Journal of Convex Analysis
Volume 10 (2003), No. 1, 199-210

Stability of Geometric
and Harmonic Functional Means

Aouatef El Biari

Ecole Mohammadia d’Ingénieurs, LERMA,
Avenue Ibn Sinae, BP 765, Agdal-Rabat, Morocco

Rachid Ellaia

Ecole Mohammadia d’Ingénieurs, LERMA,
Avenue Ibn Sinae, BP 765, Agdal-Rabat, Morocco
ellaia@emsi.ac.ma

Mustapha Raissouli

Université Moulay Ismail, Faculté des Sciences, Département de Mathématiques et
Informatique, UFR AFACS - Groupe AFA, BP 4010 Zitoune, 50 000 Meknes, Morocco
raissoul@fsmek.ac.ma

Received December 6, 2000
Revised manuscript received April 15, 2002

Geometric and Harmonic means of two convex functionals have been recently constructed. The aim of
this work is to study the stability of these operations. The development of this theory is very useful in
many contexts. The obtained results generalize the case of symmetric positive operators which have been
studied in the literature.

Keywords: Convex functional, Fenchel duality, arithmetic, geometric and harmonic functional means,
stability of operation means

2000 Mathematics Subject Classification: 52A41, 46A20

1. Introduction

In recent few years, many authors have been interested to the construction of geometric,
arithmetic and harmonic operator and functional means, because of their many interest-
ing properties and applications.
Ando (Ref [3]) has constructed the geometric mean A(g)B of two positive operators A
A X
and B: A(g) B =max{X : (X B ) > 0}.
This operator appears, for example, in the time invariant linear optimal regulator sys-
tem: Indeed, it is well known that, (Ref [1]), the particular algebraic Riccati equation,
X AX = B has one and only one symmetric positive solution given by X = A~'(g)B.
Very recently, Atteia and Raissouli (Ref [1]), have constructed the geometric mean of two
convex functionals from a sequence of iterations descended from the sum and the infimal
convolution. This approach permitted the authors of [1] to deduce another definition of
the geometric operator mean which, of course, coincides with the given above one. More-
over, a physical illustration of the geometric mean as an equivalent resistor of an electrical
circuit with matrices elements is introduced in [1].
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In another part; Fujii (Ref [9]) has defined the arithmetico-geometric and arithmetico-

harmonic operator means from analogies with positive numbers: Let A, = A, By = B,
1

Api1 = An(9)By (resp Apy1 = An(h)B,,) and B,y = §(An + B,,) for each n > 1. Then,
the arithmetico-geometric mean A(ag)B (resp the arithmetico-harmonic mean A(ah)B)
of A and B is the same limit of A, and B, in the strong convergence. J. Fujii and M.
Fujii (Ref [8]) have shown that the operator means mentioned above are reduced to the
numerical means and A(ah)B = A(g)B was proved by Ando.

To extend the above notions from operators to convex functionals, Raissouli and Cher-
gui (Ref [7] and [13]), have defined the arithmetico- geometric, arithmetico-harmonic
and geometrico-harmonic means in convex analysis. Also, they have proved that the
arithmetico-harmonic mean of two convex functionals coincides with their convex geo-
metric mean constructed in [1]. In particular; in the quadratical case they have obtained
again the previous operator means and their properties. Thus the theory of functional
means contains that of means for positive operators.

The purpose of this article is to show that stability of the above functional means will
be preserved under the necessary property of monotony. This study allows us to extend
some results given by J. Fujii and M. Fujii (Ref [8]) in the positive operators case.

This paper is divided into four parts:

Firstly, we begin by presenting some definitions and results of functional means recently
introduced by many authors.

In Section 3, we study the stability of the geometric functional mean when the seqences
of functionals are decreasing. We deduce the stability to the increasing case by using the
self-duality of the geometric operation mean.

Section 4 is devoted to the particular case of positively homogenuous functionals in finite
dimension. The hypothesis of monotony is not necessary to prove the stability, but only
in this case, since we prove that even if the functionals are defined in a finite dimension
space and are not positively homogenuous, or the condition of monotony is not satisfied,
the result cannot be obtained.

In Section 5, we apply the last properties to deduce that harmonic, arithmetic, arithmetico-
geometric, aritmetico-harmonic and geometrico-harmonic functional means are still stable.

2. Preliminary

Let X be a normed space (reflexive Banach when it is necessary), X* its topological dual,
and < .,. > the duality bracket between X and X* .

If we denote by TR the space of all functions defined from X into IR = IRU {400, —oc0},
we can extend the structure of IR on IR by setting

Ve €lIR, —-oo<z<+00, (+00)+x=-+00, 0-(+00)= 00,
the space R is equipped with the partial ordering relation defined by
—X
VfgelR, f<g<=VreX f(z)<g(x).

Given f: X — IR =IRU {+00} a function, we denote by f* the Fenchel-conjugate of f
defined by

f(z*) =sup{< z,z* > —f(x)}, for all z* € X*
reX
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and by dom f, the effective domain of f, i.e.
dom f={reX: f(z)<+oo}.

We denote by I'g(X) the cone of closed (i.e. lower semi-continuous: l.s.c) convex function-
als from X into IR|J{+o0} not identically equal to +oo.

f** = (f*)* denotes the biconjugate of f, which coincides with the closure of f, i.e. the
lower semi continuous hull of f. Below, we write cl (f) instead of f**.

Let f € T'o(X) and « > 0 be a real, we define the functions «.f and f.a by

VoeX, (a.f)@) =a-f(@) and (fa)@) =af(Z).
It is not hard to prove that (cf. Ref. [10]):
(a.f) = f*.a and (f.a)" =a.f"
Let f,g: X — jlvi’, the infimal convolution of f and g, denoted by f[lg, is defined by

fOg(z) =inf{f(y) + g(z —y), y € X} forall z € X.
It is well known that (fOg)" = f* + ¢*, (cf. Ref. [10]).

Given a nonempty subset A of X, U, denotes the indicator functional of A and W% the
support function of A. The closure of A, i.e. the smallest closed set containing A, will be
denoted by adh A, and its relative interior by ri A (cf. Ref. [14]).

The following definition is an extension of the classical arithmetic and harmonic means
of operators:

Definition 2.1. Let f, g € T'o(X) such that dom f N dom g # ), we define:
i)  The arithmetic functional mean of f and g by

fla)g = %f + %g

ii)  The harmonic functional mean of f and g by

Fag = (31 + 5) =a) g

Proposition 2.2. Let f,g € To(X) then dom (f(a)g) = dom f N dom g and

dom (f(h)g) = dom cl(ng)é = adh (%dom f+ %dom g) :

Proof. Immediate.

Suppose that f and g belong to I'y(X), and define the following algorithm, (Ref. [1]):

g = 5{(fm9)+ (fr9)}

fvg = (ffyg?)* forallne IN
frog = if+9) )

fiog = (7 +39)
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Proposition 2.3. (Ref. [1]).
i) VnelIN, (fyg) € To(X) and (fr,9) € To(X).
ii) VnelIN, fyg < fwmg, fmag < fmg and fra9 > fing.

. 1 .
iii) VnelIN, 0< fyp19— [ < 5 (fmg—frmg)-

Theorem 2.4. (Ref.[1]). Let f, g € I'o(X). Assume that dom f (a)g = dom f (h)g.

Then the sequences (fyng)nemv and (fyEg)nen converge pointwise in IR to the same limit
frg €To(X), furthermore: dom (f7g)=dom f(a)g=dom fNdom g, frg = g7 f
and (fT9)" = f*1g*.

Remark 2.5. The pointwise convergence of the sequence (fv, g), is proved in [1]. The
coincident limit of (fv, g), and (f7;g), follows by using Proposition 2.3, iii).

Corollary 2.6. Assume that X s an Hilbert space. Let A and B be two symmetric
positive operators from X into X. Put that

1 1
falz) = 5 < Az, x >and fp(x) = 5 < Bx,x > for all x € X. Then we have

(fatfB)(z) = fap(x) forallz e X

where A(g)B is the geometric operator mean of A and B, (cf. [1], [3]).

Definition 2.7. (Ref. [1]). f 7 g is called the convex geometric functional mean of f and

g. In particular, if ¢ = f, = %HHQ, then f 7 f,, denoted by f[%], is called the convex
square root functional of f.

Now, for f, g € I'y(X), we consider the sequences (fn),c;n and (gn),,c;n defined as follows:

- l =
{ fn-‘rl - 3 gfn*—" gnl) N where { .fO f
In+1 = (5 n T §gn) Jgo = 4.

Let us notice that f,, € I'y(X) and g, € I'o(X) for all n > 0.

Theorem 2.8. and Definition 2.9 (Ref. [7], [13]). Let f and g in T'o(X) satisfying the
assumption of Theorem 2.4. Then (fn),cin and (gn),c;n both converge pointwise to the
same convez functional f(a.h)g, and called the arithmetico-harmonic functional mean of
f and g. Furthermore, one has f(a.h)g = frg.

Corollary 2.10. With the same hypotheses and notations as Corollary 2.6, we have

fala.h)fs = fa@ns = fawgs

where A(a.h)B is the arithmetico-harmonic operator mean of A and B (cf [3], [8]) and
thus A(a.h)B = A(g)B.

Theorem 2.11. and Definition 2.12 (Ref. [7], [13]). Let f, g € T'o(X) as in Theorem

2.4.
e The arithmetico-geometric functional mean of f and g, denoted by f(a.g)g, is defined
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as the pointwise limit of the algorithm:

{fn+1 = %(fn+gn) with {f[):f
nt1 = fnTgn do=49-

e The geometrico-harmonic functional mean of f and g, denoted f(g.h)g, is the pointwise
limit of the following algorithm

{an - fan*g" | .\ where {fo:f
In+1 = (5 fn+§9n) go =9

Moreover there hold

f(h)g < f(g-h)g < frg = fla.h)g < fla.g)g < f(a)g.

Corollary 2.13. With the above notations, we have

fala.9)fs = fa@gs and fa(g.h)fe = fagns

where A(a.g)B (resp. A(g.h)B) is the arithmetico-geometric (resp. the geometrico-
harmonic) operator mean constructed in [9].

Below, we write lim f, = f when (f,), converges pointwise to f.

n—-4o0o
Definition 2.14. (Ref [2]). Let X be a reflexive Banach space. We say that the sequence
(fn),, defined in IR" is Mosco convergent to the functional f if:
i)  For all x € X, for all sequence (z,),converging in the weak topology to = one has
(x) < timinf £, (a,).
ii) For all x € X, there exits a sequence (z,), converging in the strong topology to x
satisfying that, f(x) > limsup f, (z,).

n—-+o0o

In this case, we write f = M-lim f,
n—-—+00

Theorem 2.15. (Ref. [2]). Let (fy),c v be a sequence of closed convex proper function
from X a reflexive Banach space into | — 0o, 4+00|. Then the following properties hold:

i) If the sequence (fy),c v increases, then it Mosco-converges to f = sup fy.
nelN

ii)  If the sequence (fy), oy decreases, then it Mosco-converges to
=cl| inf .
r=a( ot 1)

3. Stability of the geometric operation mean

We will begin by the following proposition which simplify the assumption of convergence
of the geometric functionnal mean.

Proposition 3.1. Let X be a Banach space and f, g € Ty (X), then the following equiv-

alence holds
dom f(a)g =dom f(h)g <= dom f = dom g. (1)
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Proof. In Theorem 2.4, the hypothesis dom (f(a)g) = dom (f(h)g) which allows us the
convergence of the algorithm to a proper closed convex functional, is equivalent to the
following:

dom fNdom g =dom (cl(fOg)).= = adh(%dom f+ %dom 9) (2)

N | —

Remark that dom f = dom ¢ implies immediately dom f (a) g = dom f (h)g. Now, we
shall prove that relation (2) implies that dom f = dom g.

Indeed, (2) gives successively

1 1

idomf + §domg C dom g, (3)
and . .

Edomf + idomg C dom f, (4)

Let = € dom f. The inclusion (3) yields:

1 1
Vy € dom g 3y € dom g such that §x+§y:y'.

If y € dom g such that y = ¢/ then x = y € dom g and dom f will be included in dom g.
Suppose now that for all y € domg there exists ' € dom g which is different from y

such that 5:6 + SY = y'. So, dom ¢ is infinite and we can construct a sequence (y,),,c ;v €

dom g as the following:

(1 1
%I + 3% = Y, Y1 F Y
—_ _|_ - — ,
57 51 Y2, Yo F U
1 1
\ 51’ + §yn_1 = Yn, Yn 7A Yn—1-

1
Multiplying each line ¢ by Fand adding them, we find

1 1— ()" 1 1
5% X (T@) + 2n Y0 = Yn- Letting n — +o00, we obtain y,, — x. Since y,, = 3% +
2

1

1 1 1 1
5 Yn—1 € §d0m f+ §dom g, we deduce = € adh (Edomf + Edom g) which, combined

with (2), implies that = € dom f Ndom g, i.e z € dom g.

Using the same way and relation (4) we can prove that dom g C dom f, and the result
follows.

Below, we assume that dom f = dom g.
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Lemma 3.2. Let X be a Banach space and f, g € I'g(X). Assume that (f,),c;n and
(Gn)pern be two decreasing sequences in I'g (X)) pointwise convergent to f and g respec-
tively. If dom f = dom g then there exists N € IN such that f,7Tg, exists and

hgl_l foYpGn = fuTgn for all n> N.
p—+o0

Proof. By Proposition 3.1, we obtain the result if we verify that there exists N € IN
such that dom f,, = dom g,, for all n > N.

Indeed, (fy),crn and (gn),c;n are two decreasing sequences, so

dom f,, C dom f and dom g,, C dom g. Knowing that (f,,), and (g,), are pointwise conver-
gent to f and g respectively, then there exists N € IN such that for alln > N dom f C
dom f,, and dom g C dom g,,, and the result follows immediately.

Theorem 3.3. Let X be a reflexive Banach space and f, g, (f»), and (gy),, asin Lemma
3.2. For all x € dom f, there holds

clinf furg. () = frg(z). (5)

Proof. Let us show first that the sequence (f,Vpgn), c;n cOnverges pointwise to f,g for
all p € IN.

1 1
It is obvious that f,Yogn (z) = 5 fu(z) + 59n () which converges pointwise to fvyg ().

1 * : * * * ) ¥
We have f, 719, (7) = 5 (fuY09n + [n09n) (), With foygan = (fiv0g;)" -

The sequences (fy)nemv and (gn)nev are decreasing; knowing that the pointwise and
the Mosco convergences are equivalent in the monotone case (Ref [2]), we deduce that
(fn)nemv and (gn)nev are Mosco convergent to f and g respectively. We also know that
the Mosco convergence makes the Fenchel transformation bicontinuous from Iy (X) to
Lo (X) (Ref [2]); then M-lim f7 = f* and M-lim g7 = g,

It is clear that the sequences (f;), and (g}), become increasing and so

lim f» = f* and hrf g, = g* which yields that 11111 fovogn = f"vg". Remarking

n—-+0o00
that the sequence (f7og;;), remains increasing and its conjugate (fv0g;) is a decreasing
one, we can deduce by using the same way that lim (f v9:)" = (f*g*)" which implies

n—-+o0o
that:

. 1 «
Jim - fungn = 3 (fy09 + f109) = fng-

By induction, we show without difficulties that the sequences (f,7,0s), and (frvp9:),
are decreasing. By Theorem 2.15, ii) and using the preceding properties we deduce the
following equality:

lirf frnYpgn = cl (inf fnfypgn> = f1g for all p € IN. (6)

We now study the convergence of the sequence when depending on p.
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We remark that the sequences ( fypg)p and ( fnvpgn)p are also decreasing when they

depend on p. Using Lemma 3.2, (f,7,9n)p, Will converge pointwise to f,, 7 g, so we obtain
by Theorem 2.15, ii) again

cl (inf fnvpgn) = f,7g, and cl (inf fvqu) = frg. (7)
P P

According to relation (6), we deduce that

clinfcl (inf fn'ypgn) = clinf fv,9 = frg.
2 n 2
Since clinfecl (inf fnvpgn> = clinf inf f,7,9, = cl (inf fnTgn>, we obtain
p n P n n

cl <i17r11f fnTgn> = frg.

This completes the proof of Theorem.

Corollary 3.4. Let X be a reflexive Banach space, f and g belong to Ty (X). Assume
that (f,), and (g,), are increasing sequences in 'y (X)), pointwise converging to f and g
respectively. If dom f* = dom g*, then for all x € dom f, we have:

sup faTgn (x) = frg (). (8)

Proof. The sequences (f), and (g;), are decreasing and converge pointwise to f* and
g* respectively. Using the previous results, one has

lil}rl forgn () = f*rg* (x) for all x € dom f*. (fi7g}), is a decreasing sequence and

the relation 7 is self-dual in the sense of Fenchel duality, then for all x € dom f, we obtain

lim (forgn) (x) = lim (firgn)" (x) = (f*79")" = frg(x),

n—-+00 n—-+00

and Corollary 3.4 is proved.

As a consequence of Theorem 3.3 and Corollary 3.4, we find again the following result [8]:

Corollary 3.5. Assume that X is an Hilbert space. Let (Ay), and (By,), be two monotone
sequences of symmetric positive operators from X into X. If (A,)n and (By), converge
strongly to A and B respectively, then (A, (g)By), converges strongly to A(g)B.

Proof. For all x € X, put that

1 1
folz) = 5 < Apz,z > and g,(z) = 3 < Bnx,x >
where < .,. > is the inner product of X.
It is clear that (A,), (resp. (Bg)n) is monotone if and only if (f,,), (resp. (gn)n) is also
monotone. Theorem 3.3 and Corollary 3.4, applied to (f,), and (gn)., give the desired
result.
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Proposition 3.6. Let X be a reflexive Banach space. f, g, (fn),, and (g,),, for alln € IN
be defined as in Theorem 3.3 or in Corollary 3.4. Then there hold:

; NP I

ii)  Let S be an isomorphism defined from X into X then:

lim (f,7g,)0S = (frg)oS.

n—-+o0o

iii) Let (\,), and (o), be two sequences of positive reals and having the same monotony
as (fn), and (gn),- If lir+n Mfn = A f and lir+n . frn = a.f then

lim (A\,7an).fo = (ATa) . f.

n—-+oo

Proof.
1 1
i) Comes from the relation lirf fuT 5” 1>= fr §H .

ii) Use the relation (frg) oS = (foS)7(goS), for the proof, the reader is referred to

1]
iii) One has (A.f) 7 (a.f) = (A 7 ) .f, from which the desired result follows.

4. Stability in the positively homogenuous (p.h) case

In this paragraph, we suppose that X = IR™, and we study the case when the stabil-
ity does not need the property of monotonicity. This case holds for example when the
geometric mean coincides with the infimal convolution.

Proposition 4.1. Let f and g be two positively homogenuous functionals (p.h) in
Lo (IR™). Then f T g exists and equals to cl (fOg) . In particular, if
ridom f*Nridom g* #0, then f7g = fOg.

Proof. All (p.h) functional in T’y (IR™) is a support function of a nonempty, closed
and convex set (Ref [14]). We can thus assume that there exist A and B closed convex
sets such that g (z) = V% (x) and f(z) = U, (z), for all x € X. Then fyg(x) =
\Ifzdh(%AJr%B) () = \IIZ%A+%B) (x) and frygg () = V5 (2), if we set that
AyB =adh(3A+ 1B) and Av;B = AN B.

We show by induction that

{ f’yng (:L’) = W?(A’ynle)’YO((A%tle))} (:L‘)
frmg (x) = Yt o1 (1))} (=).

Where from the preceding algorithm of functions, we deduce another algorithm of sets:

Av,B = {(A%—1B)VO ((AV:LAB))}
Av:iB = {(AquB)l%k ((A’VZ—IB))}
AvwB = adh(ﬁA + 53) and AygB = AN B.
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(f75g),, is an increasing sequence, thus AN B = Ay;B C Av;:B.

1 1
AviB = adh(§A + §B) NANB C AN B, we show by induction that Ay:B C AN B for

all n € IN, so
Ay,B=ANDB forall ne IN.

Substituting Ay B by AN B in the algorithm of sets we obtain:

1 1
Av,B = adh(W(A-i—B)—i- (1—2n+1>AmB)

The sequence (A, B), o,y converges to AN B. Thus
lim Av,B = lim Av,B = AN B, this implies that V4., p converges pointwise to ¥ 4qp.

n—oo

The sequences (A7, B), and (Av:B), are decreasing, so by using again the equivalence
between the pointwise convergence and the Mosco convergence in this case, we deduce

that
nhj{)lo Vs, (@) = nhjf)lo fmg () = nhjglo Vlaqz ) (z) = nlg{)lo fmg (@) = Wynp (), for all

r e X.

The uniqueness of the limit of those sequences permits us to deduce that f7g(x) =
Vg (@) = (Pa+ ¥p)" (2) = (f* + ) () = I (fOg) () .

In particular if ri dom f* Nri domg* #0 then f7g(z) = fOg(x). This concludes the

proof.

Corollary 4.2. Let f, g, (fy), and (g,), be convex (p.h) functionals defined from IR™
to IR. If (fy), and (gn), are pointwise converging to f and g respectively then

Ve e X lilf faTgn () = frg ().

Proof. As in the preceding proposition, we set Vo € X, g(z) = ¥4 (z), f(x) =
U (2), gn(r) =Wy, () and f, (2) = Vg, (2).

Since f, (fn)n, g and (gn)n € Lo (IR™) are finite elsewhere, thus we can assume that A,
B, A, and B,, are compact sets for all n € IN (Ref [11]). So, we can deduce the following
equivalence

lim W% (z) = U (2) <= M-lim ¥4 (2) = ¥ (2). (9)

n—-+0o n—-+0o0o

And a similar equivalence for B, and B holds. f,7g, (z)= V% 5 ()= (¥4, + ¥p,)" ().
If lim W% () = ¥ (z) and liril UL () = Up(x) then

n—-+4oo
M-lim W, (z) = Va(z) and M-lim Vg (z) = ¥p(z).
n—-+4o0o n—-4oo
Using the stability theorem for the Mosco convergence (Ref [5]), one deduces that
Molim (Wy, +¥p,) (1) = (Va+ ¥p)(z). (10)

Since A, N B,,, for all n € IN, and AN B are compact sets; the relation (10) will be

equivalent to

n—-+o0o



A. El Biari, R. Ellaia, M. Raissouli / Stability of Geometric and Harmonic ... 209

The desired result follows.

Remark 4.3. The stability for geometric mean is not verified in general case. If we take

the example where the sequences have not the same monotony; the result is not satisfied.
2 1 2

Indeed; let X = IR, f, (z) = nj— N (% - 1) and g, (x) = - (% - 1) i (fn), is an

increasing sequence and (g,),, is a decreasing one.
2

fn (x) converges to f (z) = % —1 and g, (z) converges to g (x) = 0.

1 2
fnTgn(z) = — (% — 1) which converges to 0, but
1., 1
fro@) =~ f°(0) = — (see [1)

5. Stability for the (h), (a), (a.9), (a.h) and (g.h) means

Proposition 5.1. Let X be a reflexive Banach space. f, g, (fp)p and (gp)p for all p €

IN be given functions satisfying the assumption of Theorem 3.3. If we denote by w one
of these functional means (h), (a), (a.g), (a.h) and (g.h) then the sequence (fpﬂgp)p
converges pointwise to frg.

Proof.
e If = (h) and m = (a) the proof is immediate. If 7 = (a.h), frg coincides with frg.
o If 1 = (a.g) we get

1
{ fn—i-l,p = é(fn,p‘i‘gn,p) where { fO,p:fp

On+1p = fn,p T Gnp gop = Ip-

{fl,p = %(fp+9p>
gip = prgP

1
(fi1p)p converges pointwise to f; = 3 (f +¢), and using Theorem 3.3 we obtain ¢y, =
fp T g, which converges pointwise to frg = g;.

The sequences (fnp)pev and (gnp)pemv are decreasing for all n € IN. By induction, it
follows that lim f,, = f, and lim g,, = gx.
p—00 p—00

We deduce that
clinf inf ¢, , = clinfg, = frg = lim f,.
n o p n n—o00

o If 1= (g.h) we set,

Jotip = Jup T Gnp

1., 1 .\ where {fo:fp
Int+lp = 5 fn,p + 5 In,p go = Yp
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For n =1 we get:
fl,p = prgp

1., 1.\
Jgip = Efp+§gp .

According to Theorem 3.3, one deduces that (f; ), converges pointwise to f; = f7¢ and
using the property of equivalence between the pointwise and Mosco convergences in the

1 *
monotone case, we show that (g1,), converges pointwise to (éf* + §g*> :

As in the previous case, we prove by induction that the sequences (fy, ,)pev and (gn.p)penv
are decreasing for all n € IN and converge pointwise to f, and g, respectively. We deduce
the desired result.

One can obtain the same result if f, g, (f,)pev, and (g,)pemv verify the hypothesis of
Corollary 3.4.
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