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For a convex function, we consider a space decomposition that allows us to identify a subspace on which
a Lagrangian related to the function appears to be smooth. We study a particular trajectory, that we call
a fast track, on which a certain second-order expansion of the function can be obtained. We show how
to obtain such fast tracks for a general class of convex functions having primal-dual gradient structure.
Finally, we show that for a point near a minimizer its corresponding proximal point is on the fast track.
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1. Introduction and motivation

Consider the problem
i 1
min f(z), (1)
where f is a convex function. A classical conceptual algorithm for solving (1) is the
proximal point method, based on the Moreau-Yosida regularization of f, [14], [21], [8],
[18]. ITmplementable forms of the method can be obtained by means of a bundle technique,
alternating serious steps with sequences of null steps, [1], [3], [4].

More recently, new conceptual schemes for solving (1) have been developed by using an
approach that is somewhat different from Moreau-Yosida regularization. This is the V-
theory introduced in [7] and further studied in [10], [12], [11], [16]. The basic idea is to
decompose IR" into two orthogonal subspaces V and U depending on a point in such a
way that near the point f’s nonsmoothness is concentrated essentially in V. When f
satisfies certain structural properties, it is possible to find smooth trajectories, tangent to
U, yielding a second-order expansion for f. The resulting Vif-algorithms make a step in
the V-subspace, followed by a U/-Newton move in order to obtain superlinear convergence.
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However, implementability depends on being able to approximate these subspaces well
enough.

The purpose of this paper is to determine links between the two schemes mentioned above.
More specifically, we uncover the relation between the proximal point mapping and a
particular smooth trajectory, or fast track, defined from VU-space decomposition theory.
We address purely theoretical questions here as a prerequisite for future development of
rapidly convergent implementable algorithms. Along the lines of [7, §§ 4.3] and [10, § 3],
such algorithms will exploit the smoothness on the U-subspace of a certain Lagrangian for
f in order to apply Newton-like methods on the fast track. Implementability via bundling
techniques will follow from the crucial relation between fast tracks and the proximal points
established in Theorem 5.2 below.

Our paper is organized as follows. We start by recalling the main elements of the VU -space
decomposition theory in § 2. The new concept of a fast track is defined in Section 2.3.
Initial properties of fast tracks are given in Section 3. We show how to obtain fast
tracks for a large class of functions in Section 4. This class, consisting of functions with
primal-dual gradient (pdg) structure, was introduced and thoroughly studied in [12]. In
Theorem 4.2 we show that a pdg-structured function that satisfies strong transversality
at a minimizer has a fast track. Moreover, for such fast tracks the VU-decomposition
has certain basis matrix functions that are C' on a ball about 0 € . In Section 5 we
give our main result, relating proximal points to fast tracks. In addition, we show that a
Newton-step based on the Moreau-Yosida regularization is equivalent to a proximal step
followed by a Newton-step in the /-subspace. We finish in Section 6 with some concluding
remarks on current algorithmic research contained in [13].

For algebraic purposes we consider (sub)gradients to be column vectors. For a vector
function v(-), its Jacobian Ju(-) is a matrix, each row of which is the transposed gradient
of the corresponding component of v(-). The identity matrices in IR, R*™ ¥ and R*™Y
are denoted, respectively, by I, I;;, and I,,. Given a set Y, we denote by linY its linear
hull.

2. Some elements of Vi/-theory

Here we introduce some important concepts needed for our development, namely, VU-
space decomposition, U-Lagrangians and fast tracks.

2.1. VU-space decomposition

We start by recalling some concepts from [7] and [12]. For a convex function f, let g
be any subgradient in 0f(z), the subdifferential of f at z € IR". Then the orthogonal
subspaces

V = lin(0f(z) — g) and U=Vt (2)

define the VU-space decomposition at T of [7, §2]: R" =U & V. From this definition, the
relative interior of 0 f (), denoted by ridf(Z), is the interior of Jf(Z) relative to its affine
hull, a manifold that is parallel to V.

Letting V be a basis matrix for V, not necessarily orthonormal, and letting U be an
orthonormal basis matrix for U every = € IR" can be decomposed into components x
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and xy as follows:

R'sz = 0 (Uz) + V ([VTV]—lwx)
= U Ty + Vv Ty ’ .
= Ty () Ty E]RdzmuXIRdlmv.

The reason why we do not assume that V' is orthonormal is because typical V-basis matrix
approximations made by bundle methods are not orthonormal.

Note that, since [V|U] is a basis for R", the identity in IR™ can be written as I =
oo™ + VIV

2.2. U-Lagrangians of convex functions

Given a subgradient g € df(z) with V-component gy = ([VTV]~'VT)g, the U-Lagrangian
of f, depending on gy, is defined by

R*™U 54— Ly(u; gy) := min {f(z+ Uu+ Vo) — g Vu}. (3)

vemdimv

Note that employing the scalar product induced by V™V yields the /-Lagrangian expres-
sion from (7], Ly(u; gy) = min,{f(Z + v ® v) — (gy,v)}. The vector gy in our notation
Ly(u; gy) plays the role of a multiplier vector, such as one that occurs in a Lagrangian from
constrained optimization, because multipliers coming from the subspace minimization in
(3) depend on gy.

Each U-Lagrangian is a convex function that is differentiable at v = 0 with
VL(0igy) =gu=U"g=U"g forall gedf(z). (4)
For u # 0 Theorem 3.3(¢) in [7] gives the following expression for each subdifferential:
OLy(vw; 9v) ={9u : gu® gy € 0f(T +udw)} (5)
where Vw is an arbitrary element in W (u; gy), the set of V-space minimizers defined by

W (u; gy) == {Vv: Ly(u; gv) = f(Z+ Uu+Vv) — g Vo}. (6)

Whenever V2Ly,(0; gy) exists, those 7 + u @ w with Vw € W(u; gy) yield the following
expansion of f:

FE+u@w) = f() + 5 @O w) + 0 VigOw)uto(ul?). (1)

Furthermore, when g € ridf(z), each w € W (u; gy) is o(||u||]) ([7, Corollary 3.5]).

Next we develop and name a particular trajectory = + u & w.
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2.3. Fast tracks to minimizers

Definition 2.1. Let f : IR" — IR be a convex function with minimizer z € IR" so that
0 € 0f(z). We say that T + u @ v(u) is a fast track leading to a minimizer of f if for all
u small enough

(i) v : R*™Y  R¥™V is a C%function satisfying Vo(u) € Wiy (u;gy) for all g €

rid f(z); and

(ii)  the particular U-Lagrangian Ly (u;0) is a C*-function.

When we write v(u) we implicitly assume that dim & > 1 and dim) > 1. For the
remaining two cases we define u @ v(u) to be 0 if dim U = 0 and u if dimV = 0. O

Theorem 3.2(iv) in [7] establishes that Wiy (u; gy) is nonempty for all g € ridf(z). We
now show that a similar non-emptiness result holds for g = 0 € 0f(Z), not necessarily in
the relative interior, whenever condition (i) above holds.

Lemma 2.2. Let f : R" — IR be a convex function with minimizer * € IR". Suppose
that T + u ® v(u) satisfies condition (i) of Definition 2.1. Then Vv(u) € Wy (u;0) and
Lu(u0) = f(7 +u & v(u)).

Proof. If 0eridf(z), the result follows from (3), (6) with § = 0 and condition (7).
Otherwise, 0 € cldf(z), the closure of Jf(z). From Lemma II1.2.1.6 in [4], for any
g € ridf(Z), the convex combination ag + (1 — a)0 = ag is in ridf(z) for all a € (0, 1].
For purposes of contradiction, suppose that the result does not hold. Then there exists

w € R¥™Y such that f(z + u®v(u)) > f(z+Uu+Vw). Choose a positive and so small
that the small quantity ag"V (v(u) — w) satisfies

f@+udv(u) > f(@+Tu+Vw)+ag Viv(u) —w).

Then f(Z +u @ v(u)) — ag Vo(u) > f(z + Uu+ Vw) — ag™Vw, which contradicts the
fact that Vu(u) € Wy (u; agy), since ag € ridf(z). O]

Remark 2.3. The above proof can be modified to show that Vv (u) € Wy (u; gy) for all
g € 0f(z). So, the symbol “ri” could be deleted in Definition 2.1(z). However, we prefer
to keep it as written in order to have a smaller set of vectors to deal with when showing
satisfaction of (i), as for example in the proof of Theorem 4.2 below. O

The terminology “fast track” can be understood by examining the limiting differential
behavior of the trajectory under consideration:

Tangency to U: By [7, Corollary 3.5], since ridf(Z) is nonempty, condition (z) implies
that v(u) = o(||u||) and, hence,

v(0)=0  and Ju(0) =0. (8)

Thus, = + u @ v(u) is a trajectory leading to & which is tangent to U.

Minimality: Since Z minimizes f, 0 € df(Z) and relation (4) with g = 0 gives

VILy(0;9y) =0 forall gedf(z). 9)
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Thus, each Ly (u; gy) is minimized at v = 0 and any subgradient g € df(z) has the form
g=0® gy.

Second-order smoothness: Lemma 2.2, combined with the fact that L;(0;0) = f(z)
and with (9) gives the second-order expansion

Luw0) = f(& +u® vw)) = F(#) + 5u"V*L(0;0)u + of ul”) (10)

Equivalents of the above fast track properties are employed by many authors to obtain
rapidly convergent algorithms for minimizing maximum eigenvalue functions; see [17],

20], [6], [15], [16].

3. Additional properties of fast tracks

Here we give some consequences of our new VU-theory definition. Associated with a fast
track we define the matrices

By(u) :==U +VJv(u) and By(u):=V —UBy(u)'V (11)

of sizes n x dim U and n X dim V), respectively. Note that By(u) is the Jacobian matrix
of the fast track & + Uu + Vo(u). Also, since U and V' are orthogonal, and U'U = I,

U'By(u) =1y, and By(u)'V=V'V. (12)

Other properties of these two matrices are given in the following proposition.

Proposition 3.1. Let Z+u @ v(u) be a fast track as described in Definition 2.1. For all
u small enough the following hold:

(i) both By(u) and By(u) are C* with By(u) — U and By(u) — V as u — 0;
(ii)  both By(u)" By(u) and By(u)" By(u) are invertible matrices;

(111) [By(u)|By(w)] is a basis for R™ with By(u) and By(u) orthogonal; and
() for any g == gu ® gy € R"

By(u)"g = gu + Bu(u) Vgy and ~ By(u)'g = By(u) Ugy+V Vgy. (13)

Proof. From Definition 2.1(7), By(-) is C* and from (8), as u — 0, By(u) — U and,
hence, V™ By(u) — 0. As a result, By(-) is also a C* function and By(u) — V as u — 0
and (7) follows.

Since [V|U] is a basis for IR™, from (i) it follows that, for all u small enough, the columns
of By(u) and of By/(u) are also linearly independent, so (ii) follows.

We now abbreviate notation and drop the symbol (u) so that, for example, By, (u) becomes
By. From (11) and the first equality in (12),

BBy = (V7 =V ByU" ) By = V" By~ V' ByU By = V" By — V" By = 0,
which is the orthogonality needed to show (ii).

Finally, to see that both equalities in (13) hold, write g = Ugy +V gy and use, respectively,
the transpose of the first equality and the second equality in (12). Il
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From here on we assume that 0 € rid f(z) in order to eventually obtain differentiability of
basis matrix functions for the VU/-decomposition on a fast track and to be able to apply
the Implicit Function Theorem in the proof of Theorem 5.1 below.

Lemma 3.2. Let f : IR" — IR be a convex function with minimizer & € IR". Suppose
that 0 € ri0f(Z) and let T+ u ® v(u) be a fast track as described in Definition 2.1. For
each g € ri0f(Z) and all u small enough the following hold:

(i)  the gradient of Ly(-; gy) has the expression

V Ly(u; gy) = VLy(u;0) — By(u) ' Vgy.

Furthermore, V Ly(-;-) is a C-function on a ball about (u;gy) = (0;0) € U x V;
and
(i1)  the vector V Ly (u; gy) ® gy is in Of (T + u @ v(u)).

Proof. [(i)] From item (i) in Definition 2.1, Vv(u) is a minimizer in (3), which means
that

Ly (u; gy) = f(Z + u®v(u)) = g"Vo(u).
Lemma 2.2 together with the identity (V7)™ = (V™ Vgy)T yields

Ly(u; gv) = Ly(u;0) — g,V Vo (u).

Because the right hand side of this equation is differentiable with respect to wu,

VLy(u; gv) = VLy(u; 0) = (VJv(u)) Vay.

The first stated result follows from the fact that, by (11), (VJv(u))™V = (By(u)-U)"V =
By(u)™V, because UTV = 0.

Since 0 € ridf(z), the first stated result in (i) holds for all gy in a ball about 0 € V.
Thus, because V Ly (u; gy) is affine in gy, and both VL (u; 0) and By(u) are C! in u, by
Definition 2.1 (44) and (i), respectively, V Ly (u; gy) is C' in the pair (u; gy) about (0;0).
[(44)] Since here 0Ly (u;gy) is the singleton {V Ly (u;gy)}, taking w = v(u) in (5) gives
the desired result. O

Our next two theorems lay the groundwork for later obtaining VU basis matrix functions
along a fast track for certain functions with primal-dual gradient structure; see Section 4
below.

We let V(u) be the V-subspace relative to Z +u @ v(u) defined from 0f(Z +u @ v(u)) as
in (2) with z replaced by = + u @ v(u), i.e., for any gy € 0f(T + u ® v(u))

V(u) :=1in(9f(Z + u @ v(u) = go) - (14)

Theorem 3.3. Let f: R" — R be a convex function with minimizer T € IR™. Suppose
that 0 € ri0f(Z) and let T+ u ® v(u) be a fast track as described in Definition 2.1. For
all w small enough the following three statements are equivalent:

(i)  the matriz By(u) is a basis for V(u);
(ii)  the matriz By(u) is a basis for V(u)*; and
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(i) for all g € Of(T+ u®v(u))

By(u)"g = VLy(u;0).

(1) < (4i). This is straightforward from Proposition 3.1(i7).
In order to show [(ii) = (4i7) = (¢)] we use Lemma 3.2(:7) with g = 0 € ridf(z) to write

UV Ly(w;0) = UV Ly (u;0) + V0 = VLy(u;0) @0 € 0f (7 + u®v(u)). (15)
If (i) holds, then By(u)" (g1 —g2) = 0 for any g1, g» € Of (T+udv(u)), since g1 —g2 € V(u).
Thus, By(u)"g is the same constant vector (depending on u) for all g € Of(Z +ud v(u)).

Since from (15) the particular g = go := VLy(u;0) @ 0 is in 0f (T + u & v(u)), the left
hand side equality in (13) gives the right hand side constant in (7i7) as follows:

By(u)"go = By(u)’ <VLu(u; 0) ® O) = V Ly (u;0) + By(u) V0 = VLy(u;0).

If (i77) holds, then for any g := Ugy +Vgy € Of(T +u @ v(u)) the left hand side equality
in (13) yields VLy(u;0) = By(u)"g = gy + Bu(u)"V gy and, hence,

g—UVLy(u;0) = U(gu — VLy(u; 0)> +Vgy

= —UBy(u)"Vgy +Vgy
= (V-UBu(w)™V) gy
= BV(u)gV ’
by (11). Thus, each vector of the form
g — UV Ly(u;0) with g€ df(z+u®v(u)) (16)

is a linear combination of the columns of By (u). From (15), go := UV Ly(u;0) € 0f(Z +
u @ v(u)), so, from (14), all vectors of form (16) are in V(u) and, since V(u) is a linear
combination of all such vectors, By (u) is a basis for V(u). ]

Theorem 3.4. Let f : IR" — IR be a convex function with minimizer T € IR". Suppose
that 0 € ridf(Z) and let T+ u @ v(u) be a fast track as described in Definition 2.1. For
all w small enough let

¥(w) = Bu(u)[Bu(u)" By(u)] ™V Ly (u; 0) - (17)

Then the following hold:

(i) there exists a positive constant p such that for all z € R¥™Y with ||z|| < p the vector
v(u) + By(u)z belongs to Of(z + u @ v(u));

and if, in addition, any one of the three statements in Theorem 3.3 holds, then

(it) ~(u) 4+ By(u)z € ridf(Z + u & v(u)) for all z with ||z|| < 3p; and

(111) each fast track point T+ u @ v(u) is a unique minimizer of f on the corresponding
affine set T+ u @ v(u) + V(u).
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Proof. To abbreviate notation, we again drop symbols such as (u) and (u;0) so that, for
example, V Ly (u;0) becomes VL. By Proposition 3.1(iii), B),By is invertible. Hence,
(== —[BLBy] 'ByUV Ly is well defined, with ¢ — 0 as u — 0, by (9) and Proposi-
tion 3.1(7). Given z € R¥™Y and letting w := z + ¢, we claim that

(VLy(uw;0) — By(u) " Vw) & w = y(u) + By(u)z (18)

for all w small enough. To prove this claim, we consider these two vectors with respect
to [By|By], which is a basis for IR", by Proposition 3.1(ii7). Let G be the left hand side
vector in (18). Taking g = G in (13) gives

B&G =Gy + BZ;VGV =VLiy— B&Vw + B&Vw =VLiy
and

BL,G = BLUGy+VTVGy
— BYU(VIy— BiVw) + V'V

= —B\Byl—- By, UBJVw+ V™Vw [by definition of /]
= —B\Byl — B), (f/ — By)w +V Vuw [by (11)]
= —DB,Byl — ViVuw + B\, Byw + VTVw [by the second equality in (12)]
= DB} Byz. [by definition of w]

Altogether, we have that
B),G =V and B),G = B),Byz.

Our claim is established, because from (17) and the orthogonality of By, and By, given in
Proposition 3.1(iii), we have that

B), (v + Byz) = VI and By, (y+ Byz) = B|,Byz.
[(4)] Since 0 € 1i0f(Z), there exists py > 0 such that for w € R*™Y
0dweriof(z) if ||w| < po.
By Lemma 3.2(i) and (éi), if ||w|| < po, then for all u small enough
(VLy(u;0) — By(u) Vw) ®w € 0f (T +ud v(u)). (19)
Since pg > 0, there exist small enough p, p; > 0 such that
p+ 0l < po forall u € R¥™H such that |jul| < pi.

Let z € R¥™Y have arbitrary direction and length ||z|| € [0, p] and let w = z 4+ ¢. Then
|lw|| < po if ||u|| < p1, so, by (18) and (19), v + Byz is a subgradient of f at 7+ u ® v(u)
for all u small enough, and (7) follows.

[(i7)] Since any of the three equivalent statements in Theorem 3.3 holds, By(u) is a basis
for V(u), a subspace parallel to 0f(z + u ® v(u)) by (14). As a result, the topology
giving the relative interior of this subdifferential consists of relative balls of the form
Bs := {By(u)t: for any t € R*"Y with || By(u)t|| < &} for positive §. Take § so small
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that any corresponding ¢ satisfies ||t|| < p/2. Then, for all z with ||z]| < p/2, ||z +t|| < p
and from item (i), with z replaced by z + ¢, v + By(z + t) is a subgradient of f at
T+udv(u),ie, v+ Byz+ Bs COf(Z+u®v(u)) and the result follows.
[(4i7)] For any x € T+ u @ v(u) + V(u), d :=x — (T +u®v(u)) € V(u). Since By(u) is a
basis for V(u) and, by Proposition 3.1(¢i7) By(u) and By(u) are orthogonal, d and ~y(u)
are orthogonal too. From item (i), v(u) € ri0f(Z + u @ v(u)), so there exists a positive
n sufficiently small such that y(u) +nd € 0f(Z + u & v(u)). From the convexity of f it
follows that

f@) = f(@+u®o(u)+ (v(w) +nd)'d
f(@ 4 u®v(w) +nlld]*.

Thus, unless © =z +u @ v(u), f(x) > f(Z +u® v(u)), which implies (ii7). O

In the next section we show how to obtain fast tracks to certain minimizers of functions
with primal-dual gradient (pdg ) structure, as introduced in [12].

4. A class of functions having fast tracks

To support the usefulness of our fast track definition, we next study a large class of
functions for which such trajectories exist. The subdifferential of a function in this class
is allowed to have a continuum of extreme points and its shape is reflected in the shape of a
certain convex multiplier set A. If the underlying structure of such a function is known and
the nonlinear system (20) given below can be solved (as is done for the example functions in
[10], [11]), then the fast track functions v(u) and V2Ly(u; gy) can be computed. However,
for practical algorithm purposes we are content just to know that they exist.

4.1. Primal-dual gradient structure and Vi/-decomposition

Definition 4.1. We say that a convex function f : IR" — IR has primal-dual gradient
structure about € IR" if the following conditions hold:

There exists a ball about &, B(x), my + 1 + mqy primal functions

{fil)}iZo and {ge(x)}2
that are C? on B(Z) and a dual multiplier set A C R™ 2 guch that
(i) ze€P:={x € B(&) : pix) =0forl = 1,...,me} and f;(z) = f(z) for i =
0, 1, e, MMyy
(ii) for each z € P
F(e) = max{fi(z) : i =0,1,....m1}
(iii) A is a closed convex set such that

(a) if @ := (@0, QUmyy Ay a1y -« - s Omgtmy) € A then (ag, ..., Q) is an element
of the unit simplex in IR™ ™! given by

mi

Ay = {(ag, a1, ..y Q) Zozi: 1,0, >20,i=0,1,...,my},
i=0
(b) for each i =0,1,...,m; 1,41 € A, where 1; is the j® unit vector in IR™ 12,

and
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(c) foreach £ =1,2,...,ms there exists af € A such that afan # 0; and ozfmﬂ. =0
for i € {1,2,...,ma}\{¢};
(iv) for each x € P, g € Of(x) if and only if

mi+mg

9= aVfi@)+ DY aVeim(),
i=0

i=mi+1

where the multipliers o, o, . . ., Qg +m, Satisty

complementary slackness: «; = 0 if f;(z) < f(z) and i < my,
and

dual feasibility: o = (ag, a1, ..., Qm4m,) € A.

]

The class of pdg-structured functions appears to be quite large and includes maximum
eigenvalue functions as well as other convex functions such as some that are pointwise
maxima of finite or infinite collections of smooth functions, [10], [11].

In a forthcoming paper we will extend pdg-structure to a class of not necessarily convex
functions, similar to the amenable class [19, p. 442] in the sense of having desirable smooth
substructure, but different due to containing functions that are not regular [19, p. 260]
and containing regular ones that are not fully amenable [19, p. 443| such as maximum
eigenvalue functions. We will relate the new class to partly smooth functions [5] and give
expressions for manifold restricted Hessians and for second-order epi-derivatives [19, Ch.
13].

We say that a pdg-structured function f satisfies strong transversality at & when the
n X (my + msg) matrix
V= [{Vfi@) = V(@) F2 U{Veim, (2) 0]

i=mq

has full column rank. In this case, this V is a basis matrix for V, see [12, Lemma 4.4]
with K =1 :={0,1,...,m; +my}, the set of all primal function indices.

4.2. Fast tracks for pdg-structured functions

We now employ some results from [12, §§5,6] to show how to obtain a fast track satisfying
VU-decomposition “differentiability” for a pdg-structured function f that satisfies strong
transversality at a minimizer.

Relative to the function v;(-) defined next, let V;(u) := V(u) when v(u) = v;(u) in (14).

Theorem 4.2. Let [ be a pdg -structured function satisfying strong transversality at a
minimizer . Then, for all u small enough, the nonlinear system with variables u and v

fl(ii“FUU—t‘_/’U)_ —fo(f“—UU—{'V'U) = O, izl,...,ml (2())
Giemy (T + Uu~+ Vo) = 0, i=mi+1,....,m;+ms

has a unique C?-function solution v = vy(u) such that the corresponding matriz function

m1

=1

m1+m2 }

V() = [{Vfi(:Hu@vI(u)) — Vfo(inruEBvI(u))} U {Vgoi,ml(f—l—u@vl(u))}

i=mi+1

(21)
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is a C'-basis for Vi(u) and such that Vui(u) € W(u; gy) for all g € ri0f (7).

If, in addition, 0 € 1i0f(z), then the associated trajectory T + Uu+ Vur(u) is a fast track
such that all three statements of Theorem 3.3 and all three results of Theorem 3.4 hold with
v(u) = vr(u), V(u) = Vi(u) and By(u) and By(u) as defined in (11) with Juv(u) = Ju(u).

Proof. The following cited Definition 4.2, Lemma 4.4 and Theorems 5.1, 5.2, 6.1 and 6.3
are all from [12]. The assumption of strong transversality implies that the full index set
I is a basic index set, as defined in Definition 4.2. Therefore, from Theorem 5.1, written
with K = I, there exists a unique function v;(-) solving (20) which satisfies v;(0) = 0 and
has a continuous Jacobian

Jur(w) = =(V(u)"V) "W (u)"U satisfying Jv;(0) =0

where V' (u) is the matrix defined in (21) with linearly independent columns for u suf-
ficiently small. As a result, the trajectory Z + u @ v;(u) has a continuous Jacobian
U + VJur(u) (denoted by Ja(u) in [12]). Furthermore, V(u) is a C'-function, because
the primal functions are C? and T + u @ vr(u) is C*. Thus, Jur(u) is C*, so vr(u) is C2.
Moreover, from Lemma 4.4 with Z replaced by Z + u @ vr(u) and V replaced by Vi(u),
V (u) is a basis for V;(u) satisfying V(0) = V.

Strong transversality also implies that I is a dual feasible basic index set for each g €
J0f(x), as defined in Definition 4.2 (ii). Thus, for each g € ridf(z), the combination of
Theorem 6.1 with K = I and Theorem 6.3 with K = I gives Vv (u) € Wy (u; gy), and,
hence, v;(u) satisfies condition (z) of the fast track definition.

The same theorems yield the following expression for the Hessian of each L;;:

V2 Ly (u; gy) = (U+ VJur(u ))TH(U;?Jv)(U + VJUI(U)) :

where the n X n matrix function

mi1+ma
Zaz W2 (@ +udvw)+ Y () Vi, (7 +u @ vr(u))
i=mi+1
depends on gy via the C' multiplier vector function (ag(u),. .., Qmy1m,(w)) from The-

orem 5.2. Finally, since the primal functions and v; are C? functions, V?Ly(;gy) is
continuous for each g € ridf(z). In particular, when 0 € ridf(z), V2Ly(+;0) exists and
is continuous. Thus, the above results and the assumption that 0 € ridf(z) imply that
T4+ u@vr(u) is a fast track.

To show that the statements in Theorem 3.3 and all three results of Theorem 3.4 here
hold, we next show that U + VJur(u) is a basis matrix for V;(u)t. Since Jv;(u) — 0
as u — 0, the columns of U + V Juy(u) are linearly independent for all u small enough.
Furthermore, from the above expression for Juv;(u),

U7+ Juy(w)" VT V(u) = (()JTV(u) — U V() (VTV(w) VTV (u)

so U + V Jur(u) is a basis matrix for V;(u)t. O
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Remark 4.3. The above theorem shows that By(u) and V(u) are both basis matrices
for V;(u) which converge to V, a basis matrix for V = V;(0). Theorem 4.2 via Theo-
rem 3.4(zi1) also shows that z + u @ vy(u) is the unique minimizer of f on the affine set
T4+u@®vr(u)+Vr(u). In addition, combined with the definition of W (u; gy) in (6), it im-
plies that this fast track point minimizes f on another affine set, namely z+u®v;(u)+ V.
Thus, all three matrices B € {By(u),V (u),V} satisfy the property that there exists a
g € 0f(Z +u @ vr(u)) (depending on B) such that B'g = 0. Among these three ma-
trices, V' (u) is the one of practical importance, because it is the type of matrix that is
approximated by bundle methods, see [9, §5], for example. ]

5. Proximal points and fast tracks

We are now in a position to start our development to show that fast tracks attract proximal
points. In the following theorem we find implicit functions u(x) and gy(z) such that
u(z) — 0 and gy(z) — 0 as * — T and we make use of the symmetric n X n matrix
defined by
1 -1

J () :=By(u()) ;VQLu(U(x);év(w)) + Bu(u(x))" By(u(z))| By(u(z))".  (22)
The inverse in this expression exists because By (u)” By(u) — UTU = Iy as u — 0 and,
by convexity, Ly, has positive semidefinite Hessians. Also, because of the first equality in
(12), J(x) satisfies the following property:

By(u(z)U"J(x) = T (x). (23)

Theorem 5.1. Let f: IR" — R be a convez function with minimizer * € R". Suppose
that 0 € ridf(z) and let T+ u® v(u) be a fast track as described in Definition 2.1. Given
a positive parameter p, for all x close enough to & the nonlinear system with variables
(u, gy) and x given by

i(wu(u; gv) @ gv) - (rc —(T+uo v(U))) =0
has a unique C'-function solution (u,gy) = (u(m)@y(m)) such that 0 @ gy(x) € ridf(z),
(u(@). gv(@)) = (0,0), and

[ jglf/(g) } -

UTJ ()

pV VIV (1= @) | (24)

Proof. Note that (8) and (9) give, respectively, v(0) = 0 and V L(0;0) = 0. Therefore,
the triple (u, gy, z) = (0,0, Z) satisfies the system equation. Note also that, by Defini-
tion 2.1(7) and Lemma 3.2(7), the system function is C' on a ball about (0,0, ). So, now
we are in a position to apply the Implicit Function Theorem to this system, re-written in
its U and V components, as follows:

, 1

R 5 Sy (u, gy, x) = EVLM(U;gv) + u = (x—Zjy= 0
: 1

IRdszBSV<u7gV7x) = pgv + U(U) - (m—j)v: 0.
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S Si2
The corresponding Jacobian with respect to (u, gy) is S := , Where
Sa1 Sa
05, 1
S = a_u = —V2Ly(u; gv) + Iu,
u H
95, 1 _
Sy = =2 = —ZByu)'V, by Lemma 3.2(3)]
gy 7
Sy = % = Ju(u), and
0S5 1
Sag 1= a—,v = —Iy.
9v K

In particular, from (8) and the definition of By(u) and the fact that UTV = 0, this
Jacobian at (u, gy, ) = (0,0, Z) equals

1
“V2Ly(0;0)+1I; O
1
1
0 -1y
1
which, by the convexity of L, is an invertible matrix. Thus, the Implicit Function The-

orem gives the existence of the desired functions and, taking into account the definitions
of Sy, and Sy, the following expressions for their respective Jacobians:

Ju(z) X 88& X ~UT
— -5 L I : (25)
o5 _
Tgv (@) o (Vv

where S is evaluated at (u; gy) = (u(z); gy(x)). The following expression for S~ can be
verified by multiplication, or by using (A.8) and (A.9) in [2, p. 543], together with (22),

the transpose of the left equality in (12) or (23), and the fact that VJv(u) = By(u) — U
by (11):

o1 U J(z)U UTJ(x)V

~uVVITVTI@O VTV (1= (@)Y

Substituting this expression into (25) and writing the identity in IR" as I = UUT +
VIVTV]ZIVT yields (24).

Finally, to see that 0 @ gy(z) € ridf(Z) when x is close enough to Z, just recall that
gv(Z) =0¢€ Vand 0 € ridf(z). O

We mention in passing that the above implicit function result holds more generally with
1/p in the statement of Theorem 5.1 replaced by the inverse of an arbitrary positive
definite n x n matrix.
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Relation with proximal points Given a positive scalar parameter p, the proximal
point function, corresponding to f and u, at a given point x € IR" is defined by

, 1
p(w) == arg min {f(y) + s ully — [’}
yeR 2
Observe that the optimality condition giving the proximal point y = p(x) is the following:
there exists g € 0f(p(x)) such that ¢g= ,u(x - p(:v)) : (26)

Moreover, letting F(z) := f(p(xz)) + sp|lp(x) — z||* be the Moreau-Yosida regularization
of f at x, it can be shown that

9(x) = p(x = p(x)) = VF(z) (27)
is a Lipschitz continuous function of x, [14], [21], [18].

We now state our main result, and show that for a point near a minimizer of f its
corresponding proximal point is on the fast track.

Theorem 5.2. Let f : IR" — IR be a convex function with minimizer T € IR". Suppose
that 0 € 1i0f(Z) and let T+ u B v(u) be a fast track as described in Definition 2.1. Given
a positive parameter u, for all x close enough to T

p(z) =T +u(z) ©v(u(r)),

9(x) = VLy(u(z); gv(z)) & gv(x) = plx — p(x)) € 9f (p(x)),

and Jp(x) = J (), where u(x) and gy(x) are from Theorem 5.1 and J(x) is defined in
(22).
-1

1 B

In particular, p(z) =z, g(z) =0 and Jp(z) = U ;VZLU(O; 0)+Iy| U".

If, in addition, any one of the three statements in Theorem 3.3 holds, then
Bu(u(x)) " g(x) = VIn(u(x);0) and g(x) € 1idf (p(a))

Proof. Given z, the optimality condition (26) characterizes p(x) as the unique y € R"

for which there exists ¢ € Jf(y) such that ¢ = p(xr — y). For z close enough to z,
Theorem 5.1 shows the existence of (u(x), gy(x)) such that

% (VLu(u<x); gv(x)) ® §v<x>) - (a: — (@ +u(z)® v<U(fr>>) =0,

and 0@ gy(z) € 1i0f(z). When z is close to T, u(z) is close to 0, so Lemma 3.2 (ii) with
g :=0® gy(z) implies that

g 1= VLu(u(w); gv(x) © gul) = p(z— (2+ u(@) Do(u(2))) ) € Of (2 + u(x) Du(u(e))

Thus, p(x) = 7 + u(e) ® o(u(z)), 4z — p(x)) € O (p(x)) and, from (27), g(z) = g.
The expression for Jp(zx) is obtained by differentiating p(x) = = + Uu(x) + Vu(u(z)) and
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performing the following steps:

Jp(x) = UJu(z)+ VJv(u(x))Ju(z)

[UH?JU(U(J;)) 077 («) by (24)]
— Bu(u(2))U" I (x) [by (1)
= J(z). by (23)]

If Theorem 3.3 applies, then By(u(x)) is a basis for V(u(x)), By(u(x)) is a basis for
V(u(x))*, and, since

g9(x) € 9f (p(x)) = 0f (T + u(x) & v(u(x))),
By(u(x)) g(z) = VLy(u(z);0), so
9(x) = By(u(2))[Bu(u(x))" Bu(u(@))]”'V Ly(u(2); 0) + By(u(z))z(z),  (28)

where z(z) € R*™Y. Since g(x) — 0 as x — Z, z(x) — 0 also, because on the right
hand side of (28) By(u(x)) — U, VLy(u(x);0) — 0 and By(u(z)) — V, a matrix with
linearly independent columns. So, from Theorem 3.4(ii) with u = u(z), we conclude that
g(x) € ridf(p(x)), because ||z(z)|| < p/2 for x close enough to . O

Remark 5.3. If desired, an expression for the function z(x) appearing in (28) can be
given in terms of gy(z), V, Ju(u(z)) and V Ly (u(x);0) by using (11), Proposition 3.1(ii7)
and Lemma 3.2(1). O

For completeness we include a result concerning the extreme case where dim U = 0. A
similar result is used in [18, Proposition 8] to prove finite convergence of the proximal
point algorithm in the polyhedral function case.

Theorem 5.4. Let f: R" — R be a convex function with minimizer T € IR™. Suppose
that dimV =n and 0 € ri0f(Z). Then 0 is in the interior of 0f(Z) and p(x) =T for all
x close enough to T.

Proof. Since dimV = n, the relative interior and the interior of df(z) are the same, so
0 is in the interior of 0 f(z). This implies that for all = sufficiently close to Z (depending
on p and the size of 0f(Z))

0+ plz - 7) € Of (7).

so g = u(x — ) and p(x) = 7 satisfy (26). O
We conclude with a result showing that a Newton step based on the Moreau-Yosida
regularization F' is equivalent to a proximal step plus a U-Newton step.

Theorem 5.5. Let f: R" — R be a convex function with minimizer T € IR™. Suppose
that 0 € 1idf(z) and let T 4+ u @ v(u) be a fast track as described in Definition 2.1. Also
suppose that V2 Ly (0;0) is positive definite. Then for all x close enough to T the inverse

of V2F(z) exists and
v — [V2F(2)] " VF(z) = p(x) = Bu(u(x)) [V*Lu(u(z); gv(2))] " Bu(u(x))"g(x),

where u(x) and gy(z) are from Theorem 5.1.
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Proof. Differentiating (27) and using Theorem 5.2 gives the relation
V2F(z) = u(I — Jp(x)) = p(I — T (x)).

Since V2L;,(0;0) is positive definite and (u(z); gy(x)) — (0;0) as * — Z, the U-Hessian
V2Ly(u(z); gv(z)) has an inverse for z close to z. Using the definition of J(z) in (22) it
can be seen either by multiplication or by applying (A.7) in [2, p. 543] that

1

[V2F ()] .

(z  Bulule) | 7 Luu(o)i ) ) Bu<u<x>>T> .
Therefore, recalling from (27) that VF(z) = g(z), we have

[V2F(2)] " VF(x) = igm) + Bu(u(x)) [V2Lu(u(2); go(@))] " Bu(u(x)) Tg(x) -
The result then follows from the fact that g(z) = pu(z — p(z)). O

6. Concluding Remarks

A conceptual superlinearly convergent VU-algorithm makes a minimizing step in the V-
subspace, followed by a U/-Newton move. By Theorem 3.4(7i7), making a V-step essentially
amounts to finding a fast track point. We showed in Theorem 5.2 that, at least locally,
V-steps can be replaced by proximal steps.

Bundle methods can be used to approximate proximal steps and other VU-related quan-
tities. The properties of fast tracks from this paper are used in [13] to give conditions
on how well quantities such as p(z), By(u(z)), and V*Ly(u(zx); gy(x)) need to be ap-
proximated in order to develop a future bundle-based Vif-algorithm that is globally and
superlinearly convergent.
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