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We consider the nonlinear convex energy forms £ on the Koch curve K and we prove that the corre-
sponding domains coincide with the spaces Lipa,p,(p,00, K). Then we give a precise interpretation of
the smoothness index « in terms of the structural constants of the fractal.
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1. Introduction

The first fractal examples of nonlinear energy forms
g(p)7 p>1

have been recently constructed on the Koch curve in [2], where the properties of the
domains D¢, of these nonlinear energy forms are studied and it is shown that they can
be considered to be the analogous of the usual Sobolev spaces WP,

In the quadratic case p = 2, constructions of this type are standard and have been done
for various fractals K like the Sierpinski gasket, the Koch curve and more general simple
nested fractals: in these cases, the energy functionals £? are Dirichlet forms, whose
domains D) are the fractal analogue of the Sobolev space W12,

Always in the case p = 2, these spaces W'?(K) = D¢« (K) have been put in relation
with the theory of Lipschitz spaces Lipa,p, (2, 00, K); in particular, in Jonsson [5] first and
later also in Lancia and Vivaldi [9], Paluba [13] and Kumagai [8], for various examples of
fractals K the following characterization has been given

W'(K) = Lipa,p, (2,00, K), (1)

where Dy is the fractal (Hausdorff) dimension of K and o > 0 is a suitable parameter
depending on K. We note that the spaces Lipa,p, (2,00, K) belong to a more general
scale of spaces Lipa,p, (p, 00, K), where p > 1 is an additional parameter, which will be
defined in Section 2.
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In [9] an intrinsic approach to the Lipschitz spaces has been considered, which has the
advantage of making more explicit the dependence of a on the fractal K. This approach
is based on a change of metric within the fractal X' — introduced by Mosco in [10], [11] —

d(z,y) = |z —y|°, 2,y € K,

where
log(Np)
§— 9
2logl @)
here N is the number of similitudes of K, [~! is the contraction factor of the similitudes
and p is the scaling factor of the energy £ . By using this intrinsic metric d, in [9] a

one parameter scale of spaces

Lip,(K)

is then constructed in a similar way as the spaces Lipa,p,(2, 00, K) (see Section 5). Now
the parameter v is given by

_ Dy

==

If K is the Koch curve, the following characterizations have been proved

14

W'(K) = Lipa,p, (2,00, K) = Lip,(K),

where now o = ;3‘74, ;= logd and v = 2L = 1 since now § = 2% Notice that o = 6:
93 log3 g log3

this provides a characterization of « in terms of the intrinsic metric, hence of the energy

scaling factor p. This interpretation of « is conjectured in [9] to hold for more general

classes of fractals K and it follows from the results of [5], [13], [8] concerning the spaces

Lipa.p, (2,00, K) and for the various fractals K considered in these papers.

Let us now come back to the nonlinear energy forms £® p > 1, on the Koch curve
K, mentioned at the beginning. The aim of the present paper is to extend the results
of [9], where p = 2, to this more general case p > 1. We will first prove the following
characterization

W' (K) = Lipa,p,(p, o0, K), for everyp > 1

where a = ﬁ‘;—zé as in the case p = 2. We shall then construct the spaces Eip,(,p )(K ) for
every p > 1, where v = % = 1 as in the case p = 2 . We then prove the intrinsic
characterization

WP (K) = Lip? (K), for everyp > 1. (3)

log(Npp)
p logl

every p > 1, where p, = 47! is the scaling factor of £ (see Section 4), N = 4 and | = 3.
This shows in particular that ¢ is independent from p. It would be interesting to check
whether the previous expression of 4 in terms of the energy factor p, keeps true on other
fractals like for example the Sierpinski gasket; however, no forms of the type of £®) have
been yet constructed in this case.

We point out that in the present case the following identity 6 = is satisfied for

An additional result of the present paper is the proof that the functions u € W?(K) are
Holder-continuous on K (with respect to the Euclidean distance) with Holder exponent

Be = (1— %) ;Zgg. We point out that the space of Holder continuous functions on the Koch
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curve — with Holder exponent . > 1 — does not consist only of constant functions (see
Corollary 4.2 and [6]).

In this paper we deduce the Holder continuity following two different approaches. One is
abstract and is based on the use of the embedding theorems in the Besov spaces (see [7]).
The other one relies on the Holderianity results of the spaces W'P(K) — as a Morrey
embedding — proved in [3] and on the intrinsic characterization (3).

2. The Lipschitz spaces Lip. p,(p,q, K)

In this section we recall the definition of the Lipschitz spaces introduced by Jonsson in
[5].

Let B.(x,r) denote the closed Euclidean ball with center z € R” and radius . According
to [7], we first recall the definition of D-set.

Definition 2.1. A closed non empty subset F' C R? is a D-set (0 < Dy < D) if there
exists a Borel measure p in R with suppyu = F, such that for some positive constants
c1 = c1(F) and ¢y = co(F):

e’ < p(Be(z,7)) < corPf forz e F, 0 <r < 1. (4)

Such a p is called a D¢-measure on F.

If F'is a Dy-set, then the restriction to F' of the Dg-dimensional Hausdorff measure of
RP is a Dj-measure on F and thus the Hausdorff dimension of F is D;. For details and
proofs see [7].

Let ' C R” be a Dy-set, 0 < Dy < D, let u be the D-measure on F'.

Definition 2.2. Let ¢g >0, a > 0,1 <p < o0, 1 < ¢ < oo, Lipa,p,(p,q, F) is the space
of those functions f such that

o 1/q
feLP(Fp): [[{ant|, = <Z aZ) <00 (5)

h=0

where for each h € N
1/p
_ ( ghap+hDy _ rq d ) . 6
o= (e [ [ 1) = S PanGa)ant) ©)

The norm in Lipa,p,(p, q, F') is defined as

IS = W e+ lI{@n e, (7)
where || f||,, denotes the norm of f in LP(F, p).

In Jonsson’s notations these spaces are denoted by Lip(a, p, ¢, F); we modified this nota-
tion in Lipa,p,(p,q, F) to put in evidence also the dependence on the fractal dimension.
Moreover, the constant 3 in Jonsson’s definition is replaced by the constant 2 : this clearly
gives equivalent spaces with equivalent norms.

By Proposition 1 in [5] and Proposition 5 page 213 in [7], the following proposition is
proved.
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Proposition 2.3. The space Lipa,p,(p, q,F') is continuously embedded in Lip., p (00,00, F),
where v = a — Dy /p.

Note that the functions f of Lip, p, (o0, 00, F') are bounded functions on F' such that
there existsc > 0: |f(z) — f(y)| < clz —y|", z,y € F. (8)

We will denote the continuous functions on F satisfying (8) by C%7(F,|-|) where | - |
denotes the Euclidean distance.

3. The nonlinear energy form on the Koch curve

In this section we introduce the nonlinear energy form on the Koch curve, whose construc-
tion has been developed by one of the authors in [2]. We start by recalling the construction
of the unit Koch curve K. Let us denote by A and B the points (0,0) and (1,0). Let
U = {¢;,i = 1,...,4} denote the set of the N = 4 contractive similitudes ; : C — C,

with contraction factor [7! = % given by 1 = £, ¢y = —e 541 3 Y3 =% e s + 1 + z%,
da= 22

Let Vo = {A, B}, we define, for arbitrary m-tuples of indices iy,...,i, € {1,...,4},
,l/}'bllm = ,l/}'bl O¢Zm7 i1 ¢111m(%) and

Vm - U ‘/11 Am

B1yeeytm=1

Let Vi = Up>0Vim, K =V, the closure in R2. By #(V;,) we denote the number of points
in V,,, (it can be checked that #(V;,) = 4™ + 1).

Let Ky denote the unit segment whose endpoints are A, B, K;, ;= ¥; . (Ko) and
V(Ky,..4,,) := Vi,.i,,- For n > 0, we denote

1...in7i17"'ain = 1774} (9)
Fixed iy,...,7,, = 1,...,4 and n € N, we define the sets

Kz(ln)z = {Klllmjljn . j17 7]n = 17 couy 4}

and )
11 dm ¢11 Zm( )

On the Koch curve K there exists an invariant measure u (see [4]) which is given, after
normalization, by the restriction to K of the D;— dimensional Hausdorff measure of R?
normalized, that is

po=(H"(K)" H" () LK, (10)

where Dy = 5094
0g3’

The measure p has the property that there exists two positive constants ¢y, co such that
err?’ < p(Be(x, 7)) < cor?, Vo € K,

that is to say that the Koch curve is a D-set (see Definition 2.1).
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In the following we will consider the sequence of measures p,, defined as

(11)

where d(s) is the Dirac measure at the point s.
In [9] it is proved the following lemma.

Lemma 3.1. The sequence i, converges weakly to j, form — oo, where u is the measure

defined in (10).

For f:V, — R, we define for p > 1

wff) = Nl > 2} s)IP. (12)

MeFy, rseV (M

It is shown in [2] that the sequence Sr(,f)( f, f) is non-decreasing, and by defining for
f:Vi—=R

EV(f. )= lim EX(f.f). (13)
the set
DY ={f:V, = R: EV(f, ) < o0} (14)

does not degenerate to a space containing only constant functions. As proved in [2], each

fe DY can be uniquely extended in C'(K). We denote this extension on K still by f
and by

Dew = {f € C(K) : EV(f, f) < o0}, (15)
where EP)(f, f):= EP(f|v+, flv+). Hence Dewy C C(K) C LP(K, i1). Moreover, (€@, Dg)
is a non-negative energy functional in LP(K, u) and the following result holds (see [2]).
Theorem 3.2.

i) Dgw is complete in the norm (|| f||? , + E@(f, V7.
i)  Dgw is dense in LP(K, ).
iii) Degwy C Dew), for 1 <p < q < oc.

In analogy with the classical case, and for a better understanding, from now on we denote
by W'P(K) the domain D, of the nonlinear energy functional £®), or simply of the
energy form £®)

We note that the form Sﬁf)(f, f) in (12) can be also written as

5,(5)(f, f) = ]13 Z Z | f (i 4, (€)) — f(wi1...im(n))|p4—m‘ (16)

4-—mp
T genes im=1 5,7]6‘/0

4. The main result

The main result of this paper is the following Theorem 4.1. Since, as mentioned above,
the Koch curve K in R? is a Dy—set with Dy = fg—gg > 1, the space Lipa p,(p,q, K) is
well-defined.
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Throughout the paper by the same letter ¢ we will denote different constants.

Theorem 4.1. Let p > 1. Let K denote the Koch curve, W'?(K) the domain of the
associated nonlinear energy form E® then

Wl,p(K) = LZ’p&Df(p,OO,K), (17>

where § = 5094
0g3

(6 = Dy), with equivalent norms.

We note that the smoothness index ¢ does not depend on p.

Proof. We start by proving the embedding of W'P(K) in Lips,p, (p, 00, K). For every
fixed h € N, consider the set F}, as defined in (9). Fixed the h-tuple iy,...,3, = 1,...,4
consider the element K;, ; in F}. We set for brevity M := K, V(M) =V (K i)

M = K, ;, and, for every fixed n € N, M .= f(l(ln)% By M* we denote the set whose
elements are M and all those segments from Fj, that have a point in common with M,
that is M* := {M;, My, M5} where Mz := M; moreover, we set M* := { My, My, Ms}.
Let us choose ¢ in (6) so small that if z € M,M € F,,y € K with |z — y| < o3~ then
y e M~

We set

1.elp )

ho=ot [ 1)~ 1) i) (19

we will prove that for m > h
Iy < c€P(f, f)

and then letting m — oo one can pass to the limit in (18) (see Theorem 7.7.10 in [1])
thus obtaining W'?(K) C Lipsp,(p, 00, K) where 6 = log4/log3. Let us consider I,. It
turns out that

]h S 3ph5+th / / )|pdﬁlm< )d:um(y):
MeF), zeM yeM*
YOS X Y W@ S (19)
MEeFy, £EMNVpy, yeM*NViy

If 2 € M and y € M;, i = 1,2,3, we have that

[f(@) = f)IP <2770 f(z) = flzo)l” + 27| f(zo) — f(y)I”

where 2 is the common vertex of M and M; if i = 1,2, otherwise xo coincides with
anyone of the two endpoints of M. Therefore

o> @) -t <

zEMNVin yeM*me

< o 12# vl S @)~ faoP + Y @) o))

yeM;NVin zEMNVin
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so that (19) becomes
R D Yo I S DI TIC V(O[] PR D
4. 42m
MEF), zEMNV;y, To€V (M)

Let M € F},. Every x € Mn V., can be written as

T = iy iningr.im ()
for some £ in Vj and every xy € V(M) can be written as
zo = Vi, ., (1)

for some 7 in Vj.

We now construct a chain of points p; with j = h,...,m + 1 such that

Zo, lf]:h
P = ¢i1~-~ihih+1n-i]’<§> e Mn ‘/j, 5 - %, lfj =h+ 1, ey
x, if j=m+1.

Note that p; and p;_; belong to Vj for j = h+1,...,m+ 1; it can occurr that p; and p;_;
are not the two endpoints of a same segment belonging to F}. In the worst case, for each
pair (p;,pj—1), we introduce two more points p;3 and p;2, belonging to Vj, in order to
obtain a chain p;_1 = p;4,pj3,P;2,Pj1 = pj such that the pair (p;;,p;ji—1) for i = 2,3,4
are the two endpoints of a segment belonging to F;. Once we fix the point x, and we let
x € M NV,,, the pair (pjirPji-1), i =1,2,3,4, 5 =h,...,m+1 can occur at most 3-4™
times. Recall that the number of the segments of F), generated by a segment M; € Fj is
4m=J. By the inequalities

[F(;) = ()P < (21)
< 277N f(psa) = Fps2) P + 47 f(piz) — fis) P+ 477 f(pis) — [(psa)l”

and
m—+1

@) = Flao)l” < 3 @5 () — Fl-)IP

j=h+1

where v; = 1if j = m + 1 or 7; = 0 else, the term in the brackets in the right-hand side
of (20) becomes

Y Y H@-fwr<e Y Y @ Y 56 - fo)
2EMNV,, o€V (M) j= h+1M eMG—h) r,s€V (M;)

Thus (20) becomes

I < ¢80 $° 7%1 mh) i Z (@21 N f(r) = f(9)P]
j=ht

MeFy, M( h) r,s€V(Mj;)
(22)
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taking into account that 5]@ )( f, f) is a non-decreasing sequence we obtain

o> ()P < (47 TED(F, f)

M;eM h)rsGV(M)

so that we have the following estimate

2m—h m

csph”’”ffw D (@ E e (f ) <
j=h+1

I,

IN

¢ 3Pho+hDs g=h(op=1)=ho-(+Dhe®)(f ¢y <

<
< e 3PhothDig=2p+Dhe®) (£ f). (23)

by plugging the value of § = log4/log3 and D; = log4/log3 we get 3%P0+hDs2=2(p+Dh — 1
(it could be any other constant), therefore we have that

Iy < cEY(f, f)

and this proves the first inclusion.
We now have to prove that Lips p,(p, 00, K) C W'P(K).
We will assume that f € Lips p,(p, 00, K) and we will estimate, for every fixed m € N,

ED(f, f) = 4“ o> Ol (24)

MEFWLT'SGV M)

By integrating the inequality | f(r) — f(s)[P < 2P7f(r) — f(2)|P + 2P~ f(x) — f(s)[P over

2 € M, we obtain
( [ 156 = r@rauto) + [ 17— s6)pauta >) (25)

by substituting (25) in (24) and taking into account that #(V(M)) = 2 it follows

[f(r) = f(s)

EV(f, f) < Sty 2.0t 5 > - / () = f@)Pdu(z).  (26)

p MeFm, rEV(M

Let M € F,,, and r € V(M), we denote by M,, = M and by M; with ] > m the segment
M; € MG=m) ip F}; such that has r as an endpoint. We set S = My, © > 0. Take
e S;NK,i=0, 1, ..., then we have with A > 1 to be chosen later:

[f(r) = flzo)P < 2770 f(r) = flan)l” + 277 f (2n) — f(zo) P < (27)

h

<27 f(r) = flan)P+ 2070 Y @) () = flaae) P

=1
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By integrating over I1?_,S; with respect to the product-measure and dividing by TT?_,u(S;)
we obtain
1

#(So) Js £ (r) = f(ao)["dpu(zo) < (28)
5&) 1F0) = fCan)Pdu(an) +

h

2D e [ ) = s Pate daute)

If 2, € S; and x;,_; € Si_1, then |o; — 2,y < 370D} = 3. 3=(m+) Tt follows
that the integration domain of the double integral, the set S; x S;_1, is a subset of the set
{(zs,25_1) : 25 € Sy, |xi—2i-1| < 3-37M+)}. Thus, for every fixed 4, we have the following
upper estimate for the sum of the double integrals over all r € V(M) and M € F,,;:

// |<337<m+i)|f(1‘i)_f(xi_1)|pdu($i_1)dlu,(xi). (29)

The integral in (29), taking into account that f € Lipsp,(p, 0o, K), can be estimated by

3= mHD)@FD)||| £|||Per, where ¢ is a constant depending on c.

Hence, by substituting (29) in (28) and then in (26) and taking into account that u(S;) =
4=(m+1) e get

EX(f. ) <
1 2p 1
S LU 57 17 = pa Pt +
p MeF,, r
1 h
4. (4p—1)m2p2p—1 Z(2p—1)i42(m+i)3—(m+i)(p5+Df) || |f|| |p01- (30)
p i=1

After some straightforward calculations and taking into account that 3P/ = 4 and 37 = 4P,
the second term in the right-hand side of (30) can be written as

h h
(4ptymororTt Y (2RO E DD fl| Py < ¢ Y (2P| flPer < €L FIIP

=1 =1

==

(31)
Now we have to estimate the first term in the right-hand side of (30).
We can now apply the result of Proposition 2.3 to our case. The estimate (8) ensures that
if xj, € Sj, then
1) = Flan)] < cllfI] - Iy — 4 P07 < el 3O Dsa-t),

Therefore the last estimate together with #(F},,) = 4™ and 3727 = 47! yield the following
estimate for the first term:

Ly S Z 150 - flduton) <

MeFy, peV M) Sh

AP < el AP, (32)

<c4™ 4h(
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where the last estimate can be obtained by choosing h = [m/(p — 1)] + 1. This completes
the proof of the theorem. O

Corollary 4.2. Let K be the Koch curve and § = é;‘—g then the space Lips p,(p, 00, K)
does mot consist only of constant functions. If 1 < q < oo, the space Lipa,p,(p,q, K)
degenerates to a space containing constant functions only if « > 6 or a« = 6 and q < 0.

Proof. From Theorem 4.1 and the results in Capitanelli [2] concerning the space WP (K),
we find that for a = § and ¢ = oo the space does not degenerate. On the other hand, by
proceeding as in [5], we can prove that for « = § and g < oo or a > 9 and arbitrary ¢ the

space contains only constant functions. O]
Corollary 4.3. If§ = ﬁzgg and p > 1, the space Lipsp,(p, o0, K) is dense in LP(K, ).

Proof. The result follows from the density of W'?(K) in LP(K,u) (see Theorem 3.2)
and Theorem 4.1. O

Remark 4.4. We note that for general D-sets it can be an hard task to prove that these
spaces are not trivial by explicitly constructing examples of functions belonging to these

spaces. In fact in [6] when 0 = ﬁzgg, it is given an example of a non constant function

belonging to a particular subspace of Lips p, (p, 00, K), without, however, characterizing
all the functions in this space in terms of the space of functions of finite energy as those
in WiP(K).

Corollary 4.5. Let K and W'?(K) be as in Theorem 4.1. Then
W (K) € OV (K| -],
where B = Ds(1 —1/p).

Proof. As in the quadratic case p = 2, it follows from Theorem 4.1 and Proposition
2.3. O]

5. The intrinsic Lipschitz Spaces Lip!?(K)

In analogy with the quadratic case [9], we now introduce the intrinsic Lipschitz spaces
which will allow us to give a precise interpretation of the smoothness index « in terms of
the structural constants of the fractal.

In this section, following [10], [11], [12], we introduce an effective intrinsic quasi-distance
of the type d(z,y) = |v — y|°, for z,y € K. We first remark that the energy functional
EW) inherits from its construction a self-similar invariance with respect to the mappings
¥, © = 1,...,4. More precisely, there exists a real constant p, = 47~ such that for every
u € WP (K) we have

4
EP (u,u) = p, €7 (w0 b, uoy). (33)
=1

The general criterion to select the value of the parameter ¢ is to further require that d?
obeys the same scaling on K as £, that is,

4

& (z,y) =Y ppd(i(x), 1i(y))

=1
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for z,y € K, where p, is the same constant occurring in (33). This determines the
constant ¢ as the unique solution of the identity

dp, = IP. (34)
A simple computation shows that 6 = log4/log3. Note that 6 = D and that § does not
depend on p; we point out that this value of § is the same which appears in Theorem 4.1.

From now on, we set
d(z,y) = |z —y["7. (35)

We denote the quasi-balls associated with d by B(z,r), that is
B(z,r):={ye K :d(z,y) <r}, x € K,r > 0. (36)

Remark 5.1. It can be proved (see [10]) that the measure p of the intrinsic balls, where
i is the measure defined in (10), satisfies the following property:

there exist two positive constant ¢, ¢, such that
cr’ < u(B(z,r)) <eérV forxe K,0<r<1 (37)

where B(z,r) are the quasi-balls defined in (36) with v = 1.

This suggests to generalize the notion of D;—sets given for Euclidean subsets of R”
to subsets of R” endowed with the quasi-distance d such that (37) holds for a suitable
constant v. In this sense, the Koch curve, with its invariant metric d, becomes a v—set
and the Hausdorff measure u, defined in (10), becomes a v—measure. We note that in the
intrinsic distance the contraction factor of the mappings 1; is now R , 17! being
the contraction factor in the Euclidean metric.

This allows us to introduce the intrinsic Lipschitz spaces Lip® (K).

Definition 5.2. Let ¢ > 0, 1 < p < oo. Let K denote the Koch curve with intrinsic
contraction factor [, v = 1. Let u denote the v-measure defined on K, we call Lip?) (K)
the space of those functions defined as

fe (K, p) - [{an} . < o0

where for each h € N

= (e [ 15w = S P ) "

The norm of f in Lip® (K) is
[fle = [1fllp + {an} i
where || f||,,. denotes the norm of f in LP(K, p).

Note that different values of the constants ¢y and [ give equivalent spaces for ¢y and [>1.

In this new setting the results of the previous section take a simpler form and Theorem
4.1 can be reformulated as in the following theorem.
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Theorem 5.3. Let K denote the Koch curve and W'P(K), p > 1, the domain of the
corresponding nonlinear energy form P then

W (K) = Lipl (K), (38)

where v = 1, with equivalent norms.

As shown in [3], a Morrey-type embedding holds for functions having finite p-energy (i.e.
belonging to W?(K)) provided that v is strictly less than p, that is the case of the Koch
curve. More precisely, by setting for > 0, ¢ > 0

C™(K,d) = {f : K — R, fcontinuous on K : |f(z) — f(y)| < cd’(z,9)}

we can prove the next corollary.

Corollary 5.4. Assume the above notations (hence v < p), then
Whr(K) c C*P(K, d) (39)

whereﬁzl—;’;.

Proof. Theorem 4.1 yields the identification W'?(K) = Lip® (K); on the other hand
Proposition 2.3 gives the inclusion Lip¥” (K) ¢ C*#(K,d) thus concluding the proof. [

We point out that the intrinsic setting allows to interpret the exponent 3 in Corollary 5.4
as the Morrey exponent associated to the nonlinear energy form. This interpretation fails
if one considers the FEuclidean Holder exponent (3. obtained directly by the embedding
theorem of Proposition 2.3.

Remark 5.5. For the quadratic case (p = 2), the characterization (1) has been proved
for the Koch curve and for a large class of nested fractals by Kumagai and Paluba who
obtained a = d,,/2, where d,, is the walk dimension (see [13], [8]). Always in the quadratic
case in [9] the parameter « is shown to coincide with the exponent 0 of the intrinsic
distance d for the Koch curve. As a consequence of the result of the present paper, in
particular of Theorem 4.1 and Formula 34, the identity o = ¢ remains true also in the
nonlinear case for all values of p.
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