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Given an integrand f of linear growth and assuming an ellipticity condition of the form

2 2\ —5 1y 12
D*f(Z)(YV,Y) > c(L+|2]?) 2 [Y]’, 1<n<3,

we counsider the variational problem J[w] = fﬂ f(Vw)dr — min among mappings w: R® D> Q — RV
with prescribed Dirichlet boundary data. If we impose some boundedness condition, then the existence
of a generalized minimizer u* is proved such that [, |[Vu*|log*(1 + |[Vu*|?) dz < ¢(Q') for any ' € Q.
Here the limit case p = 3 is included and we obtain a clear interpretation of the particular solution
u*. Moreover, if 4 < 3 and if f(Z) = g(|Z|?) is assumed in the vector-valued case, then we show local
C'@-regularity and uniqueness up to a constant of generalized minimizers. These results substantially
improve earlier contributions of [6], where only the case of exponents 1 < u < 1+42/n could be considered.
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1. Introduction

Suppose we are given a smooth, strictly convex (in the sense of definition) integrand f:
R™ — R of linear growth (compare Assumption 2.1 for details). Then we consider the
variational problem

Jw] = /Qf(Vw)dx — min (P)

among mappings w € ug+ W H(Q;RY), where Q C R™, n > 2, is a bounded Lipschitz
domain and g is of class W (2;RY).

One prominent (scalar) example is the minimal surface case f(Z) = /1 + |Z|?>. A variety
of references is available for the study of this variational integrand. With regard to the
following discussion we just want to mention the monographs [23], [21] and the a priori
estimates given in [25] and [20].

The theory of perfect plasticity provides another famous variational integrand of linear
growth (the assumptions of smoothness and strict convexity however are not satisfied in
this case). Here we like to refer to the studies of Seregin (see, for instance, [28]-[31]) and
to the recent monograph [18].
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In any case, on account of the lack of compactness in the non-reflexive Sobolev space
WLE(;RY), problem (P) in general fails to have solutions. Thus one either has to study
suitable relaxations (possibility 7)) or we must pass to the dual variational problem (pos-
sibility i7)).

ad 7): since the integrand f under consideration is of linear growth, any J-minimizing
sequence {uy,}, Uy, € up+ WHQ;RY), is uniformly bounded in the space BV (Q;RY).
This ensures the existence of a subsequence (not relabelled) and a function u in BV (Q; RY)

such that u,, — u in L'(£2; RY). Hence, one suitable definition of a generalized minimizer
u is to require u € M, where the set M is given by

M = {ueBV(QRY): wis the L'-limit of a J-minimizing sequence
from wo+ Vf/f(Q;RN)} .
Note that the elements of M are in one-to-one correspondence with the solutions of any
relaxed version of problem (P) (see [7]).
ad 7i): following [13] we write

Jwl = sup  l(w,7), weut W (GRY),
TEL (Q;R"N)

where the Lagrangian [(w, 7) for (w,7) = (uo + ¢,7) € (uo+ Vf/f(Q;RN)) x L®(Q; R™Y)
is defined through the formula

(w,T) = /QT:de:U—/Qf*(T)dx = l(uo,T)—i-/QT:Vgodx,

and where f* denotes the conjugate function of f. If we let
R: L®(Q;R™) >R,

—00, if divr #0,
R[T] = inf l(u,7) =

u€uo+ Wi (GRY) l(ug,7), if divr =0,

then the dual problem reads as
to maximize R among all functions in L>(Q; R™Y) . (P*)

Although the set M of generalized minimizers of problem (P) may be very “large”, the
solution of the dual problem is unique. This is a well known fact from duality theory
(compare [13]), a generalization (without imposing any condition on the conjugate func-
tion) is given in [2]. Moreover, the dual solution o admits are clear physical or geometrical
interpretation: in the minimal surface case the dual solution corresponds to the normal of
the surface, in the theory of perfect plasticity we obtain the stress tensor. Let us finally
mention that (see again [13])
inf Ju] = sup  R[7].

o
u€up+Wi (Q;RY) TEL (Q;RNY)
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Next, some known results are briefly summarized.

i) In the minimal surface case it is possible to benefit from the geometric structure of the
problem (compare Remark 2.3). A class of integrands with this structure is studied, for
instance, in [20] following the a priori gradient bounds given in [25]. It turns out that
generalized minimizers have (locally) Hélder continuous derivatives, they are unique up
to a constant and the dual solution o is of class C’loo’f for any 0 < o < 1.

i1) In the theory of perfect plasticity only partial regularity of the stress tensor is known
(compare [30]). Even in the twodimensional setting n = 2 we just have some additional
information on the singular set (see [31]). As an approximation, plastic materials with
logarithmic hardening are studied, i.e. the integrand under consideration is given by

f(Z) = 1Z|log(1+2]).

This integrand is of nearly linear growth and, as a consequence, a unique solution of
problem (P) exists. The solution is known to be of class C’llo’? implying the stress tensor
to be (locally) continuous (see [15], [17], [26] — generalizations are given in [16], [8], [5],
3])-

i7i) In the general situation of strictly convex, smooth integrands with linear growth,
singularities have to be expected as well (see [20] or [3] for examples). However, partial
Cle-regularity of generalized minimizers u follows from [1] and finally the duality relation
o = V f(Vu) ensures partial C%“regularity of the stress tensor (see [4] and [3] for details).

iv) In contrast to the nearly linear logarithmic hardening, the idea in [6] is to study a
regular class of variational integrals with linear growth. Here, on one hand, existence and
regularity results are comparable to the minimal surface situation. On the other hand,
no geometric structure conditions are imposed.

As an example one may think of

1(Z) = /O|Z|/Os(1+t2)'5dtds, (1)

where ;1 > 1 is some fixed real number. If, as a substitute for the geometric structure,
ellipticity is assumed to be “good enough”, i.e. if p < 1+ 2/n is assumed, then C’llo’g—
regularity of generalized minimizers (which again are unique up to a constant) and local
Holder continuity of the stress tensor are valid.

Let us shortly discuss the limitation u < 1+ 2/n. Given a suitable regularization us, it is
shown that

oy 254

ws = (1+‘VU5‘ ) 4
is uniformly bounded in the class Wy,,.(€2). This provides no information at all if the
exponent is negative, i.e. if u > 2. An application of Sobolev’s inequality, which needs

the bound p < 14 2/n, proves local uniform higher integrability of the gradients of the
regularization.

In a similar way, the De Giorgi-type technique of [6] leads to the same limitation on the

ellipticity exponent .

The purpose of our paper is to cover the whole scale of p-elliptic integrands with linear
growth (as introduced in [6]) up to g = 3. This is the limit induced by the minimal
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surface example (see Remark 2.3). Moreover, due to the examples given in [20] and [3]
we can not expect regular solutions in case p > 3.

As an additional assumption, the boundary values ug are supposed to be of class L>(2;RY)
(with the approximation arguments of [4] w.l.o.g. ug € L>® N W1 (Q;RY)). Moreover, a
maximum principle is imposed:

Assumption 1.1. Let us denote the unique minimizer of
0 2 71 N
Jsw] = 5 \Vw|*dx + J[w], w € up+ Wy (RY),
Q

d € (0,1). Then there is a real number M, independent of §, such that
||u5||L°°(Q;RN) < MHUOHLOO(Q;RN) .
Remark 1.2. Alternatively, Assumption 1.1 may be replaced by
usl|zee rrvy < K

for some real number K not depending on 4. In this case no restriction on the boundary
values is needed.

Remark 1.3. Of course there are a lot of contributions on the boundedness of solutions
of variational problems. Let us mention [33] in the scalar case, a maximum principle for
N > 1is given in [12]. Let us also remark that in the case of non-standard, superlinear
growth conditions, a boundedness assumption serves as an important tool in [11], [14] and

3].

Given some preliminary results on the regularization (see Section 3), we exploit these
hypotheses in the main sections 4-6 to obtain uniform a priori gradient estimates for the
sequence {us}.

In contrast to [6] we do not differentiate the Euler equation in Sections 4 and 5 by the
way avoiding Sobolev’s inequality.

As outlined in Section 4, a generalized minimizer u* satisfying some higher integrability
properties is found in the first step. Note that Corollary 2.6 provides a clear interpretation
of this particular solution.

It turns out that in the limit case u = 3 we have to stop at this point, i.e. full regularity
in the minimal surface case depends on the geometric structure of the problem (again
compare Remark 2.3).

However, if ;4 < 3 and if some additional assumptions are imposed in the vectorial setting,
then Section 5 proves uniform local LP-integrability of the gradients for any 1 < p < oo
(see Theorem 5.1).

Once this is established, uniform local a priori gradient bounds for the sequence {us} are
shown in Theorem 6.1. Here De Giorgi’s technique is modified: since on one hand we
benefit from Holder’s inequality, on the other hand we have to check carefully that the
iteration works (see the definition of 5 at the end of Section 6).

Finally, in Section 7 the proof of Theorem 2.7 on C’llo’f‘—regularity is completed.
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2. Assumptions and main results

The boundary values ug are supposed to be of class L N Wi(;RY).  As mentioned
above, the case ug € L® N WL(Q;RY) is covered with the help of the approximation
arguments given in [4].

The class of integrands under consideration is given by

Assumption 2.1. There exist positive constants vy, v5, v3 and a real number 1 < p < 3
such that for any Z € R™Y

i) feCRYW);
i) |[VA(2Z)] <
iii) for any Y € R™ we have
_n _1
n(L+|ZP) E VP < DHZ)YY) < (Lt |ZP) Y.
Remark 2.2. Assumption 2.1 implies the following structure conditions.

i) There are real numbers v4 > 0 and v5 such that for any Z € R™Y

VZ):Z > (14|27 — v,

where we use the symbol Y : Z to denote the standard scalar-product in R™V.
ii)  The integrand f is of linear growth in the sense that for real numbers vg > 0, v7,
vg > 0, vy and for any Z € R™V

V6’Z‘—I/7 S f(Z) S I/g‘Z|+I/g.

iii) The integrand satisfies a balancing condition: there is a positive number vy such
that
\D*F(Z)||1Z]> < vio(1+ f(Z)) holds for any Z € R™V.

Proof. ad i): replace f by f: R™W — R,
f(2) = f(Z)=Vf0):Z foral ZeR"™W.

An integration by parts gives a real number ¢ such that we have for all w € up+ Vi)/ll(Q; RY)
Jw] = / f(Vw)dx — / Vf(0): Vwde = Jw]+c.
Q Q

Thus minimizing sequences and generalized minimizers of J and J respectively coincide,
and w.l.o.g. Vf(0) = 0 may be assumed. This implies by Assumption 2.1 i)

1
d
Vflz). Z = —VfOz):Zdo
£(2) | Gy
= /1D2f(0Z)(Z,Z)d9
0
> /1 (1+6%2%) "% |22 ds
0

|Z] u
_ u2|Z|/0 (1472 dp,
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ie. V

ad i1):

f(Z): Z is at least of linear growth and ) follows.
the upper bound is immediate by Assumption 2.1 7). Proving the left-hand

inequality we observe that (2) gives Vf(Z) : Z > 0 for any Z € R™. W.lo.g. we
additionally assume f(0) = 0 to write (using 7))

hence

12) = [ 0z)as

2/1 ViZz):6Zdo

() -]

v

i1) is clear as well.

ad 4i7): this assertion follows from i) and the right-hand side of Assumption 2.1 7). O

A comparison of the minimal surface integrand with the above definition provides the
following

Remark 2.3.

i)

i)

The minimal surface example f(Z) = /1 + |Z]? satisfies Assumption 2.1 with the
limit exponent © = 3. On the other hand, there is much better information on
account of the geometric structure of this example, in particular we have

1 . (Y-2) )
—_— D2f(Z2)(Y,Y
V14122 Y- 1+Z2| = Hax.Y)
Ca | ‘2_(Y~Z)2
V1+|Z)? 1+1Z]2

for all Z, Y € R™ with some real numbers c;, cs.

Given an integrand satisfying this condition, Ladyzhenskaya/Ural’tseva ([25]) and
Giaquinta/Modica/Soucek ([20]) then use Sobolev’s inequality for functions defined
on minimal hypersurfaces (compare [27] and [9]) as an essential tool for proving
their regularity results.

Note that (1) in case p = 3 exactly coincides with the minimal surface integrand.
Examples of different type are discussed in [3]. For instance, a minimal surface
structure can not be expected for integrands depending on dist(Z,C'), where C
denotes a suitable convex set.

Finally, the vectorial setting NV > 1 needs some additional

Remark 2.4. Suppose that N > 1 and that Assumptions 1.1 and 2.1 hold. This is

suffici

ent to prove some higher integrability result for a generalized minimizer — even in

the limit case u = 3 (see Theorem 2.5 and Corollary 2.6 for an interpretation).

Our second theorem in the vectorial setting however is obtained for integrands f with

some

additional “special structure” in the sense that
f(Z2) = g(|2)?) forall ZeR™ (3)
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with g: [0,00) — [0, 00) of class C? (in particular we have V f(0) = 0, hence (2)).
Note that (3) is not needed to prove a maximum principle (compare [12]).
As an immediate consequence, (3) gives
O f
02,0z

(2) = 4g"(12P) 2oz + 29 (1217) 67 bas -

In addition to (3) we impose some Hélder condition on the second derivative: there are
real numbers a € (0,1], K > 0 such that for any 7, Z € R"V

|D*f(2) - D*f(Z)| < K|Z-Z|". (4)

Now let us give a precise formulation of the results.

Theorem 2.5. If N > 1 and if Assumptions 1.1 and 2.1 are supposed to be true in the
limit case = 3, then there is a generalized minimizer u* € M such that

i) Véu* =0, i.e. Vu* = Ve*, where the absolutely continuous part of Vu* w.r.t. the
Lebesgue measure is denoted by V*u*, the symbol for the singular part is Vu*.
ii)  For any Q' € Q) there is a constant c¢(S') satisfying

IVu*| log® (1+|Vu'|?)de < () < oo.
Q/

Once higher integrability of the gradient of a generalized minimizer u* is established, it
is shown in [7] (compare also [3]) that u* admits a clear interpretation:

Corollary 2.6. The generalized minimizer u* given in Theorem 2.5 is of class W1 (S; RY)
and (up to a constant) the unique solution of the variational problem

/ f(Vw)dz + foo((wg —w) ® v) dH"" — min in W (Q;RY),
Q G19)
where fo, denotes the recession function and v is the unit outward normal to 0S2.

A slight improvement of the ellipticity condition yields:

Theorem 2.7. Suppose Assumptions 1.1 and 2.1 to be true with u < 3. In case N > 1
we additionally impose (3) and (4).

i)  Each generalized minimizer u € M is in the space CY*(Q;RYN) for any 0 < a < 1.
i)  The dual solution o is of class CO%(Q;R™) for any 0 < o < 1. Moreover, o has
weak derivatives in the space L} (;R™).

iii)  For u, v € M we have Vu = Vv, i.e. up to a constant uniqueness of generalized
manimizers holds true.

Remark 2.8. Although we concentrate on generalized minimizers, the (local) continu-
ity of the dual solution is needed to obtain iii) and the full strength of 7). The fact
0 € Wy 10 R™) is well known (compare [28], [4]) and just mentioned for the sake of
completeness.
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To finish this section we fix some notation.

i)  With a slight abuse of notation, positive constants are just denoted by ¢, not neces-
sarily being the same in any two occurrences.

ii) We take the sum w.r.t. repeated Greek indices @ = 1,...,n and w.r.t. repeated Latin
indices7=1,..., N.

iii) We always assume that zo € Q and that B,.(zg) € € is satisfied for each ball under
consideration.

3. Regularization

As mentioned above, problem (P) is approximated in the following way: consider for any
5 € (0,1) the functional

) o
Jslw] = é/g\Vdex—i—J[w], w € up+ Wy (Q;RY),

and denote by us the unique solution of
Jslw] — min, w € up+ I/?/Ql (GRY). (Ps)

Letting fs5 := 2|-|*+f we observe that the minimality of us implies Js[us] < Js[uo] < Ji[uq],
hence

/f(s(Vu(g)dx < c (5)
Q

follows for some real number ¢. Moreover, by the definition of s,
/ V/fs(Vus): Vodz = 0 for all p €Wy (Q;RY). (6)
Q

With the notation o5 = V f5(Vus) we may assume on account of (5) that o5 —: o in
L2(;R™) as § — 0, and following [4] it is easily seen that

Lemma 3.1. i) The sequence {us} is a J-minimizing sequence. Hence, the L'-cluster
points of {us} provide generalized minimizers in the above sense.
ii)  The limit o of the sequence {05} mazimizes the dual problem (P*).

Next, a Caccioppoli-type lemma has to be proved.
Lemma 3.2. Suppose that Assumption 2.1 is true and that we have (3) in the case N > 1.

i) There is a real number ¢ > 0 such that for any s > 0, for anyn € Cg°(2), 0 <n <1,
and for any 0 € (0,1)

/ Dgfg(Vug)(&YVu(g, 0,Vus)I' n* dx
Q

< c / D? f5(Vus) (9yus @ V), 0yus @ V)T d
0

where we have abbreviated T's = 1 + |[Vus|*.
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it)  Letting A(k,r) = As(k,7) = {x € B,(x0) : s > k}, k > 0, there is a real number
¢ > 0, independent of 0, such that for any n € C§°(B,(z0)), 0 < n <1, and for any
de(0,1)

/ T, % |V 0% de
A(k,r)
< c / D?f5(Vus)(e; ® Vi, e; @ Vn) ([5 — k)* da .
A(k,r)

Here e; denotes the j™ coordinate vector.

Remark 3.3. Following the proof of Lemma 3.2 we see that (3) is not needed for assertion
i)if s =0.

Proof of Lemma 3.2. ad i): using the standard difference quotient technique it is easily
seen that us is of class W3, (4 RY).

Moreover, since | D f5| is bounded, V f5(Vus) is of class W, (Q; R™) with partial deriva-
tives (almost everywhere)

0, (Vfs(Vus)) = D*f5(Vus)(0,Vus,-), v=1,...,n.

Now, given ¢ € C§°(;RY), we take Oy, v = 1,...,n, as an admissible choice in the
Euler equation (6). An integration by parts implies by the above remarks

/ D2 f5(Vus)(0, Vs, Vo) do = 0 for all € CF (%LRY) (7)
Q

and, using standard approximation arguments, (7) is seen to be true for all ¢ € W3 (Q; RY)
which are compactly supported in €.

Next we cite [24], Chapter 4, Theorem 5.2, in the scalar case and [34] (we may also
refer to [19], Theorem 3.1) if N > 1 to see that us € WL ;,.(Q;RY). As a consequence,
¢ = n?0,us 'y with ) given above is admissible in (7) (recall the product and chain rules
for Sobolev functions). Summarizing the results we arrive at

/ D? f5(Vuy) (OVVU(;, OVVUC;) Isn? do
Q
+s5 / D? f5s(Vus) (04 Vug, Oyus @ VIs) T3 da (8)
Q
=9 / szg(VU5)(87VU5, Oyus & Vn) I de.
Q

In the scalar case N = 1 the second integral on the left-hand side can be neglected on
account of

1
D2f5(Vu(;)(87Vu5,8yu(;®VF5) = §D2f5(Vu5)(VF5,VF5) Z 0 a.e.

In the vectorial setting N > 1 we first consider the case s = 0. Then the second term on
the left-hand side trivially vanishes without any additional assumption (compare Remark
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3.3). If s > 0, then (3) is needed: given a weakly differentiable function #: 2 — R, and
letting f5(Z) = gs(|Z|*) we obtain almost everywhere

D? f5(Vus) (05 Vg, Oyus @ V)
= 4gYDoul 0,0l Ogul 0,1l Ogt) 4 2 g Oy O’ Dyl Dt
= Zgg &Y ’VUg’Q awﬁ 6ﬁu§ &yuf; + g(’g 604 ’VU@’Q aaw

= 295 0,05 030 0, u}0pu + 9505 Oat)

1 95
— - 2 (Vug)apar
SRERERRLA

1
— 5 D2f5(VU5) (Gj & Vw, ej & VF(;) .

Choosing 1 = 'y we see that in the vectorial setting the second integral on the left-hand
side of (8) is non-negative as well. In any case we obtain for any ¢ > 0

/Q D2 f5(Vus) (9, Vs, &, Vg T3 d
< ¢ /Q [DQfC;(Vu(;)(GWVu(;,@vVua)}éan
- [D2 F5(Vus) (Oyus @ Vi, 0yus ® vn)] T 2 dy
< c{e /Q D2 f5(Vus) (9, Vs, 0,Vus) Tin? da

4ot / D? f5(Vus) (&u(; ® Vn, 0yus @ Vn) I's dm} )
Q

If € is sufficiently small, then we may absorb the first integal on the right-hand side and
i) is proved.

ad ii): this time we choose ¢ = n* d,us max [Fg — k, 0}. Moreover, given a measurable
function w: 2 — R and writing w" = max|w, 0], we recall (see, for instance, [22], Lemma
7.6, p. 152) that for w € W (Q)

Vw if w>0
+_ Y
Vi _{0 if w<o0.

Then the same arguments as before prove ¢ to be admissible in (7), thus
/ D? f5(Vus) (8WVU5, 8WVU5) (s — k)n? dz
A(k,r)
+ / D2f5(Vu5)(&qu5, 8»),“5 X VF(;) 772 dx (1())
A(k,r)

= -9 / D? f5(Vus) (87Vu5, Oyus ® Vn) n(ls—k)dz.
A(k,r)
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Here the non-negative first integral on the left-hand side is neglected and the second
integral is estimated as above, i.e.

1
— / D? f5(Vus) (ej ®@ VI, e; @ VF(;) n* dx
2 A(k,r) (11)

< / D? f5(Vus) (9, Vus, Oyus ® VIs)n° d .
A(k,r)
According to (9), the right-hand side of (10) satisfies almost everywhere

1
D? f5(Vug) (9, Vus, Oyus ® V) = 3 D?f5(Vus)(e; ® Vn,e; @ V) . (12)

(10)—(12) imply with the Cauchy-Schwarz inequality

/ D2f5(Vu5) (6]‘ X vréa €; ® VF5) 772 dx
A(k,r)
S c {8 / D2f§<vu5)(€j ®VF57€]®VF5) 772 dm
A(k,r)

+€_1 / D2f5<VU5) (ej X V’I?, €; (%9 V’I]) (F5 — k?)2 dl’} R
A(k,r)

hence i) is proved by recalling Assumption 2.1 i4i) and by choosing ¢ > 0 sufficiently
small. 0

4. Higher integrability in the limit case y =3

In this section we consider the limit case u = 3 and prove local uniform integrability of
|Vus|log?(1 + |Vus|?) by the way establishing Theorem 2.5. Here the discussion of the
vectorial setting does not depend on additional conditions (compare Remark 2.4).

Theorem 4.1. Let Assumptions 1.1 and 2.1 hold in the limit case = 3. Then for any
Y € Q there is a real number c(§Y) — independent of 6 — such that

[Vus| log” (1+ |Vus?) dz < (@) < oo.
Q/

Proof. This time we have to show that ¢ = us w?n? ws = log(Ts), n € C5(Ba(x0)),
0<n<1,n=1on B.(xg), is admissible in the Euler equation (6). Since condition
(3) is dropped in this section, we now refer to the discussion of asymptotically regular
integrands given in [10]; a generalization is proved in [19], Theorem 5.1. As a result, us is
seen to be of class W3, N WL ,.(Q; RY) which proves ¢ to be admissible. Alternatively,

we could replace ws by a suitable truncation ws s and prove Theorem 4.1 by passing to
the limit M — oo.
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With the above choice, the Euler equation reads as

/ Vf(Vus) : Vuswin? dx+6/ |Vus|* win? do
Bar(z0) B

2r(0)

= —/ Vf(Vus) s us @ [Vwin? + Vn?wj] da (13)
B2'r(x0)
-4 / Vus : us @ [Vwin® + Vn'wy | da.
Bar(zo)
Remark 2.2 i) proves the left-hand side of (13) to be greater than or equal to

1
/ [1/4F§ win? —1/5w§772} dx—l—é/ |Vus|*win® dr . (14)
Bar(20)

Bar(x0)

Since |V f] and |us| are bounded, we find an upper bound for the right-hand side of (13)
(using Young’s inequality with e > 0 fixed)

1 _1
rhs < c/ n? [ef‘g wi 47Ty 2 \Vw(;]Q] dx
Bar(zo0)

+c(r) / wj dx
BQT(CEO)

(15)
+c5/ n? [5\Vu5\2w§ +et |Vw5|2} dx
Bay(z0)

+c(r)d / |Vus|w? de .
BQr(xO)

Clearly | Bor (20) widz and 6 [ Bar(20) |Vus|w? do are uniformly bounded w.r.t. § (compare

(5)). Hence (13)—(15) imply after absorbing terms (for ¢ sufficiently small)

1 1
/ NZwide < c{l—k/ Ty % |[Vws|*n® dz
BT(IQ) BQT(IO)
+5/ |Vws|*n? dz| .
Bar(z0)

Given (16) we observe that a.e.

1

Vs < e————
| WCS‘ - Cl+|Vu5|2

|D2U5|2,

thus we may use Assumption 2.1 4i7) with 4 = 3, Lemma 3.2 7) (letting s = 0 and recalling
Remark 3.3) as well as Remark 2.2 4i7) and (5) to obtain the final result

1 1
/ MZwide < ¢ 1+c/ <F52 +5> F5_1|D2u(5|2n2d4
Br(z0) L Bar (o)

1+c¢ / D2f5<VU5) (&YVU(;, &YVU[;) 772 d$:|
Bar(z0)

IA
o

IA
o

1+ ¢(r) / |D? f5(Vus)| [Vus|® dx} < c.
Bar (o)
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5. [LP-estimates in the case y < 3

From now on we concentrate on the case p < 3. Moreover, we impose some additional
structure in the vectorial setting N > 1 (compare Remark 2.4). Then it is possible to
modify the arguments of Section 4 such that the results obtained there may be iterated.
This gives uniform LP-estimates in the sense of

Theorem 5.1. Suppose that pn < 3, that we have Assumptions 1.1, 2.1 and that (3) is
satisfied. Then for any 1 < p < oo and for any ' € Q) there is a constant c¢(p,Y'), which
does not depend on &, such that

Remark 5.2. As an immediate consequence we can find a generalized minimizer u* € M
which is of class W,,.(€;R"Y) for any 1 < p < oo.

Proof. Fix a ball B, (zo) € 2 and assume that there is a real number oy > 0 such that
(uniformly w.r.t. 0)

1+2a0 1+o<70
Is? de+6 Iy 2de < c. (17)
BTO (wo) Bro (370)

Note that by (5) this assumption is true for g = 0. Next define @« = oy + 3 — p and

choose ¢ = us F(s% n?, n € C(Bry(20)), 0 < <1, n=1on Byp(ze), [Vnl < ¢fro.
As outlined in the proof of Lemma 3.2, us is of class W3,,. N WL ;. (Q;RY), hence ¢ is
admissible in (6) with the result

loc

/ Vf(Vus) : Vuﬂ’?nQ dm—|—5/ |VU5|2F§772 dx
BTO (:Eo) Bro (330)

< c(a)/ r§2|D2u5|n2dx+c(a)5/ I8 | D2us| i da (18)
B’V‘O (330) B'ro (IO)

a+1

—|—c/ FE\Vnﬂda:—l—cé/ L% |Vn?|dz.
BTO (Q?O) B'ro (IO)

Here Assumption 1.1 and the boundedness of V f (compare Assumption 2.1 i7)) are already
used. Analogous to the previous section, the left-hand side of (18) is estimated with the
help of Remark 2.2 4):

1ta a
l.h.s. > 1/4/ I n2dm—y5/ I'?n?dx
BTO(ZBO) Bro(fﬂo)
+5/ F(15+§772dx—5/ F?nzdﬁ.
B,

0 (IO) BTo (IO)
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The right-hand side of (18) is handled via (fix € > 0 and use Young’s inequality)

1+

a _lia
r.h.s < c/ 772[6F52 +e71Ty 2 F§“1|D2u5|2} dx
Bro(x())

14+« _14a
+c/ [&?F(SQ n”+e Ty 2 F?|V77|2] dx
B'ro(xo)
2 1+3 1 1=3 ra 12, 12
+co n“|lels 2 +e Iy 21§ |D%us|”| do
BTO(fEO)
+cé eTT2 2 pomip e plte 2
s M te Ly 5 IVn|®| dx .

BTO (ZO)

Hence, absorbing terms, (18) yields

I, d A
5 T+ 0 Iy °dx
B, /2(@0) B, /2(@0)

-3
< c[/ n’ T2 |D?us|* dx
BTO(:C())

a—1 o
+/ I,2 \vn|2czx+/ 2 772dx1
BT()(J"O) Bro(xo)

+ 0(5{/ 772F§71|D2u(;|2d:v
By (z0)

+/ F§|Vn|2d:c+/ PEnde]
By (z0) By (z0)

3 6
= S ey

=1 i=4

Starting with I;, we recall that by definition p + a — 3 = ag > 0, thus Assumption 2.1
i7i) and Lemma 3.2 7) give

B pta
L = / n*Ty 2 |D*us°Ts 2 da
BTQ(zO)
Q0
< c/ D2f5(Vu(5)(67Vu5,67Vu5) I3 n*dr
BTO(xO)
_1 1+ 20
< c(ro)/ [F52+5}F6 2dr < ¢,
Bro(xo)

where the last inequality is due to Assumption (17). An upper bound (not depending on
9) for I3 is found since we may assume w.l.o.g. that u > 2. This clearly proves I, to be
bounded independent of § as well. Studying I, let us first assume that a < 2. Then,
again by Lemma 3.2 7)

51, < / D? f5(Vus) (9, Vus, 0, Vus) n* d
BTo (wO)

IN

c(ro)/ [F;%—i-é] [sde < c.
By (z0)



M. Bildhauer / A Priori Gradient Estimates for Bounded Generalized Solutions... 131

In the case o > 2, Lemma 3.2 i) gives

0, < / D? f5(Vus) (05 Vus, 0, Vuy) P(?_IUQ dx
Bro(aﬂo)

< ¢(ro) / [F_% + (5} I e < e
= 0 k) ) = )
BTQ(J:O)

where we once more recall (17) and observe that § —1 = (ag +1 — u)/2 < ag/2. This
condition trivially bounds §/5 and §I independent of §, and we have proved with (19):
suppose that (17) holds for some given 19 > 0 and ay > 0. Then there is a constant,
independent of §, such that

14+ag+3—p 1+&0+3—#
/ Iy, * dx—{—é/ Iy ? do < c. (20)
By /2(20) B.q /2(x0)

We now claim that for any k& € N there is a constant ¢(k), independent of ¢, such that

1+k(3—p) 1+ kE(3—p)
Iy 2 dx+9 Iy * dr < c. (21)
BTQ/Qk ((Eo) BTO/Zk (IO)

In fact, as mentioned above, oy = 0 is an admissible choice to obtain (21) from (20) in
the case k = 1. Next assume by induction that (21) is true for some k£ € N. Then we may
take ag = k(3 — p) in (17) and (20) establishes (21) with k replaced by k + 1, thus the
claim is proved. Obviously this implies Theorem 5.1. O]

Remark 5.3. If we omit condition (3) in the vectorial setting, then analogous arguments
prove higher integrability up to a finite number 1 < p(pu).

6. A priori gradient bounds

In this section the De Giorgi-type technique as outlined for example in [6] is modified: on
one hand, given Theorem 5.1, we benefit from Holder’s inequality. This decreases on the
other hand the exponent 3 of iteration (see the definition of 5 given below). Nevertheless
it turns out that Lemma 6.3 still is applicable to obtain

Theorem 6.1. Consider a ball Bg,(zo) € 2. With the assumptions of Theorem 5.1 there
is a local constant ¢ > 0 such that for any 6 € (0, 1)

HVU(;HLoo(BRO/%RnN) S C.

Before proving Theorem 6.1 we recall the definition
A(k,r) = {z € By(x0): I's >k}, B.(zg) €Q, k>0,
and establish the following result.

Lemma 6.2. Fixz some xoy € ) and suppose that we are given radii 0 < r < R < Ry,
Br,(x9) € Q. Then there is a real number ¢, independent of v, R, Ry, k and §, such that

/ (T5 — k)1 da
Alk,r) . (22)
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Proof of Lemma 6.2. Recalling the notion w™ of Section 3, Sobolev’s inequality yields
with n € C§°(Br(x0)), 0 <n<1,n=1on B,(x), |Vn| <c¢/(R—r),

n

/ (Ts — k;)% dr < / [77 (Ts — ]{;)1 T
A(k,r) Br(zo)

n

<ol [ (- w e

L J Br(x0) : (23)
<ol [ |90l

L JA®K,R)
< 0—11"%1—1—[2"%1]

Here we have

I = l/ V| (Ts — k) dx}
A(k,R)
_n_ 1
U \vnﬁ(rg—k)%x] U 1dm}
A(k,R) A(k,R)

c 2 %% %nfl
— / (U5 — k)" d / 1dx ,
(R—7r)"T [Jaw,r) A(k,R)

thus ]an1 is seen to be bounded from above by the right-hand side of (22). Estimating
I, Lemma 3.2 i7) is needed with the result

n o
- [ [ wwn dx]
A(k,R)

1 1
I3 2n—1 " 2n—1
< U n? |VTs[* Ty 2 da:} U I; dx]
A(k,R) A(k,R)

n—1

SIS

IN

IN

C 2 5# © %nfl
T A P
(R—7r)n1 [ Jaw,R) A(K,R)

hence (23) proves the lemma. O

We now come to the

Proof of Theorem 6.1. Consider the left-hand side of (22): for any real number s > 1
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Holder’s inequality implies

n_ 1

/ (05— k)2 de = / (D5 — k) 71" (D5 — k) > %7 da
A(k,r) A(k,r)

[/ (F(g—k;)"nldxr
A(k,r)
s—1
3 [ / (ra—k)@—n"—li%fl} "
A(k,r)

Hence, on account of Theorem 5.1 there is a real number ¢;(s, n, Bg, (o)), independent
of 9,

IN

s—1

Cl(s7n7BR0(x(]>> = Sup{/ ng(stﬁ) dx:| s .
Bry(zo)

>0

such that

/A o (05— k) dz < ei(s,n, Bry(zo)) [ /A . (T — k)7 dx} _ (24)

Studying the right-hand side of (22), we fix a second real number ¢ > 1 and applying
Holder’s inequality once more it is seen that

/ rfds < \A(k,R)ﬁ[/ Ff“d:v} .
A(k,R) A(k,R)

Let

oot Tt
co(t, p, Bry(x)) := sup {/ ry=! dx} < 0.
6>0 L JBpg(zo)

Then we have

=

[ rhar < ol B Ak R (25)
A(k,R)

Summarizing the results we arrive at

(24) PR E
/ (T — k) de < c{/ (Cs — k)™ da:}
A(k,r) A(k,r)

(22) Tt
< ;nl |:/ (F(; — ]{?)2 dx ’
(R —r)n=1s LAk ]
EESE
X [/ F(S% dx (26)
A(k,R) |
(25) ety
el I RN
(R—r)n15 [Ja®,R)
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As the next step we define for k£ and r < R as above the following quantities:

/ (Ts — k)’ de,
A(k,r)

alk,r) = |A(k,r)|.

T(k,r)

With this notation (26) can be rewritten as

Thr) < e [ B ath, R (27)
(R—r)nT15
Given two real numbers A > k > 0, we now observe
a(h, R) — / dr < / (Ts — k)% (h — k) d,
A(h,R) A(h,R)
thus we get for h > k>0
1
h < k,R). 2
a( 7R) — (h-k})QT( 7R) (8>

With (27) and (28) it is proved that for A > k > 0 we have the estimate

[ 1l n 1 1l n 11
T(h,r) < ——— |7(h,R)|?" ' — T(k,R)|2n 15t
() (R_r)r_lé [r(h, B)] (h_k)m%% [k, )
S ‘ n 1 ! n 11 [T(kaR)]%nTll%<l+1)'
(R_r)*n_g (h_k)n_1;?

Now s and t are chosen sufficiently close to 1 (depending on n) such that

1 n 1 1
= - |1+-] = > 1.
2n—13{+t] b

With this choice of s and ¢t we additionally let

11 1
o = n -— >0, v = n - > 0,
n—1s

hence the following lemma, stated for example in [32], Lemma 5.1, p.219, may be applied.

Lemma 6.3. Assume that p(h, p) is a non-negative real valued function defined for h >
ko and p < Ry. Suppose further that for fized p the function is non-increasing in h and
that it is non-decreasing in p if h is fized. Then

C

(h_k)(X(R—p)”/ [90<k7R)]B7 h>k>k0; /)<R<R0,

@(h,p) <

with some positive constants C', o, > 1, v, implies for all0 < o < 1

gO(ko—i‘d,Ro—O'Ro) = O,
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where the quantity d is given by

29361 ¢ [k, R)]*™

o' R}

=

This lemma yields
7(d, Ro/2) = / (Ts —d)’dz = 0,
A(d,Ro/2)

and, as a consequence,

F5 < d on BRO/Q(ZC()). (29)

Here the quantity d is uniformly bounded w.r.t. ¢ if and only if there is a constant
(independent of §) such that

7(0, Ry) = /B ( )I‘?;dm < c.
R (%0

This fact is proved in Theorem 5.1 and the a priori estimate Theorem 6.1 follows from
(29). m
7. Proof of Theorem 2.7

Once Theorem 6.1 is established, Theorem 2.7 follows exactly as outlined in [6]. Let
us first sketch the main arguments to obtain local Ch*-regularity for weak {us}-cluster
points u*: recall Corollary 2.6 which implies the Euler equation

/ Vf(Vu*):Vedr = 0 forall ¢ € Cy(4LRY).
Q
In the scalar case N = 1 we argue with the standard difference quotient technique and,

since u* is Lipschitz, it follows that u* is of class W3,.(RY). Then, letting v = d,u*,
one arrives at

/DQf(Vu*)(Vv,Vgo) dr = 0 for all @EC&(Q;RN)
Q

02 f
020023

(compare (7)), where the coefficients (Vu*) are uniformly elliptic on ' € . The-
orem 8.22 of [22] finally proves Holder continuity of v.

In the vector-valued case an auxiliary integrand f is constructed following the lines of
[26]. As a result, Theorem 3.1 of [19] may be applied since we also have imposed the
Holder condition (4). Thus, C'-regularity is proved in the vectorial setting as well.

Next we consider the dual solution o. As it is proved in [4] or [6], the duality relation
o = Vf(Vu") foraa. ze€f

holds true for any weak cluster point u* of the sequence {us}. Since these cluster points
are known to have (locally) Holder continuous first derivatives, o € C%*(Q; R™) is im-
mediate.
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Uniqueness of generalized minimizers up to a constant is shown in Section 5 of [6] —
the idea is due to [31]: a suitable variation of ¢ is seen to be admissible on account of
o € C%(Q; R™Y). This, together with the uniqueness of o, yields

Vu = Vf*(o)

for any generalized minimizer v € M, and Theorem 2.7 is proved. 0J
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