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The aim of this paper is to study first order optimality conditions for ideal efficient points in the Lowner
partial order, when the data functions of the minimization problem are differentiable and convex with
respect to the cone of symmetric semidefinite matrices. We develop two sets of first order necessary and
sufficient conditions. The first one, formally very similar to the classical Karush-Kuhn-Tucker conditions
for optimization of real-valued functions, requires two constraint qualifications, while the second one holds
just under a Slater-type one. We also develop duality schemes for both sets of optimality conditions.
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1. Introduction

In this paper we discuss first order optimality conditions for Lowner inequality constrained
problems, where both the objective and the constraint mappings are positive semidefinite-
convex (psd-convex, henceforth), i.e. convex with respect to the Lowner order, and the
minimization is carried out in the sense of ideal efficiency. We derive two sets of optimality
conditions, each of which is both sufficient and necessary for optimality, when the data are
psd-convex. One of them, that holds under a Slater-type constraint qualification, gives rise
to multipliers which do not belong to a finite dimensional vector space. The other one,
formally very similar to the classical Karush-Kuhn-Tucker conditions for optimization
of real-valued functions, produces multipliers which do belong to a finite dimensional
space, but requires an additional and stronger constraint qualification, akin to linear
independence of the gradients of the active constraints in the real-vualed case, which, in
particular, implies uniqueness of the dual solution. We develop duality schemes (including
strong duality results) for both sets of optimality conditions.

For vector optimization, i.e. when the underlying partial order is induced by an arbitrary
pointed closed convex cone, the matter of first (and second) order conditions has been
widely studied for the case of Pareto and weak Pareto minimization on finite dimensional
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linear spaces (see [18], [6] and [7]). Existence and uniqueness of Lagrange-Kuhn-Tucker
multipliers for efficient points in Banach spaces are considered in [1] and [19]. For mul-
tiobjective optimization in finite dimensional vector spaces, that is to say, for efficiency
in the componentwise partial order, first order conditions, together with the issue of con-
straint qualifications, are studied in [13] and [14]. For second order optimality conditions
in multicriteria we refer to [4].

The particular case of first order necessary and sufficient conditions for minimization of
real-valued functions under a single symmetric matrix valued-constraint has already been
systematically studied in [16], where existence and uniqueness of Lagrange multipliers for
problems with optimal solutions is established under a transversality assumption, which is
an analogous of the condition of linear independence of the gradients of active constraints
used in classical nonlinear optimization. In [17] the same author shows that a necessary
condition for uniqueness of a matrix of Lagrange multipliers (satisfying optimality condi-
tions) is precisely the transversality condition. In [16] it is shown that for the real-valued
objective case, under a Slater-type constraint qualification, the duality gap between the
primal and the dual problems is zero; second order conditions and a sensitivity analysis of
such problems are also given. We emphasize that neither [16] nor [17] consider the case of
symmetric matrix-valued objectives, i.e. situations where the minimization is performed
with respect to the partial order induced by the positive semidefinite cone of symmetric
matrices (see [9]), which are the main subject of our work.

In [8], the authors also consider the problem of minimizing a real-valued convex function
subject to a single psd-constraint. Their paper is devoted to the issues of welldefinedness
and convergence of the central path associated to the primal-dual pair of problems, and,
as a by product, first order conditions for existence of optimal solutions and compactness
of the optimal set are derived. However, these conditions are unrelated to our current
subject.

2. First formulation of the optimality conditions

Consider S™, the subspace of R™*™ consisting of all the symmetric matrices, with the in-
ner product given by (X,Y) = tr[XY] = > ", Xi;Yy;, and let ST be the cone of positive
semidefinite symmetric matrices of order m. Observe that ST is a pointed closed convex
cone with nonempty interior, given by the set of positive definite symmetric matrices
ST, . Furthermore, we have that (S7')*, the positive dual or polar cone of ST, i.e. the
cone of matrices which form an accute angle with every symmetric positive semidefinite
matrix, coincides with S, so that ST is self-polar; that is to say, X € S if and only if
tr(XY) > 0 for all Y € ST (this result is known as Fejér’s Theorem, see Proposition 2.1

below).

The Lowner partial order is defined in the following way: given X, Y € §™, we say that
X XYifandonlyif Y =X € ST, i.e. Y — X belongs to the cone S* of symmetric positive
semidefinite definite matrices in R™*™. We also say that X <Y if and only if Y — X €
int(ST), i.e. Y — X belongs to the cone ST, of symmetric positive definite matrices of
order m.

Take now differentiable mappings f : R* — S™, ¢; : R" — S" (1 < i < p) and consider
problem (CP):
min f(z)
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st. gi(z) 20 (1<i<p) (1)
Let F' C R" be the feasible set for problem (CP),ie. F={z € R":g;(z) 20 (1 <i<
p)}. We will discuss in this paper the case of ideal minimal (or ideal efficient) solutions of
(CP). In other words, (C'P) consists of finding x* € F such that f(z)— f(x*) is positive
semidefinite for all x € F, or, in compact notation, f(z*) < f(z) for all x € F.

We recall that a mapping h : R™ — S™ is positive semidefinite-convex (psd-convex) if
h(Ax + (1 — N)y) < Ah(x) + (1 — MNh(y) for all x,y € R™ and all A € [0,1]. Clearly, h
is psd-convex iff z +— ¢z (z) := tr(Zh(z)) is a convex scalar function for all Z € ST'. In
particular, * is a Lowner ideal minimizer of h in an open set if and only if

(‘3@/}2 *\
B (") =0. (2)

We also recall a couple of well known results on psd-convexity. For a differentiable map-
ping h, psd-convexity can be characterized by a sort of extension of the classical gradient
inequality, namely

dh(z)(y — x) + h(z) = h(y) (3)
for all z,y € R™, where dh(x)y = >, yi%(w) , see e.g. Theorem 6.1 of [3].

Another important property of differentiable psd-convex mappings is the fact that they are
automatically continuously differentiable. In fact, if h is psd-convex and differentiable,
clearly the real-valued function ¢,(z) := u'h(z)u is convex in the usual sense, so ¢,
will be continuously differentiable (in general, convex functions are differentiable almost
everywhere). Therefore, h will be continuosly differentiable, since we have the following
identity

h(@)ij = (€)' M(x)e! = (dei(2) + bes (¥) — Peies (7)) /2

where e* stands for the i-th canonical vector.

We will consider two formulations of first order optimality conditions for problem (CP).
When f and all the g;’s are psd-convex, both of them generate sufficient conditions. Re-
garding necessity, and assuming psd-convexity of the g;’s, the second formulation holds
under a standard constraint qualification, namely a Slater’s condition, while the first one
requires an additional and rather strong constraint qualification, akin to linear indepen-
dence of the gradients of the active constraints in the real-valued case, which in particular
implies uniqueness of the dual solution. On the other hand, in the first formulation the
dual variables, or multipliers, belong to a finite dimensional vector space, which is not the
case in the second formulation. Also, the conditions of the first formulation are formally
simpler and have a closer ressemblance to the KK'T conditions for the case of real-valued
functions. We will give an example showing that the first formulation does not hold in
the absence of the stronger constraint qualification.

Let L(S™,S™) be the set of linear transformations from S to S™. Following the ter-
minology used in [12], p. 81, we say that Z € L(S™, S™) is nondecreasing (denoted as
Z ~0)if Z(A) € ST for all A e SY.

The first formulation of first order optimality conditions, for z € R™ and Z* € L(S", S™)
(1 <i<p)is given by:

P
df (z) + Z Z'dg;(z) =0 Lagrangian condition, (4)
i=1
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gi(x) 20 (1<i<p) primal feasibility, (5)
Z'-0 (1<i<p) dual feasibility, (6)
Z'(gi(z)) =0 (1<i<p) complementarity. (7)

We observe that, under differentiability of f, df(x) is a linear transformation from R" to
S™ which takes at the point y € R™ the value df (z)y € S™, defined as the direccional
derivative of f(z) in the direccion y, i.e. [df (z)ylre = (Vf(2)re,y). By the same token,
dg;(z) is a linear tranformation from R™ to S™. Then, the expression Z'dg;(z) in (4) is
understood as the linear transformation from R" to S™ which takes at a vector y € R"”
the value Z'(dg;(z)y), a matrix in S™.

We close this section with some elementary results, whose proof will be included to make
the paper somewhat more self-contained. Item (i) in the following proposition is known
as Fejér’s Theorem (cf. [11]).

Proposition 2.1. (i) X belongs to ST if and only if tr(XY) >0 for all Y € ST

(ii) If X andY belong to ST and tr(XY) =0 then XY = 0.

(i1i) If g SP — S? is psd-conver and Ze L(S9,S™) is nondecreasing, then h : SP — S™
defined as h(X) = Z(g(X)) is psd-convez.

Proof. (i) We prove first the “if" part. Take any u € R™ and let Y = wu' € S™. Then
Y belongs to ST and so 0 <tr(XY) = u'Xu. It follows that X € S7. For the
“only if" part, we recall that any Y € S™ can be written as Y = U'DU where D
is a diagonal matrix, with the eigenvalues of Y, say Ay, ..., A\, in its diagonal, and
U is an orthonormal matrix, whose k-th row, say u*, is an eigenvector of Y with
eigenvalue \,. With this notation, it is easy to check that

tr(XY) = Z A [(u') X' (8)
i=1
for all X € R™™. Then for i € {1,...,m}, we get (u")'Xu' > 0, because X € ST,
and \; > 0, because Y € ST, It follows from (8) that tr(XY') > 0.

(i) Write Y = U'DU, with D and U as above. Since {u',...,u™} is a basis of R™, it
suffices to prove that XYu’ =0 (1 <4 < m). This is certainly true if u’ € Ker(Y).
Otherwise, since Y € ST, we have Yu' = A\’ with A; > 0. We get from tr(XY) = 0
and (8) that, for i € {1,...,m}, 0 = \;(u')*Xu;, implying that 0 = (u")'Xu;, so
that Xu' = 0, because X € S, and therefore XYu' = \; Xu' = 0.

(iii) Since g is psd-convex, we have, for all X, Y € S™ and all A € [0, 1],

Ag(X)+ (1 =XNg(Y)—g(AX + (1 -=N)Y) e ST 9)
Since Z is nondecreasing and linear, we have
AMX)+ (1 =Nh(Y)—hAX+(1-N)Y) =
M (g(X)) + (1 =NZ(g(Y)) = ZlgAX + (1 = N)Y)] =
ZAg(X) + (L= XN)g(Y) —g(AX + (1 = N)Y)] € ST, (10)

using (9) in the last inequality. Therefore, psd-convexity of h follows immediately
from (10).

]
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3. Interpretations of the first formulation

We now consider a particular case of problem (C'P), which will furnish a couple of inter-
esting interpretations of conditions (4)-(7). Take m =1, p =1 and r; = r, i.e., we are
considering the problem of minimizing a real-valued function subject to a single positive
semidefinite constraint:

min f(x) (11)

st g(x) <0, (12)

where f : R" — R and g : R® — S”. We mention that we have taken p = 1 just for the
sake of a simpler notation; the discussion which follows works equally well with any p.
Indeed, taking p = 1 in (C'P) entails no loss of generality at all: the constraints in (1)
can be replaced by a unique equivalent constraint G(z) < 0, with G : R” — 59, where
q=>_" ;. We have kept, in our presentation, several constraints, instead of just one, in
order to make (C'P) look closer to the standard real-valued convex programming problem.

The Wolfe dual problem associated with (C'P) is given by (DP)
max f(z) + tr(Zg(x))

of

St (@) + b (Zaai (:1:')> —0 (1<i<n),

where the variables are pairs (z, Z) € R™ x S”.

Let us now see how conditions (4)-(7) do look in this particular case. First of all, observe
that, since S = R, we have that L(S”,S') is the dual space of S, so that the multiplier
Z is a linear form and, therefore, there exists a symmetric r-matrix, wich we will also call
Z, such that Z(X) = tr(ZX). Moreover, the nondecreasing condition for Z simply means
that tr(ZX) > 0 for all X € ", or, in view of Proposition 2.1(i), that Z belongs to S .
Finally, note that, from the fact that Z and —g(z) are positive semidefinite, condition (7)
is equivalent, by Proposition 2.1(ii), to Zg(z) = 0. Therefore, conditions (4)-(7) become

g;:(x)—l—tr {zgi(x)} =0 (1<i<n), (13)
g9(z) 20, (14)

Z 0, (15)

Zg(x) =0. (16)

A weak duality result for the pair of primal-dual problems (C'P) and (DP) has been
presented in Proposition 1 in [8]. It implies that for all pair (z, Z) that satisfies conditions
(13)-(14) it holds that x is optimal for (C'P) and (z, Z) is optimal for (DP).

In order to obtain another interpretation for the multiplier Z, observe now that problem
(C'P) can be written as the following equivalent scalar-valued problem (SP)

min f(x)

st M@ < 0 (1<i<r), (17)
where \;(g(x)) stands for the i-th eigenvalue of g(z).
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Next we will see how the multiplier Z is related to problem (SP). Actually, we will see
that the eigenvalues of Z are precisely the Karush-Kuhn-Tucker multipliers of problem
(SP).

Proposition 3.1. For the problem given by (11)-(12), conditions (4)—(7) are precisely the
KKT conditions for problem (SP), with the i-th eigenvalue N\;(Z) of Z given by (13)—(16)

as multiplier of the i-th constraint in (17).

Proof. As we already observed, conditions (4)—(7) reduce, in this particular case, to
conditions (13)—(16). We observe now that conditions (14) and (15) can respectively be
written as

Ailg(z)) <0 1<i<r), (18)

and
ANilZ) =20 1<i<r), (19)

where X\;(Z) and \;(g(z) are the i-th eigenvalues of Z and g(x), respectively.

Let us now take a closer look at the complementarity condition (16); transposing on both
sides of the equation yields, in view of the symmetry of Z and g(x), g(z)Z = 0. Hence,
Z and g(x) commute, and, therefore, they are simultaneously diagonizable, which means
that there exists an orthogonal matrix P(x) of order r, such that Z = P*(x)DzP(x) and
g(z) = PY(2)Dy(y)P(z), where Dy and Dy, are diagonal matrices, with the eigenvalues
of Z and g(z) in their diagonals, respectively. In view of this, condition (16) can be
written as

Ai(Z)dilg(x)) =0 (1<i<r). (20)

Finally, let us focuse our attention on the Lagrangian condition (13). We claim that

tr {Zgi ($)} - Z (P(x)gi (@Pt(;p)) N (2). (21)

j=1 JJ

Indeed, we know that for three arbitrary square matrices A, B and C' we have tr[ABC| =
tr[B*A'C"); so, taking A = £4(x), B = P!(z) and C' = DzP(x), and using the fact that
Z = P'(x)DzP(x), we obtain (21).

For simplicity, from now on we will drop the variable x in our formulae, so we have that
g = P'D,P, or, equivalently, D, = PgP". Hence,

O(PgPY);; _ 0A(9)

So, we have

0Xi(g) 8(Zk,z P g Pjr) OP; ogu 0P
on, ~on 2 [aw o iy, )Pt Py

7

t
— (gP gPt> + (Paa—gpt) + (P ggp ) : (22)
i ji i /g Ti/ jj
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Since P'P = I and P gP' = D, we get from (22)

y P P!

( gg Pt> _ 8@](9) . (g Pth) - (Dng—) . (23)
T ) z; T jj Li /) i
Observe now that PP! = I implies that g—ZPt = —P%—IZ. Then, in a similar way, we
obtain from (23)
dg 9A;(9)

P! = 2 24
( oz >jj or; (24)

using (8P P'D,);; = (D, Pap );j» which is a consequence of the fact that Dy is a diagonal
matrix. Therefore, combmmg (21) and (24), we get the following expression for the
Lagrangian condition (13):

tr {Zg—i(x)} +Z%§f“’))%(2) =0 (1<i<n). (25)

Whence from (18), (19), (20) and (25), we have that conditions (4)—(7) (or equivalently
(13)—(16)) are equivalent to

[axz }*Z%axl \(Z)=0 (1<i<n),

Ai(g(x)) <0 (1<i<r),
X(Z)>0 (1<i<r),
Ai(Z)dilg(@)) =0 (1 <i<r),

which are preciselyly the Karush-Kuhn-Tucker conditions for problem (SP) with \;(Z2)
as the KKT multiplier associated with the i-th constraint in (17). [

4. Second formulation of the optimality conditions

We present next the second formulation of first order optimality conditions for problem
(CP), in which case the multipliers are mappings from R™ to S™, nonlinear in general.
The result on necessity (under a Slater’s conditions) and sufficiency of these conditions in
the psd-convex case, presented in the following theorem, will be used later on to establish
necessity of (4)—(7), under an additional and much stronger constraint qualification.

Theorem 4.1. Assume that
i) Both f and the g;’s are psd-convex and differentiable.
ii) (Slater’s condition) There exists & € R™ such that ¢;(z) <0, (1 <i<p).

Then x* € R™ solves (CP) if and only if there exist mappings Z' : R™ — S™ (1 <i<p)
such that, for all u € R™,

u'df (% )u + Z tr{Z" (u)dg;(z*)] = 0 Lagrangian condition, (26)
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gi(x*) =0 (1<i<p) primal feasibility, (27)
Z'(u) =0 (1<i<p) dual feasibility, (28)
tr{Z (u)gi(x*)] =0 (1 <i<p) complementarity. (29)

Proof. (=) Observe that u'df(2*)u is a linear functional defined on R™ which takes
at the point y € R™ the real value u'[df (x*)yJu. Alternatively, through the canonical
identification of R™ with its dual, we can look at u'df (z*)u as the vector in R™ whose j-th

component is given by > 7" > uku@afz— By the same token, tr[Z¢(u)dg;(z*)] can
be seen as the linear functional defined in R” which sends y € R™ to tr[Z"(u)dg;(z*)y] =

Ti

S > Zh (W) {(V gi(2*) ke, y), or as the vector in R™ whose j-th component is > ) [ >0,
K3 o] 1 1 ()

Z () P2 = [ 70 () G (7).

Given matrices AY € S™ (1 < i < p,1 < j < n) define h: S x --- x S — R" and

CcS1tx...x 8™ as

h(Z', ..., ZP); = — iu[zi/v’ﬂ‘], (30)

C={(Z',....2") €S x - x S x| Zigi(a*)] =0 (1 < i < p)}. (31)

Observe that C' is a closed and convex cone by linearity of the trace, and h is a linear
trasformation between finite dimensional spaces, so that h(C') is also a closed and convex
cone. Consider now h as in (30), with AY = dg; (%), ie.,

0Gi(x* ) ke

A, =
ke B) x;

Assume that u'df (z*)u ¢ h(C) for some u € R™. Then, by the Convex Separation
Theorem, there exists w € R™ such that

u'ldf (x*)wlu = (udf (x*)u, w) < 0, (32)

Y wlZdg el = (22 w) 20, (3)

for all (Z',...,ZP) € C (the fact that h(C) is a cone ensures that the scalar o of the
separating hyperplane (w, z) = o vanishes). Let

0 = —u'[df (x*)w]u. (34)

By (32), 8 > 0. Take 8 > 0 such that

l\DI'CD

Blu'ldf (27) (& — a")]ul <
where 2 is the Slater’s point whose existence is assumed in (ii), and define

W =w+ B(& — 7). (36)
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We claim that there exists @ such that g;(a* + ad) < 0 for all @ € [0,a] and all i €
{1,...,p}. Otherwise there exist {a;} C Ry, {i(k)} € {1,...,p} and v* € R"® and
such that limy_ .., agx = 0, |[v*|| = 1 for all k and

(Uk)tgi(k)(m* + ozkzb)vk >0 (37)

for all k. Clearly some index, say ¢, repeats infinitely often in the sequence {i(k)}. Since
the sequence {v*} is bounded, we may assume, without loss of generality, that i(k) = ¢
for all k£ and that that limy_., v* = v € R™. Taking limits as k goes to oo in (37), we get
v'ge(x*)v > 0. Since v'gy(2*)v < 0 because z* € F, we conclude that

o' ge(z*)v = 0. (38)

Let v = v'g,(%)v. Since ||[7|]| = 1, v < 0 by assumption (ii). Then, using (3) for the
psd-convex mapping gy, we have

0> =0'ge(2)0 2 0'gs(2")0 + 0'[dg(27) (2 — 270 = 0'[dge(") (& — 2")]v,  (39)

using (38) in the last equality. Take now Z¢ = 0 € R"*" for i # { and Z* = v9'. Clearly,
Zte St for 1 <i < p. By (38), (Z',...,2ZPF) € C, as given by (31) and it follows from
(33) that

p
0> tr[Z'dgi(z*)w] = v'[dge(z")w]D. (40)
i=1
Multiplying (39) by 3 and adding (40), we get in view of (36)

0> By > o'ldgu(a”)(w + B(@ — o*))]o = o'[dge(a") 0. (41)

By (41) and continuity of dg, (see our comments at the beginning of this section), there
exists € > 0 such that, for all v € B(9,¢) and all a € [0, €],

v [dge(x* + aw)w]v < % < 0. (42)
Note that
1
v ge(z* + a)v = vl ge(x)v + 04/ v dge(x* + ta)wvudt. (43)
0

Since v'gy(z*)v < 0 for all v € R™ because z* € F, it follows from (42) and (43) that

vige(a* + a)v < &Tm <0 (44)

for all v € B(v,¢) and all « € (0,¢]. But, for large enough k, v* € B(v,¢) and oy, € (0, €],
so that (44) contradicts (37). The claim holds, and thus there exists @ > 0 such that
¥+ aw € F for all a € [0,a].

Now, the directional derivative of u’f(-)u at z* in the direction w is

u'[df (27)wu = u'[df (2" )w]u + pu'[df (27) (& — 27)]u =

—0 + Bu[df (%) (2 — 2*)]u < —9+g =——<0, (45)
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using (36) in the first equality, (34) in the second one and (35) in the inequality. It follows
from (45) that there exists & € [0, @] such that

0> u'f(z* + aw)u — u' f(x*)u = u'[f(2* + aw) — f(z")]u. (46)

On the other hand, since z* solves (C'P) and z*+aw € F because & € [0, al, we get f(z*+
aw)— f(z*) = 0, in contradiction with (46). This contradiction arises from the assumption
that u'df (z*)u ¢ h(C) for some u € R™. It follows that u'df (z*)u € h(C) for all u € R™,
Le., there exists (Z'(u),..., ZP(u)) € C such that u'df (x*)u + Y_7_ tr[Z*(u)dg:(z*)] = 0,
which gives (26). Condition (27) holds because z*, being a solution of (C'P), belongs to
F. Condition (28) and (29) follow from (31).

(<) Assume that (26)—(29) hold. By (3) and psd-convexity of f, we have, for all z € F,

f(x) = f(2%) + df (27) (2 — 7). (47)
Take any u € R™. By (47) and (26)

p

u flayu =l fa" )+ ulldf (o) (@ —o)u = u' fa")u = Y te[Z(u)(dgi(a") (@ — 27))] =

i=1

u'f(a")u + Z tr[Z(u) (gi(2) — gi(2") — dgs(2") (2 — ") + gi(2") — gs(x))] = u' f (2" Jut

Z tr[Z" () (g:(7) — gi(2") — dgi(a”) (v —27))] + Z tr[Z" (w)gi ()] + Z tr[Z" (w) (—gi(2))].

(48)
Since all the g;’s are psd-convex, g¢;(z) — gi(z*) — dg;(«*)(x — z*) € S, by (3). Since
x € F, —g;(x) € SY. By (28) and Proposition 2.1(i), both the second and the fourth
term in the right hand side of (48) are nonnegative. The third term vanishes by (29). It
follows that u'f(z)u > u'f(a*)u for all u € R™ and all « € F, so that f(z) = f(a*) for
all z € F. Since z* belongs to F' by (27), we conclude that z* solves (C'P). O

Note that, as could be expected, psd-convexity of f is not needed for establishing neces-
sity of (26)—(29). If we want a similar result without psd-convexity of the g;’s, we should
replace Slater’s condition by a stronger constraint qualification. Natural candidates are
h(C) = G(z*, F) (where G(z*, F') is the cone of feasible directions at z*, i.e. the intersec-
tion of all cones containing F'—{z*}), or perhaps the weaker condition h(C)* = G(z*, F')*,
i.e., the equality of the positive duals of both cones (see, e.g., [2]). Nevertheless, we found
some technical obstacles when trying to establish necessity of (26)—(29) under these as-
sumptions, so it’s possible that the appropriate constraint qualification for this problem
should in fact be stronger than those just mentioned. Of course, psd-convexity of f and
of all the g;’s is essential for sufficiency of (26)—(29).

5. Duality scheme for the second formulation

Now we develop a duality scheme for problem (C'P). For each u € R™, consider ¢, :
R" >R, L, :R"x S x -+ x 8" - Rand ¢, : S™ x--- x 5" - RU{—0o0} as

$u(@) = ' f(2)u, (49)
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P
Lox,2)=Ly(x,2",....2") = du(x) + > tr[Z'gi(2))], (50)
i=1
U (Z) = infpepgn Lo(2, Z). (51)
Then for each u € R™ we have a dual problem (D,,) defined as
max 1, (Z)
st. Z >0,

where Z > 0 means Z' = 0,..., ZP = 0. We present next our duality theorem.
Theorem 5.1. Consider problem (CP) with f and all the g;’s psd-convez.

i) (weak duality) For allu € R™, all Z € ST x -+ x S and all x € F, it holds that
Yu(Z) < gu().

i) If there exist Z*(u) € ST x -+ x S and z* € F such that ¥, (Z*(u)) = ¢, (x*) for all
u € R™ then x* solves (CP) and Z*(u) solves (D,).

iii) (strong duality) Assume that f and all the g;’s are continuously differentiable and that
Slater’s condition (assumption (b) in Theorem 4.1) holds. Then, if 2* solves (C'P) there
exists Z*(u) € S™ x .-+ x 8" such that, for all u € R™, ¥, (Z*(u)) = ¢u(z*) and Z*(u)
solves (D).

Proof. i) By (50), (51),

p

Vu(Z) = infyern Lu(y, Z) < Lo(w,Z2) = du(x) = Y tr[Z(=g:(2))] < dulx),

i=1
where the second inequality follows from Proposition 2.1(i) and the facts that = € F,
Z = 0.

ii) Immediate from (i), noting that, in view of (49), z* solves (C'P) if and only if it is a
solution of min ¢,(x) subject to « € F for all u € R™.

iii) Under the assumptions of this item, Theorem 4.1 holds, and therefore there exist
Zi(u) € 8" (1 < i < p) such that (26)—(29) hold. Take Z*(u) = (Z*(u),. .., ZP(u)). By
(29), tr[Z%(u)gi(z*)] = 0, so that

Lu(z", 27 (u) = du(a”). (52)
By (50) and (26),
VoLo(z*, Z5(u)) = ubdf (2" )u + Z tr[Z%(u)dg;(z*)] = 0. (53)

Note that (50) can be rewritten as L, (z, Z) = tr[U f(z) + > 7_, Zigi(z)] with U = wu' €
S, Observe that, for V € ST, the linear transformation V: S™ — ST given by V(X) =
tr(VX) is nondecreasing. Since Z'(u) = 0,...ZP(u) = 0 by (28), we get from Proposi-
tion 2.1(iii) that £,(-, Z*(u)) is convex, and then it follows from (53) that z* minimizes
L,(-, Z*(u)), ie.,

(27 (1) = Lu(2", Z"(u)). (54)
By (52) and (54), ¥, (Z*(u)) = ¢y (z*), and thus Z*(u) solves (D,,) by (ii). O
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6. Analysis of the first formulation

Before establishing sufficiency and necessity of (4)—(7), we present an example for which
(26)—(29) hold, but (4)—(7) do not hold, showing that an additional constraint qualification
is indeed needed.

Example 6.1. Taken =3, m=2,p=4and r; =1 (1 <i <4). Define f:R> — S? as

ro = () (55)

To T3

and g; : R? - R (1 <7 <4) as

g1(x) = —x1 — w9 + 1, (56)
g2(x) = —x9 — 3 + 1, (57)
93(r) = =21 + 13 + 1, (58)

ga(x) =29 — 23+ 1. (59)

We claim that 2* = (1,0, 1)? is a solution of problem (C'P) with these data. Note that
gi(x") =0 (1<i<4), (60)

so that * is feasible, and that the constraints associated with (56) and (58) are equivalent
to |z2| < 1 — 1, while those associated with (57) and (59) are equivalent to |z5| < x5 — 1.
It follows that zy —1 >0, z3—1 >0, (1 — 1)(z3 — 1) > x3, and therefore, for all feasible
x € R3, it holds that

o= ("L )= () = s - s,

) T3 — 1 To I3

establishing optimality of z*. Observe also that & = (2,0, 2)" satisfies the Slater condition
gi(Z) <0 (1 <i<4). We check next that (26)—(29) hold at z*. Conditions (27) and (29)
hold trivially because of (60), independently of the choice of Z*(u). Before presenting the
appropriate Z'(u)’s, note that, for all x € R3, u € R?

uldf (x*)u = (u3, 2uiug, ud), (61)

and that for all z € R3,
t

62
63
64
65

Vgi(z) = (-1,-1,0)",
VQQ<SC = (0, —1, —1)t,
Vgs(z) = (—=1,1,0)",
Vga(z) = (0,1, —1)".

It follows from (61)—(65) that in this case (26), written component-wise, becomes

(62)
(63)
(64)
(65)

ul = 7' (u) + Z3(u), (66)

Quiuy = ZH(u) + 22 (u) — Z°*(u) — Z*(u), (67)
uy = 7% (u) + Z*4(u), (68)
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with Z%(u) € R (1 <4 < 4), since all the r;’s are equal to 1. If we take now

(2" (u), 2%(u), Z°(u), Z*(u))

_ (%(ul + up)? — uj, uj, %(Ul — uy)?, O) if \/§‘U2’ < Jug + ug| (69)
(07 %(ul + U2)2,U%, U% - %(ul + U2)2) if \/§|U2| > |u1 + U2|,

it is easy to check that z* and these Z'(u)’s satisfy (66)—(68) and (28).

On the other hand, we show next that there exist no Z*, ..., Z* such that (4)—(7) hold. In
particular, the system given by (4) and (6) has no solution. Indeed, note first that with
r; = 1, we can identify L(S7,S™) with S™, associating Z € L(St, S™) with Z = Z(1) €
S™. In this case, Z = 0 if and only if Z > 0, i.e. Z is positive semidefinite in R"*™.
Writing (4) component-wise (i.e. taking the partial derivatives with respect to xq, x5 and
x3), we get

(é 8):21+Z3, (70)
(? é):zl+22—z3—z4, (71)
(8 (1))—22+Z4. (72)

Conditions (70)—(72) can be rewritten, after partial elimination, as

1/1 1
1L 4
Z_2(1_1)+Z, (73)
2 (0 0 4
1 1 -1
3 _ - 74
7= ( S ) Z1, (75)
Condition (74), together with Z2 = 0, Z* = 0, implies that Z* = ( 8 g)\ ) with A € [0, 1].

Replacing this expression of Z* in (73), Z' = 0 implies that A = 1, i.e. Z% = ( 8 (1) )
1 -1

Replacing this value of Z* in (75) we get Z° = 1 ( 1 1

), in contradiction with

Z3 = 0. Thus (4) and (6) make an infeasible system.

We introduce next the constraint qualification required for necessity of (4)—(7). Take h

as in (30), i.e. h: S™ x -+ x S™ — R™ defined as
P

WZ',. . 2P = =) u[Zldgi(a*)] == A ZL NV gi (2 e (76)

i1 i=1 k=1 (=1
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and define the subspace V C S™ x --- x S™ as
V= (2., 2 € 87 x - x STt Zig(a)] =0 (1 <i<p)}.  (T7)
Our constraint qualification is

CQ) Ker(h) NV = {0}.

We establish next that (CQ) holds if the gradients of all the ¢;(.)x,’s with £ > k at = z*
are linearly independent.

Proposition 6.2. If the set {Vgi(z*)ge : 1 < i < p, 1 <k <,k <l <r;} is linearly
independent then Ker(h) = {0}, and thus (CQ) holds.

Proof. Take (Z',...,ZP) € Ker(h). By (76) and the fact that both the Z”s and the
gi(z)’s are symmetric, we have

0=h(Z4,. =2 Z Z Z 78N i (2 e (78)

=1 k=1 (=k

In view of the linear independence of the Vg;(z*)y,’s, we conclude from (78) that Z;, =0
foralli € {1,...,p},allk € {1,...,r;} and all £ € {k,...,r;}. It follows that all the Z%’s
vanish, i.e. Ker(h) = {0}, implying that Ker(h) NV = {0}. O

Looking at (77) and Proposition 6.2, it is clear that (CQ) is the natural extension to the
matrix-valued case of the requirement of linear independence of the gradients of the active
constraints in the real-valued case Note that the assumption of Proposition 6.2, much
stronger that (CQ), requires n > 1> r;(r; + 1).

In order to prove necessity of (4)—(7) under Slater’s condition and (CQ), we need the
following lemma.

Lemma 6.3. Under the hypothesis of Theorem 4.1, if x* solves (CP) and the matri-
ces Z'(u) satisfying (26)—(29) can be chosen so that they are component-wise quadratic

functions of u, then (4)—(7) hold.

Proof. The assumption of this lemma means that there exist matrices M*¢ ¢ R™*™
(1<i<p1<k<r;,1<{l<r;) such that

Zl(u)kg = UtMikéu. (79)
Define Z° € L(S™,S™) (1 <i <p) as

ZMMAM (1<q,5s<m). (80)
(=

k=1 1

We check first that the Z%’s defined by (80) satisfy (6). We must verify that for all A = 0,
it holds that Z‘(A) = 0, i.e. that y'[Z*(A)]y > 0 for all y € R™. Note that

T

Dy =3 el Z (W = %y 35 Mt ay, =

q=1 s=1 g=1 s=1 k=1 ¢=1
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i 2 A Y Z My, = 2 ZZ ApeZ' (y)re = tx[Z'(y) A] > 0,

k=1 (=1 g=1 s=1 k=1 {=1

using (80) in the second equality, (79) in the fourth one, and (28) and Proposition 2.1(i)
in the inequality. Thus (6) holds for Z* as defined by (80).

Now we look at the Lagrangian condition (4). Replacing (79) and (80) in (26), we get
easily

[ +Zzzdg, Y]u=vtaste >u+ut{ézidgi<x*>}u:o (81)

for all u € R™. Let {e! ,...,em} be the canonical basis of R™. Substracting (81) with
u = e? — e from the same equation with u = e? + e®, we get

4 {df(x*) + é zidgi(x*)] = 0,

which, after dividing by 4, gives the component-wise expression of (4). Replacing now
(79) and (80) in (29), and substracting the resulting equation with u = e? — ¢® from the
same equation with u = e? 4 e®, we get (7). Condition (5) holds because z*, being a
solution of (C'P), belongs to F'. O

Now we present our proof of necessity and sufficience of (4)—(7) under Slater’s condition
and (CQ) above.

Theorem 6.4. Assume that

i) Both f and the g;’s are psd-convex and differentiable.

ii) (Slater’s condition) There exists & € R™ such that ¢;(z) <0, (1 <i<p).
iii) (CQ) Ker(h) NV = {0}, with h and V' as given by (76) and (77).

Then x* € R™ solves (C'P) if and only if there exist Z' € L(S",S™) (1 <i < p) such that
(4)(7) hold for x = x*.

Proof. (=) Since we are within the hypotheses of Theorem 4.1, we know that there exist
Zi(u) (1 < i < p) such that z*, Z' (u), ..., ZP(u) satisfy (26)—(29). In view of Lemma 6.3,
it suffices to show that these Z'(u)’s can be chosen so that they are quadratic functions
of u component-wise. We proceed to do so.

Consider the restriction hy of h to V. Under (CQ), h/v is one-to-one, and thus it has a
left inverse h/_‘}. :Im(h) — S™ x .-+ x S". It follows that the system of linear equations

in Z'(u) given by (26) and (29) has a unique solution given by
(Z'(w).. .., 2P(w) = Kb (uldf (a")u). (2)
% there

exist b};zj ER(1<i<p1<k{<mr 1<j<n)such that, for all z € R",
[h/_‘}(:r;)]}d = >0 by In view of (82), we have

By Theorem 4.1, this unique solution satisfies (28) and (29). By linearity of

ZH(u)ye = [ (tdf Zbk@ [u'df (x
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n

Z bkfj Z Z Uqls Z Z Uqls Z bkt’] (83)

q=1 s=1 g=1 s=1 7=1

Consider now the matrices M*¢ € S™ with entries
MK = Z % : (84)

It follows from (83) and (84) that Z%(u)r = u'M®**u, i.e. each entry of each Z¢(u) is a
quadratic function of u. The result follows from Lemma 6.3.

(<) Assume that (4)—(7) hold. By (3) and psd-convexity of f, we have, for all z € F,

f(@) = f(a") + df (27)(z — 27). (85)

Take any u € R™. By (85) and (4)
fl@) = f@) +df (x)(x — z* Z Zi[dg;(z*)(x — 2*)] =

ZZZ gi(@) = gi(a") = dgi(2") (@ — ") + gi(a”) — gi()] =

p p p
F@) + Y Zlgi(x) — gila™) — dgi(ae™) (@ —a)] + ) Zgila™)] + Y Z'[~gi(w)]. (86)
i=1 i=1 i=1
Since all the g;’s are psd-convex, g;(x) — gi(z*) — dg;(z*)(x — z*) € ST by (3). Since
z € F, we have that —g;(x) € S%'. By (6) and the definition of nonnegativity for elements
of L(S™,S™), both the second and the fourth term in the right hand side of (86) are
nonnegative. The third term vanishes by (7). It follows that f(x) > f(z*) for all x € F.
Since x* belongs to F' by (5), we conclude that z* solves (C'P). O

We remark that (CQ) implies that the dual solution (Z', ... ZP) of (4)—(7) is unique, as
the following result shows.

Proposition 6.5. Under the hypotheses of Theorem 4.1, if (CQ) holds and (CP) has
optimal solutions, then there exist unique Z',..., ZP € L(S™,S8™) x --- x L(S™,6S™)
which satisfy (4)—(7).

Proof. Fix u € R™. By Theorem 4.1, if (C'P) has optimal solutions, then there exist
r* € R, ZY(u),..., ZP(u) € S™ x --- x S™ which satisfy (26)-(29). Under (CQ), the
system of linear equations in Z!(u), ..., ZP(u) given by (26) and (29) has a unique solution
ZY(u), ..., ZP(u). By Theorem 6.4, there exist (Z',...,ZP) € L(S™, S™) x X L(S™, 8™)

such that (4)-(7) are satisfied with = = z*. Slnce Z' is linear there exist z,, € R
(1 <k, l<r;1<gqs<m)such that
[Z'(A)]gs = ZqskeAke- (87)
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Pre and postmultiplying (4) and (7) by u, it is easy to check that the matrices Z%(u) with
entries

ZZ(U)kK = Z Z zéskéuqué’ (88)

q=1 s=1

also satisfy (26) and (29). We conclude that Z'(u) = Z¢(u) for all i € {1,...,p}, ie., in
view of (88),

Z Z 2t g Uqls = ZH(u) e (89)

q=1 s=1

Substracting (89) with u = e? — e® from the same equation with u = e? + e°, where
{e!,...,e™} is the canonical basis of R™, we obtain that

. 1. N
Zgske = 1 [Z(e" + € )i — Z' (e — €*)ie]. (90)

Since the Z'(u) are unique, we get from (90) that the 2} ,’s are uniquely determined, and
then it follows from (87) that the Z%’s are also uniquely determined, i.e. that the system
of linear equations in Z',... Z? given by (4) and (7) has a unique solution. A fortiori,
the full system (4)—(7) also has a unique solution. O

In connection with Theorem 6.4, we mention that the problem in Example 6.1 above does
not satisfy (CQ). In fact, it holds that Ker(h) NV = Ker(h) = {(¢t, —t, —t,t) : t € R} #
{0}. Regarding Lemma 6.3, note that the Z;(u)’s given by (69) are piece-wise quadratic,
but not quadratic in wu.

We present next an example for which both Slater’s condition and (CQ) hold, and thus the
multipliers exist both for the first formulation, (4)—(7), and for the second one, (26)—(29).

Example 6.6. Take n =3, m =2, p=3,r =719 =13 =1. We consider f as in (55) of

Example 6.1, i.e. f(x) = ( il ? ), and
2 T3

91(917) = —T1 — Ty + 2, 92(917) = —T1 + g, 93(95) =T — X3.

Slater’s condition is satisfied, e.g., by & = (2,1, 3)*, and (CQ) holds by virtue of Proposi-
tion 6.2, because the gradients of the g;’s, namely (—1,—1,0)*, (—1,1,0)%, (1,0, —1)*, are
linearly independent. The optimality conditions (4)-(7) hold with z* = (1,1,1)!, Z! =

(11 , . 1 -1 s (00N .. .. _
2(1 1 ARE 1 and Z° = 01 , identifying as before L(S',S?)

with S2. Thus x* solves (C'P). Regarding the second formulation of the optimality con-
ditions, (26)—(29) hold with the same z* and Z'(u) = 1(u1 + u2)?, Z%(u) = 2(us — us)?
and Z3(u) = u2, which are all nonnegative and quadratic in u.

7. Duality scheme for the first formulation

We present next the duality scheme corresponding to the first formulation of the optimality
conditions. Define £ : R™ x L(S™,S™) x --- x L(S™,8™) — S™ as

p

ﬁ(x,Zl,...,Zp) :f(:c)—l-ZZZ(gl(a:)) (91)

i=1
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Observe that when f and all the g;’s are psd-convex, ﬁ(, /AN Zp) is also psd-convex
for all Z = 0,...,Z7 = 0, by Proposition 2.1(iii).

For those Z!,...,ZP such that minxeRnﬁ(x, 7', ..., Zp), in the partial order < of S™,
exists, we define X
\Il(Zl,...,Zp) :minmeRnE(a:,Zl,...,Zp). (92)

The duality theorem for this formulation is
Theorem 7.1. Consider problem (C'P) with f and all the g;’s psd-convez.

i) (weak duality) For all (Z*,...,ZF) € dom(¥) satisfying Z' = 0,...,Z7 = 0, and all
x € F, it holds that ¥(Z',...,ZF) < f(z).

it) If there exist Z* € L(S™,S™) x --- x L(S™,8™) and x* € F such that V(Z*) = f(z*)
then x* solves (C'P) and Z* solves min V(Z) subject to Z = 0.

iii) (strong duality) Assume that f and all the g;’s are continuously differentiable and both
Slater’s condition and (CQ) hold.

In these conditions, if ©* solves (C'P) then there exists Z* € L(S™,S™)x -+ x L(S™,S™)
such that W(Z*) = f(z*) and Z* solves max V(Z) subject to Z > 0.
Proof. i) By (91), (92),

W(Z',...,2") = mingepn Ly (y, Z', ..., Z°) < Lo(2,Z",...,Z7)

— (@) = Y Z (@) = f(a),

where the second inequality follows from the facts that € F', so that —g;(xz) = 0, and
Z''~0,...,Z" = 0.

ii) Immediate from (i).

iii) Under the assumptions of this item Theorem 6.4 holds, and therefore there exist
Z' € L(S",S™) (1 < i < p) such that (4)~(7) hold. Take Z* = (Z',...,Z"). By (7),
Z'(g;(x*)) = 0, so that

L(z*,Z7) = f(z") (93)
By (91) and (4),
do Lo (x*, Z%) = df (z*) + Z Zidg;(z*) = 0. (94)

Since ﬁu(-,Z*) is psd-convex, as we have already observed, because Z' = 0 by (6), it
follows from (2) and (94) that X* minimizes £, (-, Z*), i.e. Z* € dom(V) and

A

U(Z*) = Lo (2", Z%). (95)
By (93) and (95), W(Z*) = f(z*), and thus Z* solves max W(Z) subject to Z = 0 by
(i1). O
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