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We study the lower semicontinuous envelope of variational functionals given by [ f(z, Du)dz for smooth
functions u, and equal to +o00 elsewhere, under nonstandard growth conditions of (p, ¢)-type: namely, we
assume that

|2[P@) < f(x,2) < L+ |2|P®)).

If the growth exponent is piecewise constant, i.e., p(x) = p; on each set of a smooth partition of the
domain, we prove measure and representation property of the relaxed functional. We then extend the
previous results by considering p(x) uniformly continuous on each set of the partition. We finally give an
example of energy concentration in the process of relaxation.

Introduction

The aim of this paper is the study of measure property and integral representation of the
L (Q; RY)-lower semicontinuous envelope of variational functionals of the type

) / f(x, Du(z))dr if u e C*(Q;RY)
= Q
+00 elsewhere on L' (;RY)

F(u (1)

where 2 is an open subset of R™ and f is a non-negative Borel function defined on Q x R™Y
and satisfying a nonstandard growth condition.

Under the assumption of p-growth
2P < flz,2) < L(1+ |2]7) (2)
existence and integral representation of the lower semicontinuous envelope was proved in

[9].

In case of nonstandard (p, ¢)-growth
2| < flz,2) < L1+ |z|"), ¢>p>1, (3)

introduced by Marcellini [22] in the context of regularity theory for minimizers, dealing
with the passage to the limit for variational problems, Zhikov [26] provided several results,
in the context of I'-convergence, when N =1 and f(z,-) is convex.

Actually, the difference between the space of coercivity, W1? (;RY), and the smaller
space of boundedness, W7 (2; RY), is responsible for the presence of the so called Lavren-
tiev effect, due to the lack of W14-density of smooth functions in WP (;RY), see [27].
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For example, let 2 = By, the unit ball in R?, N =1 and

f(z, Du) =

p
{ \Du] if T122 > 0 - (Il,ZEQ) € B, (4)

|Dul? if  zy29 <0

where 1 < p < 2 < q. Zhikov showed that if uy: By — R is given by

x1/||x|| if 2;>0and x>0
_J 0 it 2 <0and x>0 . 3 5
() = —xo/||z|| if 3 <O0andzy <0 Izl = Vo + w2, (%)
1 if 2y >0and 29 <0

then g has finite (p, ¢)-energy, [ 5t (x, Dug) dz < +o00, but it cannot exist a sequence
{u;} € CY(By), or in WH(By), which converges to ug in (p, q)-energy, i.e., such that

fBl f(z, Du;)dx — fBl f(z, Dug) dx.

In the context of cavitation and related theories, described by functionals of the type (1), if
the integrand f is satisfying a ¢g-growth condition from above, the measure representation
of the relaxed functional with respect to the weak W1!? convergence is obtained in [18],
[6] and [1], assuming z — f(x, z) quasi-convex (f convex in [1]) and p > ¢ — ¢/n. As to
regularity of minimizers of relaxed functionals with (p, ¢)-growth see [16].

A borderline case lying between (2) and (3) is the one of p(z)-growth
12|P@) < fx,2) < L1+ |2|P@), p(x) > 1. (6)

This kind of growth was first considered by Zhikov in the context of homogeneization, see
[29], and in recent years the subject gained importance by providing variational models
for many problems from Mathematical Physics: for instance, dealing with electrostatic
fields in which conductivity depends on the intensity of the field, or thermal equilibrium
in composite nonlinearly conductive materials, Zhikov’s thermistor problem [28], or, more
recently, the mathematical theory of electrorheological fluids developed by Rajagopal and
Ruzicka, see [25].

In this paper, we will suppose the growth exponent p(x) to be piecewise constant in a
suitable way, the simplest non trivial example being the one described in (4). This cor-
responds to the physical model of a conductor made by different homogeneous materials,
compare [2] for a regularity result in this context.

More precisely, we will suppose the open set €2 to be partitioned by an at most countable
family of open sets {€;} with Lipschitz boundary, so that the transition set

2;:9\691- (7)

is negligible, i.e., |X| = 0. We will suppose p(z) to be constant on each €;
plz)=p; > 1 if zeQ;, Vi, (8)

and that the number of different phases p; of p(z) is locally finite.
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Since we will make use of the localization method, we define

F(U,A) = /Af(x’ DU(ZL’)) de if ue Ct (A;RN)

+o0 elsewhere on L' (Q; RY)

(9)

for every open subset A of 2, and denote by F(-, A) the lower semicontinuous envelope
of F(-, A) with respect to the L' (Q2; RY) topology, given for all u € L* (Q; RY) by

F(u,A) == sup{G(u) | G is L' (Q;RY)-ls.c. and G(u) < F(u, A)}. (10)

We will show measure and representation property of the relaxed functional (10), under
the hypotheses (8), (9) and (6).

We will then weaken condition (8), considering the more general case of growth exponents
which are uniformly continuous on each set €2;, provided the following estimate about the
modulus of continuity w(R) of p(x) holds locally on each set €;:

limsup w(R) log(1/R) < 400. (11)
R—0+

This condition was introduced by Zhikov to prove higher integrability of the gradient
of minimizers of functionals with p(z)-growth, see [27]; note that (11) is sharp since, in
general, dropping it causes the loss of any type of regularity, see [28]. Regularity results
in this and in related contexts are obtained in [3], [4], [2] and [16].

Moreover, condition (11) seems to play a central role in the theory of functionals with
p(z)-growth since Zhikov proved in [28] that such functionals exhibit the Lavrentiev phe-
nomenon if (11) is violated.

On the other side, in [1] it is proved that the singular part of the measure representation
of relaxed functionals with growth (6) disappears if (11) holds true.

Finally, in [11] it is shown I-compactness and integral representation of the I'-limit of
integral functionals with p(z)-growth, provided a local the estimate of the type (11) holds
for the modulus of continuity of p(x). A crucial role here is played by the density result
in the class W@ (Q; RY), see Proposition 4.2.

This paper is organized as follows. After giving notation and statements in Sec. 1, and
preliminary results in Sec. 2, in Sec. 3 we will prove (Theorem 1.8) that, for every function
u € L'(Q;RY), the relaxed functional F(u,-) satisfies the so called measure property.
Thanks to the standard p;-growth condition on each §2;, see (8), we will then represent
(Theorem 1.9) the measure F(u,-), writing its absolute continuous part as the integral
of a quasi-convex function, satisfying the same p(z)-growth condition (6), plus a singular
measure with support concentrated in the transition set X, see (7).

In Sec. 4 we will extend the previous results to growth exponents which are uniformly
continuous on each set ;, provided the estimate (11) about the modulus of continuity of
p(z) holds locally on each set €;, see Theorems 1.13 and 1.14. The proof is modeled on
the case of p(z) piecewise constant, taking account of a Rellich’s type result for Wr@)
functions (Lemma 4.1), of the density of smooth maps in the class W@ (Proposition 4.2)
and of an integral representation result for local functionals with p(z)-growth (Theorem
4.3), for the proof of which we refer to [11].
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Finally, in Sec. 5, starting from Zhikov’s example (4), we will prove existence of energy
concentration in the process of relaxation (Example 1.15), showing that, if 1 <p <2 < ¢
(and n = 2) the singular part of the measure F(u,-) is an atomic mass of infinite energy
supported in the origin Ogz, provided u behaves like the function in (5). Other model
examples in the same context are studied in [23].

We will show, in conclusion, that the measure property of the relaxed functional may fail
if the localization method is not performed in the suitable way, see Remark 1.16.

Acknowledgements. The author thanks N. Fusco for addressing this investigation and also
E. Acerbi and G. Mingione for reading the paper. He also thanks the referees for some useful
suggestions.

1. Notation and statements

In the sequel €2 is a bounded open set of R” with Lipschitz boundary and A is the family
of its open subsets; similarly, if B € A, we denote A(B) the family of open subsets of
B; by A CC B we mean that the closure A of A is a compact set contained in B, and
by Ay we denote the class of all A € A such that A CC €2; a similar notation is given
for Ag(B). If A, A € A with A’ CC A, a cut-off function between A’ and A is a smooth
function ¢ € C§°(Q2) with 0 < ¢ < 1, such that ¢y =1 on A’ and sptp C A. Also, Bs(z)
denotes the ball of radius § > 0 centred at x € R® and Bj := Bs(0gn). As usual, R™ is
identified with the set of real valued (N x n)-matrices. Finally we denote by H* is the
k-dimensional Hausdorff measure on R", see [17].

We will consider the relaxation of non-negative variational functionals F : L' (Q; RY) —
[0, 4+00] of the type

/ f(x, Du(z))dx if ue C*(Q;RY)
F(u) = Q
+00 elsewhere on L' (Q; RY)

where f:Q x R™ — [0,+00) is a Borel measurable function satisfying a nonstandard
growth condition of the form

af 2" < f(z,2) < a(z) + Bl (12)

for a.e. z € Q and all z € R, where 0 < o < 8 < 400 and a(z) € L*(Q), with
a(x) > 0. We are interested in the study of the relaxed functional of F' with respect
to the strong L' (;RY) convergence, i.c., the lower semicontinuous envelope of F' with
respect to the L! (€2;RY) topology.

The growth exponent p(x) > 1 is supposed to be piecewise constant, locally bounded
and discontinuous on a transition set 3 of null measure, with ¥ sufficiently smooth. More
precisely, we introduce the following assumptions.

Definition 1.1. A family {Q;} is a locally finite regular partition of an open set 2 if
each €; is an open set with Lipschitz boundary, Q; N, =0 for i # j,

—+00
Q=xulJ, (13)

i=1

where |X| =0, and if A € A, yields ANQ; =0 except for a finite number of indices.
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Definition 1.2. A function p: Q — (1,+00) is a regular piecewise constant exponent if
there exist a locally finite regular partition {€2;} of Q and, for every i, a constant p; > 1
such that

plz)=p>1 VeeQ,, Vi. (14)

Remark 1.3. If p(z) is a regular piecewise constant exponent, by (14) we infer that p(x)
is locally finite and distant from 1, i.e., taking essential infimum and supremum,

1 < inf p(x) <supp(z) <+oo VA€ A. (15)
zeA z€A

Actually, growth condition (12) leads us to consider the class of Sobolev functions with
summability of the p(x) power of the gradient, which coincides with the standard one if
p(r) =p >1on Q. We then introduce for every A € A on L' (A;RY) the class

@) (A;RN) ={u:A— RN | / |u|p($) dr < o0}
A

of measurable functions with p(z) summability. Similarly, we introduce on the Sobolev
space W1 (A4;RY) the class

WP (ARY) = {u € L' (A RY) | Du € L' (A;R™)}

Therefore, denoting A; := ANQ,, if u € W@ (A4;RY), by (14) the restriction uj4, of u
to A; is in the Sobolev space W1Pi(A;; RY) whereas, if p is the smallest of the exponents
p; for which A4; # 0 (and |A| < 4+00), then W'P®) (A;RN) ¢ WP (A;RY). Moreover,
we set

Wl (A RY) = {u: A — RY | up € WP (B;RY) VBe A, BcC A}

loc

and we say that {u;} C W™ (A;RY) converges to u € W™ (A;RY) strongly in
WP (A RN if

loc

lim [ (Ju; — ulP® + |Du; — Dult™) dx =0

j—+oo

for every B € A, B cC A. For the general properties of the function spaces L@ and
WP®) we refer to [20] and [15]. We will also denote

Cl’p(z) (A, RN) — 01 (A,RN) mW17p(x) (A,RN)

(to be distinguished from the standard class CY of functions with Holder derivatives)
the class of smooth functions in WP®), If X = LP® L) or CLP@) then it is easy
to show that X (A;RY) is always a convex set. Due to (15), X (A; RY) becomes a vector
space if A € Ay. Finally, in the sequel the target space R will be omitted when it is
clear from the context, for example inside proofs.

To show measure property and integral representation of the relaxed functional we make
use of the localization method, which consists in considering at the same time the de-
pendence on the function and on the open set. To this aim, we will always consider non
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negative variational functionals F': L' (Q; RY) x A — [0, +oc] of the form

/f x, Du(x))dr if u € C'P@) (A4;RY)
+00 elsewhere on L' (Q; RY)

F(u, A) (16)

for any open set A € A, where f: Q x R™ — [0, +00) is a Borel function satisfying
growth condition (12). Also, for every A € A, we denote by F'(-, A) the relaxed functional

of F(-, A) with respect to the strong L' (Q; RY) convergence, see (10), given for all u €
LY (Q;RY) by

F(u,A) == inf{lngrian(uk,A) | {up} € LY (ORY) ) wp — w in LY (Q; RN}, (17)

Remark 1.4. Since each sequence {uy,} C L' (4;R"Y) converging to u in L' (A;RY) can
be extended to a sequence L' (2; RY)-converging to u, if F(u, A) < +o00, by (16) we have

F(u, A) = inf{ lklzminf/ f(x, Dug(z)) dx | {up} € CVP@) (A;RY)

up — u in L' (A;RM)}.

We now recall some well known facts about set functions.

Definition 1.5. A function o« : A — [0,400] is called an increasing set function if
a(@) = 0 and a(A) < a(B) if A C B. An increasing set function « is said to be
subadditive if

a(AUB) < a(A) + a(B)

for all A, B € A, and it is said to be superadditive if
a(AUB) > a(A) + a(B)
for all A,B € A with AN B = {J; finally « is said to be inner regular if for all A € A
a(A) =sup{a(B) | Be A, B cC A}.

Remark 1.6. Since f > 0, then F(u,-) is an increasing set function for every u €
L' (;RY). Moreover, by definition of relaxation one directly obtains that F(u,-) is
superadditive. Finally, we will denote by F_(u,-) the inner regular envelope of F(u, ),
given by

F_(u,C) :=sup{F(u,B) | B€E A, BcC C} (18)

for every C € A, so that F(u,-) is inner regular if F(u,-) = F_(u,-) on A.

We will apply the following criterion due to De Giorgi-Letta [14], compare also [7, 10.2].

Proposition 1.7 (Measure property criterion). Let o : A — [0, 400] be an increas-
ing set function. Then the following statements are equivalent:

i) a 18 the trace on A of a Borel measure on €);
ii)  «a is subadditive, superadditive and inner reqular;
i)  the set function a(E) = inf{a(A) | A€ A, E C A} defines a Borel measure on €.
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The first result of this paper is the following

Theorem 1.8. Let p:Q — (1,400) be a reqular piecewise constant exponent satisfying
(15), according to Definition 1.2. Let F : L' (;RY) x A — [0,4+00] be a variational
functional of the type (16), where f : Q x R™ — [0,400] is a Borel function satisfying
growth condition (12) for a.e. x € Q and all z € R™, for some 0 < a < 8 < +00 and
a(z) € LYQ), with a(x) > 0. Then, for every function u € L' (Q;RY), the L' (;RY)-
relaxed functional F(u,-), see (17), is the trace on A of a Borel measure on (.

Since on each €); the integrand f satisfies a standard p; growth condition, see (14), as a
consequence we are able to prove a representation result for the relaxed functional. To
this aim, we first recall that a continuous function g : R™ — R is called quasi-convex in
the sense of Morrey [24] if for every z € R™ | every bounded open set A of R™ and every
function ¢ € C} (4;RY) we have

1Al g(2) < / g(z + D(x)) d.

A Carathéodory function f:Q x R™ — [0, 400] is called quasi-convex if z — f(z, 2) is
quasi-convex for a.e. x € 2. Moreover, the quasi-convex envelope @ f(z,z) (with respect
to z) of a Borel function f(z,z) is the greatest Carathéodory function which is quasi-
convex in z and less than or equal to f(z,z) for a.e. x € Q, see [12]. For quasi-convex
functionals with p(x)-growth we refer to [4].

Theorem 1.9. Under the hypotheses of Theorem 1.8, for each open set A € A we have

- ; Lp(®) ( . 0N
F(u, A) = /ASO(x, Du(x))dx + p(u, A) if we W (A4 RY) (19)
+00 elsewhere on L' (Q;RYN)

where @ : Qx R™ — [0, +00) is a quasi-convex function satisfying growth condition (12)
for a.e. € Q and all z € R™ | and u(u,-), for any u € L* (Q;RY), is a non negative
Borel measure on S0 concentrated in the transition set ¥ of p(xz), see (13). Finally, if
uwe L' (ORY) is such that wa € VVli’f(T’) (A;RY) for some A € A, then p(u, A) =0 in
(19) if there exists a sequence of smooth functions {uy} C C' (A;RYN) such that uy — u
in WP (A;RYN),

loc

Arguing as in [8, 4.4.5], we finally obtain the following

Corollary 1.10. Under the hypotheses of Theorem 1.9, if f is a Carathéodory function,
or f(x,-) is upper semicontinuous in R™ for a.e. x € Q, then we have p(x,2) = Qf(z, 2),
the quasi-conver envelope of f.

In Sec. 4 we will then extend the previous results to a more general class of growth
exponents. We first introduce the following assumptions.

Definition 1.11. A function p: Q — (1,400) is a regular piecewise continuous exponent
if there exist a locally finite regular partition {€;} of €, see Definition 1.1, and, for every
i, a uniformly continuous function p; : €; — [1,400) such that p(z) = p;(z) for every
S Qz
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Remark 1.12. If p(z) is a regular piecewise continuous exponent satisfying

inf pi(x) >1 Vi (20)

zEQ;

then (15) holds again.

We first extend Theorem 1.8 by the following

Theorem 1.13. Let p: Q — (1,400) be a reqular piecewise continuous exponent satisfy-
ing (20), according to Definition 1.11. Let F : L' (Q;RY) x A — [0, +00] be a variational
functional of the type (16), where f:Q x R™ — [0, +o0] is a Borel function satisfying
growth condition (12) for a.e. x € Q and all z € R™, for some 0 < a < 3 < +oo and
a(z) € LY (), with a(x) > 0. Then the conclusions of Theorem 1.8 hold again.

Moreover, if the growth exponent satisfies a local estimate (11) about the modulus of
continuity on each 2;, we are able to extend Theorem 1.9 as follows.

Theorem 1.14. Under the hypotheses of Theorem 1.13, suppose that for every i the
function p; : Q — (1,400) satisfies the following local estimate about the modulus of
continuity:

VAe Ay, AcCCQ;, dv4 >0 :

YA

- (21)
~ |log |z —yl|

1
Ipi(x) — pi(y)| Vx,yGA,O<]w—y|<§.

Then all the conclusions of Theorem 1.9 hold again.

Notwithstanding, existence of energy concentration in general holds. More precisely, there
are functions u € W@ (Q; RY) such that p(u, A) > C > 0 in (19) for every open set
A € A which contains a given point z of the transition set ¥. The simplest examples are
obtained by taking p(z) as in (22), i.e., in a "saddle" configuration around the origin Oge.
In fact, Zhikov in [27] showed that a Lavrentiev phenomenon occurs for the minimum of
energy of the functional [ |DulP® dz in the unit ball B; in R?, where

L p if T1x9 > 0 .
p(x) = { ¢ if a1y <0 x = (r1,72) € By (22)

and 1 < p < 2 < q. More precisely, he considered the function uy : By — R given by (5),
which clearly belongs to WP (B)) if p(x) is given by (22) and p < 2. He essentially
showed that if ¢ > 2 it cannot be find a sequence of smooth functions W'»(®)_converging
to the function ug given by (5), compare the last assertion in Theorem 1.9. This depends
on the fact that since p(z) = ¢ > n =2 on the subset B := {z € By | 2125 < 0}, if ug
were WP _approximable by smooth functions, then the restriction of ug to B ought to
have a continuous extension to the closure of B , which is impossible, see Remark 5.3 and

Step 2 in Sec. 5. Following this argument, we will show existence of energy concentration
in the process of relaxation.

Example 1.15. Let Q = By, the unit ball of R? n = 2, N = 1; let p(z) be given by
(22) with 1 < p <2 < q and let f(z,2) := |2[P® for a.e. z € By and all z € R%. Since
f(z,-) =|-P@ is convex, then Qf(z,z) = f(x,z) and hence Theorem 1.9 and Corollary
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1.10 yield (19) with ¢(x, z) = |2[P®). Moreover, the singular measure s (u, A) is obtained
as follows. If uw € L'(Q) is such that w4 € W.2P@)(A) for some open set A € A(B;) with
Or2 € A, we set

A= lim u(p,0) and Ag 1= lim u(p,0) (23)
p— 0* p— 0t
0 e (n/2,m) 0 € (3r/2,2m)

where @(p,0) := u(pcosf, psind) in polar coordinates. Note that the limits in (23) exist
uniformly in € since if ¢ > 2 and B is any bounded open subset of R? with Lipschitz
boundary, then W'4(B) ¢ C%*(B) with a = 1 —2/q. Then, for all A € A(B;) and
u € WP (A) we will compute in Sec. 5

ocC

0 if Op2¢ A
N(ua A) = { A1 if OiQ gé A (24>

X o
where A\; and A are defined by (23) and

w0 A =
XA2 T +00 if )\1 7& )\2 .

In particular, if ug is given by (5), since A\; = 0 and Ay = 1 there is energy concentration
in the origin, i.e.,

F(up,A) =+00  VA€A suchthat Oge € A. (25)

Remark 1.16. We finally make some comments about the definition of the localized
functional F'(u, A) in (16), showing that a wrong localization procedure may cause lack
of measure property (inner regularity) of the relaxed functional.

For any Borel function f : Q x R™Y — [0,4+00) as in Theorem 1.8, denote by G :
L' (;RY) x A — [0, +00] the variational functional

/ f(z, Du(z)) dx if u € CHP@ (Q:RN)
A
+00 elsewhere on L' (Q; RY)

G(u, A) := (26)

for every A € A, and by G(-, A) the L' (Q; R")-relaxed functional of G(-, A) given by

G(u, A) == inf{lgmjnfG(uk,A) | {up} € LY (RY) )y — w in LY (Q;RM)}. (27)

If F'(u,A) is given by (16), we obviuosly have F'(u,A) < G(u, A) and hence
F(u,A) < Gu,A)  VYueL'(GRY), Ac A. (28)

Moreover, equality in (28) may fail if A does not have smooth boundary.

It can be shown that by using (26) in the localization method, the relaxed functional
(27) does not satisfy the measure property. Taking in fact Q2 = By, n =2, N = 1, p(x)
given by (22) with 1 < p <2 <gq and f(z,2) := |2[P®, see Example 1.15, we will prove
in Sec. 3 that if ug € W'P(®)(B,) is given by (5), then (25) holds. On the other side,
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if ¥ :={x € By | z129 = 0} is the transition set of p(x), see (13), since |X| = 0, by
definition (26) we clearly have

G(u, A) =G(u, A\Y) VYuelL'(B),AcA. (29)

1\_/Ioreover, it can be shown (see Lemma 2.5) that if B € Ay and B CC B \ X, then
G(u, B) = [, |Du|P®) dz for every function u € W'P")(B).

Suppose now by contradiction that G(u, -) is inner regular on A. Then, by (29) we would
have

G(u,A) = sup{G(u,B)|B€ Ay, BcC A\ X}
= Sup{/ |DulP™dz | Be Ay, Bcc A\ £} :/ | Du|P® dx < 400
B A

for every A € Aand u € W@ (A). This cannot hold for u = ug given by (5), for example,
since by (28) and (25) we have G(ug, A) = +oo if Oz € A, whereas uy € W@ (By).
On the other side, it is easy to infer that the proof of Proposition 3.1 (which yields inner
regularity) does not hold in case the localized functional is defined by (26), see Remark
3.2.

2. Preliminary results

In this section we provide some preliminary results. We will always suppose that p(x)
and {€;} satisfy the hypotheses of Theorem 1.8. We first need a compactness result for
WP functions.

Lemma 2.1. Let p: Q — (1,400) be a regqular piecewise constant growth exponent. Let
Ac A {u;} € WP (ARY) and u € L' (A;RY) be such that u; — u in L' (A;RY)
and
sup/ | Duj(2)[P™ do < +oo.

A

jEN

Then for every A" € Ay with A" CC A we have

lim lu; — ulP® dx = 0.
J—+o00 A

Proof. If U is the domain under the graph of a strictly positive Lipschitz function and
V is an (n — 1)-dimensional ball, then U N (V x (0,4+00)) is a Lipschitz domain. Then,
since every set in A intersects €); for finitely many 4, see Definition 1.1, it is possible to
construct a finite system { B}, of Lipschitz domains such that

A’ﬂQiCUBikCAﬂQi for each 7.
k

As a consequence, since sup; vak |Duj(z)|P* de < 400, by Rellich’s theorem we have

Pide =0

lim lu; —u
J—+oo Bip

for every ¢ and k and hence the assertion. O]
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Remark 2.2. With a similar argument it can be shown that for every A € A

loc

WP (A RY) = {u: A - RY | / |DufP™ dx < +oo VB € A, Bcc A}, (30)
B

Next we recall a semicontinuity result by loffe [19].

Theorem 2.3. Let A be a bounded open set of R™ and let g: A x RN x R™ — [0, +00)
be a Carathéodory function such that g(x,u,-) is convex for every u € RY and for a.e.
x € A. Then the functional

G(u) ::/Ag(:v,u(x),Du(x))dx

is lower semicontinuous on Wht (A;RN) with respect to the weak convergence in Wt
(A;RY).
Taking account of (15), if F' and F are given by (16) and (17), we then infer the following

Lemma 2.4. Suppose (15) holds and let A € Ay and u € L' (Q;RY) be such that
F(u, A) < +o0. Then u € VVl (A;RN) and

1 —
/|Du]p r < - F(u,A) < +o0.

Proof. Let p := infap(xr) > 1 be given by (15) and {uz} € L'(©2) be such that
supy, F(ug, A) < 400, up — u in LY(Q) and F(uy, A) — F(u, A) < 400 as k — +oo.
By (16) one has {uga} C C*?®(A) and hence by (12)

1
Sup/ | Dug|P do < sup/(l + | Dug,[P@) da < |A| + = sup F(ug, A) < +o0.
E Ja k Ja a k

Then, possibly passing to a subsequence we have that Duy — Du weakly in LP(A) and
hence u;, — u weakly in W'(A). Since g(z,2) := |2|P™® is convex in z for a.e. z € ,
by Theorem 2.3 and (12)

k——4oc0

a/ | DufP® dx < llierinfoz/ | Dug|P® de < lim f(x Duy,) dr = F(u, A) < +00
A —Tee A

and hence we obtain the assertion by (30). O

We now prove a representation result, stated in Remark 1.16, about the Ls.c. envelope G
of the localized functional G, defined by (27) and (26), respectively, under the hypotheses
of Example 1.15.

Lemma 2.5. Let Q = By, n =2, N =1, p(x) be given by (22), with 1 < p < 2 < ¢,
f(z,2) = |2]P@) and ¥ :={x € By | zy25 = 0}. If A€ Ay, with A CC By \' Y, then for
every function u € L'(By) with ua € W@ (A) we have

G(u, A) = / | Du(x)[P™ dr < 400
A
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Proof. Fori=1,...,41let A; := AN, where
Q; :={x = (pcosl,psinf) € By | 0<p<1and (i —1)r/2 <0 <in/2}.

Since p(z) is constant on each ;, we can find smooth sequences {ui} C C'7(*)(4;)
converging to u in L'(A;) and such that

lim / \Duwx)dx:/ D@ de  Vi=1,... 4. (31)
i A;

Moreover, since A; CC €2;, we can easily construct a sequence {u,} C C*?@)(B)) con-
verging to w in L'(B;) and such that u, = u} on A; for every i = 1,...,4. Then by
(31)

G(u, <11m1nf/ | Dy |7t )dq:— lim / \Duﬂ”(:‘”)dl’:/ | DulP® dz < +oc.
Aj A

k—+o00 kﬂ+oo

On the other side, since G(u, A) < 400, for every sequence {v;} € C*?#)(By) converging
to w in L'(B;) and such that sup, [, |DvgP™ dz < +oo, by an argument similar to
Lemma 2.4 we infer

| DulP® dx < hmmf/ | D |P®) da
A

and hence, taking the infimum on {v;} in the right-hand side, by (27) we conclude with
/ |DuP™ de < Gu, A)
A

and finally with the assertion. O

To apply the localization method in Sec. 3, we need the following results.

Lemma 2.6. Under the hypotheses of Theorem 1.8, let A/ A, B € A, A’ cC A, and
© € C(Q) be a cut-off function between A’ and A. Then for every u,v € L' (;RY),
with upy € CHP@ (A4;RN) and vyp € CH*@(B;RY), we have that pu+ (1 —¢)v belongs
to L' (QRY) and to CHP@(A'UB;RYN). Similarly, if C € Ay is such that C cC AUB,
¢ is a cut-off function between C'\ B and A and u,v € L' (Q;RY) are such that ujanc €
CYPO(ANC;RY) and vpne € CH@ (BN C;RY), we have that pu+ (1 —@)v belongs
to L' (Q;RY) and to CYP@(C;RN).

Proof. Clearly @u + (1 — p)v € L'(Q) N C*(A’ U B), whereas the convexity of | - [P(®)
yields that [, 5 leu+ (1 — ©)v|P® dx < +o00. Moreover, by setting K := spty and
q := supg p(x) < 400, which is finite by (15), we have

/ |D(gu + (1 — p)v)[P@ dz = / loDu+ (1 — @)Dv+ Dy @ (u— v)[P@® dz
A'UB A'UB

g/\Du]p(z)d:v—i-/ \Dv\p(‘”)dx—l—/ | P dy = T+ IT+ 11T,
A B

(BNK)\A’

Then the terms I and I are finite, whereas

= /< nA [([Dul™ + | DuP@) + (1 + | Dl &) (Jul"™ + [o)] da
BNK)\A’
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which is finite, since (BN K)\ A’ C AN B. Similarly, as to the second part we have

/|D ou+ (1 — )v)[P@ < / | Du[P®) d:zH—/ | Do[P@) dz
AN BNC

+ loDu+ (1 —¢)Dv
ANBNC

+Do @ (u—v)[P@ dy =T+ 11+ 1II.

The terms I and I are finite whereas

IT] < 4971 ( / | DulP@) da + / | Dv[P® dz:
AnC BNC
HLE 1A [ ) op) )
ANBNC
hence IIl < 400 and the proof is complete. Il

Due to growth condition (12), we then infer the following fundamental L) estimate.

Lemma 2.7 (Fundamental estimate I). Under the hypotheses of Theorem 1.8, for all
open sets A, A", B € A, with A’ CC A, and for every o > 0, there exists a constant M, > 0,
depending on «, B3, a(x) and p(x), such that for every u,v € L' (;RY) there exists a
cut-off function ¢ € C§°(§2) between A" and A such that

F(pu+ (1—¢)v,AAUB) < (140)(F(u,A)+ F(v, B))+ M, lu—vP@ dz+o. (32)
ANB

Proof. We can suppose the right-hand side of (32) to be finite and hence, by (16), that
u € CYP@(A) and v € C'?(®)(B). Then Lemma 2.6 gives pu + (1 — p)v € LY(Q) N
CH@) (A" U B) for every cut-off ¢ between A’ and A. The proof is then a readaptation
of [7, 12.2], to which we refer for the following notations. Taking in fact p(z) instead of
p, 0 <v <9, 26 :=dist(A,04), 0<r<d—v, Bl :=={x € B|r<dist(z,A) <r+v}
and finally ¢ := sup,¢p; p(z), which is finite by (15) since By cC A, we let ¢ be a cut-off
between {z € A | dist(x, A’) <r} and {x € A |dist(z, A") < r+v}, with [|[Dpl| < 2/v.
Since by (16) all functionals involved in the following are integrals, by (12) one easily
obtains (for v < 2)

22q71
Flpu+ (1— @), A/ UB) < F(u, A) + F(v, B) + u(B*) + 3 / ot — @ da
ANB

4
where
u(E)i= (14 527) [ (ala) + |DuP™) 4+ Do) do. (33)
E
Now, for every m € N there exists k = k,, € {1,...,m} such that, by (12), since
By C AN B,

S/m 1
HB3 1y ) < — i(BY) <

It then suffices to take
1 2a-1 1 ) k,, —1
m>(L>~maX{/ a(:c)d:c,—}, v=—, r=29
ANB o

(145207
m

(/m alw) dw+ é (F(u, A) + F(v, B>>> |

- o

and hence obtain (32) with M, = 322~ 1mas—1. O
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In a similar way we obtain the following more general

Lemma 2.8 (Fundamental estimate II). Under the hypotheses of Theorem 1.8, if A,
B,C € A are open sets with C CC AU B, for every o > 0 there exists a constant M, > 0,
depending on «, B3, a(z) and p(x), such that for every u,v € L' (Q;RY) there exists a
cut-off function o € C°(Q) between C'\ B and A such that

Flpu+(1—p)v,C) < (1+0)(F(u, ANC)+ F(v,BNC))+ M, lu—vP@ dz+o.
ANBNC

Proof. We readapt the argument of Lemma 2.7 with A’ = C\B and B? :={z € BNC |
r < dist(xz,C'\ B) < r+ v}. In particular, this time we have

Flou+ (1 —9)v,C) < Fu,ANC)+ F(v,BNC) + u(BY) + M, u — vlp(:p) dz |
ANBNC

with g given by (33), and we obtain the assertion as By C AN BNC. ]

As a consequence, by Lemma 2.1 we obtain a weak subadditivity property for the set
function F(w, ).

Lemma 2.9 (Weak subadditivity). Under the hypotheses of Theorem 1.8, for every
w € LY (Q;RY) we have B B B
F(w,C) < F(w,A) + F(w, B) (34)

for every A, B,C € A, with C cC AU B.

Proof. In case the right-hand side of (34) is finite (otherwise there is nothing to prove),
by definition of relaxation, there exist sequences of functions {u;} and {v;} in L*(Q), both
converging to w in L*(2), with w4 € C**@(A) and v;p € CH*@(B) for every j, such
that

F(w,A) = lierian(uj,A) < +00 and F(w,B) = lierian(v]-, B) < 400. (35)
j—+oo j—+o0
We take subsequences, which we relabel {u;} and {v;}, such that the lower limits in (35)
are limits and hence by (12)

Sup/ | Du [P da +sup/ | Dv; [P dz < 400 (36)
jeN JA jeN JB

We now select Ay, By € Ap, with Ag CC A and By CC B, such that C' cC Ay U By and
apply Lemma 2.8 to Ay, By and C with v = u; and v = v;. Therefore, for any o > 0
we can find M, > 0 and a sequence w; = p;u; + (1 — ¢;)v;, where the ¢; are cut-off
functions between C'\ By and Ay, such that

F(w;, C) < (1 +0)(F(uj, A) + F(vj, B)) + M, luj —v; P de + o, (37)
AoNByNC

taking account of the monotonicity of F(uj,-) and F(vj,-). Since AgNByNC CC ANB,
taking ¢ := supe p(z) < 400, which is finite by (15) as C € Ay, by Lemma 2.1 and (36)

/ |u; — v;[P@ d < 2071 / (Ju; — wP'@ + |v; — w|P@) dz — 0 (38)
AoNBoNC AoNBoNC
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as j — +o0. Therefore, since w; — w in L*(Q), by (37), (35) and (38)

F(w,C) <liminf F(w;,C) < (1+0)(F(w,A) + F(w,B)) + o

j—-+oo

and hence (34) holds by the arbitrariness of o > 0. O

3. Measure property of the relaxed functional

In this section we prove Theorem 1.8 showing that, for every function u € L' (Q;RY),
the relaxed functional F'(u,-) is the trace on A of a Borel measure on 2. To this aim we
will apply the De Giorgi-Letta criterion (Proposition 1.7) to the increasing set function

F(u,-), for every u € L' (2;RY), see Remark 1.6. As a consequence, we will then prove
Theorem 1.9 and Corollary 1.10.

Proof of Theorem 1.8. We first consider the case f(z,z) := |z|?™, so that in partic-
ular f(x,-) is convex in R™ for a.e. x € Q. Once obtained inner regularity (Propo-
sition 3.1) and hence, by weak subadditivity, measure property (Proposition 3.3) for
f(z,2) = |2|P™) thanks to the fundamental estimate (Lemma 2.7), weak subadditivity
and growth condition (12), we will then extend inner regularity (Proposition 3.4) and
hence measure property to F(u,-) for any choice of f in (16).

Step 1: the case f(z, Du) := |Du|P®.
Define now ¥ : L' (Q;RY) xA — [0, +00] by

p(z) i Lp(x) ( A- RN
o) /A|Du(x)| de if  ue CLo) (4;RN)
+00 elsewhere on L' (Q; RY)

(39)

and let (-, A) be the L' (Q)-lower semicontinuous envelope of U(-, A) for every A € A.
Finally, let W_(u,-) be the inner regular envelope of W(u,-), see (18), i.e, for every
ue L' (;RY)

U_(u,C) :=sup{¥(u,B) | B€ A, Bcc C}, CeA. (40)

Making use of the argument in [10, Lemma 2.3], we are able to prove the following

Proposition 3.1 (Inner regularity). Let f(z,2) := |z[P® and ¥ : L' (Q;RY) x A —
0, +00] be given by (39). Then for every u € L' (Q;RY) the increasing set function

U(u,-) is inner regular, i.e., for every C' € A
T(u,C) = T_(u,C), (a1)
where V_(u,C) is given by (40).

Proof. By the monotonicity of W(u,-), it suffices to show that "<" holds in (41), in case
U_(u,C) < 4o0.
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To this aim, for every € > 0 and j € Ny := NU {0}, let A’ € Ay be such that A7 cC
ATt cc O, |0A7| =0 and

U_(u,C) — 277 < U(u, A7) <WU_(u,QC) VjeNy. (42)

For every j € Ny let {ui}h C L'(Q), obviously depending also on &, be such that uil — U
in L'(Q2) as h — +o0 and

W(u, A7) = hmlnf\If( 1A < 4o (43)
h—-+o00
Possibly passing to a subsequence, we can suppose that uiL — u a.e. on €, {qu|Aj+1}h C

CHP@) (A1) and sup,, [ ;40 |Dul|P®@ dx < +oo. Then, since A/ cC A1, by Lemma 2.1
and (43) we can also suppose that

lim lul —ulf@dr=0 VjeN. (44)
h—+oco J 4j
Set A™' := 0 and let us consider a partition of unity {@;}en, relative to the open

covering of C' given by {A7*! \ijl} jeNo- More precisely, for every j € Ny we have that
¢; € CHAT\A™") and

0 < ¢j(z) < Z(pj =1 VzeC. (45)

For every j € N, let h(j) € N to be chosen later, set v; := ufl(j) and
w(z) = Z bj—1(z) vi(x), xeC. (46)

Note that since vjj4; € C'?®) (A7), we have that ¢;_1(z)v;(z) € C}(C) for every j € N.
Moreover, since every x in C' has a neighborhood contained at most in the union of three

sets of the type A1 \ijl, for every x € C the infinite sum in the right-hand side of
(46) reduces to a finite one, hence w. € C*(C) for every € > 0. Taking w. =u in Q\ C,
for every t €]0,1[ the function tw. belongs to L'(Q2) and by (45)

[twe —ulr) <t ||w5 —ullpie) + (1 —1) [JullLy o)

= tHZ% 1 wlleiey + (L =1) Jull 2 )

+oo
<ty N [uhggy — uldz+ (1 =) Jull o)
7=1

Moreover, since f(z,-) = | - [P®) is convex, 0 < ¢;_; < 1 and the sum in (46) is locally
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finite, for ¢ €]0, 1| we have

+oo
/Cf(x,tDwg) dx = /Cf(w,t (Z ¢;1Dv; + Do 1v;)) d

J=1

+00 r =2
< t/cf(x, ]Zl (bjle'Uj) dx + (1 - t) /C f(l’, m ]Z:; D(bj,ﬂ)j) dx

+oo
f(ﬂS,DU1)d$+Z/A f(z, Dv;)dx

Al =2 j\Aj—Z

t +
+(1—t)/cf(x,1_t 2

As to the last term in (48) we observe that D¢,_; = 0 in AY for every k and that

(48)

+00 )
Z Dég_qvi, = Dd;_1v; + Dpjvjiq in AI \Zﬁl. Hence, since f(x,0) =0, we have

k=1

/ 1_t dx—Z/

Now observe that since 472 C A7 and {u)} C C'?®)(A1=2), by (42) and (43)

(D¢j_1vj + Dgjvj41)) dx . (49)

j\A] 1 1_t

U_(u,C) —e2*7 < W(u, A1?) <l}1Lm1nf flz,Dulyde  Vj=23,... (50)
—4-00 Ad—2
_ 1 +OO
Now, for every j, in A7\ A’ we have Zqﬁk = ¢;_1+¢; =1, hence Dp;_1 + D¢p; =0

k=1
and then, since u) — u a.e. on 0, we have D¢;_u), + Doul™" — 0 a.e. on Aj\Zr1 as
h,k — +o00. Moreover, if g; := supy; p(z) < +o0, which is ﬁmte by (15) since A7 € Ay,

t
f($a 1 (D¢] luh+D¢] ]—H)) <
t\” ;-1 a4j |7 |P(@) J+1p(z)
< P+ lg=) )27 DGl [ ™ + 1 D51 ™ [7)
a.e. on A7\ A’ whereas by (44) we have
[ = 4 g ) e 0
A\ Ai-1

as h,k — +oo. Then, by the dominated convergence theorem, since f(z,0) =0 we infer

. . t
N B G e L R T ) RS U
for every j € N. Hence, by (44), (43), (42), (50) and (51), since {u]} C CP®)(A7), for
every j € N we deduce the existence of h(j) and k(j) in N such that h(j + 1) > k(j)
and

/ |ui(j)—u\dx§52’j VjeN, (52)
A
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f(z, Duh ) do < f(:z:,Du?L
Aj Ad+1

;) dr <V_(u,C)+e277  VjeN, (53)

f(z, Du%(j)) de > V_(u,C) —

Ai—2 B 202

Vi=23,..., (54)
/AM o (w,ﬁ(l)d)jluh + Doju J“)) dv<e27  VjieN, k>k(j). (55)
In particular, by choosing k£ = h(j + 1) in (55) we obtain
/Aj\Aj 1 f <937 %—t (D¢jf1uh + Dcﬁjuﬂil))) dr <e277 VjeN. (56)
With this choice of {h(j)};, by (47) and (52) we deduce that

tw, —u in LYQ) as e > 0" and t — 1~ (57)

and by (48), (53), (54), (49) and (56) that

2
/Cf(x,tDwe)d _(u,C)+ = —1—2( (u,C) +2——\I/ (u,C) + 2352)

- 9

7=1
<VU_(u,C)+5e+ (1 —t)e < +o0.

In particular we infer that tw, € C'?®)(C) for every ¢ > 0 and t €]0, 1] and hence, by
(39), ¥(tw,,C) = [, f(z,tDw,)dz . Finally, as € — 0" and t — 17, by (58) and (57) we
obtain that \Il(u, C) < ¥_(u,C) and hence the assertion. O

Remark 3.2. If we define the localized functional W(u, A) by (26) with f(z,z) = |g|p(x)
the argument of Proposition 3.1 may fail. In fact, the definition (46), with v, := ufl(j) €

CHP@) (Q;RY), gives a function w, € C1P@)(C;R™) which in general cannot be extended
to a function in C1?7® (Q;RY) if the boundary of C'is not smooth.

Now, since we have just proved (Proposition 3.1) that, in case f(z,z) := |z|P®), the
increasing set function W(u,-) is inner regular, and W(u,-) is superadditive, thanks to
Proposition 1.7 we obtain measure property of W(u,-), for every u € L' (Q;RY), if we
show that W(u, -) is subadditive.

Proposition 3.3 (Subadditivity). For every w € L' (Q;RY) we have
U(w,AUB) < U(w,A)+V(w,B) VABEA. (59)
Proof. By weak subadditivity (Lemma 2.9 with F' = W), letting C' /* AU B we obtain
U_(w,AUB) < V(w, A) + ¥ (w, B)

and hence (59), by inner regularity (41). O
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Step 2: measure property of F(u,-).
Consider now any Borel function f as in Theorem 1.8. We first prove the following
Proposition 3.4 (Inner regularity). For every w € L' (Q;RY), F(w,-) is an inner

reqular set function.

Proof. Since F(w, -) is an increasing set function, if F_(w,-) is defined by (18), it suffices

to prove that B B
F(w,0) < F_(w,C) (60)

for every fixed open set C' € A and every function w € L'() such that F_(w,C) < +oo.
To this aim note that growth condition (12) yields the estimate

a¥(w,A) < F(w, A) < /Aa(x) dz + BV (w, A) (61)

for every w € L'(Q2) and A € A, where ¥ is given by (39), and the same estimate with
W_ and F_, respectively, instead of ¥ and F in (61). In particular, by the monotonicity
and the inner regularity of ¥(w,-), see Proposition 3.1,

W(w, A) = V_(w,A) < V_(w, C)Sé (w,C) < 400 (62)

for every A € A with A C C. For every ¢ > 0 we can choose an open set A. € A
with A, CC C such that, by inner regularity of W(w,-) and absolute continuity of
a(z) € L'(Q),

U(w,C) < V(w, A.) + and 0< / a(z)dr <e. (63)
C\A:
Also, let B. := C\ A. € A, so that if \Tf(w, -) is the Borel measure given by the extension
of U(w,-) to Q (see iii) in Proposition 1.7), by (63) we have
U(w, B.) = W(w,C) — W(w, A.) < U(w,C) — U(w, A.) < (64)

Moreover there exists a sequence {v;} C L'(Q2), converging to w in L'(Q), such that
vjip. € CYP@(B,) for every j and

T(w, B.) = lim / Doy [P® dr < 400 (65)

Jj—+oo Jp

In particular, by (12), (63) and (65),

hmmfF(v],B)g/ a(x)dr + B lim V(v;, B.) <e+ BY(w, B.). (66)
C\A.

]—>—|—oo ]—>+oo

Choose now A € A, such that A. CC A cC C. By (61) and (62), there exists a sequence
{u;} C LY(Q), converging to w in L(£2), such that uja € C*?@(A) for every j and

F(w,A) = lim [ f(z,Duj)dr < +oo. (67)

i—+oo J4
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Moreover, following the proof of Lemma 2.1, since A N €); is nonempty for finitely many
1, without loss of generality we can suppose that it has Lipschitz boundary for every 1.
Then, by Rellich’s theorem, (12) and (67) we obtain

lim / u; — ufP® do = lim / lu; —u
J=te0 S T It S an;

Select now D, A" € Ay such that A, cC D cC A" cC A cC C' and apply the fundamental
estimate of Lemma 2.7 with B = C'\ D, u; on A and v; on B. For any o > 0 we can
therefore find M, > 0 and a sequence {¢;} of smooth cut-off functions between A" and A
such that, since AU B = C,

Pidr =0. (68)

F(w;, C) < (14 0)(F(u;, A) + F(vj, B)) + M, uj — v dz + o, (69)
ANB

where w; := pju; + (1 — ¢;)v;. By (65) and Lemma 2.1, since AN B CC B, possibly
passing to a subsequence we have

lim lv; — ulP® dx = 0. (70)

=+ JAnB

Then, since (15) and AN B € Aq yield sup -5 p(x) < +00, by (68) and (70) we conclude
that

lim v — [P de = 0. (71)
J=+e JanB
Now, since B C B:, by (66)
lierian(vj, B)<e+3Y(w,B.). (72)
oo

Moreover, since w; — w in LY(Q), by (69), (67), (72) and (71) we obtain

F(w,C) < liminf F(w;,C) < (14 0)(F(w, A) + e+ 8Y(w, B)) + 0. (73)

j—00
Finally, taking € > 0 small so that (1 + ) < o, by (64) and (73)

F(w,C) < (1+0)(F(w, A) +0) +0 (74)
and hence (60) holds by the arbitraryness of o > 0. O

Since we have just proved that F(w,-) is inner regular for every w € L' (; RY), arguing
as in Proposition 3.3, by weak subadditivity (34) we obtain that F(w,-) is subadditive.
Since F(w,-) is trivially superadditive, by Proposition 1.7 the proof of Theorem 1.8 is
complete. Il

Proof of Theorem 1.9. For every i denote A; := A(2;) the family of open subsets of
Q;. We remark that F is a local functional, i.e., F(u,A) = F(v, A) if u,v € LY()
and u = v a.e. on A, for every A € A. This follows from measure and increasing
property of F(u,-), see e.g. [8, Lemma 4.4.2] for a similar proof. Hence it is well defined
the local functional F; : L'Y(Q;RY) x A; — [0,+00] given by Fj(u,A) := F(u,A),
where u € L' (€;RY) is any extension of u. Also, denote by F;(-, A) the L'(€;)-lower
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semicontinuous envelope of Fj(-, A), so that F;(u, A) = F(u, A) for every u € L'(£);)
and A € A;, if w € L'(Q) is such that %o, = u. Finally, denote in an analogous way by
U, 0 LY RY) x A; — [0, +00] the local functional given by W;(u, A) := W(wu, A), where
U is given by (39), so that for every A € A;

pi : 1,p; . DN
B /A|Du(x) de if we O (4 RY)
+00 elsewhere on L'(€Q; RY)

where p; > 1 is given by (14), and let W;(-, A) denote its L'(£;)-1.s.c. envelope.

If A € A; has Lipschitz boundary, it is easy to show that W;(u, A) = [, |DulPidz if
u € WHPi(A), and +oo elsewhere on L'(;). Then, since by Proposition 3.1 the set
function W;(u,-) is inner regular on A; for every u € L*(€;), we obtain that for every

Ac Az
- Di ; Lpi ( A. 2N
T(u, A) = /A|Du(:v) de if we W7 (A RY) (75)
+00 elsewhere on L'(Q; RY).
Finally, by (61) we also have
aTi(u,A) < T A) < [ ale)do+ 5T (w2 (76)
A

for every u € L'(€;) and A € A;.

These facts lead us to apply the classical integral representation theorem [9, Thm 1.1],
see also [13, Thm. 20.1], to the relaxed functional F; and write

— . ; Lpi ( A. 2N
Fi(u, A) = /Agol(m,Du(x)) dr if we W ' (A RY) (77)
+00 elsewhere on L(Q; RY)

for every A € A;, where ; : Q; x R™ — [0, +00) is a quasi-convex function satisfying
growth condition

"< pi(x, 2) < alz) + B2 (78)

for a.e. x € ; and all z € R™. In fact, Theorem 1.8 yields that F;(u,-) is a measure on
A; for every u € L'(§;); for every A € A; the functional Fy(-, A) is L*(€;)-1.s.c., and hence
LPi(Q;)-1s.c.; since f(x, Du) does not depend on u, we infer that F;(u+c, A) = F;(u, A)
for every u € L'(€;), A € A; and ¢ € RY; also F; satisfies a standard p;-growth condition,
since by (76) and (75)

alz

0< Fi(u,A) < /(a(az) + B |Du(x)|P?) dx

A
for every u € WPi(Q;) and A € A;; finally, by locality of F' we infer that F; is local,

i, for every A € A; and all u,v € L'(€;) such that u = v a.e. on A, we have that
Fi(u7 A) = FZ(U’A)
By [13, Thm. 20.1], we then obtain the integral representation (77) for every A € A; and

u € L'(€) such that w4 € WP (A), where ¢; is a non negative quasi-convex function
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satisfying a p; growth condition from above. Moreover, by (76) and (75) we obtain (77)
for all u and A and growth condition (78).

Setting now ¢(zx,-) = p;(z,-) if © € Q; for some i, we then obtain the first part of the
statement. In particular, (78) yields that ¢ satisfies growth condition (12) for a.e. x €
and all z € RN Moreover, for every u € L*(), let F(u,-) denote the Borel measure on €2
given by the extension of F( u,-), see iii) in Proposition 1.7, and let pu(u, A) := F(u, ANY)
for Ac A Ifupgu € e (A), setting A; :== AN, we have

F(u,A) = ZF(uA)+FuAmz ZF wo,, As) + Flu, ANY)
= Z/ wi(x, Du) dx + p(u, A) = /Ago(x,Du)d:x%—,u(u,A)

and hence the singular measure w(u, -) has support contained in the transition set 3. On
the other side, if uj4 ¢ I/Vl (A), then wuja, ¢ WLPi(A;) for some i and hence, by (77),
F(u, A) > Fi(ujn,, 4;) = +oc.

To prove the last assertion, let us fix A € A and let A" € Ay be such that A’ cC A. If
q = sup,ca p(x) < 400, see (15), by (12) we infer that f satisfies a ¢g-growth condition
on A’ x RY. Denote now by H : L'(A; RY) x A(A") — [0, +00] the local functional given
by H(u,B) := F(u, B), where u € L*(Q) is any extension of u. Also, let H(-, B) be the
L'(A’)-Ls.c. envelope of H(-, B), for every B € A(A’). Then by an argument similar to
the previous one

F(v,A") = H(vja,A) = //gp(LDv(x))dx

holds for every function v € L'(Q) with v € WL9(A"). In particular, by repeating the
argument for every A’ CC A, we have

F(U,A/):/ o(x, Dv(x))de  VYve CH(ARY), VA € Ay, A/ cC A. (79)

Let now u € WP (A) and {u;} € C(A) be such that uy, — u in W2 (4). Moreover,
for every A" € Ay, A" CC A, let {v} C L'(Q) be such that vga € CH(A), vgar = ugjar
for every k € N and vy — win L'(Q2). Then, since ¢ is a Carathéodory function satisfying
(12), by lower semicontinuity of F(-, A’), by (79) applied with v = vy, by locality and by

the dominated convergence theorem

F(u, A') <liminf F(v;, A') = lim o(x, Dug(x)) de = / o(x, Du(z))dx .

k—>+OO k—)—‘rOO A/ 12

Then, by the measure property of F(u,-), taking A’ / A one obtains F(u,A) <
[y ¢(x, Du(z)) dz. Finally, since p(u, A) > 0 in (19), the opposite inequality is trivial
and hence u(u, A) =0, as required. O

Proof of Corollary 1.10. For a.e. x € ), denote by Qf;(x,z) the quasi-convex en-
velope of f with respect to z. Since Qf; satisfies a growth estimate like (78), by quasi-
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convexity, for every A € A; the functional

/QfZ z, Du(z))dz if u € WP (A;RN)
+00 elsewhere on L'(€;; RY)

Gi(u, A) :

is lower semicontinuous in weak WP (€);) convergence. On the other side, for the same
reason the same lower semicontinuity property holds for the functional (77). Hence, by
definition of relaxation, we have that

/AQfZ-(x,Du(x))de/Acpz-(x,Du(:z:))de/Af(x, Du(x)) da

for every u € W,'?(A). Following the argument of Remark 4.4.5 in [8], we then obtain

loc
the assertion. O

4. The case of piecewise continuous growth exponents

In this section we prove Theorems 1.13 and 1.14.

Proof of Theorem 1.13. The proof is a straightforward readaptation of Theorem 1.8,
once we extend Lemma 2.1 by the following

Lemma 4.1. Let p: Q — (1,400) be a reqular piecewise continuous exponent. Then the
assertion of Lemma 2.1 holds again.

Proof. Compare [11, Lemma 2.8, Cor. 2.9]. [

In fact, as to Sec. 2, (30) follows from Lemma 4.1; Lemma 2.4 relies on (15) (see Remark
1.12), on Theorem 2.3 and on the convexity of |-[P*); Lemma 2.6 relies on (15) and on the
convexity of |-[P®); Lemmata 2.7 and 2.8 follow from Lemma 2.6 and (15); finally Lemma
2.9 depends on Lemma 2.8, Lemma 4.1 and (15). Also, in Step 1 of Sec. 3, Proposition
3.1 relies on Lemma 4.1, (15) and on the convexity of | - [P®). Moreover, Proposition 3.3
follows from Proposition 3.1 and Lemma 2.9. Finally, in Step 2, Proposition 3.4 relies on
Proposition 3.1, Lemma 4.1 and Lemma 2.7. [

Proof of Theorem 1.14. Let A;, F;, F;, ¥; and U; be given as in the proof of Theorem
1.9, so that in particular, for every A € A;,

pz 1177. N
Uy(u, A) = /|Du Vdx if we O (A;RN)
+00

elsewhere on L'(Q; RY)

where p; : Q; — (1,+00) is given by Definition 1.11. We first show that for every A € A,

/|Du W@ de if uET/Vllp' (A;RY)
+o0 elsewhere on L'(Q;; RY).

U, (u, A) (80)
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In fact, if W;(u, A) < +o0, then for every A’ € Ay, with A’ cC A, Lemma 2.4 yields
u € W/ll’pi(w)(A’;RN) and

ocC

| Du
A/

Pi®) dg < Wy(u, A'). (81)

To obtain equality in (81), it suffices to apply the following density result due to Zhikov
[27], compare also [1, Lemma 4.2] or [11, Prop. 2.18] for a proof.

Proposition 4.2. Let p : Q — [1,400) be a continuous function satisfying (21) for
every A CC ). Then for every u € VVli’f(m)(Q;RN) there exists a sequence of smooth
functions {u;} C C°(Q;RY) such that u; — u in VVli’f(x) (Q;RN). If in addition u €
WP@ (Q:RN), then u; — u also in L' (;RY).

Now, by inner regularity of W;(u,-), letting A’ * A we obtain both u € W'hlj’fi(x) (A;RN)
and (80).

We now wish to apply the following integral representation result to the local functional
Theorem 4.3. ([11, Thm. 3.1]) Let p : Q — [1,+00) be a continuous function satis-
fying (21) for every open set A cC Q. Let F : L*(;RY) x A — [0, +00] satisfy the
following conditions:

i) F s local, i.e., F(u,A) = F(v,A) for every A € A and u,v € L' (;RY) with
u=uv ae on A;

i) for allu € L*(;RY) the set function F(u,-) is increasing, and is the trace on A
of a Borel measure;

i) there exist > 0 and a(z) € L .(Q) such that

loc

0< FuA) < [ (ala) + 5|DuP) do
A
for allu € W'"P@)(Q:RN) and A € A;
w) Fu+c,A)=F(u,A) forallue L'(Q;RY), Ae A, ce RV,
v)  F(-, A) is sequentially lower semicontinuous with respect to the strong convergence

in L' (Q;RY) for all A € A.
Then there exists a Carathéodory function ¢ : Q x R™ — [0, 4+00) such that

F(u, A) :/Agp(x,Du(x))dx

for every A € A and for every u € L' (Q;RY) such that uja € I/I/li’cp(x)(A;RN); in
addition, the function o(x,-) is quasi-convez on R™ for a.e. x € Q and satisfies the
growth condition

0 < p(z,2) < alx) + 5"
for a.e. x € Q and all z € R™.

Now F; satisfies Theorem 4.3 on €, since (61) and (80) yield growth condition iii), whereas
the other hypotheses are easily verified. Arguing similarly to Theorem 1.9, we then easily
conclude with (19) and with the rest of the proof. O
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5. An example with energy concentration

In this section we prove the statements contained in Example 1.15. More precisely, for
every A € A and u € W2 (A), in Step 1 we first show that p(u, A) = 0 in case
Orz ¢ A. Secondly, in case Ogz € A, in Step 2 we show that p(u, A) = 400 if A; # Ao
in (23). Finally, in Step 3 we prove that p(u, A) =0 if Ogz € A but A; = Ag. We first
make the following

Remark 5.1. Under the hypotheses of Example 1.15, for every u € L'(B;) and A € A,
we can easily find a sequence {u;} C L'(B;) with w, — u in L'(B;) and uga €
W14(A) for every k. Moreover, since f(x,z) := |2|P® < 14 |z|9, then for every function
v € Wh9(A) there exists a sequence of smooth functions {v;} C C'P@(A) such that
vy — v in L'(A) and [, |Dvy — DoP™ dz — 0 as k — +oo. Taking vy = u on By \ A,
this yields that for every A € A and u € L'(By)

F(u, A) = inf{lim inf/ | Dug(x)[P@ dz | {up} € WH(A), up — u in LYA)}.  (82)

A

k—+o00

Step 1: the case Orz ¢ A.

Following an argument by Zhikov et al., compare [29], we now show that there is no energy
concentration on open sets which do not contain the origin.

Proposition 5.2. Under the hypotheses of Example 1.15, if A€ A, Op2 ¢ A and uja €
I/Vll’p(x)(A), then p(u, A) =0 in (19) and hence F(u, A) = [, |Du(z)P™) dz.

ocC

Proof. It suffices to show that for every A" € Ay, with A" CC A, there exists a sequence
of functions {u;} C W4(A’) such that u; — w in L'(A’) and

lim |Duj(2)|P® de = [ |Du(z) "™ d .

J—+o00 A A’
In fact, by (82), this yields F(u, A") < [,, [Du(z)[P™ dz and hence, by inner regularity,
letting A’ /" A one obtains the assertion since p(u, A) > 0 and p(z, 2) = f(z,2) = |2|P@
in (19).
For every B € A, we set B, := BNQ,, B,:= BN, where (2, and €, are the subsets
of Q corresponding to the phases p and ¢ of p(z), see (22), i.e.,

Q, :={z€Q|z129 >0}, Q:={r € Q| z1m3 <0}. (83)
Suppose first in addition that A, has Lipschitz boundary and w4, € Whi(A,). Let
e WH(A) be a "smooth" extension to A of uja,. Also, let v(z) := ¢(z)(u(z) — u(x)),

where ¢ € CL(B,) is a smooth cut-off between A’ and A. Since v € WyP(A,), there
exists a smooth sequence {v;} C CA(A,) such that v; — v in Wy”(A,). Setting now

] u(x) if xeA,
() = { u(x) +v;(z) if ze€A,

we have that {u;} C W'4(A), u; — u in L'(A’) and finally
lim |Du;|P™ dz = lim </ |Du|qd$+/
J=Foe Jar It \Jay A

= / |Du|qu+/
A A

|Du + Duv;|? da:)
|Du + Dol|? dz :/ | Du|P® dz .
A/

/ /
q D



320 D. Mucci / Relazation of Variational Functionals with Piecewise Constant ...

To conclude the proof, it suffices for every A" CC A to take A” € A, with A’ cC A” C A,
such that Aj has Lipschitz boundary, and repeat the previous argument with A” instead
of A. Il

Remark 5.3. Asnoticed by Zhikov, the proof of Proposition 5.2 does not hold if Og2 € A,
since we cannot find, in general, a W'4(A)-extension @ of u 4, However, since ¢ > 2, u
should be in particular continuous at Ogz, which cannot hold if u = ug is given by (5),
since w4, takes distant values (1 and 0) on each neighborhood of the origin.

Step 2: the case Og2z € A and N\ # \s.
We prove that p(u, A) = 400, and hence (24) holds, if Ogz € A € A and u € Wl’p(x)(A)

UK loc
with Ay # g in (23). To this aim, it suffices to show that F'(u, A) = +o0. If it were not so,
fix a small radius r > 0 so that B, C A, denote Bf ={x € B, | tx; >0 and +xz, <0}

and define by (82) sequences {u;} C W4(B¥) such that u; — u in L'(B¥) and

lim |Duf (2)|?dx = F(u, BY) < +oc0.
j—too [t J
Since ¢ > 2, by the compact embedding of W4 into continuous functions, these sequences
converge uniformly to u on xyxs = 0, which leads to a contradiction since A\; # Ay yields
that u is not continuous at the origin.

Step 3: the case Ogz € A and A\ = Aq.

We prove that ju(u, A) = 0, and hence (24) holds, if Og: € A € A and u € W""™) (4) with
A1 = Ay in (23). To this aim, by (82) it suffices to find, for each small € > 0, a sequence
{wp} € WH(A) such that wy — u in L'(A) and

lim inf/ | Dwy,[P@®) da < / |DulP™ dz 4 ¢ . (84)
k—+o0 A A

We can also suppose the right-hand side of (84) to be finite, otherwise there is nothing to

prove.

Fix now 0 < § < dist(Ogz2, 0A) and let r € (0,0/2). Then, by Remark 5.1 and Proposition
5.2, we select a sequence {u;} C C'(A\ B,) such that uy — u in L*(A\ B,) and

lim | Dug|P® do = F(u, A\ B,) = / | DulP® dx < +oc. (85)
k=+oo JA\B, A\Br

Denote now by T the trace operator in zg = Oge: if u € WP(B;) and 0 < R < 1, then
T gu := T[0Bg|u is the trace of u on 0Bg. Possibly passing to a subsequence, by uniform
convexity (85) yields

lim | Dug — DulP™ dz = 0.

As a consequence, passing again to a subsequence we can select a radius R € (r, 2r) such
that Tru € W'"?@)(0Bg), Trux € W9(0Bg) for every k,

/ | D[P dH < / DouP@ dH! + = (6)
O0BR OBRr 3R
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where 7 is the unit tangent vector to 0Bg, and by Rellich’s theorem, for both s = p, g,

/dB . lu(z) — A|*dH' < / lu(z) — AFdH + = R (87)
s RN

OBRrNQ 3

where A := A\; = Ay is given by (23) and 2, and (2, are given by (83). Define now

wi () if z€A\Bpg
k() = M m - R +X if xz€Bpg.
R |z

Trivially {v;} C LY(A) and vy — u in L'(A\ Bgr) whereas, since for a.e. © € By
x 2 x
] ]

|Dugl? d < (q) / (R - |ug — N? + R - |Dyun|?) dH!

Br OBRr
and hence {vz} C W4(A). We now show that

2

| Duy()|* = R~

Y

we infer

k—+4o00

lim inf/ | Dug [P dx < / |DulP™ dz 4+ O(R) + ¢, (88)
A A\Br

where O(R) — 0% as R — 07. To this aim, we first estimate

/ Doy ()@ de < ¢ (p,q) {Rlp / () — AP dH!
BR 8BRme

+ R4 lug(z) — A9 dH! (89)

dBRrNYy,
+ R / | Dy, [P dHl}.
O0BRr

We now make use of the following lemma (stated in any dimension), the proof of which
is postponed.

Lemma 5.4. Ifu € WYP(Bs;RY) with 1 < p <n, Bs C R" being the n-ball of radius ¢,
then for a.e. 0 < R < 9§ we have

p/p*
R'7P / lul? dH" ' < ¢ (n,p) / |DulP dx + (/ |ul?” d:c) (90)
aBR BR BR

where p* :=np/(n — p) is the Sobolev conjugate of p.

Now, condition Bs CC A yields that u(-) —\ € W?(Bs). Moreover, the proof of Lemma
5.4, with n = 2, can be easily readapted to obtain

p/p*
R'" / [u— AP dH' < ¢(2,p) / |DulP dz + (/ lu — A" dx) .
aBRﬂQp BRQQP BRQQP

(91)
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Then, by (87), with s = p, by (91), Sobolev embedding theorem and absolute continuity
we obtain

R / () — AP dH' < O(R) + <. (92)
8BRQQP 3
Recall now that if u € Wh4(A), with A C R? bounded open set with Lipschitz boundary,
and ¢ > 2, then v is Holder continuous in A and more precisely, by Morrey’s theorem,
u(z) = u(y)| < cllullwraga e =y VayeA,

where ¢ > 0 is an absolute constant, compare [5, Thm. 5.4]. Taking A* := BN {z €
Q, | £21 > 0}, by (23), with A = \; = Ay, for every x € 0B N (), we then infer

lu(z) — A = [@(R, ) — @(0,0)] < cllullwrapano, B4

Since upyna, € WH(Br N §y), by (87), with s = ¢, and absolute continuity we obtain

_ £ 19
Ri-a / () = AT AH < 7 [ullraeny + 5 < OBV +5. (99)
dBRNY

Finally, since up, € WP®)(By), setting
f(p) = / | DyulP® dH* 0<p<d,
8B,

by the coarea formula one has f(p) € L'(0,d). Therefore, since f(p) > 0, we have
liminf, .o+ p- f(p) = 0. As a consequence, without loss of generality we can choose R so
that R- f(R) = O(R) and hence, by (86),

R / | Doup [P dH' < O(R) + (94)
OBRr

Wl M

Then, by (92), (93) and (94) the right-hand side of (89) is smaller than O(R) + ¢ and
finally, by lower semicontinuity and (85), we obtain (88).

We finally make a diagonal argument, as follows. We first select r; \, 0 and R; €
(r;,2r;); then for any fixed j we define {u,(j)} C WhH(A\ B,,) so that u,gj) — u in
L'(A\ B,,) and (85) holds with r = r;; we then construct {v,(j)} C W4(A) such that
v,ij) — u in L'(A\ Bg,) and (88) holds with R = R;. Finally we set w; := w,(f), so that
{wp} € WH(A), wy, — u in L*(A) and by (88)

k—4o00 k—4o00

lim inf/ | Dw [P dx < lim inf / |DulP™ dz 4+ O(Ry) + ¢ ¢ ,
A A\Bp,,

so that (84) holds, as required. We conclude Step 3 with the following

Proof of Lemma 5.4. Setting ug(z) := u(Rx) for x € By and 0 < R < §, we have that
ur € WH(By) and for a.e. 0 < R < 4 the trace Tyug € W'?(0B;). Now, by changing
variable we have

/ |u]de”_1:R"_1-/ lug|P dH" . (95)
8Bg

0B1
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Moreover, by [5, Thm. 5.22] we have the continuous immersion W'?(B;) < L"(0B;) if
p<nand p<r < (n—1)p/(n—p). In particular, for r = p (which is good for any such
p) we infer that for a.e. 0 < R < 0

1/p
( / ugl? dHn_1> < cllugllwirs) (96)
dB1
where ¢ > 0 is an absolute constant. By changing variable y = Rx, we have
gl = B / |Du|P de + R™" / |ul? dx (97)
BR BR

whereas, since by Sobolev embedding theorem u € LP"(B;), by Holder inequality we have

1/p . 1/p* i
(/ |ul? da:) < (/ |ul? dac) . ‘BRyl/pfl/p
Br Br

and hence, since |Bg|'/P~'/?" = ¢(n) R,

p/p*
e / [ulP dz < ¢ (n,p) RP" - (/ Jul?” dff) ' (98)
BR BR
Finally, by (95), (96), (97) and (98) we obtain (90), and the proof is complete. O
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