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Let T'o(H) denote the usual cone of lower semicontinuous convex functionals from a Hilbert H into
. . . . -H 75

IR U {400} not identically equal to +oo. In this paper we introduce a map £ : I'o(H) — IR~ (IR =

R U {—00,+00}) which extends the Logarithm from positive invertible operators to convex functionals.

1
Afterwards, we present a functional limited development of L£(f, + Af) where f, := §|| |2, f e To(H)

and A goes to 0T. The paper will be illustrated with some examples which justify the chosen terminology
and the importance of this work.
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1. Introduction

Recently, the extension of the means from positive real numbers to positive operators has
extensive several developments and applications [4], [5], [9]. Since calculations involving
operator-valued functions are feasible with large computers, many authors have used the
operator means in solving some scientific problems. Let a and b be two positive real

ot b, Vab). If ¢F denotes the k-th iterate

of ¢, it is not hard to prove that there is a positive number M = M(a,b) such that

leim #*(a,b) = (M, M).The number M is called the "arithmetico-geometric mean of a
+oo

and b". An explicit form of M(a,b) is given by the following elliptic integral [9]:

numbers and define a map ¢ by ¢(a,b) = (

2 [z 1
(M(a,b))™! = —/ (a*cos®@ + b*sin*0) 2 49, (1)
T Jo
The limit of the above iterative process (¢*(a,b)), can be used to compute the integral
(1) which is of mathematical and physical interest.

The generalization of the preceding notions and results to positive linear operators is
sufficiently studied. More precisely, let o = (01, 09, ..., 0,,,) € IR™ be a probability vector,
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ie. 0, >0,1<i<mand) ;" o; =1, R. D. Nussbaum and J. E. Cohen [9] have
suggested that a reasonable analogue of []'", a7 (a; positive numbers) is

exrp (Z aiLog(Ai)> , (2)

i=1

where A;, 1 < i < m, are positive invertible operators, exp is the exponential of operator,
ie. expA =" 2% and Log is the logarithm of operator defined by ([9], page 253)

1 o o —1
LOgA:/ I—(1 tt)I+tA) " -
0

where I denotes the identity operator.

It will be an interesting attempt to extend the previous notions and results from positive
invertible operators to convex functionals. In this sense, M.Atteia and M.Raissouli [1]
have recently introduced the "Convex Geometric Functional Mean" from an iterative
process that operates recursively on pairs (f,g) € I'c(H) x I'c(H) where I'c(H) denotes
the cone of proper lower semicontinuous convex functionals defined on a real Hilbert space
H, with values in IR U {+o0}. In particular, the functional "square root" R : I'c(IR™) —

1
['o(IR™) was introduced in a way that for f(z) = 3 < Az, x >, where A is a symmetric

1
positive matrix, [R(f)](z) = 3 < V Az, z > where /A is the positive square root of A.
Very recently, M.Raissouli and M.Chergui [11] have constructed the arithmetico-geometric

functional mean f7JEg of two functions f,g € T';(H) as follows: f;rg = leim dF(f, g)
+oo

fty
2
convex geometric functional mean of f and g constructed in [1]. An explicit form of f;g
analogue to (1) is, for the moment, unknown. For this, the solution of the reverse problem
of the square root functional is very interesting, i.e. what should be the analogue of A?
for convex functionals. The standard definition of A? comes from the product AB of two
operators A and B. The extension of this product from operators to convex functionals
is not obvious and appears to be interesting.
For positive invertible operators, another (equivalent) definition of A% can be given by

A—(N+A )
N . ()

where ®* denotes the k-th iterate of ® defined by ®(f,g) = ( ,f19), frg is the

A? = lim
AL0

In [10] the authors suggested that an analogue of the second member of (4) to f € I's(H)

is
o { = Mo 1)
AL0 A

()

where f* denotes the Fenchel-conjugate of f, ie. f*(z*) = sup{< a*,x > —f(z)} and
zeH

1
fo = 5 |.]|? is the only self- conjugate function. They have established that the limit (5)

exists and

o ) = My + ) ()
A0 A

= fo(ps(2)), (6)
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for all © € int(dom f), where ps(x) = Pys)(0) is the unique point projection from 0 to
the nonempty closed convex 0 f(x) subdifferential of f at x.

Another interesting problem is to extend formula (2) from operators to functionals. This
extension is important in order, for example, to explicit the geometric mean frg of f
and ¢ and secondly to define the geometric mean of three or more convex functionals.
More precisely, what should be the regular analogue of Logarithm and Exponential from
operators to functionals.

The fundamental goal of this work is to describe a reasonable analogue extension of the
Logarithm from the case that the variable is positive invertible operator to the case that
the variable is I's(H)-functional. We suggest that a reasonable analogue of LogA given by
(3) to fel'o(H) is

Vo€ H / fol@ 1_t)f”+tf) () 4t (7)

Using (7), we present some functional-valued properties of the map £ analogous to that
of operator-valued Logarithm. Note that in particular the mapping £ : I'c(H) — r"
is increasing, concave (with respect to the pointwise order on F%H) and satisfies that:
Vfelo(H) L(f)=—-L(f)

In case f(z) = % < Az,r > where A is a symmetric positive invertible linear operator

1
of H, we obtain [L(f)](z) = = < (LogA)z,z > with LogA is the Logarithm of A defined

by (3).
To determine how to obtain the solution of the reverse problem of the functional Logarithm
(i.e. the functional Exponential ) is not obvious and appears to be interesting.

[\]

This paper will be divided into three parts: We begin by recalling some basic results from
convex analysis that will be needed later. Secondly, we introduce the notion of functional
Logarithm and we study its elementary properties. This section will be completed by
illustrating the theoretical results with some examples. In the fourth section, we present

1
a second order functional limited development of L(f, + Af) where f, := §|| I, A goes

to 0 (A > 0) and f € I'o(H). Some consequences and examples are given.

2. Background material and preliminary results

Let us recall some basic notions and results from convex analysis which are needed
throughout this paper. H will denote a real Hilbert space with inner product < .,. >
and its associated hilbertian norm ||.]|.

Let IR = IR U {—00, +00}, we prolong the structure of IR on IR by setting:

Ve € R, —o0 < © < 400, 400 + 2 = 400, —00 + & = —00, +00 + (—00) = 400,
0.(+00) = +00.

We can define a partial ordering on B by

f<g = VeeH  f(z)<gla)
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Consider a function f : H — IR, f* denotes the Fenchel conjugate of f defined by the
formula

Va* € H f(z") =sup{< a™,x > —f(x)}.
zcH

If f,g: H— IR are two given functionals, it is easy to see that if f < g then ¢* < f*.
The following inequality

Vo €01 (af +(1-a)g) <af +(1-a)g (8)

holds for every f,g € R

Denote dom f the effective domain of f defined by dom f:={x € H; f(z) € IR}, and
I'o(H) the cone of lower semicontinuous convex functionals from H into IR U {+o00} not
identically equal to +o00. We recall that if f € [',(H) then, f* € T'.(H) and f* = f.
Let S be a subset of H, we denote by ¥ the indicator functional of S defined as follows:
Ug(z) =0if z € S and Ug(z) = +oo otherwise.

Vg € I'o(H) if and only if S is a nonempty closed convex subset of H.

In particular, if B = B(0,1) is the closed unit ball of center 0, then W% = ||.|| and
1 = v

1
We set below f, := §|| . ||* the only self-conjugate functional defined on H. It is easy to

see the following results:

vieR" f— [ <(2f-2f) (9)
Va>0 (af,)" = 2]"’0. (10)
o+ ) = fy = 5k, (1)

where S is a nonempty closed convex subset of H and dg is defined by dg(z) =
inf o — yl|.

We recall that, ([2], page 66) for all real A > 0 and f € I',(H), the functional (Af, + f)*
is finite everywhere and for all € H there holds

Mo+ ) (@) = mf{f"(y) + %Ily—xHQ}, (12)

moreover the application z — (Af, + f)*(z) from H into IR is Frechet-differentiable.

Let f: H—> R =IRU {+o0}, we say that p is a subgradient of f at the point x if
x € dom f and:
fly) > fle)+ <y—xz,p>, forally e H.

The subdifferential of f at z is defined by:

of(x) ={pe H; Vye H f(y) > f(z)+<y—z,p>}

Let us denote by int(dom f) the topological interior of dom f, we recall that if f € T'o(H)
and int(dom f) is nonempty then, for all x € int(dom f), f is continuous at x and

0f(x) #0.
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3. Functional Logarithm in convex analysis

This section is devoted to introduce the functional Logarithm £ : I'o(H) — =" together
with its elementary properties. First, we state the following theorem which will be needed
in the sequel.

Theorem 3.1. For all f € I'o(H) and all A > 0, the following formula holds

AMo + )+ (fe + M) = [o

Remark 3.2. Theorem 3.1 is proved in ([8], page 284) for A = 1 and ([7], page XIII-6),
([10], Theorem 3.1) for A > 0. This result can be written under the following "convex"

1-1
form (take A = T)

VieTo(H) vtelo, 1 A—-0)((1—t)fo +tf ) +ttfe+1-8)f) =f,  (13)
Let f € T'-(H) be a fixed functional, the mapping: ¢t — ((1 — t)f, + tf)* is derivable on

10, 1], (cf. [10], Corollary 3.1) hence continuous on ]0, 1] and consequently we introduce
the following definition:

Definition 3.3. The mapping £ : T'.(H) — R defined by
1 —1 t

is called the Functional Logarithm in the sense of Convex Analysis.

Remark 3.4. The denomination "Functional Logarithm in the sense of Convex Analy-
sis" will be justified by Examples 3.13 and 4.4 below and the properties of £ discussed
throughout the paper.

Proposition 3.5. Relation (14) is equivalent to the following one

VoeH / (=)L 4+t — (L= fs + 1)} (@)t (15)

Proof. According to relation (14), we have for all x € H

1 ! fa ((1_t)fa+tf)* fa ((1_t)f0+tf)*
/ {(—— Y+ (o - >}<x>dt

t t t t

By a simple variable change (s = 1 — t), it is easy to see that

[E(f)](x):l/o {( fO' . (tfa—{—(l_t)f)*)_’_(&_ (<1_t)fa+tf)*>}(l’>dt

2 1—1 1—1 t t
:%/0 %{fo_t(tfijil_w) —((1—t)fa+tf)*}(a:)dt,

and with (13), the desired result follows. O
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Proposition 3.6. The map L :T.(H) — B satisfies the following properties:
(i) L(0)=—-Vy and Vfel.(H) YVaeR  L(f+a)=L(f)+a.
(ii)) L(f;)=0 and Ya>0 L(af,)= (Loga)f,.

(i) VfE€T(H), L(f*)=-L([)

Proof. (i) It is immediate from the definition of L.

(ii) Relation L(f,) = 0 is obvious. Let us show that L(af,) = (Loga)f,, for all a > 0.
To simplify the writing below, we omit the z in relations (14) and (15), so by (14) and
(10), we have successively

£<afa):/Olfg—((1—t2f0+taf,,)*dt:/01fg—((1 —tt+ta)f(,)*dt

[ (e = [ s
= [Log(1 +t(a—1))]y f» = (Loga)f,.

(iii) Let f € I'o(H), then f** = f and by (15) one has

-} [ Uttt O Oh v,

since, for all f € T',(H), the mapping ¢t — ((1 —t)f, + tf)* is with finite values' then

am:_;[«vwn+ﬁwngwn+m}t

=—L(f). H

Proposition 3.7. With respect to the pointwise ordering on EH, the map L 1s:

(i)  Increasing: Vf,g € To(H); if f > g then L(f) > L(g).
(i) Concave: ¥Vf,g € I'o(H), Va €]0,1], L(af+(1—a)g)>al(f)+ (1—a)l(g).

Proof. (i) Let f,g € T'-(H) such that f > g, we derive for all ¢ €]0, 1]
—((A=0)fe+1f)" =2 = (L= 1)fs +1g)".
Using (14) we deduce L(f) > L(g), so L is increasing.
(ii) Show that L is concave: Let f,g € I'.(H), and « €]0, 1[, we can write
(1=tfs+t(af+ (1 =a)g) =al(l =) fe +tf]+ (1 —a)[(1-1)f5 +g].
Then according to inequality (8), we deduce that
(L= 1)f, +taf + (1= a)g))" < a((1—8)f, +f) + (1 a) (1= O, +tg)",
from which we observe that

fo = (L=fs +t(af + (1 - a)g))" >
>alfe=(L=0fe + )1+ A =) [fo = (1 =) f5 +19)],

'Note that if f,g: H — IR the equality f — g = —(g — f) is not always true.
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and by relation (14), finally

Llaf +(1—a)g) >aLl(f)+(1—a)Ll(g),

which completes the proof. O]
Proposition 3.8. For all f in I's(H), the following formula holds
fo=I"<L)ST—fo (16)
Proof. Using (14), combined with (8), we get that
o o1t - — ) fy +tf*
/f f+fdt>/f t>f+f)dt

and simplifying we obtain L(f) > f, — f*, for all f € [',(H).
Replace f by f* in the latter inequality to obtain, with Proposition 2.2, (iii), L£(f)
f — fo- The proof is complete.

RVA

From the above proposition, it is easy to see the following remarks.

Remark 3.9. (i) Ifdom f=dom f*= H then domL(f)= H.
(ii) For all f € I',(H), L(f) is not identically equal to +oo (resp. —o0).

— (A =t)fs +tf)" (2)
t

real number for every x € dom f Ndom f*. In particular, if dom f = dom f* = H then

the above integral converges for all x € H.

dt converges to a finite

1
Remark 3.10. The integral / fo(x)

Corollary 3.11. Let f € I',(H), then one has

(i) L(f)=0 <= [f=/
(i) L(f)=20 <= [f=[, (resp.L(f) <0 [f<[o).

Proof. It follows immediately from (16). O
Corollary 3.12. Let (fy)nenw be defined recursively by

1 1
n>0 fo1= §fn+§f;7 (17)
with fo € To(H). Then (fn)nenw converges pointwise to f, on dom f, Ndom fZ*.

Proof. Since f, € I',(H) then, by induction, we deduce that f, € [',(H) for all n € IN.
On the other hand, £ is concave so

Vne N Lfu)> LU + 3L,

1
2
and according to Proposition 3.6, (iii) and the structure of IR , we get

Vi€ N L(fun) 2 3L(f2) ~ 3L(f2) 20,

1
2



236 M. Raissouli, H. Bouziane / Functional Logarithm in the Sense of Convexr Analysis

and by Corollary 3.11, we deduce that
Vn € N fn—l—lz.fa and Vn € IN f;—i-lgfcf-

Using these previous inequalities, relation (17) yields

. 1 1, ., 1
Vn € IN ngn-‘rl_fcr:i(fn_fa)“'ﬁ(fn_fa)S§(fn_ft7)a
which implies that
. 1
Vn e IN ngn_faSQn_l(fl_ﬁr)'
1

If x&€dom fi =dom f,Ndom f* then li;n ST (fi — fo)(x) =0,
from which the desired result follows. ]

We now end this section by illustrating our theoretical results with three examples.
We begin by an example which explains that the functional Logarithm introduced above
contains that of positive invertible operators.
1
Example 3.13. 1. Let H =R and Vz € R f(z)= §ax2 (a>0),
due to Proposition 3.6, (ii) we have
1
Ve € IR [L())(z) = §(L0ga)x2.
2. More generally, let H = IR™ be the usual n-dimensional Euclidean space and f given
by:
1
Ve € R", f(x) = 3 < Axz,x > where A is a symmetric positive definite matrix of order
n.
In this case, we recall that ([2], page 38) f* is given by

1
Vo e R" [ (z) = 5 < Atz x>,

Using the fact that, for all ¢ €]0, 1], the matrix (1 — ¢)I + tA is also symmetric positive
definite, then

we obtain for all x € IR",

(A=) f,+tf) (x) == < (A=) +tA) "z, x>,

N | —

and relation (14) implies that

vz e R [E(f)](:z:):/o %<1_((1_?”M)_ .

By (3) and the bilinearity of < .,. >, we deduce that

Ve e R" [L(f)](z) == < (LogA)z,z > .

1
2
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If P is an invertible n x n matrix such that

N O - 0
0 Xy --- 0
A=prPt} . _ P, with \; >0 (i=1,2,...p) the eigenvalues of A,
0 0 - X
1
then Vxe R™ [L(f)](z) = 5 < (LogA)x, x >,
Log\ 0 0
0 LogXy - -- 0
where  LogA = P! , , . . p.
0 0 -+ Log\,

3. The above example for finite-dimensional Hilbert spaces works, by the same argument,
1
for general Hilbert spaces: Let fa(x) = 3 < Az,z >, for all x € H, be the quadratic

form associated to the symmetric positive invertible operator A then £(f4a) = froga Where
LogA is the Logarithm of A defined by (3).

Relation (iii) of Proposition 3.6, L(f*) = —L(f), can be interesting in order, for example,
to compute L(f) when f* has a simple expression (as f). The next example explains this
situation.

Example 3.14. Let us consider the space H = M,, of symmetric square matrices of
order n equipped with its usual inner product < A, B >=TraceAB.
The variance of a given matrix A € M,, is defined by:

2
(var)(A) = % cAA> - (T”LCGA> |

n

It is easy to see that the functional var : M,, — IR is convex and hence var € I'c(M,,).
The conjugate (var)*: M, — IRU {+oo} of var is given by ([13], page 161):
gfa(B) if TraceB =0

(var)*(B) = §fa(B) +Vr(B) = { Yoo otherwise

where 7 :={A € M,; TraceA =0} is a closed subspace of M,,.
So,we begin by computing L((var)*).
By virtue of (11) and an elementary manipulation, we get that
(1= t)fs +t(var)) = (1= t+ ZH) fp + W )*— ! f— &
o var)®)” = 5t)le T A 501 )
Using formula (14) combined with a simple computation, we obtain

—(Logg).f(,(A) ifAeT

—00 otherwise

L(var)(A) = —L((var)")(A) = —(Logg)-fa(A)—\I'T(A) = {
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Example 3.15. 1. Let S be a nonempty closed convex subset of H and f = Wg the
indicator function of S.
By (11) and a routine transformation, we have

<a—wn+w@%4u—wﬁ+wg%>i—(n—&%tmﬁ,

which, with relation (14), yields

! 1 11 )
ﬁ(‘Ifs) = /0 {_:fg + §m<d(1_t)g) }dt,

or equivalently (by a variable change s =1 —t)

£s) = 5 | s (s = ) (18)

In particular, if S = B = B(0, 1), the united ball, Proposition 3.6, (iii) and relation (18)
give (since Uy = ||.]|):

£ =3 | s U= (s

2. With the above notations, assume that S is a closed subspace of H and f = Vg. It
is known ([12], pages 40, 50) that f* = Ug1 where S+ = {2* € H; < z*,x >= 0} is the
orthogonal of S.

Taking A = 1 and f = Ug, Theorem 3.1 combined with (11) yields the celebrate identity
dg +d%. = ||.|[*, and relation (18) gives (since tS = S)

1 0
E(‘I/s)—zl/o m(ds—dsﬁdt,

which becomes in a different way

—00 if dg(x) > dgi(z)
[L(¥s)l(x) =9 0 if dg(z) = dg.(z)
+o0 if ds(z) < dgi(z)

or equivalently
L(Vg)=Vg+ — Vg,

where ST ={z € H; dg(z) > dgi(x)} and S~ ={x € H; ds(z) < dg.(x)}.

4. Functional limited developments (F.L.D) of L(f, + \f)

We preserve the same notations as previous. In this section, we shall give a second order
development of L(f, + Af), X — 0%, which extends that of operators: Log(I + \A) =

1
AA — 5)\2142 + A205(A), with 05(A) tends to 0 as A. We begin by recalling the following

lemma.
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Lemma 4.1. ([10]) Let f € I'o(H), then for all z € dom f one has
(fo + AF)" () = fo(x) = Af(2) + MOA(S)) (2), (19)

where 0X(f) tends pointwise to 0 when A goes to 0.
If moreover int(dom f) is nonempty, the functional limited development (FLD2):

(fo + M) (@) = folw) = Mf(2) + X fo(ps(x) + N (O2(f))(2), (20)
holds for all x € int(dom f), where l)i\ﬁ)l 0,(f) = 0 for the pointwise convergence and
pr(x) = Pasa)(0) is the unique point projection from 0 to the nonempty closed convex

Of ().

By applying the above lemma, we will prove the following theorem:
Theorem 4.2. Let f € [',(H), for each x € dom f we have
[L(fo + AN)(@) = Af(2) + AOA(S)) (), (21)

where 0\(f) tends pointwise to 0 when A — 0.
If moreover int(dom f) is nonempty, the following development

[L(fo + A(x) = Af(x) — %Vfa(pf(ﬂﬁ)) + A (0.(f))(2), (22)
holds for every x € int(dom f), where l)i\?ol O,(f) = 0 in the pointwise convergence and

pr(x) = Posa)(0) is the unique point projection from 0 to the nonempty closed convex

Of (x).

Proof. Note that, first, the 0,(f) in (19) and (20) (resp. (21) and (22)) is not the same
but only to simplify the writing below. For the same reason we omit the z in all relation
and we write 6 instead of 8,(f). Let us prove (21). According to Proposition 3.8, one has

Jo = (fo + M) S L(fo + M) S A,

and using (19), we get
Af+20A(f) < L(fo + Af) S AT,

which implies (21).
We now prove (22). From relation (14), it follows

L(fy+ M) =/O {J% - M}dt.

By virtue of (20), we obtain

L(f,+\f) = /01 {% _ fo = Atf + )\2t2jtfg(pf) + A2t20(t) }dt

_ /01 INF = N2t (pg) — A2t0(t) }dt

= Af =G tlop) - ¥ [ i (23)
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On the other hand, by combining Theorem 3.1 and relation (20), we infer that
MM, + ) = Mf — N f,(pr) — N220(t),
from which we deduce

flx) = (Atfo + f7)"(2)

vV € int(dom f) [0A(f)(®)](z) == [0(t)](x) = N

— Jo(ps(x)). (24)

To complete the proof we need the next lemma.

Lemma 4.3. (05(f))x converges uniformly (with respect to t) to 0 when A tends to 0T,
i€
Vx € int(dom f) lim sup |[0:(f)(¢)](z)| = 0.
MO tejo,1f
Proof of Lemma 4.3. For each x € int(dom f), recall that we have 0f(z) # (). Let
x* € f(x) then, by definition, f(z)— f(y) < <z*,x—y > forally € H.
Cauchy-Schwartz’s inequality implies that, for all y € H and 0 <t < 1,

1
7l = 7)< ol =yl

and by Young’s inequality

At 1
f@) = fy) < SlI° + 5 lly — =l
which obviously yields
1 2 Al *(|2
_ |y — < ZZ .
F(2) = 1) = 5l — 2P < 1]

If we take the supremum for all y € H, this previous inequality gives

1 2 At * (]2
_ S | P < =
supl £(2) = ) = 5l =l } < G
or equivalently
Fla) = inf{f(y) + == ly —2l]*} < AtH I
0= B+ gyl ol < 3

Thanks to relation (12), we conclude that

vt € Df(x) Fla) = Otf + )" (0) < 5 | (25)
Further, it is well known that, ([10], Lemma 3.2)
lm V() = T VA, + £ (2) = py(x) € 05(0), (26)

If we take z* = ps(z) in (25) we obtain

flx) = (Atfo + f7) ()
At

< [o(ps(2)). (27)
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Moreover, we know that ([10], Theorem 3.1)

fl@) = (Mo + 7)) (2)

Fo((V ) < L ,

which, with (27), gives

f@) = (Mt fo + [)"(2)

fa((vf)\t(m))) - fa(pf(a:)) S v

— fo(ps(x)) <0,
and therefore

flx) = (Atfo + f7)"(2)
At

— Jo(ps(2))] < fo(ps(x)) = [o(Viu(2)). (28)
Recalling that ([3], page I1.10) (|[V fa]|)a is decreasing, it becomes for all ¢ €]0, 1[, and
A>0

IVAI <[Vl and thus  —f,(Vfa) < —fo(Vfr).
It follows that

=Bt D )| < Folpsto)) = £V o)
and
t$Lﬂ”‘wﬁ+ﬁ”@—ﬂ@@ﬂsnmu»<mvmm> (29)
In (29) use (24) to write
o € ntldom ) sup [0 < olps(o) = LTHE) G0)

By virtue of relation (26) and the continuity of f,, the second member of (30) tends to 0
as \. The proof of Lemma 4.3 is complete.

To end the proof of Theorem 4.2, we can write by virtue of Lemma 4.3:
1

im [ o0 = [meena = [ imen)od-o

Ao J, AL0
which, with (23), gives the desired result. O
We now illustrate Theorem 4.2 with the next example.

1
Example 4.4. 1. Let H=IR and Vre R f(x)= 5@902 (a > 0).

Theorem 4.2 and Example 3.13, 1- give the following classical result:
1
Log(1+ Aa) = Xa — 5)\2@2 + A*0y(a), where 6,(a) tends to 0 when A\ — 0.

2. More generally, let A be a symmetric positive matrix of order n, and consider the
functional

Ve e R"  f(x):= fa(z) = % < Azx,z > .
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Since f is convex and (Gateaux) differentiable then 0f(z) = {V f(x)},

A is symmetric gives 0f(z) = {Az} and f,(ps(x)) = %||A.I||2 = % < A’z 1 >

According to Theorem 4.2 and Example 3.13, 2., we can write
frogi+xa)y = faa—1yeaz + NOA(f), (31)

from which we deduce that 0,(f) is a quadratic form, i.e. 0\(f) = fo,(a) Where 05(A) is
_ Log(I+MA) — AA+ %A2A2>
- v :

a symmetric matrix < because 0)(A)
Then, relation (31) is equivalent to the following one
frLog(1+24) = fAA—%/\QA2+>\29A(A) (32)

From the relation 0)(f) = fs,(4) and the fact that [0x(f)](z) —,,0 for all z € int(dom f)
= R", we deduce < (05(A))x,x >— 00 for all z € IR", and by symmetry of 0, (A) we have
< (0A(A))z,y >— (0 for all z,y € R™. It follows that Vo € IR" (0x(A))z —, 0 in
R".

Using the fact that the matrices associated to the quadratic forms of (32) are symmetric
we find the known development:

Log(I + \A) = A — %/\QAZ +X26,(A).

Corollary 4.5. Let f € I',(H) such that int(dom f) is nonempty. Then, for each s in a
netghbourhood of 0, there holds

Vz € int(dom f) %E(fa +sf)(x) = (sfs + [)(x) + s(0s(f)) (),
where Os(f) tends (pointwise) to 0 when s — 0T,

Proof. It follows by combining Theorem 3.1, Lemma 4.1 and Theorem 4.2. O

Proposition 4.6. Let f € I'.(H) be a fized functional such that int(dom f) is nonempty.

Then the mapping s — L(sf, + f) defined from IR’ :=]0,+o0[ into B is differentiable
and

Vo € int(dom f) %E(sfg + f)(z) = /0 fo (V(I =t +ts)fy +tf)") (x)dt (33)

Proof. Here also, we omit the x and we write 6 instead of 0,(f). Let s € IR} and A — 07,
we have

£<<>\+S)fa'+f):/0 {%_((1_t>fa+t(j‘+s)fo+tf) }dt

:/1{£ ()\tfg+(1—t+ts)fg+tf)*}dt‘ (34)

t t
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Setting f = (1 —t +ts)f, 4+ tf, it is clear that f € I',(H) and dom f = dom f. Using
relation (20) with Theorem 3.1, we obtain

()‘tfa +T)* = ?* - )‘tfa(pf*) - )‘t9~<t)7
which, with (34), yields

E((AJFS)fUJFf):Al{%_((l—t)fatstfaﬂf) £ o(pp) + M }dt

1
:L(sfg+f)+)\/0 fo V(1 =t +ts)f, +1f)" dt+>\/

where

_ 7* — (>‘th +7>*

M ~ Jolr):

Lemma 4.3 implies that

i [ BuOI0d = [ b0 = o

A0

1
Let us observe that setting / [0,()](t)dt = 05(f), it follows
0

LUN+ Mo 1) = LT+ D) 4N [ o (T(U= 489, +7))de 4+ 2651
0
and consequently

d ! .
L s+ 1) = /O fo (V((1 = t+t3)f, + tF)") dt. m

Remark 4.7. Let A be a symmetric positive operator from H into H and take f(x) =

1
3 < Az,x > for all x € H. In this case, relation (33) yields, after a simple computation,

the known classical result:
* d -1
VS - B+ d—LOg(SI—‘rA) = (S_[+ A)
s

and the "Logarithm" terminology is again justified.
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