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Typical convergence theorems for value functions and solutions of (parametric families of)
optimization problems based on I'-convergence of the corresponding functionals usually
rely on equi-coercivity assumptions. Without them the connection between the I'-limit of
the functionals and values and/or solutions of the problems may be completely broken.
The question to be discussed is whether it is possible, even in the absence of a coercivity-
type assumption, to find limiting optimization problems (parametrized in a similar way
and determined by functionals which may differ from the I'-limits of the functionals of
the sequence) such that the value functions and solutions of the problems of the sequence
converge in a certain sense to those of the limiting problems. A positive answer to the
question is given to a class of variational problems (containing optimal control problems
with linear dynamics).

1. Introduction
In the paper we shall consider the simplest variational problem associated with integral

functionals of the form

1
t,u(t))dt, if the integral makes sense,

R N R0 g )
OO7

otherwise,

namely the problem of the following type:
1
minimize I(u) s.t. / u(t) dt = x, (2)
0

where f(t,u): [0,1] x RY — (—o0, 00] is an integrand of which we shall basically require
only that f(¢,u(t)) be measurable for any measurable u(t).
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The question to be discussed is what kind of a limit can be associated with sequences
of such problems. There is an extensive literature related to the question, even for more
general classes of functionals and variational problems, and concerned with the problems
of duality, relaxation, integral representation and variational convergence of (1)-like and
related functionals on spaces of functions and measures (e.g. [2, 3, 4, 5, 8, 9, 12]).

A complete account of relaxation theory for integral functionals in spaces of RY-valued
Radon measures with the weak*-topology is presented in the monograph of Buttazzo [4]
in which the analysis is mainly measure-theory oriented. However, in the context of the
variational problem (2), many basic ingredients of the theory were developed twenty years
earlier by loffe and Tihomirov [8] (see also [9]) who used a different approach based on
convex duality.

The main relaxation theorem given in [4] (Theorem 3.3.1) basically says that if we con-
sider functions u(t) as densities of R"-valued measures on the segment then the relaxed
functional with respect to the weak*-topology of the space of measures can be written in
the form

! dv ! dv
L elaze = t,—(t))dt h(t, —=(t)) d|v,
wr) = [ et GO @+ [ b0 dl

where ¢ is a normal convex integrand satisfying p(t,x) < f(t,z) and h(t,z) is a lower
semi-continuous function which, as a function of z, coincides with the recession function
of p(t,-). Let’s recall that the recession function of (a convex function) ¢ is defined by
©>®(x) = limy_,o t1(T + tz), where T is an arbitrary element of dom .

In [8, 9] a slightly different functional (with f**(1,x), the second Fenchel conjugate of
f with respect to the second argument) was considered on a smaller set I of measures
with singular parts consisting of no more than N 4 1 jumps (that is on a subset of SBV
in modern terminology). It was proved that the corresponding problem has a solution
belonging to K under a mild coercivity condition and the arguments in the proof also
lead to the conclusion that this special solution also solves the relaxed problem (with the
same value of the functional).

[-limits of (1)-like functionals were studied in [2, 5] under the assumption that the func-
tionals of the sequence are equi-coercive. It was shown that the I'-limit, if exists, has the
form

1) = [ et Lanans [ nie 2 wyap) ®

V)= — —_— Vs
0 v "dp : 0 " d|vs]

(with o being a positive finite measure, ¢ a normal convex integrand and h(t,-) the re-
cession function of (¢, -) for p-almost all ¢), and the solution and the value of a suitably
defined variational problem for the limiting functional can be obtained as limits of ap-

proximate solutions and values of the problems associated with the functionals of the
sequence.

This is no longer the case in the absence of the coercivity condition (although weaker
forms of the above described convergence result were established for certain classes of
non-coercive problems): for it may happen that the ['-limit of the sequence of integral
functionals gives no information about the limiting behavior of the associated variational
problems (which is of course a well known phenomenon: see e.g. [6], Example 7.5). Con-
sider for instance the following example.
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Example 1.1.

Let
2k 2k +1 -1
evm,if E<t< + , k=0,1, ,<n ,
n 2
falt;u) = % — 1 k n
e/ if <t< =, k=1,...,< =
n 2

If w, is a sequence of functions converging weakly* in M, then [ |u,(t)|dt are uniformly
bounded, hence for any n the measure of the set {t : |u,(t)| > r} goes to zero as r — oc.
If now |u,(t)] < r on a certain set £ C [0, 1], then

/Efn(ta up(t)) dt > e”""meas(E)

(where “meas” stands for the Lebesgue measure) from which it follows immediately that

1
liminf/ fult,un(t)) dt > 1.
0

n—oo

On the other hand, it is equally easy to see that for any bounded u

1

lim [ fo(t,u(t))dt = 1.

n—oo 0

This means that the I'-limit of our sequence with respect to the weak topology in L' is
the functional identically equal to 1.

Meanwhile, it is quite clear that in the problems

1 1
minimize / £t u(t)) dt, st / w(t) dt =
0 0

the value function is identical zero (as a function of ) for all n.

The main result of this paper shows, however, that even in the absence of coercivity there
is a functional of the same form as in (3) such that for a certain subsequence

(a)  the liminf inequality of the I'-convergence holds for this functionals and elements of
the subsequence;

(b) a weaker form of the limsup inequality also holds;

(c) the value functions of problems (1), (2) for the functionals of the subsequence I'-
converge to the lower closure of the value function of a corresponding problem for
the limit functional (which, being a convex function, coincides with its closure at
all relatively interior points).

The quoted result of Bouchitté (for the equi-coercive case) is an easy consequence of the
main theorem as well as the existence of a solution of the limit problem belonging to the
mentioned set /C.
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2. Statements of the main results

So let f,(t,u), n = 1,2, ... be a sequence of extended-real-valued integrands on [0, 1] x RY,
that is to say, a sequence of functions defined on [0, 1] x RY and taking values in (—o0, oq].
Assume that all integrands satisfy the standard measurability requirements mentioned in
the introduction: f,,(t,u(t)) is measurable whenever u(t) is measurable. Set

1
n(t,u(t)) dt, if the integral exists,
= [ ) :
m?

otherwise.

Throughout the paper we use the following notation:
LY — the space of R"-valued summable (w.r.t. the Lebesgue measure) function on [0, 1];

LY (i), where 1 is a Radon measure on [0, 1] — the space of R"-valued p-integrable func-
tions on [0, 1];

MY — the space of finite R"-valued measures on [0, 1];
f* the Young-Fenchel conjugate of f, and f** its biconjugate;

s(w, P) = supp - w — the support function of P ¢ RY;
peP

A — the collection of open subsets of [0, 1];

It has to be emphasized that by an open subset of [0,1] we always mean a relatively
open set, that is an intersection of an open subset of R with [0,1]. In the same way
we understand the expression “open interval in [0, 1]”, in particular such are all intervals
[0, 3) and («, 1]. Moreover, we shall never be interested in intervals (0, «) and (3, 1).

Remark 2.1. It may be more convenient to speak about arbitrary open subsets of R,
including intervals (a, #) with @ < 0 and/or 8 > 1. Of course in such cases we identify
every such set with its intersection with [0,1]. This convention can be implemented
formally if we agree to consider all functions to be defined on the whole R x RY and equal
to zero at points (¢, z) with ¢ ¢ [0, 1].

The following two assumptions will be adopted:

(A1) there exist ug € lev and p € Ly such that for any n
fu(tuo(t)) < p(t) ace;
(Ay) there exist (q,) bounded in RY and (p,) bounded in Ly such that
falt,u) > qn-u—po(t) Yu € RN, ¥n €N, ae. t€[0,1].

In the theorems below we deal with the following four objects

—  a positive finite measure p on [0, 1];

~  a p-measurable normal convex integrand (¢, u) on [0, 1] x RY;

—  alower semi-continuous set-valued mapping P(t) from [0, 1] into R" with nonempty,
convex and closed values;

—  the functional J(v) given by (3) with h(t,z) = s(z, P(t)).



L. Freddi, A. D. loffe / On Limits of Variational Problems 443

For every n we denote by V,,(x) the value function of the problem (2) (with I,, instead of
I) and by V(x) the value function of the corresponding problem for J:

1
minimize J(v) s.t. / dv = x. (4)
0

As well known, V,, are convex functions, therefore any reasonable limit of V,,, whenever it
exists, is also a convex function.

Along with V,, and V' we consider value functions V,,(A,-) and V(A,-) of the problems

B B
minimize / Ftu()dt, st / w(t) dt =«

and

dv dv
minimize Ja (v :/got,— du—i—/ht,— d|vg|, s.t. /dl/:l’,
)= [ ot Gt [ gy, [

where A is an open subinterval in [0, 1]. By an open subinterval of [0, 1] we always mean
either (o, f) with 0 < a < 8 < 1) or [0, 3) with 3 < 1 or (a, 1] with @ > 0 or finally, [0, 1]
itself.

The notation [ aﬁ refers to integration over the closed interval. In case we wish to emphasize
that we integrate over the open subinterval A we use the symbol | A

Given a partition 7 of [0, 1] by points 0 < a3 < ... < ag < 1, we say that an open interval
A belongs to m if either A = [0, ¢y), or A = (, 1] or A = (e, j) (j > ©). The interval
[0,1] belongs to every partition by definition. Adding ap = 0 and agy; = 1 we define
diameter of the partition as the maximal distance between two adjacent points (including
0 and 1):
diam(7) = %1%%{(0@-“ — )

An interval A belonging to the partition and bounded by two adjacent points of the
partition is called minimal. The collection of all minimal intervals of 7= will be denoted
min (7). We say that a sequence (7) of partitions is decreasing if every interval belonging
to m belongs also to mgy1.

Finally, given a positive measure p on [0, 1], we say that a collection D of intervals is
p~dense if for any interval A C [0, 1] and any € > 0 there is a A’ € D contained in A and
such that both the length and the p-measure of A’ are smaller than the length and the
p-measure of A by less than e.

Theorem 2.2. Under (A1) and (Ay) there are a probability measure p on [0,1], a nor-
mal convex integrand @(t,x) on [0,1] x RN, a lower semi-continuous multifunction P(t)
from [0, 1] into RY with nonempty closed and convex values (connected to h by h(t,w) =
s(w, P(t))) and a subsequence {n;} of indices such that

(a) the value functions V,, (A,-) I'-converge to V**(A,-) for every interval A of a p-
dense set of intervals including [0, 1] itself;
(b) if a sequence (u;) C LY converges to a measure v in the weak*-topology of MY,
then
liminf I, (u;) > J(v);

J—00
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(c) for any v € MY there is a decreasing sequence (my) of partitions of [0,1] by points
which are not atoms of either p or v and with diameters going to zero and a sequence

(u;) C LY such that
limsup I, (u;) < J(v) (5)

Jj—o0

and for any interval A belonging to one of the partitions m, the value functions
Vi, (A, +) T-converge to V**(A,-) and

lm [ w;(t)dt —>/du.
i= A A

Remark 2.3. The measure p is not unique. On the other hand, as soon as p is chosen,
the integrand ¢ is determined uniquely. The construction described in the proof of the
theorem leads to the minimal integrand among those which determine the same lower
closure of the value function. As to the set-valued mapping P(t), it is completely and
uniquely defined by the chosen subsequence of integrals and therefore does not depend
on fi.

We also note that, according to the theorem, jumps of measures v for which J(v) < oo
may occur either at atoms of p or at those ¢ at which P(¢) does not coincide with the
whole of RY.

We next introduce the subset Y ¢ MY of all v € MY of the form
N
W(E) = [ alt)du+ 3 6o.(B)
E i=1

where u € LY (u), & € RN, 7, € [0,1] and 4,, stands for the unit mass at 7;. Thus KV is
the collection of measures whose p-singular part consist of at most N jumps.

Theorem 2.4. Assume (A1) and the following “mild coercivity condition”:

(A') there are qo € RY, r > 0 and (p,) bounded in L, such that the inequality

falt,u) > q-u— po(t)

holds almost everywhere for all n and all q of the r-ball around qq.
Then

(a) the conclusion of Theorem 2.2 holds with the limit functional J being the I'-limit of
I, (in the weak*-topology of M™N),
(b)  for every x € ri(dom V') the problem (4) has a solution belonging to K.

3. Preliminaries

1. T-convergence [6]. Let X be a topological space, and let (f,) be a sequence of
extended-real-valued function on X. The functions

(' — liminf f,)(x) = inf liminf f,(z,)

(zn)—x n—o0
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and

(I' = limsup f,)(z) = ( iI)lf limsup f,,(z,)
are called the (sequential) T-lower and T'-upper limits of (f,,). If both functions coincide
and f(z) is the common value of the limits, then it is said that f,, (sequentially) T'-converges
to f and f is called the (sequential) I'-limit of (f,,).

The following proposition gives a convenient characterization of sequential I'-limits.

Proposition 3.1. The sequence (f,) (sequentially) I'-converges to f if and only if for
any x

(a) liminf, .. fn(z,) > f(z) whenever x, — z;
(b) there is a sequence (x,) converging to x such that limsup,,_ . fo(z,) < f(z).

Under additional assumptions on the space X, namely if X satisfies the first axiom of
countability (e.g. X = R™), or if X is dual of a separable Banach space (e.g. X = MN)
and the sequence of functionals is weak* equi-coercive, the sequential I'-limits coincide
with a more general topological kind of I'-limits for an account of those we refer to the
book of Dal Maso [6]. This implies in particular that the I'-limit, if exists, is always a
lower semi-continuous function. Moreover, if all elements of the sequence are convex, then
so is the I'-limit.

2. T-convergence. Let u(E) be an extended-real-valued function on A. The inner
reqular envelope of u is the function on A defined as follows:

p_(E) =sup{u(G): Ge A, G E},

where G < E means that the closure of G is compact and contained in £. The function
w is a measure on A if there is a Borel measure coinciding with p on A.

The central role in the proof of Theorem 2.2 will be played by extended-real-valued func-
tions on RY x A which are non-negative, convex with respect to the first variable and
measures with respect to the second variable. For brevity we shall call them non-negative
convex measures on RY x A.

Given a sequence (F},) of such functions, we say that the sequence I'-converges to F if for
any p the functions F'(p, ) = '=liminf F, (-, E)(p) and F"(p, E) = '=limsup F, (-, £)(p)
have a common inner regular envelope coinciding with F'(p, F).

Proposition 3.2 ([6], Theorems 16.9, 18.5). Let (S,) be a sequence of non-negative
measures on RY x A. Then a subsequence of (S,) T-converges to a function S which
s also a mon-negative convex measure and lower-semicontinuous with respect to the first
variable.

T-convergence of S,, does not imply I'-convergence of S, (-, E)) for all E € A. It is known,
however, that for a vast majority of the sets the implication is valid. Let (E;) be a family
of elements of A with the parameter ¢ running through an open interval, say (a, 3). Tt is
called a chain if it is increasing or decreasing in the sense that E; < E, either whenever
t < 7 or whenever t > 7. We shall call a family D of open intervals in [0, 1] rich if for any
chain (A;) C A, all A; except at most countably many of them belong to D.
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Proposition 3.3 (cf. [6], Proposition 16.4). Let (S,) be a sequence of non-negative
convex measures on RY x A T-converging to S. Then the sequence (Sy(-, A)) T'-converges
to S(-, A) for all A of a rich family of open intervals in [0, 1].

3. Unbounded set functions. Let p be an increasing function on A with values
in [0,00]. We say that a point 2 € RY is p-extraordinary if u(U) = oo for any open
neighborhood U of z. A point x which is not p-extraordinary will be called u-ordinary.
We denote by Od(u) the collection of all y-ordinary points.

Clearly, Od(p) is an open (maybe empty) subset of RY and the set of p-extraordinary
points is closed. If £ < Od(u), E € A, then u(E) < oo by compactness. It follows that
w is locally finite on Od(u).

Proposition 3.4. Let u be a measure on A with values in [0,00]. Then there is a prob-
ability measure A such that p is locally absolutely continuous with respect to A on Od(u).
In other words, there exists a function ¢(-) € Li, ,(Od(u), X) such that u(E) = [, ¢(t)dX
whenever E € A and p(E) < oo.

Indeed, the proposition is trivial if x(Od(u)) = 0. Otherwise Od(u) is a union of sets
E; € Awith 0 < p(E;) < 0o. Set

4. Normal integrands and conjugates of value functions. Let i be a Borel measure
on [0,1], and let f(t,2) be an extended-real-valued function on [0, 1] x RY (an integrand).
It is called normal integrand if (a) as a function of z it is lower semi-continuous for -
almost all ¢ and (b) the epigraph of f is a Borel subset of [0,1] x RY up to a set whose
projection onto [0, 1] has u-measure zero. In this paper we consider only positive measures
and non-negative integrands, so we shall assume this in what follows. If in addition to
being a normal integrand, f is convex in x for p-almost every ¢, then f is called a normal
convex integrand.

Let f be a normal integrand. Then f(¢,z(t)) is p-measurable whenever x(t) is u-mea-
surable and the Young-Fenchel conjugate of f with respect to the second variable,

f(t,p) = Sgp(p -x — f(t,x))

is a normal convex integrand.

Assume now that the integrand f has only the property mentioned in the introduction,
that is that f(¢,z(t)) is pu-measurable whenever x(t) is p-measurable. It is well known
that in this case the value function V(x) of the problem (2) (with du instead of dt in the
integrals) is convex. If, in addition, f is a normal integrand, then

T

V*(p) = sup(p -z — V(2)) = / £ (t.p) dp.

The following proposition (which is an adaptation of the virtual measurability theorem
of [7]) shows that the same is true under weaker assumptions on the integrand.
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Proposition 3.5. Suppose that 1 is a finite positive measure and f(t,x(t)) is p-mea-
surable whenever x(t) is p-measurable. Then there is a normal integrand p(t,x) such
that for any measurable x(t) the inequality o(t,z(t)) < f(t,x(t)) holds p-almost ev-
erywhere and there is a sequence (z,(t)) converging to xz(t) in measure and such that
liminf, . f(t,2,(t)) < p(t,z(t)) p-almost everywhere.

Proof. To prove the proposition we have to consider the space X of all pairs (z(t), a(t))
where z(t) and a(t) are (equivalence classes of ) g-measurable functions with values in RY
and R respectively with the topology of convergence in measure. As p is finite, this is a
metrizable topology and the corresponding metric space is separable. Considering now
the subset of X consisting of all pairs satisfying a(t) > f(¢,z(t)), it is possible to choose
a dense countable collection of elements of this set. Taking a representative pair in each
of the chosen element, we shall get a countable family F = {(z,(t), a,(t))} of pairs of
everywhere defined p-measurable functions. Then it is easy to check that an integrand ¢
with the desired properties is defined by
o(t, r) = inf{liminf o, (t) : (2,(t),n(t)) € F and ,(t) — x in RV},

n—o0o

that is for any ¢ the epigraph of ¢(¢,-) coincides with the closure of the values of
(@n(+), an(*)) at t. O

It is clear that ¢*(¢,p) = f*(t, p) almost everywhere for every p and that the lower closure
of V() is not smaller than the value function of the corresponding problem for .

4. Constructions of pu, ¢(t,z) and P(t)

At the first step of the proofs of the theorems we shall construct the three main objects that
enter the statements: the probability measure p, the normal convex integrand (¢, x) and
the set-valued mapping P(t). Thanks to (A1), (Ay), we only need to prove the theorems
for the case when

Uo(t) = 07 fn(ta O) < Oa n = 07 (6>

(that is when every f,, is bounded from below by a summable function). Indeed, otherwise
we could consider the functions

Fultow) = fult,uo(t) +u) — gu-u — p(t)
clearly having this properties.

Suppose that Theorem 2.2 is valid for fn, and let g, ¢ and P be the corresponding
measure, convex integrand and set-valued mapping. We can assume, of course, that the
limit relations in (a), (b) and (c) are satisfied for the entire sequence, not just for a
subsequence, and that ¢, converge to some g € RY. Set

ot u) = (t,u —uo(t)) +q - (w—wuo(t) + p(t); P(t) = P(t) +q; p = p.

It is not a difficult matter to verify that the conditions (a), (b) and (c) of Theorem 2.2
are satisfied for f,, ¢, u and P if they hold for f,, ¢, it and P.

If (6) holds, then for every n and every p

fult,p) 20, fr(t,0) < pult)  ace.. (7)
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Define the following functions on RY x A:

S.(p, E) = /E f2(t,p) dt.

As immediately follows from the definition and (7), these functions are non-negative
convex measures on RY x A which are lower semi-continuous with respect to the first
variable and satisfy S, (0, E) < oo for all p € RY and all E € A;

By Proposition 3.2 a subsequence of these functions I'-converges to a certain function
S(p, E) satisfying the same properties. In what follows we assume for notational simplicity
that the sequence (.S,,) itself I'-converges to S.

Let £ be the collection of open sub-intervals of [0, 1] with rational end-points. For any
E € &£ choose a dense countable subset of dom S(+, £), and let II stands for the union of
all such subsets. As £ is a countable set, so is II.

Clearly, any open subset of [0, 1] can be obtained as the union of elements of £. As every
S(p,-) is inner regular and increasing, it follows that the intersection of IT with dom S(-, F’)
is dense in the latter for any E € A.

1. Construction of P(t). First we define, for any ¢, the set Py(t) C R" as the collection
of all p such that ¢ is not an extraordinary point of S(p,-). The set P(t) is defined as the
closure of Py(t).

Proposition 4.1. The set-valued mappings Py and P are convezr-valued and lower semi-
continuous (in the sense that,

whenever t, — t, p € P(t), there are py — p such that py € P(tx)), and 11 is dense in
Py(t) (hence in P(t)) for any t.

Proof. It is enough to prove the proposition for Py. By definition, p € Py(t) if and only
if there is a neighborhood U of ¢ such that p € dom S(-,U). Thus p € Py(7) means that
p € P(t) for all t of a neighborhood of 7 and, consequently, P, is lower semi-continuous.
Furthermore, as S(p, -) is increasing, for any two p;, ps € P(t) there is a common U € A
such that both p; and py belong to the domain of S(-,U). Every point of the line segment
joining p; and py also belongs to the domain as .S is convex in the vector argument. Hence
every point of the segment also belong to P(t). Finally, it was already explained that IT
is dense in the domain of S(-, ) for every E € A, and this immediately implies that the
intersection of II with every P(t) is dense in the latter. O

2. Construction of u. By Proposition 3.4, for any p € R” there is a probability measure
Ap such that S(p,-) is locally absolutely continuous with respect to A, on Od(S(p, -)). Let
P1, P2, ... be an ordering of elements of II. Set

p(E) = (1/2) ZQ”(M(E) + meas(E))

(where meas(E) stands for the Lebesgue measure of F). Clearly, p is a probability measure
and the Lebesgue measure is absolutely continuous with respect to p. We claim that every
S(p,-) is locally absolutely continuous with respect to g on Od(S(p,-)). To see this, take
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an open £ C Od(S(p,-)) with S(p, E) < oco. Then p € dom S(+, E). Let q1,qa, ... be the
intersection of dom S(-, F) with II. Then E C Od(S(g;,-)) for all ¢; and all S(g,,-) are
absolutely continuous with respect to o on E.

Consider first the case when p € ri(dom S(-, £)). Then we can find £ < N + 1 points
Qiys - @i, such that p belongs to the convex hull of these points. In this case S(p, F) <
max; S(g;,, E) and therefore S(p,-) is also absolutely continuous with respect to p on E.

Now let p be an arbitrary element of dom S(-, E'), and let py € ri(dom S(+, E')). Then for
any a € (0,1)
Pa =ap+ (1 —a)py € ri(dom S(-, F)).

We have for 0 < o < o and forany G C E, G € A

S(pa; G) < (/') S(par, G) + (1 = (a/a))S(po, G),

that is
a™ (S(pa; G) = S(po, G)) < (') (S(par, G) = S(po, G))
and, as S(-,G) is convex and l.s.c., S(ps, G) — S(p,G) as a — 1. Thus the functions

Fo(-) = a (S(pa,-) — S(po,-))

are finite measures on E increasingly converging to F} asa — 1. But all F,, for 0 < o < 1
are absolutely continuous w.r.t. u, hence by the theorem of Beppo—Levi so is F;. This
proves the claim.

3. Construction of ¢(t,u). We shall complete the construction in three steps. Denote
At,e) = (t —e,t+¢)N[0,1] and set

lim sup S, At2)
g(t,p) = e—0 /J(A(t,é‘)) ’

0, otherwise.

itt € 0d(S(p,-)),

The following properties of g are immediate from the corresponding properties of .S:

— ¢ is a non-negative function and fol g(t,0) dp < oo;

—  g(t,-) is convex for all ¢ (as an upper limit of convex functions);

—  for every p, g(+,p) is p-measurable and the limsup in its definition is p-almost every-
where the real limit (by the theorem of Radon-Nikodym as S(p, -) is locally absolutely
continuous with respect to p on Od(S(p,-));

—  for any open E we have S(p, F) = [, g(t,p) dp.

Next we define another function 1 (t, p):

N+1

U(t,p) = inf{z aig(t,pi) : pi €11, a; >0, Zai = 1;2%‘]%’ = p}.
i=1

This is also a non-negative function, convex with respect to the second argument and
p-measurable with respect to the first. It is also clear that ¥ (t,p) > ¢(t,p) everywhere
and ¥(t,p) < g(t, p) for all ¢ if p € II. Therefore S(p, E) < [, ¢(t,p)du for all open E
and all p and S(p, E) = [, 9(t,p) dp if p € ri(dom S(-, ))
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Finally, we define ¢ as the Young-Fenchel conjugate of ¥ (¢, -):

p(t,x) = Sl;p(p -z —)(t,p)).

It is clear from the definition that

p(t,x) = Slellr;(p -z —g(t,p))

from which it immediately follows that ¢ is a normal convex integrand (as so is every
function (¢,z) — p-x — g(t,p)).

4. Some properties of ¢ and P. We conclude this section by proving two more
propositions explaining connections between the just constructed objects.

First we observe that, as immediately follows from (7),

1
©*(t,p) >0, Vp, and / ©*(t,0) du < .
0

Proposition 4.2. P(t) coincides with the closure of dom ¢*(t,-) p-almost everywhere.

Proof. By definition g(¢,p) < oo only if ¢ € Od(S(p, -)), and the latter is also a necessary
and sufficient condition for p € Py(t). Thus dom g(¢,-) C Py(t) for all t. Furthermore, as
¥ (t,p) is nowhere smaller than ¢(¢,p) and coincides with g(¢,p) on the relative interior
of its domain, the closures of dom(t,-) and dom g(t,-) coincide p-almost everywhere
and are subsets of P(t). This proves that dom ¢*(t,-) C P(t) as ¢*(t,-) = ¥**(¢,-) and
therefore its domain is contained in the closure of dom (¢, -).

On the other hand, if p € II, then p € dom (¢, ) p-almost everywhere on Od(S(p,-)). As
IT is a countable set, it follows that for p-almost every ¢ we have p € dom (¢, -), provided
t € Od(S(p,-)) and p € II. By Proposition 4.1, II is dense in P(t), whence the opposite
inclusion. O]

Proposition 4.3. For any p € RY and any E € A
S(p. E) = / " (t,p) dp;
E
for any continuous R™ -valued function p(t) on [0,1] and any interval A

Ja(pl) = /A St p(t)) .

Proof. For p € ri(dom S(-, F)), the first equality has been already established as in this
case ©*(t,p) = ¥(t,p). For all p it now follows from the fact that both parts of the equality
are convex, lower semi-continuous and [, ¢*(t,p)du > S(p, E) as [, (t,p)du > S(p, E).

We have furthermore

Ja(p()) = sup ( /A p(t) dv — /A ot 2y - /A s<j|—,’j:|,P<t>>d|us|>.

veMN dﬂ
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If Ji(p(-)) < oo, then [p(t)dv < [s ddh‘:‘,P( ))d|v| for any p-singular measure v for
otherwise the supremum would be equal to infinity due to homogeneity of s(-, P(t)).
As we can change independently the absolutely continuous and the singular part of the

measure when calculating the extremum, it follows that

Tap() = swp ( /A p(t) dv - /A s@(t,Z—Z)du)z /A o (1, (1)) dp.

veMN
1247

On the other hand, if JX(p(-)) = oo then [ *(¢,p(t)) dp also must be equal to infinity
for otherwise we should conclude that p(7) ¢ P(7) for at least one 7 of the support of v
in which case p(t) € P(t) for all ¢ of a neighborhood of 7 as p(t) is continuous and P(t)
is lower semi-continuous. By Proposition 4.2 it follows that p(t) & dom ¢*(¢,-) on a set of
positive p-measure and therefore [ ¢*(t, p(t)) du = oco. O

5. Proofs of the theorems

1. Proof of Part (a) of Theorem 2.2. We agreed in the previous section that the
entire sequence (S,) I'-converges to S and S,(-, [0, 1]) I-converge to S(-, [0, 1]).

Denote by Ay the collection of 7 € (0,1) such that
— 7 is not an atom of y;
— Su(+, A) T-converge to S(-, A) if either A = [0,7) or A = (7, 1].

By Proposition 3.3 the set By = (0,1)\Ap is at most countable. Take a 7 € Ay and a
E € A and set

E-(r)=EN|0,7), Ef(r)=EN(1,1], G (1) = EN0,7], GF = En|r,1].

As follows from Proposition 4.3 S(p, G) is well defined for all Borel sets G and, since 7 is
not an atom of u, we have

S(p, E7(1)) = S(p. G (7)), S(p, E™(7)) = S(p.G7(7)). (8)

Denote by A~ the collection of all relatively open subsets of [0, 7] and by .A™ the collection
of all relatively open subsets of [7, 1] and by S*(p, -) the restrictions of S(p, -) to A*. Then
the above equations say that the restrictions of S, to R x A* T-converge to S*.

Applying Proposition 3.3 to [0, 7] and [7, 1] in the same way as it has been done with [0, 1]
in the beginning of the proof, we can find two sets Ay (1) C (0,7) and A (7) C (7,1)
with at most countable complements to (0,7) and (7, 1) respectively such that (cf. (8))
Sn(+y A) T-converge to S(-, A) whenever A is either (o, 7) with a € A, (1) or (7, 3) with
B e Ag(r).

To summarize, we conclude that S,(-, A) I'-converge to S(-,A) for any interval A with
one end point 7 € Ay and the other end point being either 0 or 1 (in which case as usual
we speak about [0,7) or (7,1]) or belonging to Ag(7) = Ay (1) U Af (7). Clearly, this
collection of intervals is p-dense in [0, 1].

As well known ([11]) for any p(-) € LY

- / £ (6, p(t)) dt
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On the other hand, V (-, A) is the inverse image of Ja under the linear weak*-continuous
mapping T : MY — RY defined by T'(v f % dy. The adjoint mapping associates with

every p € RY the function identically equal to p. Therefore, according to the standard
rules of convex analysis (e.g. [9], §3.4, Theorem 3), we get

B8
Vi(p,A) = JA(T"(p)) = / ©*(t,p)dp = S(p,A)

and this completes the proof of the first statement of the theorem because I'-convergence of
convex functions on RY implies I'-convergence of their conjugates (see [10] or [1] Theorem
3.7) and convex functions I'-converge if and only if their second conjugates I'-converge
(which is immediate from the definitions).

2. Proof of Part (b) of Theorem 2.2. First we observe that J is lower semi-continuous
in the weak*-topology. This follows e.g. from Theorem 3.4.1 of [4] as by Propositions 4.1
and 4.2

p(t,u) = Slellg[)(p -u— p*(t,p)).

Let v € MY and let the sequence (u,) C LY converge to v in the weak* topology. We
also fix an € > 0. As J is l.s.c., there is a continuous function p(¢) on [0, 1] such that

Jw)+ J(p(+)) < /0 p(t)dv +e, if J(v) < oo,
/0 p(t)dv — J*(p(+)) > é, if J(v) = oc.

In both cases p(-) € dom J*, hence (by Proposition 4.3) fol ©*(t,p(t)) du < oo.

Lemma 5.1. There is a piecewise constant function q(t) on [0, 1] such that

(a) | / )dv| <e and | / o (tqlt)) dul < e

(b) if0 <7 <..<T7 <1 arepoints of discontinuity of q(t), then u({r;}) = V({TZ}> 0
for alli = 1, ok and S, (-, (15, Ti41)) T-converge to S(-, (1, Tix1)) for all i =0,....k
whenever 1o < 0 and Tpy1 > 1.

We shall prove the lemma in the next section and now, assuming that it has been already
proved, continue the proof of the theorem. Set A; = (73, 7i11), and let ¢; be the value
of ¢ on A; (to avoid confusion we can extend ¢(t) beyond [0, 1] by setting go = ¢(0)
and ¢ = ¢(1)). As S,(-,A;) I'-converge to S(-,4;), we can for any ¢ find a sequence
(¢in) C RY converging to ¢; and such that S, (gin, A;) — S(gi, A;). Define ¢, (t) by setting
it equal to g;, on A; and choose n(e) so big that for n > n(e)

€

Sn inaAi _S iaAi .
S (Gin, Ai) — S(q )!<k+2
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We have
o) = [ it an0)dr = 3 000,80 < 3 5la 20 +
=1Z1f@ﬂu»du+; (10
< /01 O (t,p(t)) dp+ 2¢ = J*(p) + 2e.

On the other hand, as follows from part (b) of the lemma,

/OlfJ(t)-un(t)dt:;/Aiqi.un(t)dt — ;/Aiqidyz/olq(t)dy

and also,
1
!/ (gn(t) = (1)) - un(t) dt| < [Junl[r max [[gim — @l| — 0
0 (2

as (u,) is bounded in LY, so that (by the property (a) of the lemma) we can choose n(e)
to make sure that

y/ol o) un(®) dt—/olp(t) dv| < 2. (11)

Combining (9), (10) and (11) we get for n > n(e)

hm»zl%@%@ﬁi/ﬁwwmw

0

zlpww—f@—%

{ J(v) —be, if J(v) < oo,

= /e, if J(v) = 0.

As ¢ is an arbitrary positive number, we get from here that

liminf 7, (u,) > J(v)

n—oo

as claimed.

3. Proof of Part (c) of Theorem 2.2. Suppose we are given a v € M. Let
Ay = {m,72,...} be a dense countable subset of Ay (see the proof of part (a) of the
theorem) such that none of 7; is an atom of v, and let By(7) = (0,1)\Ap(7) for any
T € Ay. Let By stands for the union of the set of atoms of v with |J; By(7;). Then B is
at most countable. Set Ay = (0,1)\B;. Then Ay N A; = (). Let finally D stands for the
collection of intervals which either have one end point in A; and the other in A, or have
the form [0, 7) or (7, 1] with 7 € A;. According to what has been established in the proof
of part (a), S,(-, A) I'-converge to S(-, A) whenever A € D.

Now a suitable sequence (7;) of partitions can be constructed as follows. Choose a 7; € A;
such that min{r;, 1 — 7;} > 1/3, and let m be the partition into two intervals [0, 7) and
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(7,1]. Then the two intervals of the partition belong to D and the diameter of the partition
is not greater than 2/3. Suppose now that we have already defined partitions up to 7
with the diameters of every m, k = 1,...,s not greater than (2/3)2-*~Y and such that
for each k every A € min(my) belongs to D.

The partition 7,1 is defined as follows. Let A € min(7), that is the end points of A
are adjacent points of the partition. By the assumption A € D. This means that one
of the end points of the interval belongs to A;. Suppose, to be certain, that this is the
right end point, call it 5. Let « be the left end point. As both A; and A, are dense in
(0,1), we can find 7" € A; and 7”7 € As such that « < 7/ < 77 < (§ and the lengths of
the three intervals into which 7/ and 7" break A is smaller than the half of the length
of A, that is smaller than (1/2)diam(mg). It is also clear that each of the three intervals
belongs to D. Having done this with every A € min(m,) we shall have a new partition
(ms+1) into intervals belonging to D with diameter not greater than (1/2)diam(m,) and
such that every interval belonging to 7, belongs also to msy .

This completes the construction. We observe that every A belonging to one of 7 is the
union of several adjacent intervals belonging to min(my) and since the latter all belong
to D, the same is true for A. Then S,(-, A) I'-converge to S(-,A) and, according to the
proof of part (a), V,,(A,-) I'-converge to V**(A,-).

Fix a k and take an interval A € min(mg). As V,(A,-) I'-converge to V**(A,-), we can

find a sequence (z7) converging to #* = [, dv and such that V,(A,z5) converge to

V**(A,z?). On the other hand, for any n we can find a v (¢) such that

/ us (t) dt = 22
A

and

/fn ) dt < V(A z5) +

Having done this for any A € min(ry), define ug,(t) by ug,(t) = u4 () if t € A. Then of

course
/ukn()dt—>x /du
A A

as n — oo, for any interval A belonging to 7 and

lim sup 7, (ugy,) = lim sup Z fult,u(t)) dt
n—oe n—oee A€min(rg) A (12)
<lim ) VA= ) VAR =J@).
" OoAEmln(Trk) A€min(my)

We therefore can find an n(k) such that for all n > n(k) we have
1
\/ Upr () dt — / dv| < E L(ugn) < J(v) + T (13)
A€min(ry)

It is possible to assume without loss of generality that (n(k)) is a strictly increasing
sequence of integers.
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As m is a decreasing sequence of partitions, every interval belonging to 7, belongs also
to all subsequent partitions. So defining u,(¢) by

Up = U, if n(k) <n<n(k+1),

we complete the proof of (c¢) and of Theorem 2.2.

4. Proof of part (a) of Theorem 2.4. As in the proof of Theorem 2.2, it is enough to
consider the case when (6) holds, now with ¢, = go = 0, in which case by (A/)

falt,u) = rllull = palt). (14)
We can also deal with the entire sequence. In view of the part (b) of Theorem 2.2, we
only have to show that in this case for any v € MY there is sequence u,, € LY converging
in the weak*-topology of M to v and such that

lim sup I, (u,,) < J(v). (15)

n—oo

We assume below that J(r) < oo, otherwise any weak*-converging sequence will satisfy
(15).

Let (m) and (u,) be the sequences of partitions and summable functions constructed in
the proof of part (c) of Theorem 2.2. We shall show that w,, is the desired sequence. To
this end, we only have to check that (u,) actually weak* converges to v as the “limsup”
inequality (15) follows from (13). But this is an easy consequence of (14) and the fact
that the diameters of 7, go to zero as k — oo. Indeed, as follows from (13), (14)

n—oo n—~oo

J(v) > limsup I,,(u,) > limsup(r/0 ||, (2)]| dt —/0 pn(t) dt).

This means that the L;-norms of u,, are uniformly bounded by some constant R.

Let now p(t) be a continuous function on [0,1] with values in RY. Fix an ¢ > 0 and
choose k so big that the oscillation of the function on every interval of length diam(7y)
or less is not greater than . Take an n > k and for any A € min(7y), let aa be, say, the
value of p(-) at the middle point of A. Then, as the y-measures and v-measures of the
points defining 7 are all equal to zero and in view of (13)

r/ w—/pw (ﬁM—|§:(/(w#—/Mﬂ A(8) dt)

A€min(m

<| an - /dl/—/un dt|+€(/ dlv|+ R)

Aemm (7k)

SkWMM+dAdM+R)

It follows that fol p(t) - u,(t) dt — fo t) dv for any continuous p (since k(n) = max{k :
n(k) <n} — oo as n — 00).

5. Proof of part (b) of Theorem 2.4. If T € ri(dom V'), then 9V (Z) # (), that is to
say, there exists a 7 € RY such that 7 € 9V*(p) = 9S(p) (let’s agree, from now on, that
S(p) denote S(p, [0,1])) .



456 L. Freddi, A. D. Ioffe / On Limits of Variational Problems

The theorem will be proved if we manage to show that there are a y-measurable mapping
u(t), ti,...tx €[0,1] and 7y, ..., 7 € RY, (k < N) such that

p-u(t) = @(t,u(t)) + ¢*(t,p) w©— almost everywhere,
v; € N(P(t;),p)i=1,..,k,

(where N(@Q, p) stands for the normal cone to @ at p), and

/0 atydu+ Y = (16)

Indeed, in this case the measure 7 defined by
o(E) = / i 3

is a solution to the problem since, for any other measure v with [dv = 7 and density
u(t) w.r.t. g, we have

1) = [ tatnan+ [ b d
> [ty - [ i
p-T— /w(t p)du

/ ¢ (t,)) du+2p 7

:/0 o(t,(t) du+zh(ti,@):<](7)

where the first inequality comes from the definition of A and the fact that 7 € 95(p)
implies p € (), P(t).
As follows from (14) and (A4),

\

p-uo(t) = p(t) < folt.p) < pult), ace.
if ||p|| < r, that is (setting zo = [uo(t)dt, R = [ p(t)dt and Ry = sup,, [ pn(t)dt)
prro— R<Su(p) <Ry, iffp] <.

Since S,, I'-converge to S, the inequality remains valid if we replace S,, by S. The latter
implies that
0 € int(dom S) # 0.

The proof now can be completed by a reference to Theorem 5 of [9], § 9.3. But the
situation considered there is somewhat different, so we give the necessary details.
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By Theorem 4 of [9], § 8.3, T € S(p) means that

T € /0 0*(t,p) dp + N(dom S(-), D).

In other words, there are a p-measurable %u(-) and a v € N(dom S(+),p) such that

1
A(t) € 05 (6.F) p—nes T / (t) d + 7.
0

What remains is to verify that every non-zero element v of N(dom S(-),p) (if exists) can
be decomposed into a sum of at most N vectors v;, each belonging to the normal cone to
P(t;) at p for some t;.

If 0 # v € N(dom S(+),p)), then p & int(dom S(-)), hence p # 0. As the ball of radius r
around zero belongs to dom S(-), we have

v € N(dom S(-),p) = p-v =7 (17)
With no loss of generality we may assume that p-v = 1.

The closure of dom S(-) coincides with P = (1), P(t) (this is immediate from Propositions

4.2 and 4.3 combined with the fact that P(t) is lower semi-continuous). Therefore the

normal cones to P and to dom S(-) at every point of dom S(-) coincide. Set
C={weR": weNPD), p-w=1};
Ct)={wecRY: wecN(Pt),p), p-w=

S

1}.

Clearly C(t) C C for all t (as P C P(t)) and the closure of the convex hull of | J, C(t)
coincides with C' (as P is the intersection of P(t)). On the other hand, the set valued
mapping ¢t — C(t) is compact-valued (by (17)) and upper semi-continuous (as P(t) is
lower semi-continuous). Therefore | J, C(t) is a compact set and so is its convex hull. It
remains to apply the Carathéodory theorem and take into account that C'is a subset of
an affine manifold of dimension N — 1. This completes the proof of the theorem.

6. Proof of Lemma 5.1

To begin with, let us agree to denote by By(z, ) the ball of radius r around z in the affine
hull of P(t) (that is the intersection of the affine hull of P(¢) with the ball of radius r
around x). We also agree, to avoid confusion, that the piecewise constant functions we
shall consider are continuous from the right and also at 1. Finally, we set g = u + |v|.

1. Choose a § > 0 so small that
€ . € . €
[wondr <5 [ eeaoan<s [ oo
B 4 B 4 B 4

whenever p(E) < 6.
Let ¢y, s, ... be points of discontinuity (atoms) of fi; set fi({t;}) = ;. Choose s so big that

Zﬂl <0 (18>
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(or s equal to the number of atoms if the latter is finite). Take an n > 0 so small that
|ti —tg| >nfor 1 <1#k <sand

aJ([t = n,t0) U (et + ) < 6. (19)

I<s

We can also assume without loss of generality that among the points ¢; & n there are no
atoms of /.

2. Set

S

U= [0, 1\Jit: = n,ts + ).

=1

Then U is an open subset of [0, 1]. Set further
U={teU: dimP(t) > i}.

Every U; is also an open subset of [0,1] (as P(t) is a lower semi-continuous set-valued
mapping). We can choose recursively, starting with ¢ = N down, disjoint open sets

VN, VnN-1,..., Vo such that
N
Jj=i+1

every V; is a finite union of open intervals and

N
_ _ )
(Vi) > M(Uz‘\ U Vg) - m
Jj=i+1
It follows that
N 5
N(Uz\]LJ:lVJ) < m, 1=0,1,..., N,
so that
_ ) ) B )
p{t € Vi: dim P(t) > i}t = p(V; N Uppa) < m

and therefore, setting Z; = {t € V; : dim P(t) = i}, we get

N
)
i(Z:) > (Ui U V;) — Nol
j=i+1

Hence

ﬁ(U Z;) > Zﬂ(Uz‘\ U Vi) =6 > Zﬂ(Ui\UiH) —0=pnU) -4 (20)

j=it+1 i

3. Given a convex set P with dim P > 1, let p(P) be the upper bound of radii of balls
in the affine hull of P which are contained in P. If dim P = 0 (that is P and the affine
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hull of P is a singleton), we set p(P) = oo, as in any other case when P is itself an affine
manifold. By definition p(P) > 0 for any convex set. It is clear furthermore that p(P(t))
is lower semi-continuous on every subset of [0, 1] on which dim P(¢) is constant.

For any i = 0, ..., N choose a closed set (); C Z; with

J

((C; (Z;) — ——. 21
F(Q) > H(Z) ~ o (21)
Set T'= QoU...UQn U{ty,....,ts}. This is a compact set and therefore p(P(t)) attains

minimum on 7" which is a positive number. Fix a positive

p < min{p(P(t)): t €T}, (22)

4. Take a 7 € T. By (22) there is a ¢ € RY such that B,(q,p) C Py(7) (as the relative
interior of P(7) is contained in Py(7)). Moreover it follows from (22) that a ball of a
slightly bigger radius than p (and of the same dimension as the dimension of affP(t)) is
contained in every P(t) with ¢ € T. Therefore we can assume that there is a polyhedron
containing B;(q, p) and contained in Py(7). It follows that there is a ¢ = o, > 0 such that
the polyhedron, and hence B.(q, p), is contained in P(t) for |t — 7| < ¢ and, moreover,
that &-(t) = sup{e*(t,p) : p € B;(q,p)} is summable on A, = (71 — 0,7 + 0).

We can choose o so small that A, C V,,ifr € Q,oro <nifrisoneoft;, [ =1,....s. It
is also an easy matter to guarantee that 7 + o are not among the atoms of f.

Applying the above procedure to every point of T" we get a collection of open intervals
covering T', hence there is a finite sub-collection still covering T'. Let A};, j = 1,...,k; be
those interval of the sub-collection that cover ();. These intervals are contained in V; and
therefore do not contain points of other V. as well the atoms ¢;. In general the intervals
A}, for the given i are not disjoint. We replace them by smaller disjoint intervals whose

union coincides with the union of Aj; up to finitely many points of zero ji-measure.

To this end (assuming that none of Aj; belongs to another, otherwise we could simply
drop the smaller one) we set

Ail == Agl, AiQ = A;Q\A_Zla 7A7Lj = A;]\(Azl U...u Ai,j—l---)-

Clearly the only points of the union of Aj; which may not belong to the new intervals
are end points of the former which are finitely many and have, by construction, zero
[-measure.

As a result of application of this procedure to every i = 0,..., N we shall have a finite
collection of disjoint intervals covering T" up to finitely many points of zero fi-measure, and
associated with each of the intervals, triples (7, ¢, £(t)) such that £(¢) is summable on the
corresponding interval and for every ¢ in the interval |p*(t,p)| < £(t) for all p € B, (q, p).

Denote by W;, i« = 0,..., N the union of A;; and by Wxy; the union of the intervals
containing ¢;, | =1, ..., s. Finally, we define a piecewise constant mapping ¢(t) by setting
it equal to the ¢ associated with the interval to which ¢ belongs, if t € W = [JW; and
equal to zero if t ¢ W. Likewise we define a function £(t) by setting it equal to &(t) for
the £(+) associated with the interval to which ¢ belongs if t € W, and to ¢*(¢,0) if t ¢ W.
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5. Denote by A the minimal length of the intervals constructed in the preceding step of
the proof. Take a small « > 0 and choose a positive A < A such that

Ip(t) —pt)|| < ap, if|t—t] <A (23)

With such a A fixed, choose a partition of [0, 1] into intervals of length not greater than
A by points of (0,1) which are not atoms of i and consider a new collection of intervals
consisting of intersections of intervals of the partition with the intervals defined in the
preceding step (that is with A;; and the intervals containing ¢;, [ =1, ..., s). Clearly, the
union of newly defined intervals can differ from W by at most finite number of points of
Zero ji-measure.

Let 0 < 7 < ... < Ty, < 1be the end points of the new intervals so that any Ay, = (7%, Tk+1)
as well as Ay = [0,71) and A,, = (7%, 1] is contained either in W or in the complement
of its closure. We denote by I the collection of indices k = 0,1, ..., m corresponding to
intervals of the first group (contained in W).

6. Next we define a piecewise constant mapping q,(t) as follows: if t € Ay, then

(a) qu(t) = ag(t) + (1 —a)p(ty) if AxNT # 0, where #;, is an arbitrary element of A, NQ;
if the intersection is nonempty, or t, = t; if t; € Ay, for some [ = 1, ..., s (clearly only
one of the possibilities can take place as any Ay meeting some (); is contained in V;
and any Ay containing some ¢; does not meet U, hence any of Q;);

(b) qu(t) =0if Ay NT = (in particular if k& & IT).

7. To complete the proof we need estimates for
1 1
[ 10 - autoldy and [ (0 p(0) - o (100 di
0 0

Set @ = JQ;. By (19), (20) and (21) we have

i(T) < p(Q) — 30, (24)

Let t € Ay. If Ay NT # (), then by (23)

Ip(t) = qa ()]l < allp(t) = @& + (1 = a)|Ipt) — pE)]| < alp+ [Ip(t) — a®)l).  (25)

If A, NT =0, then ||p(t) — qa(t)|| = ||p(¢)]], so by the choice of , (24) and (25)
' ~ _ _ 3e
Ip(t) = qa)l dv < a | (p+ [p(t) — 4(@®)I) div + lp(®)ll dpe < Ko+,
0 T 0,1\T
where we set K = fol (p+ |Ip(t) — G(t)||) diz. Thus we shall have the desired estimate

/0 Ip(t) — ga(®)]| dv < € (26)

if 4o < Ke.



L. Freddi, A. D. loffe / On Limits of Variational Problems 461

Let us estimate the second integral. If A; meets some Q;, then A, is contained in a
certain A;; and there is a 7 € @); such that dim P(7) = ¢ and B,(q,p) C Fy(t) for all
t € A,j, where g is the value of ¢(-) on Ay. Let ¢ be an arbitrary point of Ay N @Q;. Then
dim P(t) = i. As P(t) contains B.(q,p), the affine hulls of P(7) and P(t) coincide. It
follows that there is a ¢; € P(t) such that ||g: — ¢(t)|| < p and ¢.(t) = ag: + (1 — a)p(t).

Indeed, the equality means that ag(t) + (1 — o)p(tx) = agq: + (1 — a)p(t), that is

1—

—|lp(E) = p(t)| < (L= a)p < p

||q - QtH =

(as |t —t| < M), that is ¢, € By(q, p) = B;(q, p). It follows that for every t € A, N Q; we
have

P*(t,4a(t) < a9’ (ta) + (1= @)™ (t,p(t) < a€(t) + (1 - a)p*(t,p(t).  (27)

It is clear that the same inequality is valid for ¢t =¢;, [ =1, ..., s (in which case ¢; = ¢ (t)).
Thus

/0 ©"(t, qa(t)) dp Z/Tso*(t,qa(t))dwr/ ©"(t,0) dp

[0,1N\T

<a / Etydp+ (1- ) / Slp®)dut [ o0y du

[0,1\T

1~
< [ etonanra [ &ods 0

Again, as ([0, 1]\7") < 39, we have

1
3
/ o (1,0)dp < 7,
o 4

by the choice of §, so the inequality
1
[ 000 = o (taul) dl < <
0

will be satisfied if 4o < (fol E(t) dp) .

Let’s then choose an « to make sure that the above inequality holds. Then ¢, (t) is a piece-
wise constant function taking values qo, ..., q, ..., qm on intervals [0,71), ..., (Tk, Tkt1),
ooy (Tim, 1] respectively. Set (for sufficiently small \)

qo0, ifte [0,’7‘1—)\),
P =4 a it E [r+ (“)FA T + (ZDFY),
Qm, it E [T+ (=1)™A1].

As none of 7 is an atom of p, it follows that

1

im [ (6, (1)) du = / ot 4a(1))) dp.

A—0 0
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It remains to observe that for all A with a possible exception of a countable set the points
e + (—=1)*X are not atoms of i and (by Proposition 3.3) S, (-, A) I'-converge to S(-, A)
whenever A = [0,77 — A) or A = (14 + (=1)*\, 71 + (= 1)), or A = (7, + (=1)™\, 1].
So it is possible to find a A satisfying all these properties and such that

1
| [ tp(e) - (e @) dl < =
0
Setting ¢(t) = ¢*(t) with the chosen A, we conclude the proof.
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