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We consider a rate independent evolution variational inequality with an arbitrary convex closed constraint
Z in a Hilbert space X. The main results consist in proving that it is well-posed in the Young integral
setting in the space of functions of essentially bounded variation for every Z and in the space of regulated
functions provided 0 lies in the interior of Z.
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Introduction

We consider a real Hilbert space X endowed with a scalar product (-,-) and norm |z| :=

(, x>1/2 for x € X. Throughout the paper we assume that
Z is a convex closed subset of X such that 0 € Z. (1)

We mainly work with the so-called regulated functions (cf. [1]), that is, functions of real
variable which at each point of their domain of definition admit both finite one-sided
limits, see Definition 1.1 below. The space of regulated functions [0,7] — X will be
denoted by G(0,7'; X) according to [21].

We assume that an initial condition xy € Z and an input u € G(0,7; X)) are given, and
we look for a function £ € G(0,7'; X) such that

(P) (1) u(t)—&(t)ez viel0,T],
(i) u(0) —&(0) = o,
(iii) for every y € G(0,T;Z), the function 7 — u(7+) — &(7+) — y(7) is Young
integrable on [0, 7] with respect to £ according to Definition 3.1, and

/ (ulr) — £(r4+) — y(r) de(r) = 0 Vee [0.1).
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If u is continuous, then Problem (P) can be stated either as a limit of classical variational
inequalities with smooth inputs, see [10, 22], or in the context of the Riemann-Stieltjes
integral, see [12, 5|. The solution operator (zg,u) — & called the play is one of the
main building blocks of the theory of hysteresis operators and its properties have been
extensively studied in various settings. If u is of bounded variation, Problem (7P) can
also be interpreted as a special case of a sweeping process, see [16], defined as a limit of
time-discrete approximations. Theorem 2.3 and Proposition 4.3 below not only illustrate
this property, but also show that the time-discrete approximations in the sense of [16]
coincide with the exact solutions of Problem (P) for piecewise constant inputs.

The aim of this paper is to propose an extension of the play onto the space of regulated
functions via the Young integral in the form given in [8]. An alternative, which we however
do not pursue here, would be to use Kurzweil’s integral introduced in [14]. Although the
Kurzweil integral calculus is in general simpler, its main drawback in connection with
Problem (P) consists in the fact that one of the key lemmas (Lemma 3.3 below) which
is nearly trivial for the Young integral, does not hold for the Kurzweil integral, and the
analysis would have to be restricted to, say, left-continuous inputs.

Another approach can be found in [4] in the scalar case X = R: the rate independence
makes it possible to use directly the ‘continuous’ methods by ‘filling in’ the discontinuities
with segments traversed with an infinite speed. In the case dim X > 1, this procedure
turns out to be trajectory-dependent which makes the analysis difficult even if we restrict
ourselves to some canonical (the shortest, say) trajectories filling in the jumps.

As the main results of this paper (Theorems 2.3, 2.4), we show that Problem (P) always
defines an input-output mapping p, : Z x BV(0,T; X) — BV(0,T; X) : (xg,u) — &
which is continuous with respect to the uniform convergence. Here, BV (0,7 ; X) denotes
the space of functions with essentially bounded variation, see (7) below. Moreover, if
0 € Int Z, then the output ¢ is well-defined in BV (0,T; X) for every u € G(0,T; X),
and the operator p, : Z x G(0,T; X) — BV (0,T; X) is continuous with respect to the
uniform convergence. It is interesting to note that inputs uq, us which are equivalent in
the sense that u;(t—) = us(t—) for every t € [0, T], generate equivalent outputs &y, &s.

The paper is organized as follows. In order to fix the notation and to keep the presentation
consistent, we list in Section 1 the main concepts from convex analysis and vector-valued
functions that are used throughout the text. In Section 2 we state the main results.
Section 3 is devoted to a self-contained extension of the Young integration theory to
functions with values in a Hilbert space. Detailed proofs of statements from Section 2 are
given in Section 4. In Section 5 we illustrate the connection between Problem (7P) and
the concept of e-variation introduced by Frainkova in [7].

Acknowledgement. The authors wish to thank J. Kurzweil, S. Schwabik and M. Tvrdy
for stimulating suggestions and comments.

1. Preliminaries

The aim of this section is to recall some basic facts about the convex analysis in Hilbert
spaces and vector-valued functions of a real variable. Most of the results are well-known
and we refer the reader e.g. to the monographs [2, 17] for more information.
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For a given convex closed set Z C X such that 0 € Z we fix the number
p:=dist (0,07) := inf{|z|; 2 € 0Z} > 0. (1)
It is clear that p > 0 if and only if 0 € Int Z. In this case we have B,(0) C Z, where
By (zg) :=={z € X; |x —xo| <7} (2)
denotes the ball centered at xg with radius r.

We introduce in the usual way the projection Q% : X — Z onto Z and its complement
PZ := I — Q% (I is the identity) by the formula

Q?xc Z, |P?z| =dist(z,Z) forze X. (3)

In the sequel, we call (P#, Q%) the projection pair associated with Z. The projection can
be characterized by the variational inequality

¢g=0Q% & (x—qq—2)>0 VzeZ. (4)

Let now [a,b] C R be a nondegenerate closed interval. We denote by D, the set of all
partitions of the form

d:{tg,...,tm}, a=ty<t; <---<t,=0b.

For a given function g : [a,b] — X and a given partition d € D, we define the variation
Va(g) of g on d by the formula

Valg) = Zlg(tj)—g(tj—l)!

and the total variation Var . g of g by
\[/abl]r g = sup{Va(g); d € Doy} .

In a standard way (cf. [2]) we denote the set of functions of bounded variation by

BV(a,b; X) := {g:[a,b]—>X;\[/ab€g<oo}. (5)

Let us further introduce the set S(a,b; X) of all step functions of the form

NE

w(t) = Gxpy () + > exg ), tE[a,b], (6)
k=1

il

0

where d = {to,...,tm} € D,y is a given partition, x, for A C [a,b] is the characteristic
function of the set A and ¢q,...,¢p,c1,. ..,y are given elements from X.

It is well-known (see e.g. the Appendix of [2]) that every function of bounded variation
with values in a Banach space admits one-sided limits at each point of its domain of
definition. Following [1], we separate this property from the notion of total variation and
introduce the following definition.
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Definition 1.1. We say that a function f : [a,b] — X is requlated if for every t € [a,
there exist both one-sided limits f(t+), f(t—) € X with the convention f(a—) = f(a

f(o+) = f(b).

0]
),

According to [21], we denote by G(a,b; X) the set of all regulated functions f : [a,b] — X.

For a given function g € G(a,b; X) and a given partition d € D, we define the essential
variation Vg(g) of g on d by the formula

m

Valg) = Y _la(ti=) = gltia )| + 3 lg(ti+) — g(t;-)

j=0
and the total essential variation W[a’b] g of g by

ﬁ g = sup{Vylg); d € Dap} -

We denote the space of functions of essentially bounded variation by

BV(a,b; X) = {g:[a,b]ﬁX;ﬁg<oo}. (7)

The terminology has been taken from [6], although we restrict ourselves a priori to reg-
ulated functions which makes the analysis easier. This however means here in particular
that V(g) is defined for every function g : [a,b] — X, but V,(g) only for a regulated
function g.

We summarize some easy basic properties of the above spaces in Lemma 1.2 below the
proof of which is left to the reader.

Lemma 1.2.

(i)  Ewvery regulated function is bounded.

(ii)  For every g € G(a,b; X) we have @,b} g < Vari, g.

(iii) The sets S(a,b; X), BV(a,b; X), BV (a,b; X), G(a,b; X) are vector spaces sat-

1sfying the inclusion
S(a,b; X) C BV(a,b; X) C BV(a,b; X) C G(a,b; X).
(iv) Let Gr(a,b; X) be the subset of left-continuous functions in G(a,b; X). Then we
have Gp(a,b; X) N BV (a,b; X) C BV(a,b; X).

We introduce in G(a,b; X) a system of seminorms

[f sy = supflf(T)]; 7 € [s, ]} (8)
for any subinterval [s,¢] C [a,b]. Indeed, [|-[|,; is a norm.

Let us note that the space C(a,b; X) of continuous functions f : [a,b] — X is a closed
subspace of G(a,b; X) with respect to the norm |-, ;-

We now list some characteristic properties of regulated functions which are needed in the
sequel.
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Proposition 1.3.

(i) The space G(a,b; X) is complete with respect to the norm ||-[|, -

(ii) Given C > 0, the set Vo := {g € BV(a,b; X); Varpyg < C} is closed in
G(a,b; X).

(iii) For f € G(a,b; X) and t € [a,b] put

osc f(t) = max{[f(t) = fF(t=)|. [f(t+) = F@O)], |f(t+) = f(E=)]}
Then for every € > 0 the set
Us = {t€la,b];0sc f(t) > e} 9)

15 finite, and f is continuous except in a countable number of points.
(iv) Let f € G(a,b; X) and ¢ > 0 be given and let Us be the set defined by (9). Then
there exists h > 0 such that for every [s,t] C [a,b], [s,]NU; =0, 0 <t—s < h we

have |f(t) — f(s)| < e.
(v)  Forevery f € G(a,b; X) ande > 0 there exists w € S(a,b; X) such that || f — wl[,

<€, w(t) € Urelap{f(7)} for every t € [a,b], Var,,w < Var o4 f andm[avb] w <

m [a,b] f
(vi)  Let f € G(a,b; X) be such that

1 -
—(b— : < C.
3C >0 Vhe 10,2(1) a)[ [a—f—\i/zv,alf‘—h}f <C

Then f € BV (a,b; X) and Var o f < C+|[f(a+) = f(a)| +[f(b) = f(b-)].

Proof.
(i) Let {f,} be a Cauchy sequence in G(a,b; X). For t € [a,b] put f(¢) := lim,, .o fn(?).
For every t €]a,b] and every sequence t;, /' t we have

[F (k) = f(E)] < 1 (k) = Sulti)] + [ fu(te) = fulte)| + [f () = fulte)]

hence {f(tx); k € N} is a Cauchy sequence whose limit is independent of the choice of
the sequence t, and we conclude that f(t—) exists. In the same way we check that f(t+)
exists for t € [a, b].

(ii) Let {g.} be a sequence in Vi which converges uniformly to g in [a,b]. Then, for
d € Dap, Va(gn) converge to Vy(g), hence (ii).

(iii) For every ¢t € [a,b] there exists 0(t) > 0 such that |f(7) — f(t+)| < e/4 for
T E|t,t+0(t)[N]a,b], | f(T) — f(t—)| < /4 for T €]t — §(t), t[N]a,b]. In particular,

<]t—5(t),t—|—6(t)[\{t}> NUS = 0 Vielab.
As [a, b] is compact, we can select from the covering

la,0] € | Jt—6(t),t+6(1)]

tela,b]
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a finite covering

hence U C {t1,...,t,}.

(iv) Let Us = {t1,...,tn}, tjn > tjfor j=1,...,n—1, and put Iy := [a,t1[, I, :=]t,;, 0]
(which might possibly be empty), I; :=]t;,t;41[ for j=1,...,n—1. Let f;, 7=0,...,n

be the functions f|;, continuously extended to I;. The assertion holds provided we put

h = inf{‘t_‘g'; [s,1] CI_ja |f](t> _fj<8>’ >€,) :07"'>n} )
and we easily check that A > 0.
(v) Let e >0 be given and let U, h > 0 and I, j = 0,...,n be as in the proof of (iv).

In each interval I; we find a partition ; = 53 < s} <--- < s? = t;+1 (with the convention

k—1

to = a, t,41 = b) such that 531-, 897 are continuity points of f, 5;‘? — s < hfor

]
k=1,...,¢. For j =0,...,n we now put

w(t;) = f(t)
(t) = { ) for ¢t €)sj™ 8], k=1,...,4 -2,

J
Fs77h for telsy

[\

Then w € S(a,b; X) and from (iii) we immediately obtain that | f(t) —w(t)| < € for every
t € |a,b]. Moreover, putting

d = {a}U{b}U{t,... .}V (U {s;,...,sgf—1}> € Dy

we have Var 5w = Vy(f), Var g5y w < Vy(f), and the assertion follows.

(vi) Let d = {to,...,tm} € Dsp be an arbitrary partition. For 0 < h < min{t; —a,b —
tm—1} we have

Va(f) < [ajﬁ_h} [+ lat)=fla)[+[f(at+h)=Flat)[+[f(0)=f (0=)[+[f(b=)=f(0=h)[,

and letting h tend to 0+ we obtain the assertion. The proof of Proposition 1.3 is complete.
O

2. Main results

We will see in Section 3 that the integral in Problem ( P is meaningful if ¢ € BV (0, T'; X).
Let us denote by Dom (P) C Z x G(0,T'; X) the set of all (zg,u) € Z x G(0,T; X) such
that there exists a solution & € BV(0,T; X) to Problem (P). We first show that the
solution £ is unique for every (zp,u) € Dom (P). In fact, we prove more, namely

Lemma 2.1. Let (x9,u), (yo,v) € Dom (P) be given and let £&,n € BV (0,T; X) be re-
spective solutions to Problem (P). Then for everyt € [a,b] we have

() —n(t)* < |£(0)—77(0)|2+2||U—U||[o,t]%(§—n)- (10)
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Proof. Putting y(7) := (1/2) (u(7+)+v(7+)—&(74+)—n(7+)) in the inequalities ( P )(iii)
for £ and for  and summing them up we obtain

/0 (u(rt) — v(r4) — E(r+) + (). d(E —n)(r)) > 0.

Corollary 3.15 then yields that

(I€(t) = n(®)]* = 1£(0) = n(0)]*) < /0 (u(m+) = v(r+),d(€ = n)(7))

DN | —

and (10) follows from (29). O

Lemma 2.1 enables us to define the operator
pz : Dom (P) — BV(0,T; X) : (wo,u) = &, (11)

where & =: p, [z, u] is the unique solution to Problem (P).

We summarize the main results of this paper as Proposition 2.2 and Theorems 2.3 — 2.4
below. The proofs will be given in Section 4.

Proposition 2.2. Let g € Z be given, and for uw € G(0,T; X), t € [0,T] put u_(t) :=

u(t—). Then (xo,u) € Dom (P) if and only if (xg,u_) € Dom (P), and in this case we
have

pzlwo, ul(t=) = pzlzo, u](t),  pzlzo,ul(t) — pylwo, ul(t—) = P (u(t) - Pz[ﬂfoﬂ](t?l);)
for every t € [0,T), with P defined by (3).

Theorem 2.3. For each set Z satisfying (1) we have Z X BV(0,T; X) C Dom (P) and
Var (.71 P[0, u] < Var gy u for every (vo,u) € Z x BV(0,T'; X). Moreover, for every
(x07u>7 (y07v) € Z X BV(OaTa X)7 f = ]JZ[.%'O,U], n= pZ[@/Oav] and €U€Tyt € [OaT] we
have

£) — nOP < 160) — n(O) +2[Ju — ol (: u+ Vo ) )

Theorem 2.4. If0 € Int Z, then Dom (P) = Z x G(0,T; X). Moreover, if {(zf,u,); n
€ N} is a sequence in ZxG(0,T; X) such that |xg5—zo| — 0, |lup — ulljg 7 — 0 asn — oo,

then there exists a constant C' > 0 independent of n such that Var 1) py[z5, u,] < C and
[Pz (25, un] — pzlzo, U]H[O,T} — 0.

Remark 2.5. We cannot replace the variational inequality (iii) in Problem (P) by
t
(i) [ {ulr) =€)~ y(r). de(r)) = 0 Wy € GO.1T:2) Ve T
0
which might seem to be a natural extension of the continuous case in [12]. It suffices to

consider the scalar case X =R, Z = [—r,r] for somer >0, 1o = 0, u(7) = ux)0 1/(T) with
some > r. Assume that there exists § € BV (0,T; X) satisfying (iir)’, [|u — &g <7,
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£(0) = 0. Putting y(7) := rxo (1) + (u(T) — &(7)) Xjo,17(T) we obtain from (iii)” and
Proposition 3.7 that

0 [ (ulr) = §() = xig (7) delr) = —r€(0+).
hence £(04) < 0 and u(0+) — £(0+) > u > r, which is a contradiction.

3. The Young integral

We give here a survey of those elements of the Young integral calculus that are related to
Problem (P) using the ideas of [8, 19, 20, 21].

We fix a compact interval [a,b] C R and as in Section 1, we denote by D, the set of all
partitions d = {tg,...,tn}, a =ty <t; <--- <t, =0bof [a,b].

We say that a partition dis a refinement of d € D, and write dsdifde D, and
dcd.

Let d = {to,...,tm} € D,y be apartition. We denote by B(d) the set of special refinements
D of d (the so-called P-partitions, see [19]), of the form

D = {to,01,t1, -, tm—1,0mstm}, a =1 < 01 <1 < 02 <ty <...tpmo1 < Om <tm=>0.
(14)

For given functions f : [a,b] — X, g € G(a,b; X) and partitions d € Dy, D € B(d) of
the form (14) we define the integral sum Sp(f Ag) by the formula

p(fAg) = > (f( =) —g(tja+) + Z g(t;+) —g(t;—)) ., (15)

7j=1
again with the convention g(a—) = g(a), g(b+) = g(b).

Definition 3.1. We say that J € R is the Young integral over [a,b] of f with respect to
g and denote

b
7= [ .de0). (16)
if for every € > 0 there exists d. € D, such that for every d > d. and D € B(d) we have
|J — Sp(fAg)| < e. (17)

It is an easy exercise to check that if the value J in Definition 3.1 exists, then it is uniquely
determined. In what follows, whenever we write fab (f(t),dg(t)) = J, we interpret it as
‘the function f is Young integrable with respect to g in [a,b] and the integral equals to J.’

Similarly as for other integration theories (cf. e.g. [19] for the Perron-Stieltjes or Kurzweil
integral), the Young integral admits the following ‘Bolzano-Cauchy-type’ characterization.

Lemma 3.2. Consider f : [a,b] — X and g € G(a,b; X). Then f is Young integrable
with respect to g in [a,b] if and only if for every e > 0 there exists d. € Dy, such that for
every d; = d. and D; € B(d;), i = 1,2 we have

1Sp, (f Ag) — Sp,(fAg)] < e. (18)
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Proof. If fab (f(t),dg(t)) exists, then (18) obviously holds. Conversely, let (18) hold.
For every n € N we find a partition dy/, € D,y such that (18) holds with ¢ = 1/n,
and put dj = dy, d;, == d;,_, Udyy, for n = 2,3,.... For each n € N we fix some
D, € B(d}) and put J, := Sp,(fAg). By (18), {J.} is a Cauchy sequence in R, and

putting J := lim,, ., J,, we easily check that J = f: (f(t),dg(t)) by Definition 3.1. [
The reason we decided for the Young integral is its following property which is an imme-

diate consequence of the definition and which plays an important role in our arguments.
Surprisingly enough, identity (19) does not hold for the Kurzweil integral in general [13].

Lemma 3.3. Consider f : [a,b] — X and g € G(a,b; X), and assume that there exists
a countable set A C [a,b] such that g(t) =0 for every t € [a,b] \ A. Then we have

b
/ (f(t),dg(t)) = (f(b),9(b)) — (f(a),g(a)) . (19)

The Young integral is linear with respect to both functions f and g. For the sake of
completeness, we state this result explicitly.

Proposition 3.4.
() Let [PUfi(t), dg()), [P(fa(t),dg(t)) exist. Then we have

/ U+ R0 dg0) = / ult), dg(t)) + / (Bdee). ©0)
(i) Let [Y(f(t).dgi(t)), [7{f(t),dga(t)) exist. Then we have

[ oo oy = [0+ [oano. e
(iii)  Let [T(f(t),dg(t)) exist. Then for every constant A € R we have

/ AF(),dg(t)) = / (1), dAg) ) = A / ). dg(t)). (22)

Proof. (i) Let ¢ > 0 be given. We find di/z’ dg/z € D, such that for all d; >~ dé/y
D; € B(d;), i = 1,2 we have

(23)

[ 00000 = snt5:80) < 5.

Putting d. = d;/Q U d§/2 we obtain (20) immediately from (23). The same argument
applies to the case (ii), while (iii) is obvious. O
The Young integral behaves in the following way with respect to the variation of the
integration domain.

Proposition 3.5. Let f : [a,b] — X, g € G(a,b; X) be given functions and let [r,s] C
la,b] be a nondegenerate interval.
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(i)  Assume that f;(f(t),dg(t)) exists. Then [*(f(t),dg(t)) exists.
(i)  Assume that [*(f(t),dg(t)) ewists. Then we have

b s
/ ((Fxrsr) (), dg(t)) = / (f(t),dg(t)) = {f(r), g(r+)—g(r)) = (f(s), 9(s)—g(s=)) -
(24)
Remark 3.6. Proposition 3.5 needs some comment. Here and in the sequel, whenever
we integrate functions f,g defined in [a,b] over an interval [r,s] C |a,b], we implicitly

consider their restrictions f|i.q,9lrs- In particular, we have e.g. f|rq(s+) = f(s),
flirs(r=) = f(r), similarly as in Definition 1.1.

Proof of Proposition 3.5.
(i) Let ¢ > 0 be given. By Lemma 3.2 we find d. € D, such that for every d; > d. and
D, € B(d;), i = 1,2 we have

|SD1<f Ag) - SDz(ng)| < g,
and put df := (d.N]r,s[)U{r} U{s}. Then df € D, , and we arbitrarily fix d; > df and
D; € B(d;), i = 1,2. Put CZZ :=d; Ud,. Then dl, cZ2 may be written in the form

~

di = {a=to<ti< - <tp=r<tp, < - <s=t, ,<---<t, =Db},
dy = {a=to<ti< - <tr=r<ti < --<s=t} ,<--- <t} =0},
where ¢, . =1t . for j =0,...,0. We now fix arbitrary ¢; € Jt;_y,t;[ fori=1,... k
and ¢; €t;, . th, ;[ for j=1,...,, and put
[)1 = {tl);Qlatl?"'7tk—l>QkaDlaéZ>t71nl—é+17'"7t71n1—1aé17t}n1}7
ZA)Q = {t[bglatl?"'7tk—179k’7D27é€>t3n2—£+17'"7t3n2—17é17t3n2} :

Then D; € B(cfi), i = 1,2, and we have
Sp,(fAg) — Sp,(fAg) =5p,(fAg) — Sp,(fAg),
hence the assertion follows from Lemma 3.2.

(ii) Let e > 0 be given and let d. = {to,...,t} € D, be such that for every d > d. and
D € B(d) we have

[ (. dgte)) = so(s 89)| < <. (25)
Put df :=d. U{a,b}. Then df € D,;, and every D* € B(d*) with d* > dZ is of the form

l)’l< - {ts, Qi,ti, e ,t;kn*_l, Q;:L*7t’:’l*}7

where r = t}, s = t; for some 0 < ¢ < k < m*. By construction, d := {t,t,,,...,t;}isa

refinement of d. and D := {t}, 0}, |,t;,1,..., 05, 15} belongs to B(d). On the other hand,

7

for j <iand j >k we have fxj, (0}) = 0, hence

S+ ((FXprs) Bg) = Sp(fAg) = (f(r), g(r+) — g(r)) — (f(s),9(s) — g(s—)),

and the assertion follows. O
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We next investigate some typical cases.

Proposition 3.7. For every f : [a,b] — X, g € G(a,b; X), a <r <bandv € X we
have

(i) /1@W@ﬂ@¢@@»==<wgﬁ+)—gﬁ—»,
0 if T €la,bl,

@) [0 ©) = { ~U@)  f r=a,
: (FO0) i r=b,

@)/@mwww»:wWA—Wﬂ>vwmw
) [ {704 0x.) 0) = (10 = F5)0) Vselnb.

Proof. Identity (iii) follows immediately from Proposition 3.5 for f(¢) = v and from the
obvious fact (cf. Remark 3.6) that [~ (v, dg(t)) = (v, g(s) —g(r)). For a < r < b we obtain
(i) from (iii) and from Proposition 3.4 using the formula X(,y = Xjapf = Xar[ = Xjrp[- 1O
treat the case r = a, we just note that for each d € D,;, and D € B(d), the integral sum
Sp(vX{e Ag) contains only one nonzero term, namely (v, g(a+) — g(a)). For r = b we
argue analogously. Statement (ii) is a trivial consequence of Lemma 3.3.

To prove (iv), we set dy := {a,r, s,b}. Then for every d > dy and D € B(d) of the form
(14) we have r = t;, s = t;, for some 0 < i < k < m, where X, 4 (t;—) = X5 (tj_1+) for
every j = L...,m, X}r,s[ (tj_) = X]r,s[ (tj+> for every j % (3 k? X]r,s[ (tl+) - X}r,s[ <t1_> =1,
Xjr,s| (tx+) =X s ((x—) = —1, hence Sp (fA (UX]T’S[)) = (f(r)—f(s),v), and Proposition
3.7 is proved. ]
Corollary 3.8. Let f: [a,b] — X, g € G(a,b; X) and s € a, b[ be such that ["(f(t),dg(t)),
fs (f(t),dg(t)) exist. Then we have

/uwmww;fmmmm+/ww@w. (26)

Proof. We clearly have f = fxj, o + [Xjspp T /Xqay + /Xy T FXgpy- By Propositions
3.5 and 3.7 (i), each of these five functions is Young integrable with respect to ¢ in [a, b].
Owing to Proposition 3.4, f is Young integrable with respect to g in [a, b], and (26) readily
follows from (24), Proposition 3.7 (i), and the identity

s b b
/mem+/vmmm=/«mmmmmwwm
(f(a), g(at) — g(a)) + (F(s), g(s) — g(s—)) + (F(B), 9(B) — (=)

b

/< a4+xww+nﬂ+nﬁ+xm»ux@u»zi/<ﬂwﬁmw»
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In order to preserve the consistency of (26) also in the limit cases s = a and s = b, we set

/s<f(t),dg(t)> =0 Vs € la,bl, Vf,g:[a b — X. (27)

Propositions 3.4 and 3.7 enable us to evaluate the integral f; (f(t),dg(t)) provided one
of the functions f, g belongs to S(a,b; X). The next strategy consists in exploiting the
density of S(a,b; X) in G(a,b; X) stated in Proposition 1.3 (iv). We first notice that for
all functions f, g : [a,b] — X and every P-partition D of the form (14) we have

Sp(fAg) = Z (f(07), 9(t;=) = g(tiat)) + > (f(t)), glt;+) — glt;—))

= (f(0),9(b)) = (f(a),g(a))
+ Z (f(o) = f(t5), 9(t;—)) — ‘_ (floj1) — f(t;), 9(t;+))

hence

Sp(f Ag) < min {1 Flluy Valo) (1F@]+1FO1+ValF) ol } - (28)

The extension of the Young integral to G(a,b; X) is based on Theorem 3.9 below.

Theorem 3.9. Consider f, f, : [a,b] — X, n € N such that lim,_ || f — f“”[mb] = 0.
Then the following implications hold.

(i) Ifge BV(a,b; X) and/ (fu(t),dg(t)) exists for eachn € N, then/ (f(t),dg(t))

exists and

(fu(t), dg(t)) -

n—oo

[ sty =

b b
(i) Ifge BV(a,b; X) cmd/ (g(t),dfn(t)) exists for eachn € N, then/ (g(t),df (t))

exists and
b

/ ). df(1) = tim [ (o). dfu(0)) -

n—oo
a

Proof.
(i) For n € N put J, := fab (fa(t),dg(t)). For each n we find d,, € D, such that for
every d > d, and D € B(d) we have

1
|SD(ang) - Jn| < E

For m,n € N put d,,,, := d,, Ud,,. For every d > d,,, and D € B(d) we then have

1 1
|SD(ang) - Jn| < —, |SD(fmAg) - Jm| < —,
n m
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and (28) with f := f, — fi., g := ¢g implies that

1 1
S — + =+ ||fn fm”[ab] Var 9,
m n

hence {J,} is a Cauchy sequence and we may put J := lim, ., J,,. For each d > d,, and
D € B(d) we obtain that

1Sp(fAg) — JI < [Sp((f = fu) Ag)| + [Sp(fuBg) — Ju| + |Jn—J|
< = Salliay %9 + 1/n + |Jy = Jl,

hence f t),dg(t)) = J and (i) is proved.
The same argument based on (28) with f := g, g := f, — f vields (ii). O
From Propositions 3.4 and 3.7 it follows that the integral f t),dg(t)) exists whenever

one of the functions f, g belongs to S(a,b; X). Using the fact that every regulated
function can be uniformly approximated by step functions (cf. Proposition 1.3 (v)), we
obtain the following result as an immediate consequence of Theorem 3.9 and inequality
(28).

Corollary 3.10. If either f € G(a b; X) and g € BV(a,b; X), or f € BV(a,b; X)
and g € G(a,b; X), then f t),dg(t)) exists and satisfies the estimate

b
[ wo.as0)| < min{HfH[a,b]%%(!f(a)H\f(b)lJr\@bl]" ) ol - (29

The estimate (29) is optimal in the following sense.

Theorem 3.11. For every g € BV (a,b; X) we have

b
9@l + o)+ Yar g = sp{ [ 0,00} € S@hmO) . @0)

For every g € BV (a,b; X) we have

b
Varg = sw{ [ (@) date) s 7 € Sta.bi 00D} (31)
Proof. To prove (30), we fix ¢ > 0 and find a partition d = {to, ..., ¢t} € D,y such that
Z (i) = Yarg —e. (32)

Let 0 : X — X be the function

o(x)=x/|z] for x#0, o(0)=0,
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and for ¢ € [a,b] put
O = o) ()= (0 8= Yoot =ty O
We then infer from (32), Proposition 3.7 (ii), (ivj)and Proposition 3.4 (ii) that
/ab (9(),dfr(t)) = Ig(a)|+lg(b)l+iIg(tj)—g(tj—l)l > Ig(a)|+|g(b)|+\[%g—€, (34)
p

which, together with Corollary 3.10, yields (30).
We now turn to the proof of (31) and consider g € BV (a,b; X) and ¢ > 0. We find again
a partition d = {to,...,tn} € D,y such that

m

Z (t=) = gltiH)l + 3 _lo(ti+) —glt;i-)| 2 Varg —e. (35)
=1 =0

and put
falt) = ZU(g(tj—) — 9(tj—1H)Xge, 1,1 () + ZU(Q(tj+) — 9(t;=))xq, (@) - (36)

Then fy € S(a,b; B1(0)) and it follows from Propositions 3.4 and 3.7 (i), (iii) that

b m m
/ (fa(),dg(t)) = D lg(t;=) = gltsaH)l + D lglt;+) = g(t; =) - (37)
a j=1 =0
The assertion (31) is then a consequence of (35), (37), and Corollary 3.10. O

As an easy extension of Theorem 3.9 we have the following convergence result.
Proposition 3.12. Consider f, f,, € G(a,b; X), 9,9, € BV (a,b; X), n € N such that

A 1= ol =05 Jim g = gl =0, sup Var gn = € < o0
neN [ab

Then , ,
/ (1) dg(t)) = T | (Fult), dga(t)) - (38)

n—oo
a

Proof. For any w € S(a,b; X) we have by Corollary 3.10 that

/ - 0, dgn<t>>\

a

b b
/ (1), dg(t)) — / (Falt). dga(t))

/ab«f w)(?), d(g — gn)()>’+ /ab<w(t)7d(g—gn)(t>>‘

< CIf = fallay +2C I1f —wlloy + (2 [w]lq, +\[ﬁ€ w) 19 = gnll gy

and the assertion follows from Proposition 1.3 (v). O
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Example 3.13.

(i)  Notice that the pointwise convergence g,(t) — g(t) for everyt € [a, b] is not sufficient
in Proposition 3.12 as in the case of the Riemann-Stieltjes integral. In the example
X =R,

fn() = f(1) = xgo1(8),  9(1) =0, gu(t) = X017 (1) Jor t€[0,1]  (39)

we have fo fn(t)dg,(t) =1 for everyn € N, fo )dg(t) = 0, hence the assertion
of Proposition 3.12 does not hold.

(ii)  Similarly, the pointwise convergence of { fn} is not sufficient for Proposition 3.12 to
hold. Indeed, putting

n

fn(t) = Z(_l)k71X{k/n2}(t) fOT te [07 1] ) (4())
k=1
- %((—1)’“—1—1) for tE[k—,%[, k=1,....n,
gnlt) = { 0 for te [Evl] , (41)

forn € N, we see that fo, gn € S(a,b; X), | fulliay <1, Varwp gn < 1, [|gnllny — 0

and f,(t) — 0 for every t € [a,b] as n — oo, while f; fu(t)dgn(t) — 1.

The uniform convergence of f,, towards f in Proposition 3.12 can however be relaxed,
as we will see in Section 5, Proposition 5.4. To conclude this section, we derive two
integration-by-parts formulas.

Theorem 3.14. For every f € G(a,b; X), g € BV(a,b; X) we have

b b
| tro.dgton + / (G0 dF(®) = (F0),9(0) — (F(a). 9(a) 2)
+ > < t=), g(t) —g(t=)) = (f(t+) = f(t), g(t+) — 9(@)) :
tela,b)

Proof. From Proposition 1.3 (ii) it follows that the sum on the right-hand side of (42) is
at most countable, hence the formula is meaningful. Using Proposition 3.7 we check in a
straightforward way that (42) holds for every g € BV (a,b; X) whenever f is of the form
UX{r} OF VX), [, hence also for every f € S(a,b; X) by Proposition 3.4. For f € G(a,b; X)
and n € N we find f, € S(a,b; X) such that [|f — fu||,; — 0 as n — oo and pass to the
limit using Theorem 3.9 and the obvious inequality

> (\g(t) — g(t=)] + lg(t+) —g(t)|) Var g.

t€la,b]

Corollary 3.15. For every g € BV (a,b; X) we have

[ tateo).dg®) = 5 (o®F ~lot@P) + 5 3 lott+) - g (13)

tela,b]
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Proof. The function g, (t) := g(t+) satisfies g, (t+) = g(t+) = g, (t) for every ¢ € [a, b],
g+(t—) = g(t—) for every t €]a,b|, and belongs to BV (a,b; X). By Theorem 3.14 we
have

(lg®)* = lg(a+)I” +—Z|gt+—9 —)P?

t€]a,b]

N | —

b
[ to-t.dg o) =
(note that the sum is taken over the semi-open interval |a,b]), while (19) yields that

b
[ a01.dlg - 0)0) = (stat)glat) - gla))
Combining the above identities we obtain the assertion. O

4. Proofs of main results

We first investigate local properties of the mapping p, introduced in (11) that will enable
us to treat the general case in Theorems 2.3 — 2.4. With the notation from Section 2, we
establish the following lemma.

Lemma 4.1. Consider (zo,u) € Dom (P) and put £ := py[xg,u]. Then for every t €
[0,T] we have

() —&(t=) = PP (u(t) —&(t=)), &(t+) —&(t—) = P7(ul(t+) —&(t-)),  (44)

where (PZ, Q%) is the projection pair introduced in (3). In particular, the inequalities

€(1) =€)l < fu(®) —ult=)l, |E0+) =E@)] < Jult+) —u(t)] (45)
hold for every t € [0,T].

Proof. For agivent € [0,7] and z € Z put

y(r) = 2xqy(1) + (u(r+) = 604)) (ot (7) + Xy (7))

for 7 € [0, T]. Then Proposition 3.7 (i) yields (cf. Remark 3.6) that

0 < /0 (u(r+) — E(r+) =y / {(u — ) (7). () (46)
= (ult) — €(t) — 2, £(8) — £(t-) .

If moreover T' > t, then

0 < /0 (u(t+) = &(7+) — y( / ((u(t+) = E(t+) — 2)xqy (1), dE(T))  (47)

= (u(t+) = &(t+) — 2, £(t+) — &(1-)) -
Since z € Z is arbitrary, we obtain from (4), (46), (47) that u(t)—£(t) = Q7 (u(t)—£&(t—)),
u(t+) — E(t+) = Q%(u(t+) — £(t—)), and the assertion follows. The inequalities (45) are
obvious: the first one follows from (46) by putting z := wu(t—) — {(t—), to prove the
second one we put z := u(t+) — £(t+) in (46), z := u(t) — £(¢) in (47) and sum up both
inequalities. L
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As a consequence of Lemma 4.1, we see that & := p,[zg,u] is left- (right-) continuous if
u is left- (right-) continuous, respectively. We now pass to the proof of Proposition 2.2
which shows that we can reduce the analysis to the left-continuous case.

Proof of Proposition 2.2. Let u € G(0,7; X), y € G(0,T; Z), xy € Z and £ €
BV(0,T; X) be given. For t € [0,T] put u_(t) := u(t—), £_(t) = &(t—), &) =
E(t)—&_(t). Forallt € [0,T] and 7 € [0,¢[ we have u_(7+) —&_(7+) = u(r+) —
and from Proposition 3.7 (i), Lemma 3.3 and property (4) it follows that

/0 (u(r ) — E(r1) — y(r), dé(r) = / ((u(t) — €(t) — u_(t) + & () xqey (). dE_()) (48)
n / (U (1) — E_(4) — y(r). dE_(7)) + / (u(r+) — E(r+) — y(r), d&* (7))

= /0 (u(m+) =& (74) = y(7), dE-(7)) + (u(t) = &(t) —y(t), (1) — (=) -

Assume first that (zg,u_) € Dom (P), and put n := p,[xrg,u_]. By Lemma 4.1, n is
left-continuous, and putting

§(t) = n(t) + P (u(t) — n(t)) (49)

we obtain u(t) — &£(t) € Z for every t € [0,T], £(t—) = n(t) + PZ(u_(t) — n(t)) = n(t),
hence u(0) — £(0) = u_(0) — n(0) = xy. Moreover, the first term on the rightmost side
of (48) is non-negative by hypothesis, the second term is non-negative by (49), hence

S = pZ['an u}

Conversely, assume that (zg,u) € Dom (P), and for a fixed y € G(0,T; Z) and t € [0,T]
put y*(7) = y(7) + xq (7) (u(t) — §(t) — y(t)) for 7 € [0, T]. Then y* € G(0,T; Z) and
identity (48) with y replaced by y* yields

0 < /O(u(T+)—f(T+)—y*(7),d£(7)>
= /0 (u_(14) = &-(74) = y(7) + x5y (7) ((t) — y* (1)), dE(7))

_ / (u_(r+) = E_(+) — y(7),dE_ (7)),

0

where we used Proposition 3.7 (i) and the left-continuity of £_. We have indeed u_(t) —
£_(t) € Z for every t, u_(0) — £-(0) = u(0) — £(0), and Proposition 2.2 is proved. O

In the sequel, we denote by BV (0,T; X) the space of functions from BV (0,7"; X') which
are left-continuous. Besides the fact that Var . f = \EW,] f forevery f € G(0,T; X)
and every [a,b] C [0,T7], the restriction to left-continuous functions has the following
advantage.

Lemma 4.2. Letu € G(0,T; X) and £ € BV,(0,T; X) be such that u(t) —&(t) € Z for
every t € [0,T], u(0) — £(0) = zo. Assume that

/0 (u(t+) = &(7+) —y(7),d¢(T)) > 0 Yye G(0,T;72). (50)
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Then for every 0 < s <t < T we have

[ ) ~gtrt) vz = 0 W eG.T:2), (51)

in particular £ = p,|xo, ul.

Proof. Fory € G(0,7;Z) and 7 € [0,T] put

9(1) = (u(r+) = &(r+)) (Xo.o (7) + X1 (7)) + Y(T)Xpeg (7) -

Then § € G(0,T;Z) and combining (50) with Propositions 3.5, 3.7 (i) we obtain using
the left-continuity of & that

0 < /0 <U(T+)—€(T+)—ﬁ(7),d§(7)>Z/O ((u(r+) = &(74) = y(7)) X0 (), dE(7))

- / (u(r+) — E(+) — y(r), de (7))
and Lemma 4.2 is proved. Il

Lemma 4.2 and Proposition 2.2 enable us to construct easily & = p,[xg,u] € S(0,7; X)
whenever u € S(0,7; X). Asit has already been mentioned, the explicit formula coincides
with the time-discrete scheme of [16, 12].

Proposition 4.3. Let xg € Z be given and let u € S(0,T; X) be of the form
u(t) = uoXqoy(t) + > Xy, () for t€[0,T], (52)
k=1

with {to, ..., tm} € Dap. Fork=1,....m put & = uyg—1xg, & = &1+ PZ(up —&1).
Then & = p,[xg, u| has the form

) = oxpoy () + D> &xpy_ () for t€[0,T] (53)
k=1

and we have Var o) & = Var g & < Var g7y u = Var o 7] u.

Proof. Forevery k =1,...,m we have uy —& = Q% (ur,—&,_1) € Z, hence u(t)—£(t) € Z
for every t € [0,T]. Moreover, by (4) and Proposition 3.7, the function £ given by (53)
satisfies the inequality

/0 (u(r+) — €(+) — y(r), () = 3 (6 — v — & —y(te 1)) > 0

k=1

for each y € G(0,T'; Z), hence £ = p,[xo,u] by Lemma 4.2. To complete the proof, we
use again (4) which entails that (€ — 1, up — § — ug—1 + &—1) > 0, hence |& —&x—1| <
|up — up—1| for every k =1,...,m and Var o & < Var o1 u. O
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We are now ready to prove Theorem 2.3.

Proof of Theorem 2.3. From Propositions 4.3 and 2.2 it follows that for each function

u(t) = D gy () + D ukXg (1)
k=0 k=1

we have & = p,[zo, u] if and only if

m

£(t) = ZékX{tk}(t) + kaX]tk_l,tk[(t)
k=1

k=0

for t € [a,b] with & = o — 20, & — &1 = PZ(ur — &-1), & — & = PZ(y — &) for
k=1,...,m. By Lemma 4.1 we have |, —&,—1]| < |ux—ug—1], hence Var 71 < Var g u.
Consider now u € BV(0,T; X) and x, € Z. By Proposition 1.3 (iv) we find u, €
S(0,7; X) such that ||u —un||[07T] — 0 as n — oo, Varpqu, < Vargpu. Put &, :=
P4z, uy]. By Lemma 2.1 we have for n,m € N that

[6n(t) = En () < 1€a(0) = En(O)* + 2 [lun — | g (ﬁ (&n) + %(&n)) (54)

< Jun(0) = wn (0)]* +4 Jlu, — Unmlljo.4 % u,

hence {¢,} is a Cauchy sequence in G(0,7; X), W[QT} & < W[O,T] u for every n € N.
Let ¢ € BV(0,T; X) be its limit, W[O,T]g < W[O’T} u. From Proposition 3.12 we infer
that £ = p,[xo, u, and the estimate (13) follows immediately from Lemma 2.1. Theorem
2.3 is proved. O

For the proof of Theorem 2.4 we need the following crucial Lemma the idea of which (for
bounded domains Z) goes back to A. Vladimirov, see Sect. 19 of [10], cf. also Chapter 2
of [15].

Lemma 4.4. Let 0 € Int Z and {(xf,u,); n € N} be a sequence in Dom (P) N (Z X

GL(0,T; X)) such that |zg — xo| — 0, [|un — ulljg 7 — 0 as n — co. Then there exists a
constant C > 0 independent of n such that Var ) plag, us] < C.

Proof. Notice first that the uniform convergence of {u,} and Proposition 1.3 (i) guar-
antee that uw € G(0,7;X). Next, let p > 0 be as in (1) and let us denote U, := {t €
0,75 |u(t+) —u(t)| > p/6}. By Proposition 1.3 (iii), (iv), the set U, is finite and there
exists h > 0 such that for every [s,¢] C [0,T] with |t — s| < h and [s,t] N U, = ), we have
lu(t) —u(s)| < p/6. We fix a partition d = {to,..., ¢y} such that U, C d, t, —tp_1 < h
for k =1,...,m, and a number ng € N such that [ju, — ulljg7) < p/6 for n > nq.

For &, = py[z8, u,) and k € {0,...,m} put

.%'Z = un(tk—i—) —fn(tk—F) € Z. (55)
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Consider now a fixed k € {1,...,m}. By Lemma 4.2 we have for every y € G(0,T; Z),
n € Nand ¢ €0, (ty — tx—1)/2[ that

In particular, for n > ny we may put in (56)

y(7) = () = wnlte ) + Sw(m) X, (7)

for an arbitrary w € S(0,T"; B1(0)), since for 7 € Jt;_1, t[ we have |u, (7+) —u, (tx_1+)| <
p/2, hence y(7) € B,(0) C Z. Then (56) yields

g /tkkl-:s <w(7-)7 dén(T» < /tkkl_; <u”(tk—1+) - gn(T—F), dén(T»

and from Theorem 3.11 and Corollary 3.15 it follows that

LoV 6 < (i) = Gt + )P = Junltirt) = alts — ).

2 [th—1+etr—e]

Letting € — 0 (note that &, is left-continuous), we obtain on the one hand that

’un(tkfl‘i_) - gn(tk71+)| 2 |un<tk71+) - én(tk)l ) (57>
and, on the other hand, Proposition 1.3 (vi) yields that
pVar &= p Var &, < pléa(ti-1+) = &u(tr-1)] (58)

[tk—1,tk [tr—1,tk]

+ tn(tho1t) = &t H)* = Jun(ti-1t) = &alte) .
Lemma 4.1, inequality (57) and the triangle inequality imply that
n] < Jun(teat) = Ea(ti)] + |un(tet) = wn(tiaH)| + [€a(tit) = Ea(ti)]
< Jan T 2 fun(tet) = un(te)] + p/2
< |2 4 2 u(tet) — ulte)] + 3p/2.

Now consider ¢ € {1,...,m}. Summing up the above inequalities from k = 1 to k = ¢,
we obtain that

2l < b 42> [ultet) — ulte)] + 3mp/2.
k=1

Observe further that Lemma 4.1 and the triangle inequality ensure that

25] < o] + 2 [un(04) = un(0)] < sup {Jag]} +2 [u(0+) — u(0)| + p/2.

Consequently, for £ € {0,...,m},

lzt] < SI:Lp{]xg’}—i—?Z]u(tk—i-)—u(tk)’+(3m+1)p/2 = C. (59)
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From (58), (59) and Lemma 4.1, we thus obtain that

p Var & < plun(tpoit) — ua(ter)| + 277 < p%/2+ CF + plultp—+) — ute—1)|

[tr—1,tk]
hence Var [ 11&, < mp/2+mC7/p+ C1/2, and Lemma 4.4 is proved. O

Proof of Theorem 2.4. For an arbitrary (zg,u) € Z x G(0,7; X) we find a sequence
{un}nz, of step functions such that [lu, —ully;y — 0 as n — oo. For ¢ € [0,7] and
n € Nput u () := un(t=), u_(t) := u(t=), &(t) := pzlag, ual(t), &2(1) := pylrg, u](1),
From Proposition 2.2 it follows that &, (t—) = £™(t) for every ¢t € [0,7] and n € N. Using
Lemma 4.4 we find a constant C' > 0 such that Varp71§" < C, and Lemma 4.1 yields

VAL 60 < O+ [60(T) = (T )| < €+ un(T) =, (T-)| < €

for some constant C. The same argument as in (54) implies that {&,} is a Cauchy
sequence in G(0,7; X). Denoting its limit by &, we obtain from Proposition 3.12 that
§ 1= pyz[zo, u]. Repeating the same argument for an arbitrary sequence |lu, — ul|jp ) — 0,
u, € G(0,T; X), we complete the proof. ]

5. Functions of bounded s-variation

In this section, we give an extension of Proposition 3.12 to the case where the sequence

{fn} does not converge uniformly. The idea is based on the following concept introduced
in [7], Def. 3.3.

Definition 5.1. We say that a set A C G(a,b; X) has uniformly bounded e-variation, if

Ve>0 dL.>0 VfeA: inf{\[/abl]"lﬁ;lﬁEBV(a,b;X),Hf—¢||[a’b]<€} < L..

We will see in Proposition 5.6 below that every uniformly convergent sequence in G(a,b; X)
has uniformly bounded e-variation. The converse is obviously false, as we can see from
the example f,(t) = Xj91/,(t) for t € [0,1]. On the other hand, we prove the following
generalization of Helly’s Selection Principle as an extension of Theorem 3.8 of [7] to the
infinite dimensional case.

Theorem 5.2. Let X be a real separable Hilbert space and let { f,; n € N} be a bounded
sequence of functions from G(a,b; X) which has uniformly bounded e-variation. Then
there exist f € G(a,b; X) and a subsequence {f,,} of {f.} such that f,, (t) converges
weakly to f(t) as k — oo for every t € [a,b].

The proof of Theorem 5.2 consists in a gradual selection of subsequences similar to the
proof of the classical Helly Selection Principle (see e.g. [9], pp. 372 — 374). In order to
make the diagonalization argument more transparent, we introduce the following notation.

By G(N) we denote the set of all infinite subsets M C N. We say that a sequence
{z,; n € N} of elements of a topological space M -converges to x if for every neighborhood
U(z) of z there exists ng such that x,, € U(z) for every n € M, n > ny.

We start with the following Lemma as the Hilbert-space version of [3], Theorem 1.3.5.
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Lemma 5.3. Let {¢,,; n € N} be a bounded sequence in BV (a,b; X) such that Var [ 5 ¥,
< C for every n € N. Then there ezist 1» € BV (a,b; X) and a set M € G(N) such that
Var o5 ¢ < C and the sequence 1, (t) weakly M-converges in X to1)(t) for everyt € [a,b].

Proof. Let {w;; j € N} be a countable dense subset of X. The functions t — (¢,,(¢), wy)
have uniformly bounded variation, and according to the one-dimensional Helly Selection
Principle we find N; € G(N) such that the sequence { (1, (t), w;)} Ni-converges to a limit
v1(t) for every t € [a,b]. By induction we construct a sequence {Ny; k € N} of sets
in G(N), Ny D Ny D ..., such that the sequence {(¢,(t),w;)} N;-converges to a limit
v;j(t) for every t € [a,b]. We now put n; := min Ny, ny := min{n € Ny; n > n;_,} for
k =2,3,..., and define the set M := {n;; k € N} € G(N). By construction, every N;-
convergent sequence is M-convergent, hence {(1,,(t), w;)} M-converges to v;(t) for every
t € [a,b] and j € N.

For a fixed ¢ € [a,b], the mapping w; — v;(t) can be extended in a unique way to a
bounded linear functional on X. By the Riesz Representation Theorem, there exists an
element () € X such that v;(t) = (¢¥(t), w;) for every j € N. Since the system {w,} is
dense in X, we obtain that

i (G (). ) = (o(t), )

for every w € X and t € [a,b]. Moreover, for a fixed partition a =ty <t; < -+ <t, =b
we have

Z |¢(tz) - Qﬁ(ti—l)| < hkn_{g}fz |¢nk (tz> - 77Z}nk (ti—l)l < 07
i=1 i=1

and the assertion follows. O

We now use Lemma 5.3 to prove Theorem 5.2 by an argument similar to the one used in
[7] in the case dimX < oo.

Proof of Theorem 5.2. We fix a sequence ¢; — 0 and for every n,i € N we find ¢! €
BV (a,b; X) such that [[¢)}, = fullj,4 < iy Vary ¥y, < Le, + 1. We now apply Lemma
5.3 to find M; € G(N) and ¢! € BV (a,b; X) such that Var, ;¢ < L., + 1 and ¢} ()
weakly M;-converges to 1! (t) for every t € [a,b]. We continue by induction and construct
a sequence {M;} of sets in G(N), My D M, D ..., such that the sequence {¢%(t)} weakly
M;-converges to 1" (t) for every t € [a,b] and i € N, ¢)* € BV (a,b; X), Var 5 " < L., +1.
Putting ny := min My, ny := min{n € My ;n > ni_,} for k =2,3,..., M* :={ny; k €
N} we argue as in the proof of Lemma 5.3 to obtain that 1! (t) weakly M*-converges to
Yi(t) for every t € [a,b] and i € N.

We now check that {¢'} is a Cauchy sequence in G(a,b; X). For 7,5,n € N we have
[on — ¢¥l||[a,b] <|[¢n - f”H[a,b] + | £o = w£||[a,b] s & +gj
Consequently we have for ¢ € [a, ],

[0(8) = 97(8)] < timinf [, (6) — v, ()] < =i+,
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from which readily follows that {¢'} is a Cauchy sequence in G(a,b; X). We denote by
f € G(a,b; X) its limit. For each t € [a,b], w € X and k € N we then have

() = fur (), w) = (f() =¥ (1), w) + (') — Uy, (1), w0) + (P, (1) = fur (1), w)

for a suitably chosen ¢, and we easily conclude that f,, (t) weakly converges to f(t) for
every t € [a,b]. Theorem 5.2 is proved. O

As a complement to Theorem 5.2, the following extension of Proposition 3.12 holds true.

Proposition 5.4. Let f, f, € G(a,b; X), 9,9, € BV(a,b; X) for n € N be such that
the sequence {f,} has uniformly bounded e-variation and

fu(t) — f(t) weakly for every t € [a,b],
lim [lg = gnll =0, sup Var g, = C < 0.
n—00 ' neN la;b]

Then (38) holds.

For the proof of Proposition 5.4 we need the following lemma.

Lemma 5.5. Consider w € S(a,b; X) and f, : [a,b] — X, f.(t) — 0 weakly for every
t € [a,b]. Then

<fn(t),dw(t)> ~ 0.

lim

n—oo

b
Proof of Lemma 5.5. For a function w of the form (6) we have by Proposition 3.7

/ab<fn(t),dw(t)> = i<fn(tk),ck+l_ck>,

where we put ¢y := ¢, ¢pa1 = Cnm, and it suffices to pass to the limit as n — oo. O

Proof of Proposition 5.4. Foreache > 0andn € Nwe find {¢°},{¢;} in BV (a,b; X)
such that |[fo —V5llny < & If = ¢°lly < & Varpnen, < Lo+ 1, and put L. :=

maX{Var [a,b] Ve, L. + 1}.

The sequence {f,} is obviously bounded in G(a,b; X). Indeed, as {f.(a)} is weakly
convergent, it is necessarily bounded and we have for every n and t that

[Fa )] < 1falt) = 05+ [85(8) = 05 (a)] + | fala@) = U5 ()] + [ fula)| < 26+ Lo+ | fula)]

and taking the infimum over € we obtain an upper bound for |/ f,l|,, independent of n
and ¢, say

[ fallay = R-

Let now € > 0 be fixed. By Proposition 1.3 (v), there exists a step function w € S(a,b; X)
such that |lg —wl|j,,) < /L., Varggw < C. Using Lemma 5.5 and the uniform con-

vergence of {g,}, we find ng such that for n > ny we have \ff (f = fo)@),dw(t))| <e,
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19 = gnllfuy < ¢/L.. Then Corollary 3.10 yields

<

‘ / (1), dglt)) — / (Falt). dga(t)) / <<f—wf—fnw;)(t),d(g—w)(t»\

+

/ab«f - fn)(t),dw(t))‘ N

[t = so.dtg - w)

b
|/ <<fn—w;><t>,d<g—gn><t>>\ "

b
/ <wz<t>,d<g—gn><t>>\
< 20 |If =4 = fat Ypllny + €+ (4(R+e)+2L) lg = wll g

+2C | fo = Uil + QR+2)+Le) g — gnlluyy
< Me

for n > ng, where M is a constant independent of n and ¢, hence (38) holds. ]

To conclude the paper, we show how Theorem 2.4 can be used to prove directly the
following link between Propositions 3.12 and 5.4.

Proposition 5.6. Let {u"} be a sequence in G(0,T; X), |[u" — ul|pz — 0 as n — oo.
Then {u™} has uniformly bounded e-variation.

Proof. Lete > 0begiven. Fort € [0,7] and n € Nput u_(t) := u(t—), u™(t) := u™(t—),
£ (t) == py[0,u”](t) with Z = B./5(0). By Theorem 2.4 there exists C. > 0 such that
Var o) &" < C. independently of n, ||u” — gﬁH[O . <e/2.

Let U. C [0,7] be the finite set of those t for which |u(t) —u_(t)] > ¢/4. For t € [0,T]
and n € N we now put

ul (t) = () + (u"(t) —u” (0)xp, (1), &L () = py[0, ul](t) . (60)

Clearly, u”(t—) = u"(t) for t € [0,7] and we infer from Proposition 2.2 that {"(t—) =
£ (t) for t € [0,T]. Consequently, £"(t) = £2(t—) = £"(¢) for every ¢ € [0,T] \ Ue, while
1€ (t) — E2(t—)] < |u™(t) —u"(t—)| for t € U, by Lemma 4.1. Then £ € BV (0,T; X)
with Var gz & < Ce+2 37, [u(t) — u(1)], where [u"(t) —u ()] <2 [[u" — ullp 4 +
|u(t) — u_(t)|, and we may put L. := sup, Varpn & < 4+oo. For every t € [0,7] and
n € N we have by (60) that |u”(t) — £2(t)| < &/2 and, on the other hand,

(e @] = () - (®) (1= x0.0)]
(®) = () (L= X0, ()] +2 " = ull o
< A2 un = ullgy < &2

IN

for n > ng with ng sufficiently large. This yields that |[u" — &[] ;g 7y < € for n > ng. For
n < ng we approximate the functions u™ for instance by step functions and taking a larger
L. if necessary, we complete the proof. n
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