have int C = (Jycp Ko . We show that for any 0—neighbourhood @ there
exists a 0—neighbourhood O such that

(Min(A|K) + ’C)Q C Min(A|IK) + Ko, (3)

where (Min(A|K)+K)g ={y € Y | y+Q C Min(A|K)+K} . Indeed, let a € (Min(A|KX)+
K)g,ie., a+Q C Min(A|K)+ K. Since 0 € cl(—K), for any 0—neighbourhood @ there
exists a 0—neighbourhood O such that QN (—/Kp) # 0. Thus, there exists ¢ € QN (—Ko)
such that a + ¢ € Min(A|K) + K, and consequently a € Min(A|K) + Ko .
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Suppose now that (C'P) holds for A, ie for each 0—neighbourhood W there exists a
0—neighbourhood @) such that for any y € A\ (Min(A|K) + W)

y € (Min(AIK) +K)q,

and by (3), for some 0—neighbourhood O, y € Min(A|K) 4+ Ko .
(17) — (i) . Obvious. O

3. Rate of Containment

Denote
A(e) = A\ B(Min(A|K),¢).

Definition 3.1 (Rate of containment). The function p: Y — R defined as

wy) = sup J. (4)
60>0:
y=n+k,
n € Min(A|K),
k+0BCK

is the rate of containment of y with respect to A and K.

The rate of containment of a set A with respect to K is the function 6 : R, — R
defined as
5(e) = inf p(y).

yEA(e)

We have {y € Y | u(y) > —oo} = Min(A|K) + K. For y € Min(A|K), it is u(y) = 0. For
y & Min(A|KC, the value p(y) gives the maximal radius = such that k +rB C IC, where
ke€y— [Min(AIK)N (y—K)] € K. In this sense, u(y) can be viewed as a measure of
depart from minimality of y. Consequently, §(¢) is the minimal depart from minimality
over all y € A whose distance from Min(A|K) is not smaller than . If int = (}, then
wu(y) =0 for any y € Min(A|K) + K.

If Min(A|K) is closed, then (DP) holds for A if and only if 6(¢) > 0 for ¢ > 0.

Now we define an auxiliary function for C. The function cont : L — R, , defined as
cont(k) =sup{r | k+rB C K}

is called the cone containment function. The function cont is positively homogeneous,
i.e., cont(Ak) = X cont(k) for A > 0, suplinear, i.e., cont(ki+ ko) > cont(k1)+ cont(ks), for
k1, ks € IKC, and hence cont is concave on K. Thus, we can rewrite the rate of containment
0 as follows
d(e) = inf sup cont(y —n).
YEA(E) ne Min(A|K)N(y—K)

In Proposition below we give conditions for the supremum in the definition of p to be
attained. These conditions allow us to express containment property (C'P) through the
rate of containment ( see Proposition 3.4).
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Proposition 3.2. Let Y = (Y, || -||) be a normed space. Let K be a closed convex pointed
cone inY, intKC#£0, and let ACY be a subset of Y .

Under one of the following conditions:

(i) Min(A|K) is weakly compact,

(i) Min(A|K) is bounded weakly closed, and IC has a weakly compact base,

for anyy € Min(A|IC)+IC, there exists a representationy = n,+k, , withn, € Min(A|K),
and k, + p(y)B C K.

Proof. Let y € Min(A|K)+K . For any o > 0, one can find a representation y = 1, +k, ,
Na € Min(A|K), ko € K, ko + cont(k,)B C K, satisfying

cont(ky) < p(y) and cont(ky) > pu(y) — .

We start by proving that under any one of the conditions (), (i7) an element y can be
represented in the form

y =10+ ko, (5)
where 19 € Min(A|K), ko € K, no = lim, 1 , ko = lim,, k, .
In the case (i), since Min(A|K) is weakly compact, there exists a weakly convergent
subnet of the net {n,}. Without loss of generality we can assume that the net {n,}

weakly converges to some 1y € Min(A|K). Since K is closed and convex, the net {k,},
ko =y — no , converges weakly to kg € K, and y = no + ko .

To prove (5) in the case (i7) suppose that © is a weakly compact base of K, k, = A\o0a,
Ao > 0, and {6,} C © contains a weakly convergent subnet. Without loss of generality
we can assume that {6,} converges weakly to some 0, € ©. Since Min(A|K) is bounded
and [|6]| > M, for all 6 € © we get

My 2 [ly = nall = Aallfall = Moda

for some positive constants My, M;. This implies that {\,} is bounded, and thus the
net {k,} contains a convergent subnet, i.e., we can assume that {k,} weakly converges to
some kg = Aoy € K. In consequence, by the weak closedness of Min(A|K), 1, =y — kq
converges weakly to some 19 € Min(A|K) and we get a representation y = g + ko .

To complete the proof we show that ky + u(y)B C K. On the contrary, if it were kg +
w(y)b & K, for some by € B, by separation arguments it would be

f(ko + p(y)bo) <0 < f(k) fork ek,

for some f € K*, K* = {f € Y* | f(k) > 0} . By the weak convergence of {k,} to ko,
and {(cont(k,) — pu(y))bo} to zero we would have

f (ko 4 cont(ka)bo) = f(ko+ p(y)bo) + f(ka — ko) + f([cont(ka) — p(y)]bo) <0,

which would contradict the fact that k, + cont(k,)B C K. O

In the example below we calculate p(y) for y from the closed unit ball.
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Example 3.3. Let Y = R?, and A = clB, and K = {(y1,52) € R* | y1 > 0 yo > 0}.
Clearly, (DP) and (C'P) holds for A, and

Min(A|K) = {(n,m2) € A m2=—4/1— ni, —1<mn <0}.

For any y € A, put Min(A|K), = Min(A|K) N (y — K). For any representation of 0 in
the form 0 = n+k, , where n € Min(A|K), k, € K, we have n = (n1,12) € Min(A|K), =
Min(A|K),

) V1-n} for —1<m <—-1/V2
t(k,) = — 1—n?) = 1 )
cont(ky) = min{—n, i} { . for  —1/v2<m <0

and (0) = supy_;<,, <o} cont(k,) = 1/v2. For y = (y1,12) € A, with y >0,

Min(A|K)y = {(m, n2) € Min(A|K) | 2 = —/1—nf, —1 <m <min{0,y1}},

and

w(y) = max min{y; — 1, y2 + /1 —m}.

{=1<m <min{0,y1}}

For any y = (91792) €A792<07

Min(AlK), = {(m.ne) € Min(AIK) | 5o = —/1 2, —/1 3 < m < min{0,51}},
and

max min{y; — 1, y2 +1/1 —ni}.

wy) =
{—/ 1—y2<m <min{0,y1 }}

Let
domd={ce€ R|d(e)<+oo}.

The following properties of the rate of containment are direct consequences of the defini-
tion.

1. The rate of containment ¢ : R, — R is nondecreasing. Indeed, let €1,eo € domd,
€1 > €2 > 0. Then A(e1) C A(e2), and consequently 0(e1) = infyeac,) p(y) > d(e2).
2. Assume that there exists at least one n € Min(A|K) which is not an isolated point of
A . Suppose that one of the conditions hold:
(i) Min(A|K) is weakly compact,
(ii) Min(A|K) is bounded and weakly closed, and K has a weakly compact base.
Then lim. o d(¢) = 0. Indeed, suppose that
+o0o > d(e,) = inf p(y) >c
yEA(en)
for some &, — 0 and ¢ > 0. Hence, for each n and y € A(e,) it is u(y) > ¢. By
assumption, one can choose y, € A(ey,), yn — 1 € Min(A|K) . Since p(y,) > ¢, there
exists a representation y, = n, + kn, n, € Min(A|K), k, + ¢B € K. By (i) or (i),
n = no + ko, where lim, n, = ny € Min(A|K), lim, k, = ko € K (for details see
the proof of Proposition 3.2 above). Consequently, ky = 0, but on the other hand,
ko + ¢/2B C K, which is a contradiction. This proves the assertion.
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3. Let A CY beasubset of Y. Let K C Y be a closed convex cone in Y, int  # 0.
Then, (C'P) holds for A if and only if §(¢) > 0 for ¢ > 0. The "only if" part follows
directly from Proposition 2.2. To prove the "if" part take any ¢ > 0. We have
d(e) = ¢ > 0, and consequently, u(y) > ¢, for any y € A(e), which means that there
exists a representation y = n, +k, , n, € Min(A|K), k,+cB C K. Thus, (CP) holds.

4. Let A CY be a convex subset of Y . Under one of the conditions:

(i) Min(A|K) is weakly compact,
(ii) Min(A|K) is weakly bounded, and K has a weakly compact base

we have
5(e) = inf = inf ,
(e) o | 1(y) ot 1(y)
where A.(e) ={y € A | d(y, Min(AIK)) =€}, and Ag={y e A| B > d(y, Min(A|K))
> e}

Proposition 3.4. Let K C Y be a closed conver cone in'Y , int K # (0. Let A be a
nonempty subset of Y and let (C'P) holds for A. Under one of the following conditions:

- Min(A|K) is weakly compact,

- Min(A|K) is bounded and weakly closed, and IC has a weakly compact base,

for any € > 0 we have

(i) A(e)+d(e)B C Min(AIK)+ K,

(ii) eachy € A(e) can be represented in the form y = n, + k, , where n, € Min(A|K),
k,+d(e)-BCK.

Proof. (ii). Follows directly from Proposition 3.2.
() . Follows from (i) . O

4. Upper Holder Continuity of Minimal Points
Let U = (U,|| - ||) be a normed space and let I' : U — Y be a multivalued mapping.

In this section we investigate the multivalued mapping M : U — Y defined as
M (u) = Min(T'(u)|) ,

where I' : U — Y is a given multivalued mapping. M is called the minimal point
multivalued mapping. As defined in Section 5 the performance multivalued mapping
of a given parametric vector optimization problem is a minimal point multivalued mapping
M for some T.

A multivalued mapping F' : U — Y is said to be upper Lipschitz at ug with constant L
(see eg [21, 22, 23]) if there exists a neighbourhood Uy of uy such that F(u) C F(ug) +
L||u — ug|| B for u € Uy . This property has been used in [21, 23] to investigate behaviour
of parametric generalized equations.

Definition 4.1. Let F': U — Y be a multivalued mapping. We say that F is:

- upper Holder at uy, with order ¢ and constant L if there exists a neighbourhood
Up of ug such that F(u) C F(ug) 4+ L|ju — up||9B for u € Uy,



E. M. Bednarczuk / Upper Hélder Continuity of Minimal Points 333

- lower Hélder at uy with order ¢ and constant L if there exists a neighbourhood
Uy of ug such that F(ug) C F(u) + L||u — u||?B for u € Uy,

- lower Lipschitz at uy with constant L if F'is lower Hélder at ug with order ¢ = 1
and constant L,

Following [4], we say that F' is Lipschitz around uo with constant L if there exists a
neighbourhood Uy of ug such that F'(u;) C F(ug) + L|ju; — uz|| B for uy, uy € Uy. We say
that F' is Holder around uy with order ¢ and constant L if there exists a neighbourhood
Uy of ug such that F(uy) C F(ug) + L|juy — ua||?B for uy,uy € Uy .

Lipschitzian/Hélderian continuity of F' around wy implies that F' is lower and upper
Lipschitz/Hélder at ug, but not conversely.

In the theorem below we give sufficient conditions for upper Holder continuity of minimal
point multifunction M.

Theorem 4.2. Let Y = (Y| - ||) and U = (U, || - ||) be normed spaces. Let K C Y be
a closed convex pointed cone in'Y , int K # 0. Let ' : U — Y be a multivalued mapping
which is upper Héolder with order €1 and constant Ly and lower Hélder with order {5 and
constant Lo at ug .

Suppose that one of the following conditions hold:

(i) Min(I'(up)|K) is weakly compact,
(i) Min(I'(up)|K) is bounded and weakly closed, and K has a weakly compact base.

If the rate of containment § of I'(ug) satisfies the condition §(g) > c¢- P, with ¢ > 0, then

min{¢y,l9}

1
Li+ Ly \ 7 ,
M(u) - M(UO) + (Ll —+ ( 1 —Z 2) )Hu . uOHmm{(h?} B

for all u in some neighbourhood of uy .

Proof. By the upper Hélder continuity of T",

D(u) C T(ug) + Lillu — uol|* - B
’ Li+L 1 min{ly,09}
C[M(Uo)+L1‘||U—U0||l'f?ﬂL(%)p‘HU—UOH » - BJU

min{¢,05}

UL (uo) \ (M (uo) + (BEE2) 7 |l — wol| ™ 7 - B)) + Ly - lu — uo|| - B,

for w in a neighbourhood Uy of uy. By the lower Hélder continuity of I', there exists a
neighbourhood U, of ug such that T'(ug) C T'(u) + La|ju — ug||? B for u € Uy .

Take any

lu = uoll ™ - B)) + Lallu — o - B,

y € I'(u) N [(T(uo) \ (M(uo) + (Ll + LQ) g min{e1.65})

C

1
where u € Uy N U1 We have y = v + by, where v € T'(ug) \ (M (uo) + (#52)7 [Ju —
min{fy,0o}

UoH p -B),bleLlﬂu—uoHel-B.
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In view of (i), and (ii), by Proposition 3.4, any z € I'(ug) \ [M(ug) + - B], e > 0, can
be represented in the form z =17, + k,, n, € Min(I'(uo)|K), k, + (e) - B C K. Hence,

Li+ Ly
C

1
P min{{q,09}
VZWH%,??VEM(Uo),kmLﬂ( ) lu =l » ) BCK.

By the lower Holder continuity of ',

Ny = +by, 1 €L(u), by € Lo|ju—ul|® - B

and consequently, since d(g) > ¢ - €,

y_'Yl—’Y‘f‘bl n'y+62_n'y+k +b1 'I’]/Y+b2 (6)
C k, +(L1+L2)||u—u [|min{ert2} . B
min{¢; 69}
C ko + 8((LEEL2) b [l — |5 ) B C K.

This proves that for u € Uy N U;we have

L —+ L min{¢ 1 Lo}
M (u) N [(T(ug) \ (M (ug) + ( ! 2) Li|u — upl| “B)) + Ly|lu —uo||® -B]=90.
Hence,
’ Lit+Lo 1 mm{fl Lo}
M(u) C M(up) + Ly - ||Ju — ug|[** - B+( )p ||lw — uo| - B
1 . mln{ll o}
C M(up) + (L1 + (BEL2) 7 [|u — ap ||™™ B,

for u € Uy N Uy, which completes the proof. Il

Corollary 4.3. LetY = (Y, | -||) and U = (U,|| - ||) be normed spaces. Let K C'Y be a
closed convez pointed cone in'Y , intIC # (. Let T' : U — Y be a Lipschitz multivalued
mapping around ug with constant L .

Suppose that one of the following conditions hold:

(i) Min(I'(ug)|K) is weakly compact,
(i) Min(T'(up)|K) is bounded and weakly closed, and K has a weakly compact base.

If the rate of containment § of I'(ug), satisfies the condition 6(¢) > c-e, with ¢ > 0, then

the minimal point multivalued mapping M is upper Lipschitz at ug with constant @ .

Corollary 4.4. Let Y = (Y,| - ||) and U = (U,|| - ||) be normed spaces. Let K C'Y be
a closed convex pointed cone in'Y , intkC # 0. Let I' : U — Y be a Hblder multivalued
mapping with order q and constant L around uyg .

Suppose that one of the following conditions hold:
(i) Min(T'(uo)|K) is weakly compact,
(ii) Min(I'(uo)|K) is bounded and weakly closed, and K has a weakly compact base.

If the rate of containment § of I'(ug), satisfies the condition §() > ¢ - P, with p > 1
and ¢ > 0, then the minimal point multivalued mapping M is upper Holder at uy with

constant (L + ( ) /p> and order ﬁ.
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In the Introduction we indicated some situations where upper Holder continuity has a
natural significance. One more example of such a situation comes from parametric vector
optimization. Theorem 6.4 of [6] and Theorem 6.2 of [7], reveal the importance of upper
type continuities of the performance multivalued mapping (see Section 5) in deriving
criteria for continuity of solutions to parametric vector optimization problems. We should
mention here that Holder continuity of the minimal point multivalued mapping M around
a given point ug, which is also of interest, constitutes the subject of a separate study.

5. Vector Optimization Problems

In a series of publications Attouch and Wets [1],[2], [3] developed an approach to investi-
gation of quantitative stability of variational systems as defined by Rockafellar and Wets
[25]. These authors prove Lipschitz and Hélder continuity of solutions to scalar minimiza-
tion problems under perturbations for ¢—local minimizers. Given a function f: X — R
an element x; € X is called a ¢—local minimizer of f if f(y) > f(xs) + &(|ly — x¢]|) for
all y in some ball around z;, with ¢ being an admissible function, i.e. ¢ : Ry — Ry,
¢(t,) — 0 implies ¢, — 0.

In this section we use similar approach to investigate stability of vector optimization
problems.

Let X be a normed space. Let f : X — Y, and Ay C X . The vector optimization
problem
K —minf(x) (7)
subject to x € Ag

consists in finding all x € S(f, Ag, K) = {x € Ay | f(x) € Min(f(Ap)|K)}, Min(f(A)|K)
={y e f(A) | (y = K)N f(Ao) = {y}}, (see Jahn [15], Luc [18]).

Definition 5.1. The solution set S(f, Ay, K) is called ¢—strong or ¢—dominated if for
each x € Ay, d(z,S(f, Ao, K)) < p, there exists s, € S(f, Ag, K) such that

f(@) = f(s2) + ol = s:ll) - B, ie, f(2) = f(s2) = ([l — s:l) - B e K,

for some admissible function ¢ : Ry — R, and p > 0.

Definition 5.2. The solution set S(f, Ao, K) is strong of order p with constant ¢ > 0 if
for each © € Ao, d(z, S(f, Ao, K)) < p,p > 0, there exists s, € S(f, Ao, K), ||z — s.|| < 0,
such that

@) = fls) ez —silP - B, i, f(2)— f(s,) —clz—sall?- BeK.

Proposition 5.3. Let X = (X,||-||) and Y = (Y,|| - ||) be normed spaces. Let I C'Y be
a closed convex pointed cone in'Y |, int K # (), and let Ay C X be a subset of X .

Let f : X — Y be a Hélder mapping with constant L and order q, and let f(Agy) be
convex. Assume that there exists €9 > 0 such that for any x € Agy

g0 > d(f(x), Min(f(Ap)|K)) implies d(x, S(f, Ag,K)) <0, ()

and one of the conditions hold

(i) Min(A|K) is weakly compact,
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(ii) Min(A|K) is weakly bounded, and KC has a weakly compact base.

If the solution set S(f, Ao, K) is strong of order p > q with constant c, the rate of con-
tainment of the set f(Ag) satisfies
C P

5(8) = Lp/qgg’

fore <egg.

Proof. Put B = f(Ay). Take any 0 < € < gy, and y € B, (¢). Hence, y = f(z),z €
Ag, €0 > d(f(z), Min(f(A0)|K)) > e. By (%), d(x, S(f, Ao,K)) < §. Since the solution
set S(f, Ao, K) is strong of order p, p > ¢, there exists s, € S(f, A, K),d(x,S(f, Ay, K)) <
p, p > 0, such that

f(@) = fse) +elle — s:|”- B C K.

By Hélder continuity of f,

C

T lf (@) = Fso)lls < ellr — a1

and we obtain

F(@) = f(s2) + Tl f@) = F(s2)]

SIS

‘B C f(x) — f(sz) + ||zt — 5|7 - BCK.

Finally,
C P C P
F(&) — Flss) + —aeh - B C F(&) — Flss) + 7l ) — Fls)lF-B K.
By the convexity of B, §(¢) > sz/q»s% . O

Remark 5.4. We say that a norm || - || in Y is nondecreasing if for any y € Y and k € K
we have ||y+k&|| > |ly]| . If norm ||- || in Y is nondecreasing, and the solution set S(f, Ao, K)
is strong of order p with constant ¢, then ||f(z) — f(sz)]| > c||z — s.|*, for any z € Ay,
d(x,S(f, Ao, K)) < p, and some s, € S(f, Ay, K).

Let f: X =Y, Ay C X. Let A:U — Y be a set-valued mapping defined on a normed
space U such that A(ug) = Ag. We consider parametric vector optimization problem (P,)

of the form
K —min f(x) (8)
subject to z € A(u)

(P,,) coincides with problem (7). The performance multivalued mapping P: U — Y
is of the form

P(u) ={y € f(Aw)) | (y = f(A(u))) N f(A(w) = {y}},

and P(ug) = Min(f(Ap)|K). Note that the performance multivalued mapping P is a
minimal point multivalued mapping M with I'(u) = f(A(w)). The solution multivalued
mapping S : U — X takes the form

S(u)={r€ X | f(z) € P(u)},
and S(uo) = S(f, Ao, K).
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Theorem 5.5. Let X = (X,||-|), Y =, |-1), U= (U, -|) be normed spaces. Let
K CY be a closed convex pointed cone in Y , int K # 0, Ay C X a subset of X, and let
f: X =Y be a Lipschitz mapping defined on X , with constant L. Let f(Ay) be convex
and condition (%) of Proposition 5.3 hold.

Assume that the solution set S(f, Ao, KC) of (7) is strong of order p, p > 1, with constant
c >0, and one of the following conditions holds:

- Min(f(A0)|K) is weakly compact,

- Min(f(Ao)|K) is bounded and weakly closed, and K has a weakly compact base.

For any parametric problem of the form (8) such that A is Hélder around uy with order
¢ and constant Ly, the performance multivalued mapping P is upper Holder at ug with

1
order f; and constant (LL1 + (%)’J :

Proof. For the proof it is enough to observe that f(A) : U — Y, being the image of the
Hoélder multivalued mapping A : U — X under the Lipschitz mapping f : X — Y ,is a
Hoélder multivalued mapping.

Since A is Hélder around ug, there exists a neighbourhood Uy of ug such that A(u;) C
A(ug) + Liljuy — ug||*B, for ui,ugy € Uy, i.e., for each a; € A(u;) there exists ay € A(uy)
such that |la; — as|| < Li||Ju; — uso||®. Since f is Lipschitzian with constant L we obtain

1f(a1) — fla2)|| < Lllar — as| < LLy|Jur — ual|,

for uy,us € Uy. The conclusion follows from Corollary 4.4 and Proposition 5.3. O
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