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We consider integral functionals of the Calculus of Variations where the energy density is a continuous
function with p-growth, p > 1, uniformly convex at infinity with respect to the gradient variable. We
prove that local minimizers are a-Holder continuous for all o < 1.
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1. Introduction

Consider the integral functional of the Calculus of Variations
Fui) = [ fo.ula), Duta) ds. (1)
Q

where € is an open bounded subset of RY and f = f(z,u,£) : Q@ x R x RN — [0, +00)
is a Carathéodory function, i.e. f is measurable in x and continuous in (u, &), satisfying
the p-growth condition (p > 1)

617 < S, u,§) < L1+ [E]).
A function u € WL?(Q) is a local minimizer of F in § if
F (u;spt (v —u)) < F (v;spt (v —u)),

for every v € W,oP(Q) such that spt (v — u) CC Q.

Well known results due to Giaquinta and Giusti [13, 15] ensure that local minimizers of
F are locally a-Hélder continuous for some o« < 1. According to Meyers’ example in
[19], when f is not continuous in Q2 x R x RY, the a-Hélder continuity for all o < 1
cannot be achieved, even if f is twice differentiable and uniformly convex with respect
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to €. However, if f is of class C? in £, uniformly elliptic in this variable and for every
z,y €Q, u,v €ER and £ € RY

[f (@, u,8) = fy, 0, )] S wllz =yl + [u—v[)(1 +[5]), (2)

where w(t) is a modulus of continuity that grows as t°, § > 0, then Du is Hélder continuous
(see Giaquinta-Giusti [14], Giaquinta-Modica [16], Manfredi [18]).

Recent results show that failing the differentiability of the integrand, the Lipschitz conti-
nuity of local minimizers, or at least the Holder continuity for every exponent, still holds
under suitable convexity assumptions.

Fonseca and Fusco in [9] study the regularity of local minimizers of functionals with a
nondifferentiable integrand f = f(§) independent of (x,u). They prove that if f has
p-growth and satisfies a uniform convexity condition, i.e. there exists a constant v > 0
such that for all £, 7 in RY

£+

F(552) < 37O+ 3000 — v+ 1P + W)=l — ol ®)

then local minimizers are locally Lipschitz continuous.

Notice that when f is of class C?, then (3) is equivalent to the usual uniform ellipticity
condition

(D2F(OAN) = w1+ [€[%) T AP,
for some vy > 0.

The general case f = f(x,u,§) has been studied by Cupini, Fusco and Petti in [2]. They
prove that if (2) and (3) hold, then local minimizers are locally a-Holder continuous for
all @ < 1. We remark that even in the simple case f = f(z,&), N = p = 2, the Lipschitz
continuity cannot be achieved (see Example 3.2 in [2]). Related results can be found in
4, 7, 11].

In a recent paper Fonseca, Fusco and Marcellini [10] establish existence and regularity of
minimizers of energy integrals with f = f(x,&) subject to Dirichlet boundary conditions,
where the uniform convexity property of f is satisfied at infinity, i.e. (3) holds for all
x € ) and every £, n endpoints of a segment contained in the complement of a ball Bg(0)
in RY. In particular, they prove the Lipschitz continuity of local minimizers when f is a
continuous function with p-growth, uniformly convex at infinity, such that for |{| > R the
vector field @ — Dgf(x,€) is weakly differentiable with |Dg, f(z,€)| < L(1 + |£[P7). We
explicitly notice that in the particular case f = f(&) the differentiability assumption can
be removed. In this case the p-growth and the uniform convexity at infinity are sufficient
conditions to the Lipschitz continuity of local minimizes (see Theorem 2.2 below).

In this paper we consider the general case of nonconvex integrands f = f(z,u,&) with
p-growth, both uniformly convex and continuous at infinity and we prove that local min-
imizers of F are a-Holder continuous for any exponent o« < 1. More precisely, we prove
the following

Theorem 1.1. Let f: QxR xRN — [0, 4+00) be a Carathéodory function satisfying
(A1) there exist p > 1 and L > 0 such that for a.e. x € Q, for everyu € R and £ € RN

0< flz,u,§) < L1+ [£[);
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(A2) f is uniformly convex at infinity with respect to &, i.e. there exist R >0 and v > 0
such that if the segment [£,n)] is contained in the complement of the ball Br(0), then
for a.e. x € Q and for every u € R

(o 550) < S0 ©) + G = o1+ 6+ 10T - P

(A3) f is continuous at infinity with respect to the pair (x,u), i.e. for every x,y € €,
for every u,v € R and £ € RN \ Bg(0)

[f(z,u,8) = fy,0,§)] Sw(z —yl+ Ju—v])(1+[€7),
where w : [0, +00) — [0,400) is a continuous, increasing, bounded function such
that w(0) = 0.
If u € W2P(Q) is a local minimizer of the functional F defined in (1), then u € C%(Q)

loc loc

for all a < 1.

To better understand the type of functionals we deal with, notice that (A1) and (A2) are
equivalent to assume that

F@,u,€) = c(1+ €)% + gz, u,€),

with ¢ > 0, ¢ bounded from below, with p-growth from above and convex at infinity, i.e.
for a.e. x € , for every v € R and for every &;, & € RY endpoints of a segment contained
in the complement of Bg(0)

&1 +§2) _

slate.u.6) + o6, 2 om0, 55

2

For more details, we refer to [10, Section 2.1], [3, Section 2| and to Section 2 below.
The plan of the paper is the following.

In Section 2 we collect preliminary results concerning functions satisfying (A1) and (A2),
higher integrability results for minimizers of functionals with p-growth and an iteration
lemma.

In Section 3 we study the regularity of a local minimizer u of
T(u: ) = / (@, Du(z)) dz,
Q

when f = f(z,€) is a convex function with respect to ¢ and satisfies (A1)—(A3). We
approximate Z(u;§2) with a sequence of functionals (Z,) with integrands f, = fn(x,§) of
class C! with respect to &, satisfying the same assumptions as f. Fixed B, (zy) CC Q, let
uy, be the minimizer of Z,(w; B,(z0)) in the Dirichlet class u + Wy *(B,(x)), where u is
the local minimizer of the functional Z. For each u;, we establish an integral estimate with
constants independent of h. Moreover, we prove that u; converges in the weak topology
of W' to a function us, which turns out to be a minimizer of Z in u + Wy (B, (x)).
Passing to the limit in the integral estimate proved for each uy, we infer that the estimate
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is satisfied by u, and, from the uniform convexity at infinity, by u too. From this estimate
the Holder continuity of u for any exponent follows by a classical argument.

In Section 4 we prove Theorem 1.1. Firstly we consider the supplementary assumption
of convexity of f with respect to £&. We compare the local minimizer v of F with the
minimizer of a functional Z of the type studied in Section 3. An essential tool for this
comparison is the Ekeland variational principle. The convexity assumption on f is re-
moved via a relaxation argument.

2. Preliminary results

Let us consider the integral functional
Fui) = [ f(o.ula), Dula) ds. (4)
Q

where  is a bounded open subset of RY and u : Q — R is a scalar function in W,"?(2),
with p > 1. We denote by B,(x) the open ball with center 2y and radius r; we omit x
if no confusion may arise. In the sequel, c is a positive constant which may take different
values from line to line.

We recalled the definition of local minimizer of F in the Introduction. More generally, u
is a Q-minimizer of F if there exists () > 1 such that

F (u;spt (v —u)) < QF (vyspt (v —u)) ,

for all v € W,27(2) such that spt (v —u) CC Q.

We state some consequences of assumptions (Al) and (A2), proved in [10] in the case
f = f(§). The generalization to our case is straightforward.

Theorem 2.1. Let f = f(z,u,€) : Q@ x R x RN — [0, +00), be a Carathéodory function.
Then (A1) and (A2) imply:

(i) there exist ci(v) and co(p, L, R,v) such that for a.e. x € Q and for every (u,§) €
R x RY

f@,u,6) = arfg]P = ca;

(ii) there exist Ry > R and vy > 0 depending only on p, L, R and v, such that for a.e.
z € Q and for everyu € R and & € RN \ By, (0) there exists qe(x,u) € RY such that

gz, u)] < e(p, L)(1+ €))7,
and for every n € RN

f(x’uﬂ?) > f(:zc,u,{) + <Q£(957U)a77 - €> + V0<1 + |$|2 + |77|2)%|§ - 77|2'

Morcover, if € — f(z,u,€) is CY(RN \ By, (0)) then ge(w,u) = D (z,u,);
(iii) if £ — f*(x,u, ) is the conver envelope of & — f(x,u,&) then f = f** in Q x R x
(RY\ Bg, (0)).

We underline that Theorem 2.7 of [10] entails the following regularity result.
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Theorem 2.2. Let f = f(£) : RY — [0,+00) be a continuous function with p-growth,
satisfying the uniform convexity (3) at infinity. If u € VVl(l)Cp(Q) is a local minimizer of the
functional

/Q F(Du(x)) da,

then w 1is locally Lipschitz continuous in ).  Moreover, there exists ¢, depending on
N,p, L, R and v, such that for every B,(x¢) CC Q

sup |Dul’ <c¢ [][ (14 |Dul’)dz| .
By (zo

Br/2(x0)

Now we state a simple algebraic result that will be useful in the sequel (see [17], Lemma
8.5 or [2], Lemma 2.2).

Lemma 2.3. If p > 1, there exists ¢ > 0 such that for every &, n € RY

P
2

(L4 [E%)E <c(1+ )2 +e(+[€2 + ) | —n?.

We will use some regularity results of ()-minimizers of integral functionals. The following
result is contained in Theorem 3.1 of [15].

Lemma 2.4. Let B,(zg) CC Q and ¢ € LP(B.(x0)). If u € W,P(B.(x0)) is a Q-
minimizer of the functional

we [ (1+ IDw(@) +o(@)|"*") de (5)

then there exists T > 1 such that u € VVl(lj’fT(Br). Moreover, there exists ¢ = ¢(N,p, Q)
such that for every B,(x1) C B, (zo)

(f | DulP" dq:) < c][ (14 |Dul’ + |¢|P) dzx .
Bp/2(x1) Bﬂ(xl)

We need also an up-to-the-boundary higher integrability result (see e.g. Theorem 6.8 of
[17] and Lemma 2.7 in [2]).

Lemma 2.5. Let h : By, (79) X RY — R be a Carathéodory function such that |E]P <
h(z,&) < L(1+|£P). If ug € WY By, (20)), for a certain ¢ > p, and v is a minimizer of
the functional

w h(z, Dw(z)) dz
By (zo)

in the Dirichlet class ug + WP(B,(z¢)), then there exist s € (p,q) and ¢ > 0, depending
on N, p and L, but neither on ug nor r, such that v € Wb%(B,(z¢)) and

U |Dv|5dm]sgc{][ (1+ |Duo|?) dz|
By (o) Bay(z0)
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Finally, we state an iteration lemma (see the proof of Proposition 3.7 in [8]).

Lemma 2.6. Let Z, ¢, w : [0,T] — [0,400) be bounded and increasing functions, w
continuous and w(0) = 0. Suppose that there exist o, 3, v, ¢1 > 0 such that for every
€ > 0 there exist ca(€) > 0 such that

20 < (1) 4l +d 26) + alosui

S

for every 0 <t < s <T. Then for every 0 < § < a, there exists Ty < T such that

2(1) < () 2(s) + et "(5),

S

whenever 0 < t < s < Ty. Here Ty and c3 are positive constants depending only on o, (3,
0 and c1, while ¢4 depends also on .

3. Regularity in the case f = f(x, Du)

In this section we consider the functional
T i= [ (. Dulw) o, (6)
Q

where f = f(z,£) : QxRY — [0, +00) is a Carathéodory function, satisfying the assump-
tions (A1)—(A3), that in this case can be stated as follows:

(A1) the p-growth condition, i.e. for a.e. z € Q and for every & € RY
0 < f(x,8) < L(1L+ [¢7);

(A2) the uniform convexity at infinity, i.e. there exist R and v > 0 such that for a.e.
z € Qif [¢,n] C RY \ Bg(0), then

P2 557) < 30+ ) - o1+ 16 + )Tl ol

(A3) the uniform continuity in = at infinity, i.e. for every z,y € Q and for every & €
RY\ B(0)
[f(z,8) = f(y, ) S w(lz =y +[E7),

where w : [0, +00) — [0, 4+00) is a continuous, increasing and bounded function such
that w(0) = 0. Without loss of generality, we can assume w to be concave.

Recall that by Theorem 2.1 (ii) there exists Ry > R and vy > 0 such that

Fla,m) > F@,€) + (ge(@),n — ) + vo(1+ € + [n|») 7 1€ = nf?, (7)

for a.e. x € Q and for every £ € RV \ Bg,(0) and n € RY, where g¢(z) € R" satisfies

|ge ()| < c(p, L)(1 + [£])P
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Moreover, by Theorem 2.1 (i) there exist ¢1, o > 0 such that for a.e. x € Q and for every
EeRN

f(x,&) > c1|€]P —ca. (8)
With a view to the proof of Theorem 1.1, fixed B, (z¢) CC € we consider the functional
Goomo(W; By) :=Z(w; B,) +vYy | |Dw — Dud%dx, 9)

Br

where ¥ > 0 and uy € WHP(B,). This functional will be useful to prove the regularity of
local minimizers in the general case f = f(z,u, ).

We begin by proving an integral estimate for local minimizers of Gy, ., under the supple-
mentary assumption that f is of class C' with respect to £ and convex in this variable.
This assumption will be removed in Proposition 3.2.

Proposition 3.1. Consider B,(xg) CC Q, Jg > 0, ug € WHP(B,(x0)). Let Gy, be as
in (9), with f of class C* with respect to & and convex in this variable, satisfying (A1)-
(A3). Letu € WY(B,) be a minimizer of Gg, v, in its Dirichlet class u+Wy*(B,). Then
there exists ¢ = ¢(N,p, L,v, R) such that for every p <r

/Bp (1+|Dul’)dx <c {(5)]\[ _Hu(r)} /Br (1+ | DulP) da
T %/ |Du — Dug|? dz + cr™ . o

Proof. Let v be the minimizer in u + Wy *(B,(z0)) of the frozen functional
w f(xo, Dw(x)) dx .
B,

The function £ — f(xg, &) satisfies the assumptions of Theorem 2.2, hence (see [9]) v is
locally Lipschitz continuous in B, and there exists a constant ¢ depending on N,p, L, R
and v such that for all p < r

/B (1+ |DvlP) dz < c(é)N/r(lJr \Dol?) d

(8), the minimality of v and (A1) imply

/ (14 |Dul?) dz < c/ (1+ |Dul)dz . (11)

so that for any p < r

/B (14 |Dv|P)dx < ¢ (g)N/ (14 |Dul?) dz . (12)

T

Define

A(Du,p,\) :={x € B, : |Du(x)| > A},

B(Du,p,\) :={x € B, : |Du(z)| < A}. (13)
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Let Ry and v, depending only on p, L, R and v, be as in Theorem 2.1 (ii). Using Lemma
2.3 and (12)

| Dul? dx = / |Du|P dz + / | Du|? dx
By B(Du,p,Ro) A(Du,p,Ro)

< c/ (1+ |Dvl?) dx+c/ (1—|—|Du|2—|—|Dv|2)%|Du—DU\2da€ (14)
B, A(Du,p,Ro)

N -
<ec (5’) / (1+ | Dul?) dz + c/ (1+ | Duf? + |Dv[2)2" | Du — Dof? da.
r B, A(Du,p,Ro)
Let us estimate the last integral using the Euler equation for Gy, .,. From Theorem 2.1
(i), the convexity of f and the minimality of u we have

/ (1+ |Dul* + |Dv|2)L52|Du—Dv|2dx
A(DuvpvRO)

<L f (2, Dv) — f(2, Du) — (Def(x, Du), Dv — Du)] da
Y0 J A(Du,p,Ro)
1 [f(x, Dv) — f(x, Du) — (D¢ f(z, Du), Dv — Du)] dx

40 B,

_ 1 [f(x,Dv) — f(z, Du) + 190<D5(\Du - Duo|pTH>,Dv - Du)} dx

Vo JB,

IN

1 )
- (Dgf(x,Du)+190D§<\Du—DuO] 31),Dv—Du) dz
Y JB,

_ 1 [f(:v,Dv) — f(z, Du) +190(D§<\Du - Du0|p7+1>,DU - Du)} dx ,

120 B,

where £ is a dummy variable for the gradient. Thus, adding and subtracting [ B, f(xg,Dv)dx

and [, f(wo, Du)dz, and using the minimality of v it follows

/ (1+ |Dul? + |Dv?)"z |Du — Do|* dz
A(Du,p,Ro)

< s [f(x, Dv) — f(xo, Dv)] dx + 1 [f(zo, Du) — f(x, Du)] dx

IZ0) B, ) B

v p
+ = (D§<]Du—Du0\%l>,Dv—Du>da:.
Yo JB,

From (A1) and (.A3)

/ [f(z, Dv) — f(zo, Dv)] dz

T

:/ (f(2, Dv) — f(zo, Dv)| da:+/ [f(z, Dv) — f(zo, Dv)] dz
A B(Dv,r,R

(Dv,r,R) R)

< / w(|x — xo]) (1 4 |Dv|?) d$+L/ (14 |Dv|?)dx
A(Dv,r,R) B(Dv,r,R)

< w(r)/ (1+ |Dvl?)dx + ¢(N,p, L, R) V.
B,
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Analogously,

/ [f(zo, Du) — f(x, Du)]dx < w(r)/ (1+ |DulP)dx + ¢(N,p, L, R)r".

T T

Therefore from (11) and the minimality of v there exists ¢, depending only on N, p, L, R
and v, such that

/ (14 | Dul? + |Duf)"5 | Du — Dol da
A(Du,p7R0)

< cw(r)/ (1+ |Du\p)dx+0190/ | Du — Du0|%|Du — Dv|dz +crV.
B, B,

This inequality, together with (14) and Young inequality, implies that for every p < r
there exists ¢, depending on N, p, L, R and v, such that

/Bp |DulPdx < ¢ Rg)]\’ _|_w(7“)} /BT (1 + |Dul?) dz

U .
0—1/ ’DU—DUO‘idI‘i‘C'f’N
)7 S,

+ cw(r)/ |Du — Dou|P dz + ¢
B

and from (11) the thesis follows. O

We remark that the freezing techinque emploied in the proof of the above proposition has
been first used in [14, 18] and applied in the setting of non standard growth conditions,
up to a certain extent, in [1].

An approximation argument allows us to remove the differentiability assumption on f.

Proposition 3.2. Consider B,.(zq) CC Q, ¥y > 0, ug € WH(B,(x0)). Let Gy, be as
in (9), with f convex with respect to &, satisfying (A1)—(A3). Let u € W'P(B,) be a
minimizer of Goyu, i its Dirichlet class u+ Wy P (B,). Then for every p < r

/Bp |DulPdz < ¢ [(é)N +w(r)} /Br(l + [Dul? + | Dug|?) da

2p

921
O—W TN + CT’N,
o]

+c

with ¢ depending on N, p, L, R and v.

Proof. Let o € CX(B1(0),[0,+00)) be a radially symmetric mollifier such that
fBl(O) o(z)dz =1, and define

fu(2,€) 3:/3(0) U(Z)f(x,f—k%z) dz .

(fr)nen satisfies the following assumptions:
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(H1) there exists L, depending on L and p, but not on h, such that for every h, for a.e.
r € Q and for every £ € RV

0 < fale,€) < L(1+[€]7);

(H2) there exists v; > 0, depending on p and v, but not on h, such that if [{,n] C
RN\ Bgry1(0), then for a.e. x € Q

(i 557 < 300+ o) — L+ IR+ 0BT le - s

(H3) there exists ¢ = ¢(p) such that for every z, y € Q and for every & with |{| > R+ 1

|2, &) — fuly, )] < cw(|lz —y) (L + [€).
Moreover, from (8) there exist ¢1,¢ > 0, independent of h, such that
fu(@,€) 2@l =2, V(z,6) € Qx RY. (15)
Let u;, be a minimizer in u + Wy (B,) of

Gn(w; B,) := fr(x, Dw)dz + ¥ | Dw — Duoj% dr .

B, B,

Using (15), the minimality of u,, (H1) and Young inequality, it is not difficult to prove
that there exists ¢ = ¢(NV,p, L, R, v,3), such that

| Duy|? dx < c/ (14 |Dw|? + ]Dug]p%l)da:,

B, B,

for every w € u 4+ W,*(B,). In particular
| Duyp,|P dx < c/ (14 |Dul’ + |Dug|?) dz (16)
B, B,

and uy, is a (Q-minimizer of
ptl
w»—>/ <1+|Dw|p—|— | Dug| 2 ) dx .
B,

Therefore, from Lemma 2.4 there exist 7 > 1 and ¢ > 0 such that u; € I/VlifT(Br) for
every h and for every B,(z;) C B,

][ Dup|"" de gc][ (14 |Dunl? + |Dugl?) d.
B, /a(z1) Bp(z1)

This inequality, together with (16), implies that for every p < r there exists ¢ = ¢(p,r)
such that

1
p

(/ |Duh|p7d:v> < c/ (1+ |Du|? + |Duy|?) dz . (17)
Bp r
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Moreover, (16) implies that the sequence (uy) is bounded in W'*(B,). Up to a subse-
quence, we may assume that there exists u,, € u + Wol’p(Br) such that uj, — us In the
weak topology of W1P(B,).

Let us prove that u., is a minimizer of Gy, ,, defined in (9). We shall use the notations
in (13).

Since Gy, 4, is lower semicontinuous with respect to the weak topology of W'?, then for
every p <7 and k € N

gﬁo,u0<uoo; Bp) < lim inf [f<x7 Duh) + 190|Duh B DUO|%i| du

h—o00 B,

< lim sup/ f(z, Duy) dx (18)
A(Duh?puk)

h—o0

+ limsup / f(z, Dup)dx + 9o | |Duy, — Du0|p7+1dx .
B(Dup,p,k) B,

h—o00

Since f is convex with respect to £ and (A1) holds, then for a.e. z € ) and for any £ and
n in RY,
|f(2,€) — fla,m)] < elp, L)1+ [€] + [n)P~E —nl;

therefore

lim |f(x, Dup) — fn(x, Duy,)| dx

h=00 ) B(Duy,p,k)

1
<clim — (1 + |Duy| )Pt dx (19)
h=00 b JB(Duy, p k)

1
< ¢ lim E(l + kY~ YB(Duy, p, k)| = 0.

h—o00

Thus, from (18) and (19)

h—oo

G(us; B,) < limsup/ f(z, Duy) dx
A(Duhvpvk)

+ limsup/ [fh(anUh) + Y| Duy, — DU(A% dx .

h—o0 -

From (A1), Holder inequality, (17) and the minimality of uj, we get that

(1+ \Duh\i)dﬂf> [A(Duy, p, k)| "+

h—o0 o

gﬂo,uo ('Uzoo; Bp) < L lim sup (/
B

-+ limsup/ [fh(a:, Du) 4+ 9| Du — Du0|pTH] dz
B,

h—oo

< ckPU=") limsup/ (14 |Dup|P) dx —|—/ [f(x, Du) + Yo|Du — Duo\%l] dx .
By

h—o0 B,



400 G. Cupini, A. P. Migliorini / Holder Continuity for Local Minimizers of a ...

The last inequality and (17) imply
gﬁo,uo (UOO; BP) <c kp(l_T) + gﬂo,uo (U; Br) )

where ¢ = ¢(N, p, L, u, ug, %o, p, 7). Letting k go to infinity and then p go to r we infer
G900 (Uoo; Br) = Gy uo(1; By), so that ue, is a minimizer of Gy, ., (w; B;).

Now we compare us, with u. For every x € B, we apply Theorem 2.1 (ii) with & =
$(Du(z) + Dus(x)) and n = Du(x). Thus, from (7) we have

16001 (5 2520

/A(Du—i—DuOO ,7,2R0) 2

S / < (2) Du — Duoo> J
= Qe\x ), — i
A(Du+Duco,r,2Rp) ¢ 2 (2())

p—2
/ ‘ Du + Dug, ?
+ v 14 [T
A(Du+Duco,r,2Ro) 2

Du — Dug,
Hu — Do dzr.

2

2 b3
+ |Du|2>
Analogously, Theorem 2.1 (ii) with 7 = Dus(z) yields
D Du
[f(x,Duoo) — f (a:, u)} dx

A(Du—l—Duoo ,7,2R0) 2

S / < (2) Du, — Du> p
= qe\T ), —————— X
A(Du+Duco,r,2R0) ¢ 2 (2]‘>

p—2
/ ’ Du + Duo
v 14—
A(Du+Ducs,r,2Rp) 2

2 55
Du — Dug,
+ |Duoo|2> U T Pl
adding (20) and (21)

5 dzx;

/ (2. Du) + f(x, Dun)] da
A(Du+Duco,r,2R0)

D Dug
S 9 / s (I u) I
A(Du+Duco,rm,2Ro) 2

5 22 9 (22)
Du + Dug, * | Du — Dug,
+V/ 1+‘—u—|— “ + | Dul? 2T oo gy
A(Du+Duco,r,2R0)

2 2
2 22 2
Du + Due, * | Du — Duy,
+y/ 1+‘u + | Duno|? )
A(Du+Duco,r,2R0) 2 2
By convexity
p+1
D Dus, D Du B
B(Du+Duco,r,2R0) 2 r 2
1 190 p+1
< - f(z, Du)dx + — |Du — Dug| 2 dx
2 B(Du+Ducso,m,2R0) 2 B
+1/ 19(_) p+1
2 B(Du+Duco,r,2Ro)

f(x,Duoo)dx%—? |Duso — Dug| 2 dx,
B,
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therefore, from (22) we get

U+ Uso 1 1
g’ﬂo,uo (T7 BT) S igﬁo,ll,()(u; BT’) + §g790,u0 (UOCM BT)

p—2

Du + Dug, |* > | Du — Dug, |?
_z/ oy |PutDuse g (P Dus
2 A(Du+Duco,r,2Ro) 2 2

p—2
2 2

Du — Dus
2

2

D Dus
_z/ T =Rl T W
2 A(Du+Duco,r,2Ro) 2

The minimality of u.,, together with the previous inequality, yields

dx.

U+ Uso
gﬁo,uo (Ty Br) S gﬂo,ug (U, Br)

p—2

D D, 2 T
_z/ |4 | PutE Dl |7 by 2
2 A(Du+Duco,r,2R0) 2

p—2

Du + Dug, |* > | Du — Duy, |?
_z/ 4 | Bt Dusel” oy, ) (2P
2 A(Du+Duco,r,2R0) 2 2

which implies that the Lebesgue measure of the set

{z € B,:|Du(x) + Dus(x)| > 2Ro} N{z € B,:|Du(x) — Dus(x)| > 0}

2

Du — Dug,
udx

2

is zero. Therefore, for every p < r

/ DuPdr<ec [ |Dusfde+c [ |Dut Dusl de

B, B, B,

c \Duoo\pdx+02pRgpN+c/ |Du + Du|P da
B, A(Du+Duso,p,2Ro)

IN

=c | |Dus|Pdz+cp” +c | Duso|? de

B, /A(Du—l—Duoo,p,QRo)ﬂ{Du—Duoo|:0}
thus there exists ¢ = ¢(N, p, L, R, v) such that
\DulP dx < c/ (1+ | Dua?) dz . (23)
B, B,

Let us estimate the right-hand side. Since f}, is of class C! with respect to ¢ and satisfies
(H1)-(H3), from Proposition 3.1 estimate (10) holds with u replaced by wuy. Hence, for

all p < r,

| Do |P dx < h}{ninf/ (1+ |Dup|?) dx

B, B,
. p N p N
< limsupse (=) +w(r) (14 |Dug|?)dx + cr
h—o0 r Br
U .
+ lim sup C—u | Duy, — Duy|2 dz,

s [w(r)]1 B,
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where ¢ is independent of A, p and r. Young inequality implies

Therefore, from (16), there exists ¢, depending only on N,p, L, R and v, such that for
every p <r

N
| Duso|Pdz < ¢ [(—) —I—w(r)} / (1 + |Dul? + | Dug|P) da
r

Finally, by (23) the thesis follows. O

If Y9 = 0 we get a regularity result for local minimizers of the functional Z in (6) when f
is convex in €.

Theorem 3.3. Let u be a local minimizer of the functional Z, whose integrand f(x,§) is
a Carathéodory function, convezr with respect to the last variable and satisfies (A1)—(A3).
Then w is locally in C%%(Q) for all o < 1. Moreover, for all « < 1 there exists ¢ > 0,
depending on N,p, L, R,v and o, such that for every B, CC 2 and p <r

p N —p+pa
/ |DulP dz < c (-) / (1+ |Dul?) da . (24)
B, r B
Proof. When 9y = 0, Proposition 3.2 implies that for every p < r

/Bp |DulP dv < ¢ {(g)N +w(r)] /Br(l +|Dul?) dz + eV .

A standard iteration argument (see [12], p.170) leads to estimate (24). The Holder con-
tinuity of u follows from a characterization of Campanato spaces (see [17], p.57). O

4. Proof of Theorem 1.1

In this section we prove Theorem 1.1. First we shall suppose that f is convex with respect
to &. This supplementary assumption will be removed observing that a local minimizer
of F is a local minimizer for the relaxed functional, too.
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The Ekeland variational principle enables us to compare the local minimizer of F with a
minimizer of a functional whose integrand does not explicitly depend on w.

Theorem 4.1 (Ekeland variational principle [5]). Let (V,d) be a complete metric
space and let H : 'V — (—o00, +00] be a lower semicontinuous functional with finite infi-
mum. If uw € V is such that H(u) < infy H + € for some € > 0, then there exists vy € V
such that

(i)  d(u,v9) <1,
(it) H(vo) < H(u),

(111) vy minimizes in V the functional E(w) := H(w) + € d(vo, w).

Proof of Theorem 1.1. Without loss of generality we assume w in (A3) to be a concave
function.

From Theorem 2.1 (i) a local minimizer of F is a ()-minimizer of (5) with ¢ = 0, therefore
from Lemma 2.4 there exists ¢ > p such that |Du| € L{ (€). Since we aim to prove a

local result, we can assume that u € W14(Q) and that for any ball B, (z1) C Q

1

[f‘ mmw4 g%f‘ (14 |DuP)dz| . (25)
B2 (w1) By (1)

Moreover (see [15]) we can assume u € C%7(Q) for some 0 < v < 1. We denote by [u],
the Holder constant of u in Q. Let us fix B,(x¢) such that By, (z9) CC Q.

p+1
Step 1. Assume that f is convex in . Consider the space V = u + Wol’ > (B,) and let v
be the minimizer in V' of the functional

H(w; B,) := / h(z, Dw(x))dx , (26)
where
h(z,&) = f(z,u(z),§). (27)
By Theorem 2.1 (i), the minimality of v and (A1)
|Dv|P dz < c/ (14 |Dul?) dx . (28)
B, B,

Using notations (13), the minimality of u and (A3) we have
H(u; B,) = F(u; B,) < F(v; B,.)

= H(v; B,) —i—/ [f(z,v, Dv) — f(x,u, Dv)] dz

B(Dwv,r,R)

+/A<DU,T,R) £ (.0, Dv) = f(w, 0, Dv)] da (29

gHmBJ+L/

B(Dwv,r,R)

(14 |Dv?) d:c—l—/ w(|v —u|)(1 4 |Dv|P)dx

A(Dv,r,R)

< ing(w;Br)—l—/ w(lv —u|)(1 + |Dv|P) dz + cr™.

T
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Let s € (p,q) be the exponent of the higher integrability of Dv which follows from
Lemma 2.5. Using the Hélder inequality, (25), the boundedness and the concavity of w,
we estimate the last integral in (29) as follows:

/ (v = ul)(1 + | Do) dz

r

1-2

¢|B,| (]iru + \Dv\s)d:c)z (]i,.w;p(’v —u|)d:c> S

1-2

¢|B,| (]{3%(1 + | Dul?) dm)g (]{Brw(\’u - u\)dx) S (30)

¢| B, (14 |Dul?) dx-wl_g( |v—u|dm)
B,

B4r

Sc/ (1+]Du|p)dx-w”( ]v—u\dx),
B4'r BT

with o =1 — 2. Caccioppoli inequality for the minimizer u (see e.g. [15]) gives

— p
/ |Du|pdx§c/ (l—i-w) dx ,
By(x1) Bap(a1) PP

which holds for every Bs,(z1) C Ba.(xg) (here u,, , stands for ][ u(z)dz). Thus,
Bp(ffl)

IN

IN

IN

using the Poincaré inequality and (28), we get that

3=

1
v —u|dr < (crp |Dv — Dul? dx) ’ < <crp][ (14 |Dul?) da:)
B,

By By

< {crp][ (1 + w> dx] < (er? +clul? Tm)% <er)
— B Tp —_ Y — Y
2r

3=

where ¢ depends also on [u],; then

w”( lv — u|da:> < w(er?).
By
This estimate, together with (29), (30) and (28), leads to

H(u; B,) < i{/lfH(w; B,) +cw? (Er"*)/ (1+ |DulP)dz + cr? . (31)

By

Step 2. Let us define

Hr) ::cwff(zr'v)/ (1+ | Duf) dz + cr¥ (32)

Bar

and apply Theorem 4.1 with V' endowed with the distance

pt+1
H e ptl
d(wy, ws) == [ TE\?)] N | Dwy — Dw2|% dx , (33)

By
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and H defined in (26). Thus, by (31), there exists vy € V such that

p+1

P H 2p
|Du—Dv0\%ldx < [ g\f)] N

Br r

H(vo; By) < H(u; By),

vo is a minimizer of &(w;B,) in V,

where

p—1
H W p+1
E(w; By) = H(w; B,) + [ g\j)] / \Dw—Dvd% dx .
r
The minimality of vy implies that for every ¢ € W, ?(B,)

H)'%

2p _
H(vo; spt @) < H(vo + @ispt ) + { N } / |D(vo + ¢) — Dvo| "% da.
spt ¢

Using Young inequality and noting that (%)’ = %, we obtain

c
H(vo;spt ) < H(ve + ¢;spt @) + 51/ | Dvg|P dx
spt ¢

H(r
+C/ |Dvy + Dol dx + ¢ gv)lspw\-
spt e r

From this inequality, Theorem 2.1 (i) and (A1), it follows that

/ | Dvg|P dx < c/
spt ¢

N
spt ¢ r

H
(1 + |Dvg + D" + (T)) dx

405

(36)

therefore vy is a @Q-minimizer (with @ depending on N, p, L, R and v) of the functional

H
w <1—|—|Dw|p—|— g))dx
r

By

Thus, there exist A\ € (p,q) and ¢ > 0, independent of vy, such that

' H()
][ | Dvo|* d: Sc][ (14 |Dvg|?) dx + ¢ {1—1— ~ }
Br/2 By r

< C][ (1 + |Dul?) dz,
B4r

(37)

where the last inequality follows from (32), Theorem 2.1 (i), (35) and (Al). Notice that
h defined in (27) satisfies assumptions (A1)-(A3), with a slightly different modulus of

continuity. Precisely, for any 0 < o < 1, h satisfies (\A3) with w replaced by

Wa(t) := max {[w" (Et”)]%7 w(t 4 [u],7), tp(l—a)%} ‘

(38)
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p—1

Apply Proposition 3.2 to £(w; B,.) defined in (36), with ¥y and ug replaced by [Iﬁf,“)} v
and vy, respectively. Then for every p < r/2

| Du|Pdx < 2°71 | Dvgl? d:v—l—Qp_l/ |Du — Duvy|P dx
B, B,

c [(f)N +@a(r)] /Bru + | Duol?) da

H
+cip+1+c7ﬂ+2p—1/ |Du — Duvy|? dx
B'r/2

[@a (r)]7=

c [(g)N +@a(r)] /Bru +|Dul?) dz +c[f‘)a(i:1/ (1+ |Dul?) da

Wa (r)]P~1

BT/Q

IN

(39)

IN

+epN-ptpa o (N 4 2171/ |Du — Duvy|P dx

< [(f—f)ﬁ @a(m] /B 5
2(1-9)

In order to estimate the last integral, let ¢ € (0,1) be such that g + 5 = %, where A
is the exponent in (37). Using (25), (37), (34) and (35), we get

/ |Du — Duvg|Pdx
Br/2

’ -9 51
A p+1 p
dBH<f‘|DU—D%|¢§ ( IDu—D%|z¢O
B'r/2 B,

<oV (]{%(1 1 Dul?) dm)ﬁ [%] o

< el (aﬁ)]”/ (1 + |Duf) dz + crNO—) </B

Byr

_ _ _ Dulde.
(14 |DulP)dz+crN—rTre 4 op 1/ | Du — Duvg|Pdx

4r B'r/2

>3

IN

(14 |Dul?) dx)ﬁ :

4r

Finally, collecting (39), (40) and using Young inequality, we deduce that for every e > 0
there exists c(€) such that

5 |DulPdz < ¢ {(é)N%—&a(T)%—e]/B (1 + | Dul?) de

4ar

+ c[&a(r)](l_ﬂ);fpl / (1+ |DulP) dz + cr¥ PP 1 c(e) ¥,
By
which implies

N
/ |DulPdz < ¢ {<B> + [@a (1))’ + e] / (1 + |DulP) dz + crN P>,
B, r B.

4r

for a certain 6 > 0 independent of p and r. From this inequality the thesis follows by
Lemma 2.6 and by a standard iteration argument (see [12], p.170).
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Step 3. Now we consider a general f non convex with respect to the last variable. We
observe that local minimizers of F are also local minimizers of the relaxed functional

F*(u; Br(z0)) = inf{lim inf f(z,up, Duy) dx : up, — u in Wol’p(Br(xo))}

h—-+o00 Br(ﬁo)

which is equal to

/B 7w ute), Duw)da.

where € — f**(x,u,£) is the bipolar of £ — f(x,u,£), see [6, Corollary 3.8]. The result
follows immediately from the fact that by Theorem 2.1 (ii) there exists Ry such that

fla,u, &) = f"(z,u,§)
in Q xR x (RY\ Bg,(0)). O
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