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In this paper we prove an integral representation formula for the relaxed functional of a scalar non
parametric integral of the Calculus of Variations. Similar results are known to be true under the key
assumption that the integrand is coercive in the gradient variable. Here we show that the same integral
representation holds for a wide class of non coercive integrands, including for example the strictly convex
ones.
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1. Introduction

Let 2 be an open set in R” and f : 2 x R x R" — [0,00) be a lower semicontinuous
function, with f(z,s,-) convex for every (x,s) €  x R. Let us consider the functional

N Joy [, u(z), Vu(z))de, if ue CH(Q),
Flfle) ={ @) 1)
where € is an open subset of 2 and u € BVj,.(€2). In a fundamental paper, [19], Serrin,
following Lebesgue’s definition of the area functional, introduces the lower semicontinuous
envelope of F on BVi,.(§2) with respect to the Li () strong convergence. This functional,
which we briefly refer to as the relaxed functional of F', is defined as follows:

Flfl(u, Q) = inf{li}{nian[f](uh, Q) tup — uin Ly (Q),uy € Cl(Q)} : (2)
A natural problem is to explicitly represent F. Confining our attention to the scalar
convex case considered here, we quote Goffman-Serrin [13], Giaquinta-Modica-Soucek
[12], Dal Maso [6], Ferro [9], Bouchitté-Dal Maso [3] and Fonseca-Leoni [11]; the literature
becomes huge either if u € Wl’l(Q), or if u is vector valued or if f is not convex with

loc
respect to the gradient variable.

The candidate to give the representation formula of F is the following functional H
introduced by Dal Maso in [6], where for any u € BVj..(€2) we denote by Du its derivative
measure, by Du = VuLl" + D*u the Lebesgue decomposition, by M (u) the concentration
set of D%u, by ut and u~ the approximate upper and lower limits of u and we put
Ju) ={r € Q:u(z) < u(x)} (it results |Dsu||J(u) = (uT(z) — u™(z))H" | J(u)
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and D’u := D*u|J(u) is called the jump part of Du, while Du := Du|{M (u)\J(u)} is
called the Cantor part of Du, see the claims in Section 3:

H[f)(u, ) = | [z, u(z), Vu(z))dz (3)

Q/
D
o = (x,u+<x>, —“(x)) d|Dul(x)
(M (u)\J ()] | Dul

e lmmmmm L 7 (2o o) as oo,

where as usual f°° is the recession function of f(z,s, ), defined as f>(x,s,£) := limy_ o+
A (@, 8,E/N).

There are many results linking H and F. For example, H = F either if f = f(§)
(Goffman-Serrin [13]) or under suitable assumptions on the integrand f(z, s, &), namely,
qualified continuity in the (z, s) variable (in order to have f*° continuous) and coercivity
in the £ variable (see Dal Maso [6]). A problem to solve is to understand if we can further
weaken the hypotheses proposed by Dal Maso and still have H = F.

In this paper we deal with the case in which coercivity assumptions like
1
f@,5,6) 2 Cltl = 5 ¥(@,5,6) €@ xRXRY, @)

for a suitable C' > 0, are dropped. In this direction Fonseca-Leoni [11] have proved the
following theorem:

Theorem 1.1 (Fonseca-Leoni). Let f : 2 x R x R" — [0,00) be a Borel integrand
satisfying the following condition: for every (x¢, so) € Q2 X R and e > 0, there exists § > 0
such that

|z — xo| +[s — 80| <,§ €R™ = f(w0,50,8) < e+ (1+¢)f(,5,), (5)

and f(xo, S0, ) is convex. Then for every u € BVj,.(2),
H(u) < F(u).
If furthermore ) is bounded, if there exists C' > 0 such that
0< f(,5,6) < COU+E), V.56 QxR R,

and if [ is continuous, then H(u) = F(u), for all u € BV,.(2).
Roughly speaking, in this theorem the coercivity (4) is replaced by hypothesis (5). The
main case in which hypothesis (5) is really weaker than coercivity is the case of product
type integrands, f(z,s,&) = a(z,s)g(§). However there is a wide class of integrands
(including for example the ones that are just strictly convex in the gradient variable), of

interest in applications as well as from a purely mathematical point of view, for which
the validity of (5) is heavily related to coercivity (we give an example below).

In what follows we introduce these integrands, we explain the motivations for their study
and we give a general relaxation theorem.
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Definition 1.2. A function ¥ : R" — [0, 00) is said to be non constant on straight lines,
briefly NCL, if its restriction to any straight line is a non constant function, i.e., if for all
& € R™ and v € S™ ! the map

pER— V(& + pr) is not constant. (6)

In the case of a convex ¥ to check the NCL property it suffices to verify that (6) holds
for a fixed point &y (see Proposition 2 in [14]): for example it is enough to see that for all
v € S~ ! the map

p € R— WU(pr) isnot constant. (7)

Every strictly convex function is NCL. A model case of NCL function is

n

V() => (&), (8)

i=1

where (a)* := max{0,a}. If we let ¥ “turn around” the origin by introducing a continuous
perturbation we can construct a family of functions f = f(¢,£) : ¥ x R" — [0, 00) such
that f(t,-) is convex and NCL for every fixed ¢, and (5) is not satisfied. It suffices to take
a continuous T : ¥ — {S € R™" : det S = 1,5TS = I} and define f(t,£) = U(T(¢)E).
When n > 2 and T is not constant in a neighborhood of a fixed ¢ty € X, it is not hard
to verify that Fonseca-Leoni condition (5) never holds. We should note that for one

dimensional problems, n = 1, it can be proved that, if f is lower semicontinuous and
f(t,-) is convex and NCL, then f satisfies (5).

NCL functions were first introduced with the name of demicoercive functions by Anzellotti-
Buttazzo-Dal Maso [1] as the mathematical model of the integrands appearing in the study
of equilibrium problems with unilateral constraints on the stress. The term “demicoer-
cive” follows from the fact that ¥ is NCL if and only if there exist a vector v € S"~1, and
constants a > 0, b, ¢ > 0 such that

a|€| —b< W(§)+C<V7€>a v§ eR™

In the recent paper [14] this property formulated as in Definition 1.2, has been proved to
be the underlying hypothesis to the geometric conditions in Serrin’s lower semicontinuity
Theorem.

The following theorem is the main result of this paper.

Theorem 1.3. Let f € LS(2 xR x R™;[0,00)) be lower semicontinuous and such that

loc

for every (x,s) € QA xR, f(z,s,-) is convexr and NCL. Then, for every u € BV},.(),
H(u) < F(u).

The proof of this theorem (see Section 3) is based upon four main tools: the blow up
method by Fonseca-Miiller [10]; the approximation theorem for convex NCL functions by
means of maximal cones given in [14] and discussed in Section 2 (see Theorem 2.1 below);
a weak coercivity property of H[V]| proved by Anzellotti-Buttazzo-Dal Maso [1] in the
case when ¥ is NCL; and, finally, a lower semicontinuity theorem for the functional H
due to Dal Maso [6]. Once proved Theorem 1.3, applying Theorem 1.3 in Fonseca-Leoni
[11], we find immediately the following corollary.
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Corollary 1.4. Let f be as in Theorem 1.3. If furthermore ) is bounded, if there exists
a constant C > 0 such that

0< f(z,5,8) <CA+]), V(z,s¢)eQxRXR",

and if f*° is continuous, then H(u) = F(u) for all u € BVy.(£2).

Then the joint application of Theorem 1.3 and Corollary 1.4 allows us to prove a statement
analogous to the one of Theorem 1.1, where (5) has been replaced by the NCL hypothesis.
In the end we would like to remark that, if we drop the NCL assumption, in general we
cannot even expect that the Lebesgue part of the relaxed functional is represented by
Jo f(@,u, Vu)dz (see the introduction of the paper [14] or Example 4.1 in Dal Maso [6]).

2. Approximation of NCL functions

In this section we state an approximation result for convex NCL functions by means of
certain maximal cones, proved in [14]. These cones satisfy some useful properties, that in
general cannot be expected to hold for the supporting hyperplanes.

Theorem 2.1. Let ¥ be an open set in R and f : ¥ x R* — [0,00) be a lower semi-
continuous function with f(t,-) convexr and NCL for every t € 3. Then there exists
(&k)ren C R™ such that, if we define

fk(t,g):—1+inf{)\+)\f (t,£k+§_/\§k> :)\>0}, (9)

then it results:

(i) frx is lower semicontinuous and, for every fized t € 3, fi(t,+) is conver, NCL and
results to be the greatest function less than or equal to f such that & — (1+ fx(t, &+
&k)) is positively homogeneous of degree one;

(i) f(t,€) = supen fult,€) for all (t,€) € ¥ x R™.

The following lemma summarizes some properties of the functions f; in Theorem 2.1 that
we shall need in the proof of Theorem 1.3.

Lemma 2.2. Let 3, f and fi be as in Theorem 2.1 and suppose f to be locally bounded.
Then for every ¥/ CC X there exist constants Cy, > 0 such that, for every (t,€) € ¥/ xR",
A >0, we have

—L < filt, €) < Ce(1 + [€]), (10)

M (65) 2 209 - Cn (1

Furthermore, for every fived ty € ¥ and €,0 > 0, there exist 6 > 0 and a convexr, NCL
function ¥y : R™ — [—1,00) such that

Wi(8) < fult, €),
fe(to, &) +olé] < (L +e)[fi(t,€) + olél] + ¢, (13)

for every (t,€) € Bs(ty) x R™.
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Proof. By the local boundedness of f and by (9) it follows immediately that fj is locally
bounded on ¥ x R™. By (9) we can directly verify the following formula,

A <t, %) =1 A+ o, E+ (1= N&), V(E) €S xR, VA >0, (14)

from which we see that f; is transformed into its recession function fg° by means of a
translation of its epigraph in R"™! along the segment joining (£, —1) and the origin.
Hence fi(t,-) is lipschitzian on R™ with the same Lipschitz constant L(t) of f°(¢,-), i.e.,

Li(t) = lip(f°(t, ) = ip(fp°(t,-)|B1(0)) < max feo(t,) — B?%%?) Jeo(t, ).

Since fp° > 0 and fp° is locally bounded (by (14) and by the local boundedness of fi) we
have Li(t) < Ly < oo for every t € ¥'.

By these considerations we can see that (10) follows immediately while (11) is true since,
by (14),

A (15) = 200 = 1At €+ (1= 06 = Rt + 6~ A

<M1+ Lip()|&]) < CpA, V(£ €) € X x R™.

We prove (13). We define 7 = eo/ min{|&|, 1}. By lower semicontinuity of f° there
exists 0 > 0 such that

f(to,v) < fX(tv) + 1, V(t,v) € Bs(to) x S"7,
so that, by positive homogeneity of degree one we have
Fo(to, &) < fR &) + 7€), V(t,€) € Bs(to) x R™
Since f°(t,€) = 14 fi(t, & + &) this implies
Jilto, &) < fiu(t, ) + 7€ — &l V(t,€) € Bs(to) x R™.

By definition of 7 it is 7 max{|&|, 1} /o < €, and then, adding to both sides the term o|¢],
we find

[fito, &) +olel] < (L +)[fu(t,€) +olél] +&, V(E,€) € Bs(to) x R,

and the proof is completed.

We prove (12). In order to simplify the notations we fix k& and consider the function
g(t, &) =1+ fi(t,& +&). Then g is lower semicontinuous, with g(¢,-) convex, NCL and
positively homogeneous of degree one. We fix ¢y € ¥ and we prove that there exists 6 > 0
and ¥ : R"” — [0, 00) convex and NCL such that

U(E) < g(t,€), V(L,€) € Bslto) x R (15)

To this end let us denote by G(t) := {p = (§,a) € R"™ : ¢(t,£) < a} the epigraph of
g(t,+). Then G(t) is always a closed, convex cone in R"!: in particular, since g(t,-) is
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NCL, it does not contain any straight line. For this reason we can find a half-space which
intersects G(ty) only in the origin: then there exists (see the proof of Theorem 2.4 in [1})
€ > 0 such that the closed convex cone

Ge(to) = {p : dist(p, G(to)) < [ple},

does not contain any straight line. We claim there exists § > 0 such that

U G cGt), (16)

‘t—to ‘ <6

and the thesis follows defining ¥ as the convex function whose epigraph epi ¥ is given by

epiV :=co U G(t) | ;

[t—to|<d

indeed epi V is a closed convex set, it does not contain any straight line by (16) so that
U is NCL, and contains G(t) for every ¢ € Bs(ly), so that (15) follows. In order to prove
(16) we argue by contradiction: suppose there exists a sequence t;, — to, and points
pn = (&, o) € G(ty) such that

dist(pn, G(to)) > €lpnl- (17)

It must be pj, # 0 for every h, because G(ty) contains the origin. Since G(t5) is a cone it
results that 7, = py/|pn| € G(tr). By compactness we can also assume m, — 7 = (1, 3).
Then by the lower semicontinuity and positive homogeneity of degree one of g we have

g(to,n) < liminfg (th, 5—’1) < lim 2 — g

il ) = nmoo ol
i.e., mp € G(to). From (17) we can see dist(my,, G (o)) > € so that it would be dist(mg, G (1))
> ¢, a contradiction. O

A weak coercivity property. The following is Theorem 2.7 in Anzellotti-Buttazzo-
Dal Maso [1]. It states the coercivity of H[U] on every class of BV functions with fixed
boundary data, provided ¥ is NCL.

Theorem 2.3. Let ¥ be a lower semicontinuous, NCL, proper convexr function on R"
and let ) be bounded and with Lipschitz boundary. Then there exist a > 0, 3,7 > 0 such
that, for every u € BV (Q),

a|Du|(Q) — B » luldH™™' — ~L™(Q) < H[V](u, Q).

A lower semicontinuity theorem. The following theorem is a lower semicontinuity
result for the functional H (Theorem 3.1 in Dal Maso [6]), based upon Reshetnyak lower
semicontinuity Theorem (see Theorem 2 in [17]) and on the interpretation of H as a
functional defined on the subgraph of BV functions (see Lemma 2.2 in [6]). We state
it in a simplified version. The reader can find related results in De Cicco [7], [8] and
Braides-De Cicco [4].
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Theorem 2.4. Let f € L (2 x R x R™;[0,00)) be lower semicontinuous, with f(zx,s,-)
convez and with
alf] = b < f(x,s,8), V(r,s,§) € QxRxR",

for suitable constants a > 0,b > 0. Then the functional H is sequentially lower semicon-
tinuous with respect to the convergence Lzoc(Q) on BVy.(9).

3. Proof of the relaxation theorem

This section is devoted to the proof of Theorem 1.3. Let us fix a sequence u;, € C'(2)
such that u, — u in Ll _(Q) for u € BVjy.(2). We want to prove that

H(u,Q) < li}lLrn inf F'(up, Q). (18)

Apart from the trivial case when the minimum limit on the right hand side is equal to
infinity, up to extracting a subsequence we can assume that

li}fn inf F(up, 2) = hlirn F(up, Q) < c0.

In particular the sequence { f(z, up, Vuy) }nen is bounded in L'(£2), so that by the Banach-
Alaouglu-Bourbaki compactness criterion, up to a further extraction, we can suppose
f(x,up, Vuy) —* u for some Radon measure p in €2. The idea behind the blow up method
is to look at the densities of p with respect to £", |Du| and H"!|J(u) respectively, and
to prove that they are pointwise greater than or equal to the corresponding densities of
the functional H. This allows to reduce the original problem (18) to proving the following
three claims (see for example the first part in the proof of Theorem 1.1 in [11]; we omit
the details for the sake of brevity and since this argument has been already used in many
papers). We note that this reduction of the problem works under minimal assumption on
the integrand f (it only needs f to be Borel non negative), so that the real difficulty is
just moved to the proof of the claims. We put @ :={y e R": —1/2 <y, < 1/2}.

Claim 1 (Lebesgue Part). Let us consider (zg,so,&) € 2 x R x R", ¢, — 01 and
up, € WHH(Q) such that u, — v in LY(Q), where v(y) := (&, y) for every y € Q; we have
to prove that

hmmf/ f(zo + eny, so + enun(y), Vur(y))dy > f(xq, o, &o)-

Claim 2 (Cantor Part). Let us consider (xg, sg) € Q X R, s, — sg, &, — 07, N — 0

with t;, = )\h/ah — 00; v : (—1/2,1/2) — R a non decreasing function with «(1/27) —
a(=1/2%) = 1, flijQ tydt = 0; u, € WHH(Q) such that up — v in L'(Q), where
v(y) = a(y,) for every y € @Q); we have to prove that

h]fn inf hf (o + eny, sn + Aun(y), thVur(y)) dy > (o, So, €n)-

Claim 3 (Jump Part). Let us consider (zg,a,b) € @ x R x R, &, — 0F; u;, € WH(Q)
such that u, — v in L'(Q), where

b, ify, >0,
vly) = { a, if y, <0;
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we have to prove that

liminf/ enf (xo—i—ehy,uh( ), VUh )d >/ £ (0, 5, €n)d
Q

h—o0

Before proving the claims we note that in each case we can suppose a < v(y) < b for
a.e. y € Q, for a,b € R,a < b. In the following we shall consider a fixed 7 > 0, define
d=a—-10V =b+T,
En={ye@:d <u, <V},
Ef={yeQ:u,>V}, E, ={yeQ:d <u},

and consider the sequence

uh(y)> Yy e Eh7
vp(y) = v, y € By, (19)
a, ye k.

Then v, € WHH(Q) N L>®(Q) and

LQ\E) < £'({y € Q< lun(y) — vy)] > 7}) < =~ vllmaigy — 0

In particular it is always v, — v in L'(Q). Let us also put ¥ = Q x R and denote with
fr the functions given by Theorem 2.1.

Proof of Claim 1 and Claim 2. Let us fix k € N, ¢,0 > 0, define t := (20, s9) and
apply Lemma 2.2 to f; to find 6 = 6(k) > 0 and a convex, NCL function ¥ : R" —
[—1,00) such that (12) and (13) hold. Then we put ¥’ = Bs/s(to) and again by Lemma
2.2 we find a constant C}, such that (10) and (11) hold. Summarizing,

f(t,€) = supgey fu(t, ), V(t, &) € X x R,
—1 < fi(t,6) < Cp(1+ |€|) V(t, &) € ¥ x R,
)‘f’f(a,\)>fk (t.&) — V(t, &) € X x R™,

U(€) < filt,€), V(t, &) € X x R,
filto,§) +olfl < (A +e)[fe(t, &) +olél] +e, V(t,§) € X' xR"

We prove Claim 1. If we take h sufficiently large, by definition of v, and by the growth
condition on f; we have,

/ f(xo + €ny, So + entn, Vuy)dy
Q

f(zo + €ny, So + envn, Vo, )dy
Ep,

> fr(xo + €ny, so + epvn, Vup)dy
Ep

> / Tr(xo + €ny, so + envn, Vup)dy — CLL™(Q\E}). (20)
Q
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Let us remark that, by Theorem 2.3,
/ fe(xo + €ny, S0 + envn, Vug)dy > / Wi (Vop)dy
Q Q

> Ozk/ |V |dy — 5k/ lop|dH* " — i,
Q 0Q

where the left hand side is bounded on h and where v, are uniformly bounded on 9@Q) by
max{|da’[,|V/|}. This means that

sup || Vop | L1 (grny < C' < 00. (21)
heN
Let us define gx(z,s,&) = gr(€) := fr(xo, s0,&) + o|€]. By (20), (21) and (13) we have
/ f(xo + eny, so + enun, Vup)dy
Q
> / fi(@o + eny, so + envn, Vo) + o|Vup|dy — ChL™(Q\Ey) — oC
Q

S0, Vop) + o|Vuy|dy — e — CLL™(Q\E}) — oC

1

= 1—+6H[9k](vh7 Q) —e — CL™(Q\EyR) — oC.

By Theorem 2.4, passing to the limit as h — oo, we find

1
lim inf/ f(zo + eny, so + epun, Vuy)dy > ——H|gi|(v,Q) — e — oC

B 1
C1l+4e

gk(I07 50, 50) —e—oC.

As g,0 — 0 the last term tends to fi(xg, So,&o). Since this is true for all £ € N we have
achieved the proof of Claim 1.

To prove Claim 2 we note again that, for h sufficiently large,

f(xo + €nY, Sh + Anun, t,Vuy)dy

otn
> / — fi(zo + €ny, Sp + Apup, 6, Vor)dy
B, th
1 Cp
Efk(xo + eny, So + A\non, tn Vo )dy — —/3 (Q\Epr)
C n
> | f¥(xo + eny, so + Anvn, Vop)dy — T —E (Q\Ew), (22)
Q

where in the last inequality we have used the property (11). Since f; > Uy it results
¢ > Upe, and hence applying again Theorem 2.3 we find

sup || Vo || 1 grny < C < oo. (23)
heN
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It is also apparent that

fi(to, &) +olél < (L+e)[fi° () +oléll, V(&) € ' xR™ (24)
If we define gy, 5,€) = gel€) 1= (w0, 50,€) + €], we find, using (22), (23), (24) and
applying Theorem 2.4, that

lign inf f(xo + eny, sn + Anun, thVuy)dy

> hmlnf/ fkoo<$0 + ey, So + AnUn, Vvh) + 0|Vvh|dy —oC
Q

h—o0

> . li}{n inf H{gx](vp, Q) — aC
1

>—WMH —oC.

2 1 Hlgl(w, @) —oC

Since it results
lim Hgi](v, Q) = f" (0, 50, €n),

letting €, 0 tends to zero and then taking the supremum for £ € N, by Lemma 3.1.3 in
Buttazzo [5], we conclude the proof. O

Proof of Claim 3. Let us fix £,0 > 0 and, for every §' € [d/,1]. Arguing as in the proof
of Lemma 2.2 we find 0(s’') = d(s',k) > 0 and a convex, NCL function ¥y[s'] : R* —
[—1, 00) such that W;[s'](§) < fi(t,§) for every (t,€) € Bs(sry(w0) X Bssy(s’) x R™ and

fr(zo,5,8) +olg] < (1 +¢)[fulz,8,§) +olé]] +e,
V(z,s,£) € Bsisy (o) X Bsis(s') x R™;

then we apply Lemma 2.2 to X[s'] = Bs(s)/2(20) X Bs(s) ('), to find a constant C[s'] such
that (10) and (11) hold in X[¢'].

Since [a,b] C Uy (o Bss)(s') we can find {si}¥, C [a,b] such that

la.b] € | Bs,ja(s:) € [d, V],

=1

where we define §; := d(s;). We put 6 = min{d; : 1 <i < N}, Cx = max{Cy[s;] : 1 <i <
N}, and we consider the sets ¥; = Bs(xo) % By, (s;), and X' = Bjja(xo) x [a’,0]. Then the
following holds true:

f<t7€) = SUPgeN fk(tv )7 v(t g)
M (8.5) > f2(, 5) k/\7 V(t,§) € ¥ x R”,
Wi [si](§) < fu(t,€), v(t,§)
fi(wo,8,8) +olé] < (1 +¢)[fulx,5,8) +0ol]] +¢, V(tE)
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We can repeat this construction for every j € {1,...,k}, define g;(¢,&) = max{f;(t,€) :
1 <j <k} and find:

9i(t,6) 1 f(t.§) as k — oo, v(t,€)
=1 < g(t,€) < Mp(1+[8]), v(t,€)
Agk (t7 %) > ggo@,g) - Mk/\7 \V/(t,§> €X' x Rn»
Wi[si](§) < gu(t,6), v(t,€)
9i(o, 5,§) + ol€| < (1 +e)[gk(z, 5,§) +al€|] +&, V(L E)

By the stated properties we can see as before that

Vu
/ enf (wo + eny, un(y), g—h) dy
Q

h

Vo
> [ v (n0-+ cnnnlo), o ) dy - M £(Q\E
Q

> / 9 (o + eny, vn(y), Vup)dy — Myep, — Mye, L™ (Q\E}). (25)
Q

Now we prove the boundedness of (Vup,)nen in LH(Q;R™). For every i = 1,..., N, y € Q,
we define
op(y), if s;—0; <wp(y) < s + 05,
T%Uh(y) = S; + (Si, if Uh<y) > S + (51',
S; — 51’7 if Uh<y) < 8 — (51',

so that, by ¢°(z,s,0) = 0, it always results

/ ar (o + €ny, vnly), Vup)dy
Q

>

/ 95> (w0 + eny, v (y), Vuy)dy
{si—=0;<vp(y)<si+d:}

gi (o + eny, Tivn(y), VIivn)dy

/{Si—5i§vh(y)§8i+5i}

= / 9 (zo + eny, Tyon(y), Vo) dy
Q
> / T[] (VTon)dy
Q
> o / Y Toonldy — G / TyonldH™(y) — e,
Q oQ

where in the last inequality we have used Theorem 2.3. Since the left hand side is bounded
on h and since |Tv,| < |vp| < max{|d/|, |V'|} we deduce that, for every i = 1,..., N,

sup || Vo || 1 irny < C < 0.
heN

In particular
o :=sup || V|| p1grn) < NC < 0. (26)
heN
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Then if we define lx(z,s,&) = lk(s,€) = g°(xo, s,&) + ||, by (25), (26), Theorem 2.4
and by the properties of g, we have

lim inf/ Ehf (SL’O + EnyY, uh(y), @) dy
Q

h—o00 h

h—o0

> iminf | g% (s0 -+ 20y, ), Vo) + ol Venldy — o
Q

>

1
172 li}{r_l)glf/Qg,io(xo, vn(y), Vop) + o|Vuldy — o

1
=1 lim inf H[l;| (v, Q) — o

£ h—oo

1—i€H[zk](v, Q) — oo

v

Since it results
b
i H{1)(0. @) = [ 07 (ao.5.c0)ds,
when €, 0 — 0 we finally find

b
1iminf/ enf (:ro + eny, un(y), @) dy > / g (o, 8, €,)ds.
Q h a

h—o0

It suffices to apply Beppo Levi’s Theorem as k& — oo and remark that, by Lemma 3.1.3
in Buttazzo [5],

oo
> = | max f; = max [° Tsup f° =, ask — o0
gk (lgggkfj) 1§j§k:f9 T]egf] f ) )

in order to achieve the proof. O]
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