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In the present paper we deal with the existence of weak solutions for the following Neumann problem

@:0 on 0N

{ —div(|Vu[P~2Vu) + (@) |ulP~?u = f(z,u) + h(z) in Q
v

where Q@ ¢ RY is a bounded open set with boundary 99 of class C, v denotes the outward unit normal
to 9, p > N, f € C°(Q x R, R) is such that, for every 7 > 0

sup |f(-t)] € L'(Q),

[t<r
A € L*(Q) with essinfo A > 0 and h € L*(2). To prove the existence of solutions for the above problem,
we use the variational methods. More precisely, we make use of the critical point theorem obtained by

B. Ricceri as a consequence of a more general variational principle.
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1. Introduction

In the present paper we study the following Neumann problem

—div(|VulP~2Vu) + M) |[uP?u = f(z,u) + h(z) inQ

@ =0 on 02 (1)
ov

where Q2 C RY is a bounded open set with boundary 05 of class C!, v denotes the
outward unit normal to 9Q, p > N, f € C°(Q x R, R) is such that, for every r > 0

sup ’f(?t)‘ € Ll(Q)> (2)

[t|<r

A € L>(Q) with essinfo A > 0 and h € L'(Q).
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As usual, a weak solution of problem (1) is any v € W1?(Q) such that

/Q(|Vu(af)]p2 Vu(z)Vo(z) + Ma)|u(z) [P~ ?u(z)v(z))dr —

/Q (f (. u(@)) + h(z))o(x)dz = 0,

for all v € WP (Q).

To prove the existence of solutions for the above problem, we use the variational methods.
More precisely, we make use of the following critical point theorem obtained by B. Ricceri
as a consequence of a more general variational principle:

Theorem 1.1 ([5], Theorem 2.5). Let X be a reflexive real Banach space, and let @, U :
X — R be two sequentially weakly lower semicontinuous and Gateaux differentiable func-
tionals.

Assume also that U is strongly continuous and satisfies

lim ¥(z) = +o0.
llz[|—+o00

For each p > infx ¥, put

e 2@~ iy, @
o) = it . ,
2€¥—1(]~00,p)) p—V(r)

where (U=1(] — 00, p[)),, s the closure of U~(] — o0, p[) in the weak topology.

Then for each p > infx U and each A > ¢(p), the functional ® + AV has a critical point
which lies in ¥~1(] — oo, pl).

In our settings, the functionals ® and ¥ are defined as follows:

For every u € WhH?(Q), we put

ully = ( [ @+ | rwrpdx)”,
Q 0

W(u) = }juun’; - / h(e)u(z)dz

o - [ ( / f@,wdt) i

A way of applying Theorem 1.1, to obtain existence results for problem (1), is to find
conditions on the given functionals, which guarantee that

and

inf O (u) = P(up) (3)

ue¥—1(]—oo,r[)

w
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holds, for some positive real number r and vy € ¥~!(] — oo, r[). This method has been
already used in [1] and (for multiplicity results) in [6], where problem (1) was studied
with the right-hand side of the type a(z)f(t) + B(x)g(t). In that case, we showed that,
under suitable hypotheses on the functions f and g, there exists a constant function wu
satisfying (3) for some r > 0.

When the dependence of f on the variables z and t is arbitrary, the function ug may
depend on x. Here we consider this more general case. Our main result is Theorem 3.1
below. To prove it, we follow the method just described. In the present setting, the proof
of the existence of an u, as above requires rather delicate arguments (see Lemma 2.2).

In a recent paper [8], S. Villegas studied problem (1) using a different approach. We also
intend to make a comparison between our conditions and the Villegas’s ones when p = 2
and N = 1. To this aim, we quote here the Villegas’s main result:

Theorem 1.2 ([8], Theorem 1). Let us suppose that the functions h € L*(]0,1[) and
[ € C°([0,1] x R, R) satisfy the following conditions:

There exist € > 0, s' <0 and so > 0 such that

[(x,s) < 72

T ¢ for each s < s, x €0,1]. (f1)
s

(f2)

l(m,ls) +e< — fol h(x)dx  for each s < &', x €0,1].
— Jo h(x)de <1(x,s)—€e for each s > sy, x € [0,1].

Then the Neumann problem

has a weak solution in W12(]0,1[).

At first, we note that, in our settings, the function [ is defined as follows

l(z,t) = f(x,t) — A(x)t.

Our hypotheses are completely different with respect to those of Theorem 1.2. In par-
ticular, we do not require any condition about the behaviour of I(z,t) for ¢t — oo. Our
assumptions are only local conditions, in a neighborhood of zero, for the function f(z,-)
uniformly with respect to x. The next two propositions (proved in the third section)
are typical examples of application of Theorem 3.1, which cannot be obtained either by
Theorem 1.2 or by Theorem 2.1 of [1].

Proposition 1.3. Let f € C'([0,1] x R), assume that there exist a,n € R, with a >
2n > 0, satisfying the following conditions:

(a) For every x € [0, 1], one has

f(l’, —77) > 07 f(l'ﬂl) < 0.

(b) One has

sup fi(z,t) <0,
(z,t)€[0,1] X [—a,a]
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fo(z,1)
ft(xvt) ‘ S

Then, for every h € L*(]0, 1[) with fol |h(z)|dx < ‘jj;ﬁg; , the following Neumann problem

sup
(:E,t) € [071] X [_77777]

{ —u" +u= f(x,u)+ h(x) in ]0,1]
wW(0)=u'(1)=0

has at least a weak solution w € W*2(]0,1[) such that |[a] < .

Proposition 1.4. For any h € L'(]0,1]) such that

1 1
/ Ih(z)lde < X,
0 9

the following Neumann problem

—u + 2u = — " L h(z) in ]0,1]
' (0) = /(1) =0,

has at least a weak solution uw € W12(]0,1[) such that |[u]| < ‘/75

Note that for a function u € W'?(Q), the symbol ||u|| means ||ul[y with A(z) = 1.

The paper is divided in three sections. The second section contains some preliminary
lemmas to our result that is stated and proved in the third section. The appendix deals
with the estimate of the constant ¢(\) defined in section two.

2. Basic definitions and preliminary results

We observe that || - ||, is a norm on W?(Q) equivalent to the usual ones, we consider
WP(Q) endowed with the norm ||-||x. Since W'?(€2) is compactly embedded into C°(€2),
the functional ¥ is well-defined, sequentially weakly lower semicontinuous, Gateaux dif-
ferentiable and such that limy,, -1+ ¥(u) = +o0.

Because of the coercivity of W, for » > 0 the number
k(r,h) =inf{oc > 0: U] —oo,r[) C {u € W'P(Q) : ||lullx < o}},

is finite. Then we put

C()\) _ sup SUDzcq |U<l’)|

weWbLr(Q)\{0} ]| x
that is finite since W'P(2) is compactly embedded into C°(Q2). In the sequel, m(2)
denotes the Lebesgue-measure of 2 and we define, for every (z,t) € Q@ x R and v € RY
with |v| =1,

Atf(l‘,t; /{:) _ f(w,t-i-k]i— f(x,t)

and
f(l'—i— hvat) — f(l‘,t)

Ay f(z,t h) = .
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The following Lemma follows from Theorem 1.1 of [7].

Lemma 2.1. Let I C R be an open interval, f : 2 x I — R be a continuous function
such that, for each x € Q there exists a unique u(z) € I satisfying

f(:v,u(:r;)) =0,
and f(x,-) changes sign in the interval I. Then the function u : Q — I is continuous.

Lemma 2.2. Let [ and f : Qx I — R be as in Lemma 2.1. We assume that there exists
L > 0 such that, one has

1
liminf|A, f(x,t; k)| > — limsup |A,f(z,t+ k;h)|, (4)
k=0 L (h1)—(0,0)

for each (x,t) € Q x I and v € RN with |v| = 1.
Then the function uw : Q — I, satisfying f(x,u(x)) = 0 for every x € ), belongs to
W(Q) and |[Vul ey < L (m(€))?.

Proof. Condition (4) guarantees that for any (z,t) € 2 x I and v € RN with |v| =1,

limsup |A,f(z,t+ k;h)| < +o0, (5)
(h,k)—(0,0)

and
liin ig1f|Atf(x,t; k)| > 0.

Fix (z,t) € @ x [ and v € RY with |v| = 1, if
lim inf [Af (2, 1; k)| = 400,
then, taking into account (5), it turns out that

A, f(z,t+ k;h)
Atf(xa t; k)

lim sup
(h,k)—(0,0)

-0

In the other case we have,

lim sup
(h,k)—(0,0)

A, f(z,t + k; h)
Atf($7 t: k/‘)
1
< limsup |A,f(z,t+ k;h)|limsup —————
(h,k)—(0,0) 2] ) k—o  |Adf(z,t; k)|
lim supp, )~ (0,0) [ Do f (2,1 + F; )|
liminf, .o |Af (2,8 k)]

Therefore, for any (z,t) € Q x I and v € RY with |v| = 1, one has

A, f(x,t+ k;h)
Atf(x> tv k)

a(z,t;v) = limsup
(h,k)—(0,0)

‘<L.
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Now we prove that, for any x € Q and v € RY with |v| = 1, there exists h(z,v) > 0 such
that for every h € [—h(z,v), h(z,v)] one has

|u(z + hv) — u(z)| < L|h. (6)
Fix x and v as above, we put
A={heR:z+hveQand ulx + hv) = u(z)}.

If A includes a neighborhood of zero then (6) obviously follows. Then we suppose that A
does not include a neighborhood of zero. By Lemma 2.1, u is continuous in €2 and so

lim (x4 hv) = u(z).

h—0,heR\ A
Whence
i 1 ‘ w(x + hv) — u(x) ‘
pooneria | f(@ule+hv) = (@, u(@))
y ‘f(x + hv,u(x + hv)) — f(z,u(z + hv)) ’
h
< limsup ‘ k '
(hi—00) | [(@u(@)+k) = [z, u(z))

= a(z,u(x);v).

y ‘f(:t—{—hv,u(a:) + k) — f(z,u(x) —i—k)‘
h

Since a(z,u(x);v) < L, if we put n = L — a(z, u(x);v) there exists h(x,v) > 0 such that
for every h € [—h(z,v), h(z,v)] \ A one has

u(z + hv) — u(x) . u(z + hv) — u(z)
h = th){lhselfl{IiA h T

— limsup w(x 4+ hv) — u(z) ‘
h—onher\A | f (2, u(@ 4+ ho)) — f(z, u(z))

. ‘f(x,u(ijhv;L) —f(x,u(x))' +n

— limsup u(z + hv) — u(x) ‘
n—oherra | f (2, u(@ 4 hv)) — f (2, u(z))

y ’f(x—f—hv,u(x—l—hv})l)—f(x,u(x+hv))'+n

< a(z,u(x);v)+n=0L.

Consequently, for any h € [—h(z,v), h(z,v)] one has

u(z + hv) = u(z)] < LIh],
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that is (6).
Let x,y € Q be such that x # y and the segment [z, y] C Q. We put
y—x
v=
ly — |

and
B={te[0,1]: |u(z + tly — z|v) — u(z)| < Lt|ly — x|}.

The set B is not empty because 0 € B and it is closed by virtue of continuity of u, then
B is compact. Let t = max B, we show that ¢ = 1. If it was t < 1, by (6), we could find
d > 0 such that, for any ¢ € [t — 0, + 0] C [0, 1] one has

u(z +tly — zfv) — w(z +tly — z|v)| < L|t —1|ly — 2],
in particular, the previous inequality holds for t = ¢ 4+ §. Then, we have

u(z + (T +0)|y — xlv) — u(z)]
u(z + (E+0)ly — xlv) —ulz + iy — zfv)| + |u(z + Ty — z|v) — u(z)]

<
< L(E+0)ly —xl,

whence the absurd ¢ + § € B. Consequently it turns out that, for every z,y € Q with
[z,y] C Q, one has |u(y) —u(z)| < Lly — x|. The thesis follows by Lemma 7.24 of [2]. [

3. Main results

Theorem 3.1. Let r,s € Ry be such that

_p(r—s fylh()|dr) =& [, Mx)dz
m(§)

L > 0.

Moreover, assume that the function f satisfies the following conditions:
(i) For every x € ), one has

{ f(x,) =0 has a unique solution in | — c(N)k(r, h), c(N)k(r, h)|
flz,—s) >0, f(z,s) <0.

(ii)  For every (x,t) € Qx] —s,s[ and v € RN with |v| = 1, one has

liminf |A,f(x,t; k)| > L» limsup |A,f(z,t+ k;h)|.
k=0 (h,k)—(0,0)

Then problem (1) has at least a weak solution u € W'P(Q) such that V(u) < r and hence
@[y < k(r, h).

Proof. At first, we observe that s < ¢(A)k(r, h), since by hypothesis

p(r=s [ nlac) - [ Moo > o,
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taking into account Proposition 4.1 and the definition of the number k(r,h). Condi-
tion (i) implies the existence of the function uy : Q@ —] — s, s| such that, for every
x € Q f(z,up(x)) = 0. Then condition (ii) assures, by virtue of Lemma 2.2, that

ug € WH(Q) and [|[Vuo|| ey < (Lm(Q))% Moreover, for every = € €, one has

ug () 3
/ f(z,t)dt =  sup / [z, t)dt. (7)
0 0

€l <c(N)k(r,h)

We define the functional ® : W1P(Q) — R, setting for every u € W1P(Q),

o - - [ ( / f@,t)dt) &,

that is well-defined, sequentially weakly continuous and Gateaux differentiable, owing
to the compact embedding of W'P(Q) into C°(Q) and the assumption (2). The critical
points of the functional W(-) + ®(-) are the weak solutions of problem (1). Our end is to
apply Theorem 1.1. Then, to complete the proof, it is enough to prove that

(I)(U) - inf\Il—l(}foo ) o
p— 1 f ’ w e 0
SO(T) ueq/*}%—oo,r[) r— \I/(U) ’

where U—1(] — oo, (), denotes the weak closure of the set ¥~!(]—o0, r[). By the definition
of the number k(r, h), one has

: P (u) — infjy), <k P(v)
r) < inf A= )
wlr) < ueW—1(]—o0,r[) r— U(u)

Furthermore, for every v € W'?(Q) with ||v||, < k(r, h), we have

sup |v(z)] < e(N)k(r, h).

e

Whence from (7) it follows that
@(UQ) S @(U)

and so ®(ug) = infyy, <p(rp) P(v). Then, we also have

U(u) = %HUOHI;— / (o ()

< %(s”/g/\(x)deer(Q)) +S/Q|h(x)\dx:r.

Consequently ug € ¥~1(] — 0o, r[), thus it follows that

cp 20 —inflo <k (V)
ueW—1(]—oo,r]) r— \If(u)

=0,

and the thesis is proved. Il
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Corollary 3.2. Let r,s,L € R, be as in Theorem 3.1 and assume that the function f
satisfies (ii) and the following condition:

(") For each x € ), one has

{ f(z,-) is nonincreasing in | — c(N)k(r, h),c(N)k(r, h)|
flz,—s) >0, f(z,s) <0.

Then problem (1) has at least a weak solution u € WHP(Q) such that ¥(u) < r, hence
@[y < k(r, h).

Proof. Conditions (i’) and (ii) imply that for every x € Q the function f(x,-) is strictly
decreasing in [—s, s|]. Hence there exists a unique

U(l‘) E] - C()\)kﬁ(?“, h)7 C(AV{;(T: h)[
such that f(z,u(z)) = 0. Consequently the thesis follows by Theorem 3.1. O

Corollary 3.3.  Letr,s, L € Ry be as in Theorem 3.1 and f € C*(QxR,R). Moreover
assume that f satisfies the following conditions:
(i”)  For each x € Q one has

{ U (x,-) <0 in ] — c(\k(r, h), c(\k(r, h)]
f(x,=s) >0, f(z,s) <0.
(1”7)  One has

max
(z,t)eQx[—s,8]

V:vf(x,t) 1
A f(x,1) ‘ <k

Then problem (1) has at least a weak solution u € W'P(Q) such that V(u) < r, hence
@[y < k(r, h).

Proof. Condition (i”) implies (i’) of the previous Corollary. So it is enough to show that
condition (ii”) implies (ii) of Theorem 3.1. By (ii”), for every v € R" with |v| = 1, one
has

g(m,t)‘ ) ((z,t) € Q x [~s, 5])

v

of
ot

(x,t)‘ < LVP

Since df/0v is continuous, by Lagrange’s Theorem, it follows that

Ayf(x, t+k;h) = %(x,t),

lim
(h,k)—(0,0)
for every (z,t) € Q x R. And so (ii) is satisfied. O

Remark 3.4. It is difficult, in general, to calculate exactly the constants ¢(A) and k(r, h).
However, to apply Theorem 3.1 and Corollary 3.1, it is enough to verify conditions (i)
(resp. (i’) in Corollary 3.2) and (ii), using some explicit upper bounds of those constants.
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Proof of Proposition 1.3. Fix € > 0 and h € L(]0, 1]) with
1 2 4 2

/ [ —

0 4(n + a)

We set s =1, 1. = n*> + on+ e where o = fol |h(z)|dz. Tt is easily seen that, under our
assumptions, it results

cNk(rs,h) <a

for some € > 0, since ¢(\) < /2 as it follows by Proposition 4.2 taking into account that
A = 1. Then, condition (a) and the first of (b) imply that (i’) of Corollary 3.2 holds.

Moreover, we have
VL =2+ >,

whence condition (ii) is also satisfied. Thus the conclusion follows by Corollary 3.2. [

Example 3.5. Here is an example relative to Proposition 1.3. Let us consider the fol-
lowing Neumann problem

{ —u” 4+ 11lu = |u|u — 5sin(x + u) + h(z) in]0,1]
u'(0) = /(1) =0.

with k € L'(]0,1[). Taking a = 2, n = 2 and
f(z,t) = t|t| — 10t — 5sin(x + t),
the hypotheses of Proposition 1.3 are satisfied. Then, for every h € L'(]0,1[) with

fol |h(x)|dr < 1, the problem has, at least, a weak solution with norm less than %

Proof of Proposition 1.4. We put, for every z € [0,1],t € R
f(;z:,t) _ _estfyct3 —t,
Az) =1.
By Proposition 4.2, it follows that c(\) < v/2.

Let h € L'(]0,1[) with fol |h(z)|dz < &, we prove that both conditions (i") and (ii) of

Corollary 3.2 are satisfied. Then the thesis follows by it.

Choose s = %, it is easily seen that

fi(z,t) <0 for any (z,t) € [0,1]x] — 1,1]
f(z,—s) >0, f(x,s) <0 forany x € [0,1].

Moreover, one has

sup
(z,t)€[0,1] X [—s,s]

fu(z,t) 13
ft<x>t> ‘ = m

Then, at this point, it is enough to prove that there exists » > 0 such that

(=2 [ o) - £] - 2, ®
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and

c(Nk(r,h) < 1. 9)

1/13\* 2 2 [!
= (=2) + 2=+ 2 Jh@)|de.
’ 2(100) +25+5/0‘(x>|x

The inequality (8) is obviously satisfied with this choice. We also have

V(. h) < 2 /01 Ih(x)|d + \/r + (/01 |h(:c)dsc)2) |

Then, taking into account the choice of r and the assumption on the function h, it is
easily seen that the condition (9) is satisfied. Then the conclusion is proved. O]

We set

4. Appendix

In order to apply Theorem 3.1, it is essential to know, at least, an upper bound of ¢(\).
Here we deal with this problem. But first we prove

Proposition 4.1. We have that
1

(Jo A()dz)

Proof. Let zo € Q and € > 0 be such that

c(N) >

RS

B(zg,€) = {z € RY : |z — 20| < €} C Q.
Define, for k& > (diam())?,
up(z) =k — |z —20|* (7 € Q).

It results sup,cq |uk(z)| = k. Moreover, we have
/ M) |ug(z)|Pde + / \Vug(x)[Pdx
Q Q
= / EPA(z)dx — / ANz) (K" = (k — |z — 20|*)?) dx + 2p/ |x — xo|Pdx
0 Q 0
< kP / Az)da — essinf Am(Q\ B(zo, €)) (kP — (k — €*)P) + 27(diam(€2))"m(<2).
Q

Since limy,_o (k? — (k — €)P) = 400, we can choose k > (diam(f2))? such that

ey P(diam(@)m(©)
ko= (k=) > ess info Am(Q\ B(xg,€))

Consequently it follows that

/Q @) () [Pz + /Q Vug(2)Pde < 7 /Q Az)dz.

Then the conclusion follows by the definition of ¢(\). O
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Now, we state and prove the propositions about the upper bound of ¢(\).

Proposition 4.2. Let N =1 and Q =|a,b[. Then

1 p—1 v
c(A) < [max { (ff Ny + - inf]a,b[)\> ,1}] .

Proof. For every z,y €la, b, one has

()P = MMV+/%W@V%@U@ﬁ

IN

u(y)” +

[ plutop- ol
< JuP+ [ (Ol ol

sh@W+@—D/hﬂWﬁ+/mﬁW%

Now, multiplying by A(y) and integrating with respect to y over the interval |a, b[, we
obtain

1
12 My)dy

[ 2w [ oo ([ awar) [ o]

1 p—1
Slmm{(ﬁA@wx+%@ﬁwM)J}
b b
X (/ Ay)|u(y)|Pdy —l—/ |U,(?J)’pdy) ,

that implies the thesis. O]

(p—1) [ My)dy

ess infjq p) A

IN

(el

[/A@wwwmw+

X

Proposition 4.3. Let Q be an open, bounded and convex subset of RY. Then the follow-
g tnequality holds

c " max _ v 4 (p=l m B —”)\Hoo
=2 { (Jo Mz)dz)» N (p - N (Q)) Ja A(sc)dﬂc} ’
where d = diam(2).

Proof. Put p' = ;25 and fix u € C*°(Q) N WhP(Q). For every x,y € £ one has

W@NSWQH+AIVMM+U—¢MWx—mﬁ
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Multiplying by A(y) and integrating with respect to y over 2, we obtain that
WDl < i | Al
ur) < T y)iuly)iay
Jo Ma)dz [ /g

[ 2 ([ wuter+ =ttt = slar) o]

m [(/ﬂ A(y)dy)p/ (/Q )‘(y)‘u(y)\de)p
b W [ ([ 19t 0 e —viae) ] .

Now, following the same arguments as in the proof of Theorem 1 of [3] (see also [4]), one
has, taking into account (10),

AR [( [ My)@)é (f /\(y)|U(y)|pdy>é
-
o 2 hm0)” i)

g [</QA(?J)|U |pdy>’l’ (/ |Vulpdy)]

p—1
b1 1 p—1 7 Ml
< 2% — = Q Al
N max{ (fo Mz)dz)? N» (p—Nm( )) JoMz)de

Xl

+

IN

IA

Whence, the conclusion follows by the density of C*(Q) N Wh?(Q) in W2(Q). O
Remark 4.4. By the previous proposition it follows that, if the diameter d satisfies

p

(essinfyeq )\(x))%l N (p — N) 5 7

S -
[[Allo p—1

then the estimate has the simpler expression
2r—1
3 < (—) |
Jo Ma)dz
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