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1. Introduction

Many variational problems arising from several branches of applied analysis lead to con-
sider minimum problems for functionals of the form

F(u):/Qf(:B,u,Vu)d:B—l— Yz, u™,ut,v,) dH (1)

Su

where ) is a bounded open subset of R® with Lipschitz boundary, f : QxRY xR™V —
0, +00], and ¥ : QxRYxR¥xS""1 — [0, +00] are Borel functions, S"™! := {v € R" :
lv| = 1}, H™ ! is the (n — 1)-dimensional Hausdorff measure, and the unknown function
u belongs to the space [SBV(Q)]Y of special functions of bounded variation in Q; Vu
denotes the approximate gradient of u, S, is the set of essential discontinuity points of u,
v, is the approximate unit normal vector to S,, and u~,u" the approximate limits of u
on the two sides of S,,.

Following a terminology by De Giorgi, variational problems of this form are denoted by
free-discontinuity problems. A typical example is provided by the so-called Mumford-Shah
functional, introduced in [14] in the context of image segmentation, which can be written
as

MS(u) = /Q \Vu|*dz + aH" " (S,) + ﬁ/ﬂ u— g dz,

N

where g is a function in [L>(Q2)]", and @ > 0 and § > 0 are constants.

One of the main features of functionals of the form (1) is that they are in general not
convex; therefore, all conditions which can be obtained by infinitesimal variations are
necessary for minimality, but in general not sufficient.

In [2] Alberti, Bouchitté, Dal Maso have proposed a sufficient condition for minimality,
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based on the calibration method, which leads to many applications (see [2], [6], [11], [12],
[13]). In the form presented in [2], this minimality criterion is limited to scalar functions.

The purpose of this paper is to develop a similar theory for functionals on vector-valued
maps.

In order to describe the basic idea behind the calibration method, let us focus our attention
on Dirichlet minimizers of F', that is minimizers with prescribed boundary values. Given
a candidate u, if we are able to construct a functional G which is invariant on the class
of functions having the same boundary values and satisfies

G(u) = F(u), and G(v) < F(v) for every admissible v, (2)

then u is a Dirichlet minimizer of F. Indeed, if such a functional exists, for every v with
the same boundary values as u we have

In [2] the rdle of G is carried out by the flux of a suitable divergence-free vectorfield
¢ 1 QxR — R through the complete graph of v, which is defined as the union of the
usual graph of v and of all segments joining (z,v~(x)) and (x,v"(z)) with x ranging in
Sy. Since ¢ is divergence-free, the flux is clearly invariant with respect to the boundary
values, while suitable further conditions on ¢ guarantee (2) (see Remark 3.6).

In this paper this theory is generalized to the vectorial case by considering a different kind
of invariant functional: the calibration is no longer a vectorfield, but a pair of functions
(8,8)), where S : QxRN — R™ is suitably regular (more precisely, globally Lipschitz and
piecewise C'), while Sy belongs to L'(€); the comparison functional for F is given by

- [ S e + [ S e 3)

where vy is the inner unit normal to 0€). It is clear that the functional (3) is constant
on the functions having the same values at 0€2. Moreover, by the divergence theorem we

can rewrite (3) as
[ dn+ [ sutora,
0 0

where g, is the divergence (in the sense of distributions) of the composite function
S(+,v(+)). A generalized version of the chain rule in BV (which is proved in Section 2)
implies that

o = ([div,S](z,v) + (D,S(x,v))7, Vo)) L™ + (S(x,vh) — S(z,v7),v,) H" 1Sy,

where [div,S] denotes the divergence of S with respect to the variable z € €2, and (D,S)”
the transpose of the Jacobian matrix of S with respect to the variable y € RY. Therefore
the functional (3) turns out to be equal to

/Q ([div,S)(z,v) + ((DyS(x,v))", Vv) + Sp(x)) dx +/ (S(z,v") — S(x,v7), 1) dH" 1.

Sy
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By comparing this expression with the functional (1), we find pointwise conditions on Sy,
S, and the derivatives of S, which guarantee (2), and then the Dirichlet minimality of a
given u. For a precise statement of these conditions see Lemma 3.2 and Lemma 3.3.

This formulation is related to classical field theory for multiple integrals of the form

Fg(u):/gf(x,u, Vu) dz.

In this framework a sufficient condition for the minimality of a candidate u € [C1(Q2)]Y

is obtained by comparing F with the integral of a null-lagrangian of divergence type,
which is constructed starting from a suitably defined slope field P, called Weyl field,
and a function S € [C?(QxRM)|", the eikonal map associated with P (cf., e.g., [9]). In
Section 4 we prove that, under suitable assumptions on f and ¢, whenever a Weyl field
exists for a function u € [C1(2)]V (so that u is a Dirichlet minimizer for Fp), then there
exists a calibration for u with respect to the functional F' (which is given by the eikonal
map S and by Sy = 0), so u is also a Dirichlet minimizer for F' among SBV functions.

Some examples and applications are presented in Section 5. In Examples 5.1, 5.3, 5.4,
and 5.5 we deal with minimizers of the Mumford-Shah functional, and we generalize
some results proved in [2] for the scalar case. A purely vectorial example is given by
Example 5.2, where we study the minimality of continuous solutions of the Euler equations
for a functional arising in fracture mechanics, which can be defined only on maps from
Q C R” into R".

Finally, we point out that, as mentioned in [2], one could try to generalize the calibration
theory from the scalar case to the vectorial one by replacing divergence-free vectorfields
by closed n-forms on QxR acting on the graphs of the functions v, viewed as suitably
defined surfaces in QxRY. This could lead to the idea that our choice of writing the
calibration in terms of the pair (S,Sp) is somehow restrictive. This is not at all the case,
since the existence of a calibration expressed via differential forms implies the existence
of a calibration expressed in terms of a pair (S,Sy), as shown in Section 6.

The plan of the paper is the following: in Section 2 we fix the notation and we recall some
basic results from BV functions theory; in Section 3 we present the calibration method
for functionals of the form (1) on vector-valued maps; Section 4 is devoted to the link
between calibration theory and classical field theory; Section 5 contains some examples
and applications; finally, in Section 6 we reformulate the theory of calibrations in terms
of differential forms and show that this formulation does not lead to new results.

2. Notation and preliminary results
In this section we fix the notation and we recall some results from BV functions theory.

Given z,y € R", we denote their scalar product by (z,y), and the euclidean norm of = by
|z|. Given a,b € R, the maximum and the minimum of {a,b} are denoted by a V b and
a N\ b, respectively.

In the following 2 is a fixed bounded open subset of R™ with Lipschitz boundary, vaq is
its inner unit normal, while U is a closed subset of QxRY. The letter x usually denotes
the variable in © (or R"), while y or z is the variable in RY.
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We say that a function u : Q@ — RY has bounded variation in Q, and we write u €
[BV(Q)]V, if u belongs to [L*(Q)]Y and its distributional derivative Du is a finite Radon
R™N_valued measure in 2.

Since €2 has Lipschitz boundary, we can speak about the trace of u on 9€), which belongs
to L'(092, H"!) and will be still denoted by w.

The singular set S, of u is defined as the set of all points where u does not admit an
approximate limit; S, is countably (H""! n — 1)-rectifiable, that is, it can be covered,
up to an H" '-negligible set, by countably many C!-hypersurfaces. Moreover, at H" !-
a.e. rg € S, there exists a triplet (ut(x¢),u™(70), vu(70)) € RYXRY xSt such that
ut(zg) # u™(xg), vu(xo) is normal to S, in an approximate sense, and

1
lim—/ w(z) — ut(z0)| dx = 0,
1 B e, 1)~ )

where BE(z) is the intersection of the ball of radius 7 centred at z, with the half-
plane {z € R" : £(x — xo, 1, (x0)) > 0}. The triplet (u™(xo),u (zo), vu(xg)) is uniquely
determined up to a permutation of (u™(xg),u (z9)) and a change of sign of v, (o).

The measure Du can be decomposed as
Du = D% + D’u + D¢u,

where D% is the absolutely continuous part with respect to £", D’u is the jump part
and satisfies D/u = (ut —u™) @ v, H" 'S, and finally D°u is the so-called Cantor part.
The density of D% with respect to L™ is denoted by Vu and agrees with the approximate
gradient of u. Moreover, we call D*u + D the diffuse part of the derivative of u and we
denote it by Du.

We say that a function u : Q — RY is a special function of bounded variation, and we
write u € [SBV (Q)]V, if u € [BV ()] and Du = 0.

Finally, we define as graph of u the set G, := {(z,u(z)) : = € Q\ S,}, where u is the
precise representative of u (which is defined everywhere on 2\ S, by definition of S,,).

For more details on BV functions theory see [4].

We conclude this section with the proof of a generalized chain rule in BV. If u € [BV (Q)]¥
and S is a Lipschitz continuous function from R into R it is known that S ou belongs
to [BV(2)]*. When in addition S € [C*(RY)]M| the following chain rule formula can be
written:

D(Sou) = DS(u(z))Du(z) on Q\ Sy, @
Di(Sou) = [S(ut)—8u )] @v,H" S,

(see Theorem 3.96 in [4]). Following an idea by [15], we generalize formula (4) to the case
of a function S, which may depend also on the variable x and is only piecewise C* in the
sense of the following definition.

Definition 2.1. We say that a Lipschitz continuous function S : U — RM is piecewise
C' if S can be written as

S(Zt,y) :ZS“(x,y)an(x,y), (5>

a€A
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where (U%)aea is a finite family of pairwise disjoint Borel sets such that UaeaU® = U,
and (8%)ae4 is a family of Lipschitz continuous functions belonging to [C*(QxRN)]M.

Lemma 2.2. Let S : U — RM be a Lipschitz continuous function, piecewise C' in the
sense of Definition 2.1, and satisfying (5), and let u € [BV(Q)]Y be such that G, C U.
Then, v := S(-,u(-)) belongs to [BV ()™ and

Dv = Z Lye(z, @) (DpS(x, @) L" + D,S®(x,@)Du) on Q\ Sy, (6)
Div = [S(z,u") —S(z,u”)] @ v, H" | S.,. (7)

Proof. Since the function S can be extended to a Lipschitz function on the whole QxRY,
by Theorem 3.101 in [4] we have that the function v = S(-,u(-)) belongs to [BV ()]
and formula (7) holds true.

Since 8% is globally Lipschitz and of class C' on QxRY, by Theorem 3.96 in [4] the
function v® := S%(-,u(-)) belongs to [BV(Q)]M and the diffuse part of its derivative
satisfies the following equality:

Dv® = D,S*(x,a)L" + D,S*(x, @) Du. (8)
Consider now the set
E*:={xeQ\S,: v(x)=10%x)}.

Since v and v* are both BV functions and their jump sets are both contained in .S, by
the locality property of the derivative of a BV function (see Remark 3.93 in [4]) it follows
that Dv| E* = Dv*| E“. Since E* C Q\ S, the previous equality can be rewritten as

Dv| E® = Dv*| E~. (9)
If we define
P :={zeQ\S,: (z,u(x)) e U},
since P* C E?, by (9) and (8) we can conclude that

Dv| P* = Dv*|P* = D,S*(x, @) L"| P* 4+ D,S%(x, 1) Du| P,

which immediately gives formula (6). O

3. Calibrations for functionals on vector-valued maps

In this section we develop the theory of calibrations for functionals depending on vector-
valued maps u € [SBV(Q)]" and of the following form:

F(u) = /Qf(x,u, Vu)de + | Y(z,u,ut v,)dH" (10)

Su

where f : OxRYxR™ — [0,+00], and ¢ : OxR¥xR¥xS""! — [0, 4+00] are Borel
functions, and v satisfies the condition ¢ (x,y, z,v) = ¥(z, z,y, —v).

In the sequel we will refer to the following definition of minimizers of F.
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Definition 3.1. An absolute minimizer of (10) in Q is a function u € [SBV(Q)]" such
that F(u) < F(v) for all v € [SBV(Q)]V, while a Dirichlet minimizer in Q is a function
u € [SBV(Q)]Y such that F(u) < F(v) for all v € [SBV(Q)]Y with the same trace on
OO as u. A function v € [SBV(Q)]Y is a U-minimizer if the graph of u is contained in
U and F(u) < F(v) for all v € [SBV(Q)]"¥ whose graph is contained in U, while u is a
Dirichlet U-minimizer if we add the requirement that the competing functions v have the
same trace on 0f2 as u.

Before proving the key lemma about calibrations, we fix some further notation.

Given two functions S : U — R", and u : Q — R, we will denote the divergence of the
composite function S(-, u(-)) by div,[S(x, u(zx))], while the divergence of S with respect to
the variable x computed at the point (z,u(z)) by [div,S](z,u(x)). The Jacobian matrix
of S with respect to y will be denoted by D,S and its transpose by (D,S)”. Note that if
S and u are sufficiently regular,

div, [S(z, u(x))] = [div,S|(z, u) + (D,S(z,u))", Vu).

We call f* and 85_ f the convex conjugate and the subdifferential of f with respect to the

last variable. We recall that, if g is a function from R™ into [0, +o0c], the subdifferential
of g at the point ¢ € R™ is defined as the set of all matrices n € R™ such that

9(&) + (n,¢ = &) < g(Q) for every ¢ € R™. It is well known that (§,1) — g*(n) < g(¢)
for every &, € R™, and the equality holds if and only if n € 9¢ g(§). Moreover, if g is

convex and differentiable, then 9; g(§) = {9g(£)}. Using these properties, we can prove
the following lemma.

Lemma 3.2. Let F be the functional defined in (10). Let S € [CY(QxRN)]™ be Lipschitz
continuous and let Sy € LY(Q). Assume that the following conditions are satisfied:
(a) [div,S](z,y) + So(z) < —f*(z,y, (D,S(z,y))") for L"-a.e. x € Q and for every y
with (x,y) € U,
(b) (S(z,2) — S(z,y),v) < ¥(z,y,2,v) for H"  -a.e. x € Q, for every v € S™!, and
for every y, z with (z,y) € U, (z,2) € U.
Then for every u € [SBV ()Y such that G, C U we have that div,[S(-,u(+))] is a Radon
measure on ), which will be denoted as p,, and

F(u) z/Qduu+/Qso(x) dz. (11)

Moreover, equality holds in (11) for a given u if and only if

(a’) [div.S](z,u) + So(x) = —f*(z,u, (DyS(z,u))") and (DyS(zx,u))” € I f(z,u, Vu)
for L"-a.e. x € Q,;
(0°) (S(z,ut) = S(z,u™),vy) = Y(z,u",ut,v,) for H* '-a.e. x € S,

where u, u*, Vu, and v, are always computed at .

Proof. Let u € [SBV(Q)]" be such that G, C U. By Theorem 3.96 in [4] the function
S(-,u(+)) belongs to [SBV(2)]", and therefore, its divergence is a Radon measure on .
Moreover, we have that

D,.,[Si(z,u)] = 0,,Si(w,u) L™ + D,Si(w, u)0p,u L + [Si(z,ut) — Si(z,u” )] ()i H" | Su,
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so that the measure p, can be written as

pule) = 32 D[S, u(a)
- [lexS] (‘T’ u) L+ Z DySi('r? u)&czuﬁn + Z[‘i('% u+) - 81(33’ U_)]<Vu)z Hn_l LSu
— [divaS) (@, u) £ + (DS, )7, V) £+ (S(a,u) — S(a,u”), ) (S,

and the functional at the right-hand side of (11) has the following expression

/Qduu + /QSQ(QZ) dr = /Q ([div,S](x,u) + (DyS(x,u))", Vu) + So(z)) dz

+/ (S(z,ut) — S(z,u”),v,) dH™ . (12)

Using assumption (a) we obtain that for £L"-a.e. x € Q

[divaS](z, u)+ (DyS (2, u))", V) +So(x) < —f* (@, u, (DyS(,w)")+{(DyS (2, w))", V)

<
< fz,u, Vu),

and consequently
/ ([div,S)(z,u) + (DyS(z,uw))", Vu) + So(z)) dz < / f(z,u, Vu) dz. (13)
Q 0

Moreover, equality holds in (13) if and only if (D, S(x, u))" € 0; f(z,w,Vu) and [div,S](z,u)
+So(2) = — f*(x,u, (DyS(x,u))7), which is condition (a’).

As for the second integral in (12), condition (b) implies that

/<3(:L",u+)—S(%u‘),vu)dH"‘lS Y, u”,ut ) dH (14)
Su Sy

Moreover, equality holds in (14) if and only if (b’) is satisfied.
The statement follows now from (12), (13), and (14). O

The assumption of Cl-regularity for S is often too strong for many applications. We prove
now a new version of Lemma 3.2 under weaker regularity assumptions for S.

Lemma 3.3. Let F' be the functional defined in (10). Let S : U — R™ be a Lipschitz
continuous function, piecewise C' in the sense of Definition 2.1, and satisfying (5). Let
So € LY(2). Assume that the following conditions are satisfied:

(a) [div,S(z, y)+So(x) < —f*(x,y, (D,S*(x,y))7) for every a € A, for L-a.e. x € Q,
and for every y € RY with (z,y) € U%;

(b) (S(x,2) — S(z,y),v) < U(z,y,z,v) for H* '-a.e. © € Q, for every v € S"', and
for every y, z with (z,y) € U, (z,z) € U.
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Then for every u € [SBV ()Y such that G, C U we have that div,[S(-,u(+))] is a Radon
measure on ), which will be denoted as p,, and

F(u) > /Q dy, + /Q So(z) da. (15)

Moreover, equality holds in (11) for a given u if and only if

(a’) [div, S (z, u)+8So(x) = — f*(z,u, (D,S*(z,u))7) and (D,S*(x,u))" € O f(x,u,Vu)
for every a € A, for L™-a.e. x € Q such that (z,u(x)) € U*:
(0°) (S(z,u") = S(z,u™),vy) = Y(z,u",ut,v,) for H* '-a.e. x € S,

where u, u*, Vu, and v, are always computed at .

Proof. Let u € [SBV(2)]" be such that G,, C U. By Lemma 2.2 the function S(-, u(-))
belongs to [SBV(2)]", and therefore, its divergence is a Radon measure on Q. By (6)
and (7) we have that the measure p, can be written as

po () = Z lye(z, w)[div,SY|(z, u) L™ + Z Ly (z, u)((DyS*(z,u))", Vu) L"

acA acA
+(S(z,u) = S(x,u™), v,) H 1S,
The proof of Lemma 3.2 can be now repeated simply replacing [div,S] with
Y aea Lue[div,S®], and D,S with >, 1y« D,S°. O

Definition 3.4. We say that a pair of functions (S, Sy) is a calibration foru € [SBV (Q)]V
on U with respect to the functional (10)if S : U — R™ is a Lipschitz continuous function,
piecewise C' in the sense of Definition 2.1, Sy € L'(Q), and they satisfy assumptions (a),

(b), (a’), and (b’) in Lemma 3.3.

We can now prove the main result of this section.

Theorem 3.5. Letu be a function in [SBV (Q)]Y whose graph is contained in U. Assume
that there ezists a calibration (S,Sy) for w on U with respect to the functional (10).
Then uw 1s a Dirichlet U-minimizer of F. If, in addition, the normal component of S
at OU N (O0XRYN) does not depend on y, namely for H" '-a.e. x € IO there ewists a
constant a(x) € R such that

(S(z,y), voa(z)) = a(x) for every y such that (z,y) € U, (16)
then u 1s also an absolute U-minimizer of F.

Proof. Let v be a function in [SBV ()] such that v = v on 9Q and G, C U. Then the
definition of the measure p, and the divergence theorem imply that

/d,uv = —/ (S(z,v), vaa) dH™ .
Q Ge)

If v has the same trace on 0f) as u, from this identity it follows that

/Qduv :/Qduu, (17)
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and by applying Lemma 3.3 we obtain

Fv) E/QduU—I—/QSO(:E)dx:/Qd,uU%—/QSO(:v)dx:F(u).

We have thus proved that u is a Dirichlet U-minimizer of F'.

If we assume, in addition, that (16) holds true, then [,du, = — [yadH""! for every
v € [SBV(Q)]N whose graph is contained in U; so, the equality (17) is fulfilled even if the
traces of u and v on 0f) differ. This proves that u is an absolute U-minimizer of F.  [J

Remark 3.6. It is natural to wonder what is the link in the case N = 1 between our
vectorial theory and the calibration method for the scalar case, developed in [2], which
involves a divergence-free vectorfield ¢ (see [2, Theorem 3.10]).

Let N = 1. Let us suppose that (S,Sp) is a calibration for u and assume furthermore
that S is globally C'. Take the vector field ¢ = (¢% ¢¥) : U — R"xR defined by
¢*(z,y) == 0,S(x,y) and ¢¥(x,y) = —[div,S](x,y) — So(z). Then ¢ satisfies all the
assumptions of Theorem 3.10 in [2]. Indeed, by Remark 2.3 in [2] ¢ is approximately
regular on U in the sense of Definition 2.1 in [2]; moreover, ¢ satisfies all the following
conditions:

(A) ¢¥(z,y) > f*(z,y,d"(x,y)) for L -a.e. x € Q and for every y € R with (z,y) € U;
(A) ¢%(z,u) € O f(x,u, Vu) and ¢¥(z,u) = f*(z,u, $*(z,u)) for L -a.e. x € Q;

Y2
(B) / (¢"(z,y),v)dy < P(x,y1,90,v) for H' lae. x € Q, every v € S" !, and every
Y1
y1 < y2 such that (z,y;) € U, (z,y2) € U;

ut
(BY) / (0" (2, y), vu) dy = (@, u”,u’,v,) for H' lace. € Sy
(C) ¢ is divergence-free in the sense of distributions in U.

Conditions (A) and (A’) directly follow from (a) and (a’), respectively. By definition of ¢

we have that
Y2

¢ (z,y) dy = S(z,y2) — S(x,91),

so that conditions (b) and (b’) imply (B) and (B’), respectively. If S is C? and Sy is C?,
then it is trivial that ¢ is C* and divg = 0; in the general case, condition (C) can be
obtained by an approximation argument.

Analogously it is easy to see that, if ¢ is a bounded Lipschitz C'-vectorfield satisfying
(A), (B), (A"), (B’), and (C), then we can construct a calibration (S,Sy). Take indeed

S(z,y) = j)cb"”(%t)dt and  So(z) := (¢"(, 7(2)), V7 (2)) — ¢" (2, 7(2)),

where 7 is any smooth function satisfying (x,7(z)) € U for every z € Q.

4. An application related to classical field theory

We recall now some classical results from field theory for multiple integrals of the form

Fo(u):/Qf(x,u, Vu)dz, (18)
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where u € [CH(Q)]Y and f € C?(QxRN xR™).

We will call extremals of Fy or f-extremals the solutions u of class C? of the Euler equations
for the integral Fy, i.e.

In the classical field theory for multiple integrals several sufficient conditions for the
minimality of an f-extremal have been proposed. Among the others, we recall Weyl field
theory, which is strictly related to the calibration theory for vector-valued functionals
and ensures that a given f-extremal u is in fact a minimizer of Fj among all functions of
class C'!, with the same boundary values as v and whose graph is contained in a suitable
neighbourhood of the graph of u. It consists in the construction of a suitable slope field
P, called Weyl field, and of a smooth function S, called the eikonal map associated with
the field, satisfying the system of equations (20) — (21). This set of conditions arises from
the comparison of Fj with an invariant functional of divergence type, which is nothing
but the functional

/Q div,[S(z,v)] da,

where S is the eikonal map (see, e.g. [9, Chapter 7, Section 4]).

We will show via calibrations that, if a Weyl field exists for an f-extremal u (and then
there exists a neighbourhood U of the graph of u such that u minimizes Fy among C*-
functions with the same boundary values as u and with graph contained in U), then w is
also a Dirichlet U-minimizer of the functional (10) in the sense of Definition 3.1, provided
U is a sufficiently small neighbourhood of GG, and the function v satisfies the estimate
(23); moreover, if S is the eikonal map associated with the Weyl field, then the pair (S, Sp)
with Sy = 0 is a calibration for u on U.

Definition 4.1. Let U be a closed domain in QxRY. A mapping p : U — UxR™ is
called a slope field on U if it is of class C'* and of the form

p(z,y) = (v,y,P(x,y))  for every (v,y) € U;

we denote P(z,y) = (Pij(z,y)) as the slope function of the field p. We say that a map
u € [CYHQ)]N fits the slope field p if G, C U and

Ozt (x) = Pij(x, u(x)) for every x € Q.

Finally, a slope field p is said to be a Weyl field if there is a map S € [C*(U)]" such that
{S, P} solves the Weyl equations:

[lemS](x7y) = f(ﬂ?,y,P(fL’,y)) - <73(9:,y),0§f(x,y,73(x,y))>, (2())
aiji(xvy) - aﬁijf(x7yap<xay))- (21)

The function S is called the eikonal map associated with p.

The main results in Weyl field theory can be stated as follows. For a proof we refer to [9].
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Theorem 4.2.
(1) Assume that the function f satisfies

f(xa%f)—f(%yﬂ?)_ <§—7773§f($7%77)> >0

for every (x,y) € U and &,n € R™, and let u € [C*(Q)]N fit a Weyl field
p: U — UxR™ with the eikonal map S : U — R"™. Then u is a minimizer of
Fy among all v € [CY Q)N such that v|sq = u|gq and G, C U; in particular, u
1s an f-extremal. Moreover, if there is a constant p > 0 such that

> 02 f@y, GG > ulC? Y(zy) € QxRY, {C R, (22)

1;7j7h7k:

then u is a strict minimizer of Fy in the same class.

(2) Vice-versa, if f satisfies the strict convezity condition (22), then every f-
extremal fits at least locally a Weyl field and is therefore locally minimizing
Fy. In other words, for every xy € €0 there exist ¢ > 0 and an open neigh-
bourhood A of xo such that u minimizes Fy among all v € [CY(A)]N such that
v]oa = ulga and G, C {(z,y) € AXRY ¢ |y — u(xo)| < €}.

Let us now state and prove a similar result for free-discontinuity problems.

Theorem 4.3. Let f: QxRYxR™ — [0, +00] be a function of class C? satisfying (22)
and let ¢ : QxR xRN xS"~1 — [0, +00] be a Borel function satisfying

@Z)(ZL’,y7Z,V) ZC@(“J_ZD’ (23>

where ¢ 1s a positive constant, while 0 is such that lim;_ g+ @ = 4o00. Let u be an

f-extremal. Then for every xo € Q there exist € > 0, an open neighbourhood A (with
Lipschitz boundary) of xo, and a pair (S,Sy) such that (S,Sy) is a calibration for u with
respect to the functional (10) on the set

U:={(z,y) € AxR" : |y —u(zg)| < e}; (24)
therefore w is a Dirichlet U-minimizer of the functional (10).

Proof. Let u be an f-extremal. By the second part of Theorem 4.2 for every zy € 2
there exist ¢ > 0 and an open neighbourhood A (with Lipschitz boundary) of zy such
that u fits a Weyl fiel in the set (24). Denote the Weyl field by p(x,y) = (z,y, P(x,y))
and the eikonal map associated with p by S.

We claim that, if we take Sp(z) := 0 for every = € 2, then the pair (S, Sy) is a calibration
for u on U with respect to the functional F' defined in (10), provided ¢ is sufficiently small.
Let us prove it. Since f is convex, for every n € R™ we have that

f(xa Y, 77) - <777 85f(:z:, Y, 77)> = _f*(xa Y, aﬁf(xa Y, 7]))7
this fact, jointly with (20), implies that

[div,S|(z,y) = —f"(x,y,0:f(x,y,P(x,y)))
= —f*(l’,y,(DyS(Q?,y))T), (25>
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where the second equality follows from (21). Therefore, condition (a) is satisfied.

Condition (a’) follows from (25) and (21), using the fact that u fits the field P, hence
P(z,u(x)) = Vu(zx) for every x € Q.

If we call L the L*°-norm of the Jacobian matrix of S on U, then we have that
<S(£C,Z)—S(.1‘,y),1/> SL‘Z_yl (26)

for every 2 € Q, y,z € RY such that (z,y) € U, (z,2) €
assumption on the function 6 there exists § > 0 such that 6(t)
then from (23) it follows that

U, and v € S"'. By the
> Lt/c for every t € (0,6);

¢($,y,Z,V)ZL|y—Z| for |y—Z|<5 (27)

Taking € < §/2, from (26) and (27) we have that condition (b) is satisfied.
Since S, = ), condition (b’) is trivial.
The conclusion follows now from Theorem 3.5. O

As made precise in the next proposition, when the function f depends only on the variables
x, &, we are able to prove the minimality of an f-extremal u on the whole domain 2 and
to give an estimate of the width ¢ of the neighbourhood of G,, where the minimality holds.

Proposition 4.4. In addition to the assumptions of Theorem 4.3, suppose that [ =
f(x,€). Let u be an f-extremal. For every (x,y) € QxRY define

S(x,y) = [0 f (x, Vu(x))]"(y — u(x)) + o(z), (28)

where o : 0 — R" is a solution of the equation dive = f(x,Vu). Then the pair (S,Sy)
with Sop = 0 is a calibration for u with respect to the functional (10) on the set

U:={(z,y) € xRN : |y —u(z)| < e(x)}, (29)

where

e(z) < %inf{t >0 c@ < 10/ (a, Vu(x))|} | (30)

and ¢, 0 are the quantities appearing in (23). Therefore u is a Dirichlet U-minimizer of
the functional (10).

Proof. Note that by the assumption on 6, the infimum in (30) is strictly positive for
every x € ().

Let us prove that (S,S) satisfies all the conditions in Lemma 3.2.

By direct computations we have that D,S(z,y) = [0¢ f (2, Vu)|™; using the Euler equations
(19), the definition of ¢, and the convexity of f, we find out that

AveS)r,) = 3 DS V)0 — ) — (0, T Vi +divo
- —<[a§f(l’, vu)]T7 Vu> + f<x7 vu)
—[*(@, [0 f(z, Vu)]").
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Conditions (a) and (a’) are therefore satisfied.
By the definition of S we obtain

|82, 2) = S(2,y)| <10 f (2, Vu(@))] - |2 = yl;
since |z — y| < 2¢(x), (30) implies that

|0c f (2, Vu(z))] - |z =y < cb(]z —y|);
so condition (b) follows now from (23).
Condition (b’) is trivial since S, is empty. This concludes the proof.

We notice that the thesis can be proved also in the following way: if we define P(x,y) :=
Vu(x) for every (z,7) € QxRY, it is easy to see that the field p(z,y) := (z,y, P(z,y)) is
a Weyl field, § is the eikonal map associated with p, and u fits p. Then we can follow the
proof of Theorem 4.3: the check of condition (a), (a’), (b’) remains the same, while the
estimate on the size of (x) is given by a more careful proof of condition (b). O

Remark 4.5. When the functional (10) satisfies some special further conditions, it is
enough to prove the Dirichlet minimality of a given u on a neighbourhood of its graph
to conclude that w is in fact a Dirichlet minimizer on the whole cylinder QxR, reducing
the domain € if needed. For istance, in addition to the assumptions of Proposition 4.4,
suppose that the two following conditions are satisfied:

(1) f(z,&) > f(z,(I —e;®¢;) &) for every . € Q, £ €e R, j=1,..., N, where
{e1,...,en} is the canonical basis of RY;

(2)  (x,y,z,v) > P(x, T (y), T(2),v) for every (x,y) € QxRN £ € RN v €
S"1 a,b € RY, where we have set

TP . RY — RN, (T2);(y) == (y; A aj) V b;.

a

If u is an f-extremal, then by Proposition 4.4 we know that u is a Dirichlet U-minimizer
of F, where U is the set (29). We want to show that for every zo € € there exists an open
neighbourhood A (with Lipschitz boundary) of zy such that u is a Dirichlet minimizer of
Fin A.

First of all, we can find an open neighbourhood A (with Lipschitz boundary) of z and
two vectors m, M € RY such that |M — m| < e(x) for every € A and

m; < uj(x) < M, Vze A 1<j<N. (31)

Let v be a function in [SBV (A)]" with the same trace on A as u and define ¢ := T (v),
which still belongs to [SBV (A)]". Note that V; = 1{m,<y,<nm,} Vv; for every j, so that,
if we call Jy(z) the set of all indexes j such that v;(x) & (m;, M;), the matrix Vo(z) can

be written as
Vi(x) = Vo(z) = Y (e;®¢;) V().

Jj€Jdo

By using iteratively condition (1), we obtain that f(z, Vo) < f(x, Vv), which implies

/fovd:c</fov (32)
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Since S; C Sy, and 9~ = TM(v™), o7 = TM(v*") on S;, by condition (2) we obtain

Yz, 07, 0%, vy) dH™ ! < Yz, v, vt ) dH (33)
SsNA SyNA

On the other hand, by (31) the function © has the same trace on 0A as u, and its graph
is contained in the set

{(z,y) € AXRY : |y — u(2)| < e(2)}.

Since u is a Dirichlet minimizer on this set, we have that
/ f(z,Vu)dx < / f(z,V0)dr + / Yz, 07,07, vy) dH" L. (34)
A A S

Therefore by (32), (33), and (34), u is a Dirichlet minimizer of F' in A.

The same result can be achieved by calibration: indeed, we can extend the function &
in (28) to the whole QxR simply by taking S(z,y) := S(z, T, (y)); it is easy to see
that assumptions (1) — (2) guarantee that the pair (S,Sy) provides a calibration for u on
AxRY,

We conclude the remark with some comments on conditions (1) — (2). Condition (1)
ensures that the functional decreases when any row of the matrix Vu is annihilated,
which is what occurs when a component of u is truncated. For istance, (1) is fulfilled for
f(&) = >4 #ij(&;) where p;; are convex and positive, and ¢;;(0) = 0. As for condition
(2), note that it is satisfied whenever 1) depends on y, z only through the distance |z — y|.

5. Some further applications

In this section we present some examples and applications. In Examples 5.1, 5.3, 5.4,
and 5.5 we deal with minimizers of the Mumford-Shah functional, and we generalize some
results proved in [2] for the scalar case. Example 5.2 is a purely vectorial example, since
it involves a functional arising in fracture mechanics which can be defined only on maps
from Q2 C R™ into R".

Example 5.1. Let v : © — RY be a harmonic function. It is well known that u is
an extremal of the functional [, |Vu[?, and a Dirichlet minimizer of it. We can prove
via calibrations that u is a Dirichlet minimizer also of the homogeneous Mumford-Shah
functional

MSo(u) = /Q VuPde + aH 1 (S,), (35)
if the following condition is satisfied:
osc u - sup |[Vu| < (36)
Q Q
where osc u denotes the modulus of the vector in RY whose components are the oscillations

of the components of u. When (36) is not fulfilled, u is still a Dirichlet U-minimizer of
the functional M Sy, where

U= {(x,y)eﬁxRN; ly — u(z)| Sm}' (37)



M. G. Mora / The Calibration Method for Free-Discontinuity Problems ... 15

This second result directly follows from Proposition 4.4, where f(£) = [£]? and ¥ = «a.
Moreover, a calibration is given by (S, Sy) with Sy = 0 and

S(x,y) = 2[Vu()]"(y — u(z)) + o(z),

where o :  — R" is a solution of the equation dive = |Vu|?. Since u is harmonic in €,

it is easy to see that we can take o(z) := [Vu(z)] u(z), so that
Stea) =27u(o) (- *57). (38)

As for the Dirichlet minimality of u, we can show that, under the assumption (36), the
calibration (S,S;) can be extended to the whole QxRY  applying a similar argument to
the one used in Remark 4.5.

We recall that, in the case of the functional (35), conditions (a), (a’), (b), and (b’) in
Lemma 3.3 become

(a) [div,S"|(z,y) + So(z) < —3|D,S7(z,y)|* for every v € A, for L™-a.e. z € Q,
and for every y € RY with (z,y) € U;

(@) [diveS")(z,u) + So(z) = —|Vu(x)|? and (D,S?(x,u))” = 2Vu(z) for every
v € A, and for L"-a.e. x € Q such that (z,u(x)) € U7;

(b) |S(z,2)—S(z,y)| < afor H* t-a.e. x € Q and for every y, 2 € RY such that
(x,y) € U, (x,z) € U,

(b)) S(z,ut) —S(z,u”) = ay, for H" l-ae. x € S,

where S(z,y) =>4 87 (2,y) 1~ (,Y).

Let m; and M; be the infimum and the supremum of w; in 2, respectively (then osc u; =
M;—m;). Let T be the function from R" into RY defined as T}(y) = (y; V' m;/2) A M, /2.
Define

S@JﬁﬁzﬂVu@ﬂTT<y—E%2>.

It is easy to see that (S,Sy) satisfies conditions (a) and (a’). Condition (b’) is trivial.
Finally, for every y, 2 € RY we have

S, 2) = S(a,y)| < 2|Vu(@)| - |T(= —u/2) = T(y — u/2)|. (39)

Since T;(z—wu/2) and T;(y—u/2) belong to the interval [m;/2, M;/2] for every 1 < j < N,
we deduce that |T'(z — u/2) — T(y — u/2)| < |M — m]|/2; so, condition (b) follows from
(39) and (36).

These two minimality results generalize those obtained in [1] for scalar harmonic functions.
Note that the minimality of v can be proved by applying the scalar argument to each
component u;, but this provides a more restrictive condition on the size of the domains
where the minimality holds. Indeed, by the scalar result in [1], since u; is harmonic for
every j, if

osc u; - sup |Vu,| < 1<j<N, (40)
Q Q

=1k

then
twwwmg/wm%wﬁwﬂ@g
Q Q N
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for every v; € SBV () with the same boundary values as u;; summing over j, we obtain
the Dirichlet minimality of v in 2. On the other hand, it is easy to see that condition
(40) is stronger than (36). Analogous remarks hold for the Dirichlet minimality of u in a
neighbourhood of its graph.

Example 5.2. In this example we consider a functional related to Griffith and Barenblatt
theories of fracture mechanics of the form

H(u) = M/Q le(u)|*dx + % /Q(divu)2 dx +/ B(|lut — u|) dH™!

u

where u is a function from € C R” into R™, e(u) denotes the symmetrized gradient of u, 0
is a positive function satisfying lim; g+ 0(t)/t = 400, and pu, A are real parameters. In the
context of fracture mechanics, €2 is a reference configuration of an elastic body, possibly
subject to fracture, and u parameterizes its displacement; the bulk term represents the
energy relative to the elastic deformation outside the fracture, while the surface integral
is the energy needed to produce the crack.

The functional H is clearly of the form (10) with f(€) = u|(&™ +€)/2]> + 2(tré)? and
¥(y,z) = 0(]z — y|). However, since the bulk term in H involves only the symmetric
part of the matrix Vu, the appropriate setting for the minimum problem for H is not
exactly the space [SBV(£2)]", but the space SBD(f2) of special functions with bounded
deformation (for a complete overview on the properties of this space see [3]). Even if the
calibration method has been developed only for SBV functions, we can actually prove
by calibration that, if u is an f-extremal, i.e. u € [C*(Q)]" N [C?(Q)]" and u solves the
equation

pAu~+ (p+ A\)V(divu) =0 on 2, (41)

then v minimizes H among all functions v € SBD(Q2) with the same trace on Jf2 as u,
and whose graph is contained in the set

U:={(z,y) € AxR": |y —u(x)| < e(z)},

where

e(x) < %inf{t >0: @ < |2pe(u)(z) + )\divu(x)ﬂ} :

Indeed, since O, f(&) = p(&ji+&ij) +A(tr §)di;, Proposition 4.4 implies that u is a Dirichlet
U-minimizer of H in the class [SBV(§2)]" and a calibration is given by (S, Sp) with Sy = 0
and

(o) = Bretw(e) + Mivao) 1] (v - 50 (@
this last fact follows from formula (28) where we have taken o(x) := [ue(u)(x)+

2divu(z)I] u(z), which is a solution of dive = f(Vu) thanks to (41).

On the other hand, we can show that the pair (S,Sy) provides a calibration also in the
space SBD(f) in the following sense: consider the functional

Hy(v):=— /8Q<S(x,v), voa) dH™ 1,



M. G. Mora / The Calibration Method for Free-Discontinuity Problems ... 17

which is the same used as comparison functional in the proof of Theorem 3.5; then, H;
is well defined on SBD(2), is invariant on SBD functions having the same trace on
092, and satisfies the equality H;(u) = H(u) and the inequality H;(v) < H(v) for every
v € SBD(). This implies that u is a Dirichlet minimizer of the functional H in the class
of SBD functions.

Let us prove the properties of H; stated above. If we set for simplicity of notation
A(z) := 2ue(u)(x) + Mdivu(x)I, by (42) the functional H; can be rewritten as

1

Hi(v) = ~3 /m(A(QU — ), vao) dH™ 1,

whence it is clear that it is well defined on SBD(£2) and invariant on the class of functions
in SBD(£2) having the same trace on 0f2. By the generalized Green’s formula in SBD({2)
we have that

—1/(A(2v—u),1/39)d7'("_1 = 1/(21}—u7 divA) dx+1/ Ad(2Ev — Eu)
2 Joa 2 Jo 2 Ja

- %/g}(A,Qe(v) —e(u))dx +/S§A(U+—U),Vv>d7-("1, (43)

where the last equality follows by the fact that divA = 0, by the decomposition theorem
for the measures Ev, Fu and by the remark that S, = (. Using the definition of the
matrix A and (43) it is easy to see that

1

Hi(u) = 5 /Q<A, e(u)) dr = H(u), (44)

while, using also the elementary inequality 2(&,7) < €] 4 |n|? for every &, € R, we
obtain

/Q<A,e(v)>d:v = 2u/<e(u),e(’v)>dx+)\/divudivvdx

Q

< u /Q ye(u)ﬁdﬁg /Q (divo)2de + H(u). (45)

Since the graph of v is contained in U, we have that (A(vT —v7),1,) < 6(jvT —v7|)
H"t-a.e. on S,, so that

/ (AT —v7), vy dH™ ! < / O(|vt — v |)dH™ . (46)

By (43), (44), (45), and (46), we deduce that H,(v) < H(v) for every v € SBD(2) whose
graph is contained in U.

We conclude this example by noticing that the existence of a weak solution in [W12(Q)]"
for the Dirichlet boundary value problem associated with the equation (41) is guaranteed
if 4 > 0 and 2p + 3\ > 0; moreover, the additional requirements of regularity for u are
always satisfied in any open subset Q' CC Q (see [5]).
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Example 5.3. Let Q be a product of the form (0,a)xV, where V' is a regular domain in
R"! and let u be the step function defined as u(x) := 0 for 0 < z; < ¢, and u(z) = h
for ¢ < 11 < a, where ¢ € (0,a) and h € RY, h # 0. Then, u is a Dirichlet minimizer of
the Mumford-Shah functional (35) in Q if |h|* > ac.

This result generalizes Example 4.12 in [1], where u is a scalar step function.

We prove the statement by calibration. Let {ej,...,e,} be the canonical basis of R". A
calibration for u is given by the pair (S,Sy) with Sy = 0 and

0 if <y7|_2|> §%<$,€1>,
S(.I,y) =4 2A ((yv |_Z|> - %<I761>> €1 if %<I761> < <y7 %) < %<LL’,61> + %aa (47>
aX’e; if (y, |—Z|> > 2z, e1) + 3a,

where X := y/a/a. Some direct computations show that

ANTif 3z, e) < (y, %) < Xz, e1) + 3a,

|Dy3(x,y)|2 = {

0 otherwise,

divS(z,y) = {—AZ if 3z, e1) < (y, ) < 3w, e1) + 30,

0 otherwise,

so that condition (a) is trivially satisfied, while condition (a) is true if |h| > 321 + 3a for
every z; € [c,a), which is guaranteed by the assumption |h|? > aa.

One easily checks that the vector S(z,z) — S(z,y) can always be written as pe; with
|| < a (p depending on x,y, z), so that condition (b) is fulfilled. As for condition (b’),
since |h| > 3(c + a) by the assumption |h|? > aca, we have that S(z,h) — S(z,0) =
al’e; — 0 = ae; for every x € S,.

We notice that the minimality of u can be proved by applying the scalar result to one
component of u. Take, indeed, j € {1,..., N} such that h; # 0; we know that if h? > aq,
then

aH™(S,,) < / Vo, Pde + oM™ (S,,),
Q

for every v € SBV(2) with the same boundary values as u. Now, the left-hand side
coincides with M Sp(u), while the right-hand side is less than or equal to M .Sy(v), since
Sy; C Sy. So, the Dirichlet minimality of u is shown, but under the stronger condition
h? > aa.

j —_—

Actually, since the Mumford-Shah functional is invariant by rotation (and then u is a
Dirichlet minimizer if and only if R o u is a Dirichlet minimizer, where R is any rotation
in RY), the scalar result can be exploited in a more efficient way. Let R be a rotation in
RY transforming the vector h/|h| in e; and let 4 := R owu. Applying the argument above
to the first component of 4, we have that @ is a Dirichlet minimizer of M Sy if |h|> > ac,
which is the same condition we have found via vectorial calibrations theory. We also note
that the calibration (47) can be obtained starting from the vectorfield which calibrates 1,
simply replacing the one-dimensional vertical variable by the component of the vector y
along h/|h| and following the instructions of Remark 3.6.
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Example 5.4. Let  := B(0,r) be the open ball in R? centred at the origin with radius
r, and let (Aj, Ay, Az) be the partition of € defined as follows:

2 2
A; = {:L': (pcosB,psinf): 0<p<r, §7r(z'— )<< gm}

Let u € [SBV(Q2)]" be the function defined as u := a; in each A;, where ay, as, az are
three distinct vectors in RY. In [2, Example 4.14] it is proved that, when N =1, u is a
Dirichlet minimizer of the Mumford-Shah functional (35) if the values a; are sufficiently
far apart, more precisely if

min{|a; — as|, |ag — agl, laz — a1|} > V2ar. (48)

This result can be generalized to the vectorial case N > 1, where beside condition (48)
we require that

max{|a; — as|, |az — as|, |ag — a1]} > /(2 + V3)ar. (49)

Note that when N = 1 condition (49) is implied by (48): indeed, without loss of generality
we can assume that a; < ay < ag, so that the maximum in (49) is a3 — a;; then by (48)
we obtain

az — a1 = (ag — az) + (ag — a1) > 2v2ar > /(2 + V3)ar.

We prove the statement by calibration. For every ¢, j we call S;; the interface between A,
and A;, which is oriented by the normal v;; pointing from A; to A; and we suppose that
the maximum in (49) is given by |a; — as|. Let Sy =0 and

S(z,y) :==[o1(x,y) VO] vsy + [o2(z,y) V 0] vs9,

where
|y - G2|2
r — (32, )

ly — a1]?

, oo(x,y) == a0 —
r— (v31, ) (z,9)

Ul(xay) ==

For any r’ < r the function S is Lipschitz in B(0,r)xRY. By direct computations we
have that

2 2
D.S 2:4M10 4 |y — a 1;,
| DyS(z, y) (r — (1, 2))2 {o1>0} T (r — (132, 2))2 {o2>0}
(y — a1,y — az)
4 Lio10 oan01s (50
= WDl = ) oo (0
while
[div,S](x,y) = —Ml{a S0y — Ml{a S0} (51)
’ (r— (va1,2))2 " (r— (vs2,2))% '

Condition (a) is therefore fulfilled if and only if (y — a1,y — az) < 0 for every y such
that there exists x € B(0,7) so that o1(x,y) > 0 and o9(x,y) > 0. Taking into account
the definition of oy, 09, this is equivalent to require the following: if y belongs to the
intersection of the ball centred at a; with radius (r — (v31, z)) and the ball centred at ag
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with radius (r — (v39,x)), then the angle spanned by the two vectors y — a; and y — ay
is greater or equal to m/2. Some elementary geometric considerations show that this is
guaranteed if

lap — as)? > a(2r — (11, ) — (v, 2)) Vo € B(0,7'),

which is implied by condition (49).

From (48) it follows that o9(z,a;) < 0, so that by (50) and (51) we have |D,S(z,a1)|* =0
and [div,S](x,a;) = 0. Since (48) implies analogously that oy (z,as) < 0, and o1 (z, a3) <
0, oa(x, a3) < 0, we deduce that condition (a’) is satisfied.

Let (z,9), (z,2) € B(0,7")xRY. If neither (z,y) nor (z, z) belongs to {o1 > 0,0, > 0},
then it is easy to check that the vector S(z,z) — S(z,y) can be written as a linear
combination A;v3; — Agvge with either A\, A2 € [0, or A\, Ay € [—a, 0] (depending on
x,y, z); since v3; and —v3p span an angle equal to 27/3, the modulus of S(x, z) — S(z,y)
is in this case less than or equal to a. If (z,y) € {01 > 0,00 > 0}, only two cases can
occur: either S(z, z) —S(z,y) is a linear combination of v3; and —vsy of the same kind as
before (so, the same conclusion holds), or S(z, z) —S(z,y) can be written as 131 + favse
with u; € [0, 0;(z,y)] (depending on z,y, z). In this second case, we obtain

[S(z,2) = S(z,y)|* < 0i(z,y) + 03(2,y) + o1(z,y)oa(z,y) < (o1(2,y) + oa(z,y))".

It is easy to see that, under condition (49), o1 (z,y) +o2(z,y) < a for every (x,y) € {07 >
0,09 > 0}, so that (b) is always satisfied.

Finally, using (48) we have that S(z, as) —S(z,a1) = avss —avs; = avy, for every x € Sy,
S(x,a3) — S(x,a9) = —v35 = g for every x € Saz, while S(z,a1) — S(x,a3) = v3; for
every z € S31; so, we can conclude that (b’) holds true for every x € S,,.

We have thus proved that under conditions (48) — (49), u is a Dirichlet minimizer of M .S,
in B(0,7") for every ' < r. By an approximation argument this implies the Dirichlet
minimality of v in the whole B(0, 7).

As in the previous example, the minimality of u can be proved by using the scalar result in
[2]: indeed, even if S, is strictly contained in S, for every j, one can always find a rotation
R in RY tranforming the range of u in a set of three vectors which differ each other for
the same component and apply the scalar result to this component. This procedure leads
to the following condition: w« is a Dirichlet minimizer if

max min {[(a1 — az, v)[, [{a2 — a3, v)], [{az — a1, v)[} = v 2ar,
veERN Jv|=1

which is always more restrictive than (48) — (49), except when the vectors a; — a; are
collinear.

Example 5.5. In this example we deal with the complete Mumford-Shah functional

MS(u) :—/Q]Vu|2dx+aH"1(Su)+,6/Q]u—g\2dx (52)

N

where ) C R?, ¢ is a given function in [L®(Q)]" , and «, 3 are positive parameters.
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Let {T';}ie; be a finite family of simple and connected curves of class C? such that for
every ¢ I'; is either a closed curve contained in 2 or it orthogonally meets 0€). Suppose
also that I'; N T, = 0 if i # h. If g is a piecewise constant function, whose discontinuity
set coincides with U;e;I';, then for large values of 3 the function g itself is an absolute
minimizer of (52).

We prove the statement by calibration. We recall that conditions (a), (a’), (b), and (b’)
in Lemma 3.3 read for the functional (52) as

(a) [div,S"|(z,y) + So(x) < —3|DySY(z, y)|* + Bly — g(x)|? for every v € A, for
L2%-a.e. x € Q, and for every y € RY with (z,y) € U";

(&) [div,S"](z,u) + So(x) = —|Vu(z)[* + Blu — ¢|* and (DS (x,u))” = 2Vu(x)
for every v € A, and for £?-a.e. x € Q such that (z,u(z)) € U7;

(b) |S(z,2) — S(z,y)| < a for H-a.e. x € Q and for every y, 2z € RY such that
(2, y), (z,2) € U;

) S(z,u")—S(z,u”) = ay, for H'-a.e. z € S,

where S(z,y) =>4 87 (2, y) 1o~ (7, y).

Let {E;}jes be the partition of Q generated by the family of curves {I';};,c;. Then the
function g can be written as
= Z ajlp,(z)

jeJ
where a; € RY and a; # a, if j # k. For j < k we call Sj;, the interface between E; and
E}, oriented by the normal v;; pointing from E; to Ej, (in other words, S is the set of

all x € S, such that g~ () = a; and g*(z) = ai). In this way we have simply relabelled
the curves I';.

For every j < k we can construct a C'-vectorfield vy, : Q — R™ such that it agrees with
Vjr on Sji, is supported on a neighbourhood of Sj;, is tangent to the boundary of (2,
and [¢jz| < 1 everywhere. Since the curves Sj, are disjoint, the functions 1;; can be
constructed in such a way that their supports are still disjoint; moreover, if Sj;, is a closed
curve, we can also assume that the support of 1 is relatively compact in 2. Finally, for
every j < k we define the functions )\, : RY — R as

Ain(y) =0 (<y bk aj>) :

lar — a;|?

where 0 : R — [0,0] is a non decreasing function of class C? such that o(t) := got®
for t € [0,1/8], o(t) := o+ 3a(t — 1)% for t € [7/8,1], o'(t) € [0,2q] for every ¢, and
lo”(t)| < 16a for every t.

Now we set

Z ik (Y) Yk (), = Z divyyi(z)1g, (),

(4.k):5<k (4,k):5<k

and we claim that the pair (S,Sp) is a calibration for g when [ is large enough.

First of all, independently of the choice of o, the function & has vanishing normal com-
ponent on 02 because of the choice of 9, so that condition (16) of Theorem 3.5 is
satisfied.
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Using the fact that the supports of the functions v, are disjoint, and that |¢;,| < 1,
while \j; takes values only on [0, o], it is easy to see that condition (b) is fulfilled.

Since S, is the union of the disjoint curves {S;x};<k, for every x € S, there exists one and
only one pair (j, k) with j < k such that € Sj;, so that

S(x, g7 (x)) = S(x, 97 (x)) = (Njlar) — Aj(a;)) e(x) = (0(1) = 0(0)) () = avy(z).

Therefore, also condition (b’) is satisfied.

By direct computations we obtain that

[diVI Z >\gk dlijk ( )

(4,k):5<k

while

D,S(x,y) = Z 0’<<y % Tk >)%k() L%Q'

e |ar — a;]? |ar — a;

If x € E), for any h € J, then
[div,S](z,g(x)) = [div,S|(z,a,) = Z Njn(ap) divep;p(x) + Z Ak (ap) divippe ()

j<h k>h
= « Z divepjp ()

j<h

where the last equality follows from the fact that \;,(ap) = (1) = «, while A\pi(a
o(0) = 0. Arguing analogously, since ¢’(0) = ¢’(1) = 0, we have that D,S(z,g(x))
so that, taking into account the definition of Sy, condition (a’) is satisfied.

h) =
=0,
It remains to prove condition (a). Let (z,y) € QxRYN. If z does not belong to any of the

supports of the functions ¢, then [div,S](z,y) = 0, So(z) = 0, and D,S(z,y) = 0, so
(a) is trivially satisfied. If z belongs to the support of ¢, for any j < k, then

[divaS(2,y) = Ajw(y) divipe(x),  Solw) = —adivipju(x)1g, (2),

Dys(m’y):”/(@ . >)w]k<) o B

|ak—ag|2 ar — a;|*’

if we write the vector y — a; as the sum v + t(ar, — a;) where v € RY is orthogonal to
ap — a;, and t € R, condition (a) turns to be equivalent to

divepi(z)(o(t) — alp, (2)) < —il%k(ﬂc)IQIU’(t)!Q +Blv+t(ar —aj) +a; — g(2)*. (53)

Since we are assuming that x is in the support of ¢;;, x belongs either to £; or to Ej.
When z € E;, inequality (53) reduces to

divipjg () o(t) < ——I%k( )Plo' (01 + Blof* + Blax — a;*,
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which is implied by
. 1
divepji() o(t) < =7 (@)[*|o" (O] + Blar — o, (54)

So, let us prove (54) for every t € R and x € E;. Since in (54) the equality holds for
t = 0, it is enough to show the following inequality

divpje(x) o' (t) < —i|¢jk(x)|22a’(t) o’ (t) + 2Blay — a;|*t  for t > 0, (55)

and the opposite inequality for ¢ < 0. Since ¢’ = 0 for ¢ > 1, inequality (55) is trivially
satisfied for ¢t > 1. For 0 <t < 1, (55) follows immediately from

. 1 ,
—lldiviielloeo’ () > 50" (D)|0" ()] = 2Blax — 't

which is satisfied (taking into account the structure of the function o) for
Blay, — a;)* > 8al|divibk || + 640

The same condition implies also the opposite inequality for ¢ < 0. Moreover, the same
argument can be applied in the case z € Ej.

In conclusion, condition (a) is fulfilled for 5 > 3y, where [, is defined by

1
Bo = max ———— (8a|divepjl|oo + 640%) . (56)

Gk)i<k |ag — a;|?

We conclude this example by noticing that this result generalizes Example 5.5 in [2],
where ¢ is the characteristic function of a regular set. As in the previous examples, the
vectorial statement can be proved by applying the scalar result to one suitable component
of g, but this leads to a worse estimate on (.

6. Calibrations in terms of closed differential forms

In this section we develop the theory of calibrations in terms of differential forms. The
scalar method presented in [2] involves a divergence-free vectorfield on 2xR (and its flux
through the complete graph of the maps u), which is now replaced by a closed n-form
on OxRY acting on the graphs of the maps u, viewed as suitably defined n-surfaces in
OxRY,

As we will see, this formulation is indeed not preferable to the one described in Section 3,
since it leads to the same kind of conditions, requiring a greater technical effort.

For simplicity we restrict our discussion to piecewise smooth functions u € [SBV (Q)]" in
the sense of the following definition.

Definition 6.1. We say that a function u € [SBV(Q)|" is piecewise smooth, and we
write u € A(Q), if the following conditions are satisfied: up to an H" -negligible set, S,
is a finite union of pairwise disjoint (n — 1)-dimensional boundaryless C'-manifolds of R";
uis C on Q\ S, up to S,, that is u € [C}(Q\ S,)]"¥ and there exist the limits of u and
Vu on both sides of (the regular part of) S,,.
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For u € A(Q)) we define the n-surfaces

Yy = {(z,y) € OxRY : x €S, and It € [0,1] such that y = tu™(z) + (1 —t)u (z)},

r, =G, UXx,,
where G, is the graph of v on 2\ S,. Using notation from [10], let us consider an n-form
w: OxRY — APRTTN
wiz,y) = Y wapl,y) de® Ady’,
|a|+[8]=n

whose coefficients w,g are of class C', and for u € A(Q) the following functional

where the orientation of I', will be defined later in a precise way.

If wis a closed form, then the functional (57) is constant on the functions w which take
the same values on 0€). Moreover, if F' is the functional (10), and if

/ w < F(v) for every v € A(Q2),
and ’ (58)
/ w = F(u) for a given u € A(Q),

then w is a Dirichlet minimizer of F' in the class A(€2).

Let us now look for pointwise conditions on the coefficients of the form w which guarantee

(58).
/Fuw—/qur/uw. (59)

By definition we have that
On G, we consider the natural orientation given by the parameterization x € Q\ S, —
(x,u(x)), so that

[ o= > [ wosleulopiaste) de (60)

jaf+|l=n
where
8u5
o = det [ =—= .
o) = ele) det (522 )
In the previous formula & denotes the increasing complement of «v in {1,...,n}, e(a) is
the sign of permutation of (1,...,n) into (a, &), and gxlf" is the |3|x|B| matrix 3;% :

On X, we consider the orientation given by the following parameterization: since u €
A(€), without loss of generality, we may assume that S, is an (n — 1)-dimensional C'-
manifold of R™ without boundary and that .S, can be covered by just one parameter patch
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v: S — S,, where S is an (n — 1)-dimensional domain (the general case can be easily
obtained by summing over the C'-pieces). Assume that v yields v, as orientation, that

is the vector .
ol = 31 det (o))

i=1

(where {ej,...,e,} is the canonical basis of R") satisfies

n(y(o))
n(v(0))]

We consider as parameterization of ¥, the function ¢ = (% ¢¥) : Sx[0,1] — QxRY
defined as ¢®(0,t) := (o), ¢¥(o,t) := tut(y(0)) + (1 — t)u (y(0)) for every (o,t) €
Sx10, 1], so that the second integral in (59) is given by

P
/ / /wag o,t)) det( Ld 6( ,t)) dodt, (61)
. (o, 1)
where @,5 = (gogl,...,(pgp,go%l,...,(p%q) for |o| = p and |B| = ¢ = n — p. By direct
computations one can find that
(o, 1)

while forevery 1 <i<n, 1 <j <N

det (225} = (uf —uy)det ( 22) = (—1)(uf — ) ()il
(0, 1) do

= vu(v(0)) Yo e S.

||+ 8]=n

where all the functions at the right-hand side are computed at (o). Finally, by straight-
forward computations, if we set a := &, for |a| = |3] = ¢ > 2 it results that

Ggoag .
det (a<a, t)) -
q

= 3 clonag)(—1) IR — g ) det (aw il ”“_“ﬁ) () -

L~
m,k=1 0 ag

where 35, a; are the increasing complement of 3, in {81, ..., 8} and of a; in {a1, ..., a4},
respectively, while €(«, az) is the sign of permutation of (o, az) in a; again all the functions
at the right-hand side are computed at (o). Set w' := tu™ + (1 — t)u~ and substitute all
the above expressions in formula (61); since |n|do is the area element of the manifold S,
parameterized by 7, we obtain

/ Z// )" wy (2, w Y ul — uj_)(vu)idH”_ldt

owly_
+ E //wag z, w') (a,ag)(—l)”_”m_a’“ (ug — u;ﬁdet(%)(uﬁak dH"dt
m,k=1 %

lal= Iﬁl q

::/ go(z,u™ ut Vu~, Vul v,) dH" !, (62)

u



26 M. G. Mora / The Calibration Method for Free-Discontinuity Problems ...

where the last equality follows from changing the order of integration and calling g,
the integrand with respect to H""!. Now we wonder what kind of conditions on wegs
guarantees that

go(z,u™,ut, Vu™, Vu' v,) <(z,u,ut,v,) on S, (63)
for every admissible u. The answer is given by the following proposition.

Proposition 6.2. Inequality (63) holds true for every u € A(Q) if and only if the fol-
lowing conditions are satisfied:

(bo) wap =0 for every a, B such that |5] > 2, |a| + |B] = n;
(b1) Z/ )" wg(w, tz+ (1=1)y) (25 —y; )vi dt < Y(z,y, 2,v) for every x € Q,

for every y,z € RN, and for every v € S"1.

Moreover, the equality holds for a given u if and only if

(by) Z/ )" wg(w, tut + (1=t ) (u uy —uy ) (v)idt = P(x,u”,ut,vy,) for
every x € Sy.

Proof. Let (z,y) € QxRY, and let us prove that w.s(z,y) = 0 for |a] = |3] = 2. By
renumbering the coordinates of x and y, we may suppose that 8 = (1,2) and a = & =
(1,2). Given C € R, we can construct u € A(f2) such that z € S,, Vu™(z) = Vu*( )
(hence Vw'(z) = Vu~ (z) for every t € [0,1]), and 9,,wi(zx) = 0 for every (i,5) # (1,1)
and J,,w}(x) = C. With this choice we have that

Ne}
5
<
I
<
I
<
I
o\

2
|
=

3
&
<
—
8
Sﬁ-
=
+
|
<
S~—
—
s
Q.
~

Since the value of C' is arbitrary and independent of u™(z),u™(x), 1, (z), inequality (63)
implies that

1
> /0 (=D @@y (@ w) ) —u;)()idt =0 (64)
i#1571

whatever are the values of u™(z),u"(z), v,(x). Choosing v, (x) such that (v,(z)); = 0 for
every i # 2, (v,(z))2 = 1, we have that (64) is equivalent to

Z/ W3y a:w)(u+ uy)dt =0 (65)
J#1
whatever are the values of ™ (z), u"(z). Choosing u™(x) = y, while u] (z) = y; for every

j # 2, uj (z) =y + ¢ with ¢ # 0, we obtain that (65) is equivalent to

1
c/ Wiy (T Y1, Y2 + et yz, .. yn) dt =0 (66)
0
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for every ¢ # 0. By a change of variables, (66) can be rewritten as
Y2+c
/ w(ﬁ)(m)(l’a Y1, 5,93, .., yn) ds = 0. (67)
Y2

Since (67) has to be true for every ¢ # 0, this implies that W(i3)(1.2) (x,y) =0.

Using the fact that the coefficients w,3 = 0 for every |3| = 2, we can repeat the same
proof to show that w,z = 0 for every |&| = || = 3, and so on.

We have thus proved that (63) implies condition (by). At this point, it is trivial that (63)
implies also condition (b;), and that the equality holds in (63) for a given u if and only
if also (bg) is satisfied. O

Summarizing, if conditions (bg) and (b;) hold true, by Proposition 6.2 inequality (63) is
satisfied, hence by (62) we have that

JREY R (68)
u Su
for every u € A(Q2), while the equality holds in (68) for a given w if and only if also (bg)

is verified.

Assuming that w satisfies condition (by), formula (60) reduces to

/G w = /Q(woo z,u(z +Z ) wzj x,u(x ))axiuj(x)) dx
— /Q (wio (7, u(2)) + (A (2, u(x)), Vu(z))) dz,

where in the last equality (A,(z,y));i = (—1)" ‘wy(z,y). It is easy to see that, if we
require the following condition:

(a1) wyolz,y) < —f*(x,y, Au(z,y)) for Lm-a.e. x € Q and every y € RY,

/ wﬁ/ﬂf(a:,u,Vu)da:

for every u € A(£2); moreover, the equality holds for a given w if and only if

(a2) (Au)ij(z,u(x)) € ey f(x, ulx), Vu(r)) and wy(z,u(z)) = —f(z,u(z),
Ay(z,u(z))) for LM-a.e. x € Q.

Therefore by (59) we can conclude that (58) is guaranteed if conditions (a;), (az), (bo),
(by1), and (by) are satisfied. In other words, we have proved the following theorem.

then

Theorem 6.3. Let u be a function in A(Q). Assume that there exists a closed n-
differential form w : QxRY — AMR™N with coefficient of class C' and satisfying con-
dition (ay), (az), (bo), (b1), and (by). Then u is a Dirichlet minimizer of the functional
(10) in the class A(S2).

We conclude this section by proving that, if u € A(Q2) and there exists a differential form
w which calibrates u in the sense of Theorem 6.3, then there exists a calibration (S, Sp)
for u in the sense of Definition 3.4.
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Proposition 6.4. Let u be a function in A(Q) and let w : QxRY — A"R™™ be a closed
n-differential form satisfying all the assumptions of Theorem 6.3. Then there exists a
calibration (S,8y) for u, with S € [C*(QAXRM)]" and Sy € CH(Q).

Proof. First of all, we notice that from condition (by) it follows that
w(z,y) = wyo(z,y) de + waj(x, y)da' A dy.
0,

Since w is a closed form, by computing explicitly the exterior derivative of w, we obtain
that the coefficients wy,, w;; satisfy the two following equations:

;(—D“%‘Zf (2,9) — %‘20 (r,y) =0 1<j<N, (69)
(_1)%2“9“@' (z,y) = (-1)71*@'%(35,;/) 1<i<n, 1<j,k<N. (70)
Y 9y;
The last condition is equivalent to require that for every i the vector ((—1)"“wsj (2, v))j=1..~

is the gradient with respect to y of a function of class C?; more precisely, there ex1sts a
function § € [C?*(Q2xRY)]™ such that

0y, Siz,y) = (—1)""wy(z,y) 1<i<n, 1<j<N. (71)

Equation (69) can be therefore rewritten as

— 0x;0y; i dy; Y= il Y 0o\t Y <7 N,

0=

and then there exists a function Sy : Q — R of class C'* such that wyy(z, y) = [div,S](z, y)+
So(x). By substituting this equality and (71) in conditions (a;) and (a3 ), we directly obtain
that the pair (S,Sy) satisfies conditions (a) and (a’) of Lemma 3.2. Since the left-hand
side in (by) can be rewritten as

)3 / ) g (o b2+ (1= 0)y)(z5 — g dt
— Z/O (3yj8i(x,tu++(1—t)u_)(u;_uj—)(,/u)idt

- Z/o %[Si(x,tqﬁ + (1 —t)u)](vy): dt

= ) _[Si(a,ut) = Si(a,u)](v);

i=1

= (S(z,u’) — S(x,u”), V),
condition (by) implies that the function S satisfies condition (b) of Lemma 3.2, and in
the same way (by) implies (b’). O
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