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We study the I'—convergence as ¢ — 07 of the family of degenerate functionals
1
Q:(u) = e/ (ADu, Du) dx + g/ W(u) dzx
Q Q

where A(z) is a symmetric, non negative n xn matrix on  (i.e. (A(z)&,£) > 0forallz € Q and £ € R™)
with regular entries and W : R — [0, +00) is a double well potential having two isolated minimum points.
Moreover, under suitable assumptions on the matrix A, we obtain a minimal interface criterion for the
I'—limit functional exploiting some tools of Analysis in Carnot-Carathéodory spaces. We extend some
previous results obtained for the non degenerate perturbations . in the classical gradient theory of phase
transitions.
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1. Introduction

In this paper we study the variational convergence for a family of anisotropic degen-
erate perturbations of a non convex functional which arises in the theory of two-phase
transitions. Let us consider the family of functionals

Q:(u) ze/Qq(x7Du) da:+%/QW(u) dr, >0, (1)

where Q is a smooth, bounded open set of R", u :  — R, and W : R — [0, +00) is
a double-well potential that supports two phases of the model (i.e. W has two isolated
global minimum points). For the sake of simplicity we assume here W (u) = u?(1 — u)?
but W can be more general (see Section 3). The integral perturbation with integrand
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function ¢ : 2 x R" — [0, +00) is a term that penalizes the formation of interfaces in the
model and it may degenerate in the sense that ¢ could vanish on big parts of {2 x R".

Functionals of type (1) have arisen in a variety of applications as, for instance, in the
study of stable configurations in the context of Van der Waals-Cahn-Hilliard theory of
phase transitions (see [16], [33]). This model can be described by a fluid under isothermal
conditions which is confined in a bounded container 2 and whose Gibbs free energy per
unit volume is a prescribed non convex function W of the density function u. The space
of admissible smooth densities is the class

A:{U:QH[OJ]WGCI(Q%/

Qudm = V},

where 0 < V' < |Q)] is the given total mass of the fluid in €.

In the classic isotropic model to every density u one can associate the energy

E(u) = eQ:(u)

where

q(z,6) = |¢]* forallz € Q and &€ € R, (2)

and £ > 0 is a small parameter (see [33] for a physical motivation and also [1] for a simple
nice introduction to the subject). The problem of determining the stable configurations
is the study of the variational problem

inf{& (u) : u e A},

and the mathematical problem is then to study the asymptotic behavior as € | 0 of the
solutions u. of these problems or equivalently, as the sets of the solutions agree, the ones
of the rescaled problems

inf{Q.(u) : ue A} (P.)

A relevant variational convergence which turned out to be very useful to this goal is the
['—convergence introduced by De Giorgi (see [20] and [19] for an introduction to this
topic). More precisely, the functional Q). : A — [0, +00] can be extended, with a slight
abuse of notation, to a functional Q. : L}(Q2) — [0, +o0] defined +oo outside A, and now
the variational problem is the existence and characterization of @ = T'(L'(Q2)) —lim, o Q..

In the isotropic scalar case, i.e. when ¢ is as in (2), the existence and characterization of
the I'-limit functional was first conjectured by De Giorgi and Franzoni ([20]). Then, this
variational problem was studied in some particular situations by Gurtin ([33]), who also
proposed several conjectures (see also [34]). Following a Gurtin’s conjecture and using
previous I'—convergence arguments contained in [42], Modica ([41]) proved that

20|0F|(Q) ifu=xp € BV(Q), |[ENQ| =V
Qu) = 400 otherwise

(3)

where |0F|(Q2) is the perimeter of E in Q, BV(Q) is the set of functions with bounded
variation in  (see [6]) and

azfolmds, (1)
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(see also [49]). Let us recall that by a well-known De Giorgi’s result
OE|(Q) = H" H(O"E N Q)

where O*FE C OF is the reduced boundary of E and H"! is the (n — 1)—dimensional
Hausdorff measure in R™ (see [6]).

Moreover, in [41] Modica also proved the existence of a sequence (u., )nen of solutions of
the relaxed problems (P, ) strongly converging in L'(Q) as €, | 0 to a function ug = xp
solution of the geometric problem

inf{2aH" N O'ENQ): xg € BV(Q), |[ENQ| =V}. (5)

In particular, this result yields a “selection criterion” singling out a solution uy among
the infinite collection of the ones of the imperturbated classical physical problem

min{/ﬂW(u}dz: we LR, /Qudx:V} (6)

(see [33] for a discussion of the physical meaning of this problem).

These results were generalized by Bouchitté ([14]) and Owen-Sternberg ([47]) to anisotro-
pic functionals (). allowing the function ¢ to be very general but always assuming at least
a coercivity property which, in the case when ¢ is a positive quadratic form, i.e.

q(z,§) = (A(x)§,€) =€ and £ eR", (7)

with A(z) symmetric n X n matrix, amounts to the existence of a constant \g > 0 such
that
(A(2)€,€) > No|¢)* forallz € Q and & € R™ (8)

Under this hypothesis Bouchitté proved in [14] that there exists a limit solution uy = xg
which solves the following geometric problem

inf {20 /Q (Al ve(@) R s X € BY(Q). [EN Q) = vl o

where vg denotes the generalized outward normal to E (see [6]) and « is the constant (4).

The isotropic vector valued-case, i.e. if u : @ — RP and ¢ : 2 x R — [0,400) is as
in (2), was studied by Sternberg ([49]), by Kohn and Sternberg ([38]), by Baldo [9] and
by Fonseca and Tartar ([22]). The anisotropic vector-valued case was also studied by
Barroso and Fonseca ([10]) and recently by Ambrosio, Colli Franzone and Savaré when a
degeneration in the potential W is admitted too ([5]). Moreover, other variations of the
functionals ). in (1) have been studied by Alberti and Bellettini ([2] and [3]), Alberti,
Bouchitté and Seppecher ([4]) and Fonseca and Mantegazza ([21]). Finally, Baldi and
Franchi ([8]) informed us of a I'—convergence result for the family of functionals (Q.). in
the special case when ¢(z,¢) = |€>w(2)'~?/" and w is a strong— A, weight on R”.

In this paper we obtain I"'—convergence results in the case when ¢ : Q x R" — [0, +00) is
a non negative quadratic form, i.e. ¢ is as in (7) but the matrix A(z) is only non negative
definite on 2; in particular (8) may fail. More precisely, suppose that there exists a m xn
matrix C(x) = [¢;i(x)] with Lipschitz continuous entries on R” such that

A(z) = C(z)"C(z) forall x €Q, (10)
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where C(x)T denotes the transposed matrix of C(z), define the A—variation in Q of a
function f € L}(Q) as

IDf|4(Q) = sup { /Qfdiv(cw) dz : b = (1, ..., ) is such that
CTy € Lipg(%R"), [v] <1},

Note that |D f|4(£2) does not depend on the particular factorization (10) (see (27), Propo-
sition 2.1 and Remark 2.3). Finally define

BV4(Q) = {f € LYQ) : |[Df|a(Q) < +oc}.
In a natural way the A—perimeter measure in Q of a measurable set £ C R” is

|0E[4(Q) = [Dxp|a(Q). (11)

Now, let @ : L'(Q) — [0, +00] be the functional

)= { ?FO;L?EM(Q) i)ftﬁe?w)‘fsi,e Pa@. Ena=y (12)
where « is the constant (4).
Then, under assumption (10) we prove that
Q=T(L() - lm Q. (13)

for every bounded open set 2 C R™ with boundary of class C? (see Theorem 3.5 and
Remark 3.6). The proof relies on some preliminary results that have been established in

[43].

The result (13) shows that the definition of the A—perimeter measure |0F| 4 is stable with
respect to I'—convergence. Indeed, only assumption (10), which is satisfied for instance
by all matrices A(x) with smooth entries (see Lemma 2.2), is needed in order to assure
the I'—convergence result.

Under the weak assumption (10) only, the result (13) does not provide a significative
selection criterion to single out preferred solutions among the ones of the limit geometric
problem

inf{2a|0E|4() : ECR" |[ENQ| =V}, (14)

because a minimizing sequence (u., Jpeny of the problems (P,

.,) need not be relatively
compact in L'(Q) if A vanishes on big parts of Q.

On the other hand, we are able to prove a selection criterion providing a control to this
lack of coerciveness by means of a Carnot-Carathéodory (hereafter cc) distance d induced
by the matrix A. This results also requires that the geometry of {2 be smooth in the
metric space (R, d).

Namely, let X (x) = (X;(z), ..., X;n(x)) be the family of Lipschitz continuous vector fields
whose coefficients are the rows of the matrix C(z) in (10), i.e.

n

Xj(x) =) ci(x)d, zeR" j=1,..m, (15)

i=1
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and call X —subunit a Lipschitz continuous curve v : [0, 7] — R™ such that
(3(t), €)% < Z(Xj(v(t)),S)Q for a.e. t € [0,T] and for all £ € R", (16)
j=1

denoting (-, -) the scalar product in R". The cc distance between the points z,y € R™ is
defined as

d(z,y) =inf{T > 0: there exists an X — subunit curve v : [0,7] — R" (17)
such that v(0) = z and v(T') = y}.

If the above set is empty put d(x,y) = +oo. If d is finite on R™ it turns out to be a metric
and the metric space (R",d) is called cc space.

Under the hypotheses

(H1) X is a family of Hérmander or Grushin’s type vector fields (see respectively Example
5.1 and Example 5.2 in Section 5) and

(H2) Q is a bounded open set of class C? and a Boman domain in (R",d) (see Definition
5.4)

we prove that the relaxed problem of (P.) has a solution w. in the anisotropic Sobolev
space HY(Q), the set of functions f € L*(Q) such that X;f € L*(Q) (j = 1,...,m)
in distributional sense (see (69) and Theorem 4.3). Moreover, a sequence of solutions
(e, Jnen is relatively compact in L'(€2), and using the I'—convergence result (13) we show

that, up to a subsequence, it strongly converges in L!(Q2) to a solution uy = x g of problem
(14) (see Theorem 5.8).

We stress that the degeneration makes things deeply different from the coercive case.
Indeed, if the matrix A(x) is not positive definite in €2 the domain of the functional @
defined in (12) may be bigger than the domain of the one in (3). Moreover, Rellich-
Kondrachov compactness theorems for anisotropic Sobolev spaces are critical and depend
on the cc geometry of the domain 2.

Finally, a natural question is whether the geometric problem (14) can be translated in
a minimum problem involving Hausdorff measures induced by the cc distance d. A rep-
resentation of the perimeter measure |0F|4 in terms of Hausdorff measures is in general
not possible (see Section 5 Example 5.15 Remark 5.19), but in some special cases such a
representation is available (see Section 5 Example 5.9).

We would like to notice that the use of cc metrics to control the lack of coerciveness of
a quadratic form is well known in the literature, specially in applications in the setting
of degenerate elliptic PDE’s (see, for instance, [25], [26], [23], [24], [17] and references
therein). In this paper we show that such metrics can be useful also in the study of some
functionals of Calculus of Variations.

We give a short abstract of the paper. In Section 2 we introduce our notation and some
preliminary technical results. In Section 3 we prove the I'—convergence results for the
involved perturbated functionals and in Section 4 we study the asymptotic behavior of
their minimizers and minima. Finally, in Section 5 we give some examples where our
main results apply.
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2. Definitions and preliminary results

Let X = (X1, ..., X;,) be a family of locally Lipschitz continuous vector fields of the form
(15). Let us denote the matrix of their coefficients

C(x) = [cji(2)]j=1,..mi=1,...m, (18)
and let dx = d : R x R" — [0, +00] be the cc metric induced by X according to (17).

The following X —connectivity assumption

(Xc) the metric d is finite and the identity map Id : (R",d) — (R™,|-|) is a homeomor-
phism,

will be discussed in Section 5. In this section we shall introduce some functional spaces
associated with vector fields and recall some properties of cc spaces.

We denote by X7 the operator formally adjoint to X; in L%(R"™), that is the operator
which for all ¢, € C§°(R") satisfies

/ X dr = A VX pdr.

Let Q C R™ be an open set. If f € C'(Q) and p € C'(2;R™), define the X —gradient and

X —diwergence

Xfo=(Xaf, . Xonf), divk(p) ==Y Xjg;.
j=1

If 1 <p < oo we can introduce the anisotropic Sobolev space

HY(Q) = {f € LP(Q) : there exists X;f € LP(Q) for j = 1,...,m,

in distributional Sense}.

(19)
Is is well known that Hﬁ;p (Q) endowed with the norm

by = i) + D 1Xjulr@)
=1
is a Banach space. We shall write H, (Q) := H{*(Q).

We introduce the functions with bounded variation with respect to the vector fields X.
Let
F(Q;R™) := {p € CH(KER™) : |p(x)] <1 for all x € Q}, (20)

and if f € L'(Q) define

IXf(Q):= sup / fdivx (p) dz < 400. (21)
) JQ

pEF(;R™
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The space of the functions with bounded X —variation is
BVx(Q) :={f € L(Q) : |Xf|() < +o0}. (22)

A measurable set £ C R" is of locally finite X —perimeter (or an X — Caccioppoli set) if
XE € BVx(U) for any open set U € R™, namely if

0E|x(U) == [Xxe|(U) < +oo. (23)

By means of Riesz representation Theorem one can prove that if f € BVy(Q) then | X f|
is a Radon measure on ). Moreover, the total variation is lower semicontinuous with
respect to the L*(2) convergence, i.e. if f, fp € L1(Q), k € N, and f;, — f in L}(Q) then

lim inf | X £ ] (€2) > [ X F](8). (24)

Finally, the X —perimeter has the following representation. If £ C R" is an X —Cacciop-
poli set with C! boundary then

OB x(Q) = /8 (Calar, (25)
N

where n(z) is the Euclidean normal to 0F at x and C(z) is the matrix in (18).

We now recall the definition of the space of functions with bounded variation with respect
to a symmetric, non negative matrix, space introduced in [28] (see also [12] for some
general motivations in the case when the matrix is is positive definite).

Let A(z) be a symmetric, non negative n x n matrix defined for x € Q. Let V,, C R" be
the range of A(z), i.e. V, = {A(x)§ : £ € R"}. Denote the linear map associated with
A(z) by L, : V, — V,, ie. L,(§) = A(x)¢ for all z € Q and £ € V,. The map L, is
invertible and it can be easily checked that

v, == (v, L;'0)Y?, v eV,
is a norm on V,. Let
FA(Q) :=={¢ € Lipg(R") : ¢p(z) € V, and |[¢(z)], < 1 for all z € Q}, (26)
and define

|IDf|a(2) := sup /fle dzx, |0F| () := |DxEg|a(2) (27)

YEFA(Q)

and
BVa(Q) == {f € L'(Q) : [Df[a() < +o0}. (28)

An interesting relation between the spaces BVx (€2) and BV4(Q2) is given by the following
result (see 28, Proposition 2.1.7 and Remark 2.1.8]).

Proposition 2.1. If A(z) = C(z)"C(z) for all x € Q for some m x n—matriz C' with
locally Lipschitz continuous entries, then BVx (2) = BV4(Q2), the total variations in (21)
and (27) are equal, and moreover

IXF1(Q) = [Df]4(Q) = inf{ liminf/(Ath,th)1/2 dz : (fi)nen C CH(Q),
oo Ja (29)
ﬁﬁfmﬂmﬁ
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The factorization A = CTC, the matrix C' having Lipschitz continuous entries, is not
always possible. The following lemma gives a sufficient condition (see for instance [48,
Theorem 5.2.3]).

Lemma 2.2. Let A(z) be a symmetric, non negative n X n—matriz with entries of class
C?*(R™) and assume there exists Ng > 0 such that

2
A
|<%x2'(93)£,€>| < Noléf* forallw, & €R™ andi=1,...n. (30)

Then there exists a symmetric n x n—matriz C(x) with Lipschitz continuous entries such
that A(x) = C(x)TC(z) for all z € R™.

Remark 2.3. If A(z) = C(2)TC(x) definition (27) can be equivalently given as

|Df|a(€2) = sup { /Q fdiv(CTy) da 2 o = (Y4, ..., 1by,) is such that
C"y € Lipy (R, [v] < 1}.
Moreover, if A is positive definite on 2, i.e. there exists a constant \y > 0 such that
(A(2)E,€) > No|é|* forallz € Q and € € R,

then BV4(2) = BV() (see [28]). On the other hand, the inclusion BV(2) C BV4(Q)
always holds but it may be strict (see Remark 5.12).

We turn back to cc metries and recall some results that will be needed. Consider a cc
space (R",d). A function f: (R™,d) — R is L—Lipschitz if

[f (@) = f(y)| < Ld(x,y) (31)

for all z,y € R™. In this case we shall write f € Lip(R",d). The infimum of the constants
L such that (31) holds will be denoted by Lip(f).

The following coarea formulas were proved in [28], [30], [43].

Theorem 2.4. Let X, ..., X, € Lip(R";R"™). Then, if f € BVx(Q)

besie) = [ oBL@ 32

o0

where Ey = {x € R : f(z) > t}.
Moreover, if X = (Xu1,..., Xmm) satisfies (Xc), then for every f € Lip(R™,d) and u €

LI(R")
Anu’Xf|dx—[;w<Af:t}udut> dt, (33)

where py = |0F|x is the perimeter measure of the level set Ey.
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The following result shows that, in view of those applications which are local in nature,
we can always assume the vector fields to be bounded and globally Lipschitz on R”. If
xr € R™ and r > 0 define the open Euclidean and cc ball respectively as

B(z,r)={yeR":|ly—x| <r} and Be(z,r)={yeR":d(y,z) <r}.
If K C R”™ define its Euclidean and cc diameter respectively as
diam(K) =sup{|z —y| : z,y € K} and diamg(K) = sup{d(z,y) : z,y € K}.

Proposition 2.5. Let Q C R™ be a bounded open set such that Q € Qo := B(xg,10) with

zo € Qandrg > 0. Let X = (X1,..., X;n), Xj := > .1, ¢ji0;, be a family of vector fields

on €y such that

(1) X, € Lip(Qo;R") forj=1,...,m;

(ii) the cc metric d induced by X on Qq is finite and the map Id : (Qo, d) — (Qo, | - |) is
a homeomorphism.

Then there ezists a family X = (551, ...,X’ern) of vector fields on R™, X'j = > ¢iOi,

and there exists L > 0 such that

- 1/2
(1) |X;(z)| = (Zleaz(x)2> <L forallx e R" and j=1,....,m+n;
(2) |)N(](x) - )N(J(y)| < Llz —y| for allz,y € R" and j =1,....m+n;

(3) X(z) = (X1(2),..., Xpn(),0,...,0) for all z € Q;

(4)  hypothesis (Xc) holds;

(5) let My := sup,cq, | X(x)| and assume that

To
2My

diam(Q2) < % and  diame(§2) <

Then d(x,y) = d(x,y) for all z,y € Q.

Proof. Fix 0 < s < t < 1 and define ©; := B(xg,trg) and Qy := B(xzg, sro). We can
choose s € (0,1) such that Q € Qy. By the Lipschitz extension theorem we can assume
¢;i € Lip(R™) and denote by A a Lipschitz constant for X, ..., X,,,. Define for j =1,....m
and i =1,...,n

bji(z) = max{—My, min{ My, c¢;;(z)}}.
Clearly, b;; € Lip(R"), |bji(z)] < My for all z € R”, and b;;i(x) = ¢j;(z) for all x € Qy,
1=1,...n,7=1,....m.
Let ¢ € C*°(R™) be a function such that 0 < p <1, 9 =0 o0n Qy and ¢ =1 on R™ \ ;.
Define

X]<$> = Zbﬂ(w)@ if j = 1, -~ and
=1
X;(z) = o()0j_p if j=m+1,..m+n.

Let Ly = max{1l, My} and Ly = max{A, max,egrn |Dp(x)|}. If we choose L = max{L, Lo}
then claims (1), (2) and (3) are verified.
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It is easy to check that R" is X —connected, i.e. that for any couple of points z,y € R"

there exists an X —subunit curve connecting them. We prove that (R",d) and (R™,| - |)
are homeomorphic. First of all notice that for all z,y € R"

[z —y| < Ld(z,y). (34)

Indeed, if 7 : [0, 7] — R™ is an X —subunit curve such that 4(0) = z and v(T) = y

r=ol = b =2 = | [ 30| < [ el <

as the subunit condition implies

From (34) it follows that the map Id : (R",d) — (R",|-|) is continuous. We prove
that Id™' : (R™,|-|) — (R",d) is continuous, too. We show that if |z, — 2| — 0 then

d(zp,x) — 0. If z € Qg we can assume z;, € Q) for all h € N, and since d(zp,, ) < d(zp, x),
the claim follows from hypothesis (ii). If z € R™ \ Q we can assume x, € R™\ Q; for all

h € N. And since d(zp,z) < |z, — x| if h is large enough, the claim follows.

We prove (5). Since every X —subunit curve is also X —subunit then d(z,y) < d(z,y) for
all x;y € R". Fix s € (0,1) in such a way that

STo

diam(Q2) < ? and diamg(Q) < V%

and choose 0 < & < (sro/(2My) — diamc (). Let 2,y € Q. Every X —subunit curve
v :[0,7] — R"™ such that v(0) = z and v(T") = y with T < d(z, y) + ¢ is X —subunit (with
the same coefficients). Indeed

T My < (diamg(2) + )My < 8—;()7

and the argument in [37, Lemma 11.1] implies that |y(t) — x| < sro/2 for all ¢ € [0, 7.
Since |[x—x| < s19/2 it follows that |y(t)—xzo| < sro, thatis y(t) € Qy forallt € [0,7]. O

Remark 2.6. From (3) in Proposition 2.5 it follows that if u € Hy?(€) then | Xu| = | X ul
a.e., and hence H\P(Q) = H}p(Q), p > 1. Analogously, |Xu|(Q) = |Xu|(Q) for all
u € BVx(£2) and thus BVx(Q) = BVg(Q).

Remark 2.7. Assume that there exists L > 0 such that
n 5\ 1/2
%@ = (Y e@?) <L (35)
i=1

for all z € R" and 7 =1, ...,m, and

[ X;(z) = X;(y)| < Lz —y| (36)
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forall z,y e R and j =1,....m
Let ¢ > 0 and consider the family of vector fields X, , = (X{,..., X]1, 00, ...,00,) where

n

X;]:Z<le*Jn)al, j: 1,,m

i=1

and (J,),>0 is a family of mollifiers. We claim that

> (X(@), " < ol + D _(X](2),€)° (37)

for all z € R™, for all £ € R™ and for all 0 < n < ¢%/(2mL?), where L > 0 is a constant
such that (35) and (36) hold. Indeed

Z\sruzxn —02\£!2+Z( - X,(0),6) ~ (2.6
>a2|s|2+2 —2|5|er NIX] (@)~ X(2)]

> (0" o I)ef + (X, (0), €

We used | X7 (x) — X;(z)| < Ln.
Now let 7, = 02/(4mL?) and define

Xo=Xon, (38)

The coefficients of the vector fields X, are of class C* and if d, is the cc metric induced
by them then the cc space (R",d,) is actually a complete Riemannian manifold.

3. The results of I'—convergence

This section deals with the I'—convergence results. For a comprehensive introduction to
I'—convergence we refer to [19]. We introduce the involved functionals.

Let W € C%*(R) be a function with two “wells” of equal depth

W(O)=W(1)=0, W(s)>0 if s#0,1, W"(0) >0, W"(1) > 0. (39)

Fix a bounded open set Q C R"™ and for ¢ > 0 define the functionals F., F : L1(Q) —
[0, +o0]
2 1 : 1
F(w) = /Q <5|Xu| + gW(u)) de  if u € HL(Q)
+oo if u € LY(Q) \ HY(Q),

and
Py - { 2010B1x(@) i u = x5 € BV()
| +oo otherwise
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where a = fol VW(s)ds.

Let 0 < V < |Q], introduce the set of admissible functions
AV:{UELI(Q):/udx:V,Ogugla.e. inQ}, (40)
Q

and let I, be the indicator function of Ay, i.e. the function which takes the value 0 on
Ay and 400 outside. Finally, define

ngFa—FIV and G:F+[V (41)

Let (en)nen be a sequence of real numbers such that ¢, | 0 and let G, = G, , F}, = F,.

Theorem 3.1. Suppose that Xy, ..., X,, € Lip,.(R";R"), let W € C*(R) be as in (39)
and let Q C R™ be a bounded open set with C? boundary. Then

G = F(Ll(Q))-hlim Gh,
i.e. by definition
Vu € LY(Q) and Y(up) C LHQ) if up, — u in L'(Q) then G(u) < liminf Gy (uy), (42)

h—o0

Vu € LY(Q) 3(up) € LNQ) such that up, — u in LY(Q) and G(u) > limsup Gy (uy). (43)
h—o0

Remark 3.2. The I'—convergence of the family (F.).~q to F (with W(u) = v*(1 — u)?

and without volume constraint) was proved in [43] assuming the regularity of the vector

fields X7, ..., X;, and of © (¢j; € C°(R™) and Q with C* boundary), and finally assuming

hypothesis (Xc) and an eikonal equation for the cc metric d. Even under all these stronger

regularity assumptions Theorem 3.1 is not implied by the results in [43] since the indicator
function Iy, is not a continuous perturbation of F. in the L(Q) topology.

We begin with a refinement of the approximation theorem for BVy functions which is
necessary in order to bypass the following technical difficulty. In the Euclidean setting one
of the main tools in the approximation of a set of finite perimeter in {2 by means of sets with
regular boundary in R” (not only in ) is the property of a function u € BV(2)NL>*(Q2) to
be extendible to a function u € BV(R"™) N L>*(R") with |Du|(92) = 0, if © has Lipschitz
boundary (see [41, Lemma 1] and [49, Lemma 1]). It is not known if such a property does
hold for BVx(2) functions. Nevertheless, we can prove the following result.

Proposition 3.3. Let Q C R" be a bounded open set with C? boundary, and let E C
be a measurable set such that |0F|x(Q) < +o00 and 0 < |E| < |Q|. Then there ezists a
sequence (Ep)nen of open sets of R™ such that

(i)  Ey is bounded and OF}, is of class C* for all h € N;
(ii) En— E in LYQ);

(i) 10Fn]x(©) — |0F]x(©);

(iv) H" Y OE,NON) =0 for all h € N;

(v) |EnNQ| =|E| for all h € N.

As a first step we prove the following Lemma.
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Lemma 3.4. Let 2 C R"™ be a bounded open set and let E C €2 be a measurable set such
that |OF|x(2) < 400 and 0 < |E| < [2|. Then there ezists a sequence (Ep)nen of open
sets in R™ such that

(i)  Ey is bounded and OE, N Q is of class C™ for all h € N;
(i) E, — E in LYQ);

(iii) |OEWx () — |0E|x(Q);

(iv) |E,NQ| =|E| for all h € N.

Proof. We first show that it is not restrictive to assume int(F) # () and int(Q \ E) # 0.
Recall the definition of interior in measure of a set F' C R"

i : : ’FmB(xarM
tm(F) = e R": th ts lim—————=1;.
inty (F) {x ere exists lim Bla.r)]

Since 0 < |E| < || from Lebesgue differentiation Theorem there exist z; € inty(Q2 \ F)
and x5 € inty(E). Let ro := min{dist(z1, 09), dist(zq, 0Q), |21 — x2|}, and if 0 < rq, 1y <
ro define

p(r1,m2) = [(EU B(z1,711)) \ B(2,72))| — | E|.

If 0 <r <rythen
o(r,0) = |FUB(xy,r)| — |E| > 0,
0(0,71) = [E\ B(zs,7))| - |[E| <0
Since ¢ is continuous, for all 0 < r < ry there exists «,. € (0,1) such that ¢(a,r, (1 —

a,)r) = 0. Define
E, = (FEUB(zy,a,1)) \ B(z2, (1 — a,)r),

and notice that int(E,) # 0, int(Q\ E,) # 0, |E,AE| < 2w,r", |E,| = |E| and
|0E:[x () < [0E|x(Q) + [0B(x1, arr) | x (R") + |0B(22, (1 = ar)r)[ x (R")
<|0E|x(Q) + Cr* 1.

These inequalities and the lower semicontinuity of the perimeter with respect to the
convergence E, — E in L'(Q) as r | 0 imply

|OF|x () < liml(i)nf|3Er|X(Q) < limsup |0F,|x(2) < |0F|x (),
r rl0

and thus equalities hold and |0E,|x(Q2) — |[0E|x(Q2).

We now turn to the proof of the lemma. There exist z; € E, x5 € Q\ F and ¢ > 0 such
that
BlzB(Z’l,To) CE, BQIB(JZ'Q,TO) CQ\E

Using the same notation as in [28, Theorem 2.2.2] write u = yg and let ; = {x € Q :
dist(z,0Q) > 715} for i € N. If k is sufficiently large we can assume that Q is such that
By U By € Q € 2. There exists a sequence (up)peny C C(2) such that

up, —uin L'(Q) and  lim / | Xup(x)| de = |0F|x ().
Q

h—oo
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Such functions may assumed to be of the form

o

up = Z(ugpz) * Je,,

1=0

where (J:)eso is a family of mollifiers, ¢; depend on h and are small, and (p;);en is a
partition of unity of Q subordinate to the covering {Q;;1 \ Qi1 : i € N} (Q_; = (). In
particular ¢y = 1 on 2y and ¢; = 0 on €y if « > 1. Moreover, we can choose ¢; sufficiently
small in order that supp((uep;) * J;,) C Q\ Qq for all i > 1.

If heN, gy <ry/2and x € B(z1,79/2) U B(x,70/2) then

o0

un(x) =Y ((upi) * Jo,) (@) = ((upo) * Joo) (@) = u(z). (44)

=0

For suitable sequences (hy)ken and (fx)ren the sets Ek ={zx € Q:up, (z) >t} are regular
and verify
E, — EinL'(Q) and Jim |0Ek|x () = |0F|x (). (45)

This can be proved exactly as in [43, Theorem 7.1].

The sets Ek can be modified in order that the volume constraint be satisfied. Let A\, =
|Ex| — |E| and define
Ep\ B(xy,75) if A >0
E, U B(l‘g, Tk) if A\, < 0,
where 7 > 0 is such that |B(z1,7%)| = |B(xe,rr)| = | M|
We show that |E, N Q| = |E|. Notice that

Ae| < (ELAE)NQ| =0  as k — oo, (46)

and therefore limy_,., 7, = 0. For k sufficiently large we can assume r < r¢/2. Moreover,
by (44) B(z1,70/2) C E) and B(x2,79/2) C Q\ E), whence

| Bk |
| Bk |

|| — [B(x1, )| = |E| if M > 0,
|Ex| + | B(za, )| = |E| if A < 0.

This proves (iv). From (46) we also get (ii). Indeed
(ELAE) N Q| < (ERAEL) NQ| + |ELAE| < || + [(E:AE) N Q| — 0.

Finally notice that

OEx() = 0Bulx(@ + [ [Cnldr

0B(zi,r)

for i = 1 or ¢ = 2, where n is the Euclidean normal to 0B(z;, ;) and C' is the matrix
C(x) = [(¢ji(x))]. From (45) and r, — 0 we get (iii). O
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Proof of Proposition 3.3. By Lemma 3.4 we can assume without loss of generality
that E2 C €) is an open set such that 0F N is of class C*°. We shall divide the proof in
two steps.

Step 1. Assume that |0F|x(9Q) = 0. In this case
0E|x(R") = [0E|x () + |0F|x(09) + [0E|x (R \ Q)
= |0F|x(Q) < +o0.

Let (J.)e=0 be a family of mollifiers, write u = xg and define u. = u % J.. From [28,
Theorem 2.2.2] it follows that u. — w in L*(R™), lim,|o [{z € R™ : |u.(z) —u(x)| > n} =0
for any n > 0 and lim.|g [, |[Xu.(x)|dz = |0E|x(R"). Moreover, since [0F|x(9) = 0
we also have

lim/ | Xu|de = |0E|x(2).
el Jq

Thus we can proceed exactly as in [41, Lemma 1, proof] replacing the gradient V with
X, the Euclidean perimeter |0E| with |0E|x and taking into account the coarea formula
(33).

Step 2. Assume that [0F|x(092) > 0. We show that for all ¢ > 0 there exists an open set
E. C R” such that |0E.|x(Q2) < oo, |[E-NQ| = |E|, |0F:|x(0) = 0 and

lim |(EAB)NQ[ =0 and  lim OB x(2) = [0 x(€). (47)

Because E is open, 0E N Qis C* and 0 < |E| < (€| there exist x; € E, x5 € Q\ E and
ro > 0 such that By = B(z1,79) C E and Ba(xq,79) C 2\ E. We shall use the technique

introduced in [43, Proposition 6.3, Step 3 ]. For ¢ > 0 fixed let 0 < t, €, and E be as

in [43, (6.8)]. If Q is of class C2 then OE N is of class C1. If £, and o are small enough
then
Bl C Qto NnE and B2 C Qto \ E. (48)

Let Ao = |[ENQ| — |E| (E depends on ¢) and define

E\ B(zy,r.) ifA>0
Eg = E lf )\E — 0
E U B(xg,r.) if A\. <0
where 7. > 0 is chosen in such a way that |B(z1,7.)| = |B(z2,7:)| = |Ac|.

Since B; C E and B, C \ E, arguing as in the proof of Lemma 3.4 we get (i), (iii) and
(iv).

We finally prove that |0E.|x(99) = 0. Since dE. N dQ = (OF U 8B(x;, r.)) N O for
i =1ori=2 with dB(x;,r.) N9 = 0, from the definition of E. we get |0E.|x(9Q) =
|0F| x(89) = 0, because of the definition of E (see [43, (6.10)]). O

Proof of Theorem 3.1. We divide the proof in two steps.

Step 1. Assume that Xi,..., X, € C°(R";R"), j = 1,...,m, and that the family X =
(X1, ..., X;n) satisfies hypothesis (Xc) and let d be the induced cc metric. We also assume
the following eikonal equation:
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(Ek) Let K C R™be aclosed set. If dx (x) := inf e i d(x, y) then Xdg(x) = (Xidk(2), ...,
Xmdg(z)) € R™ exists and | Xdg(x)| =1 for a.e. z € R"\ K.

Under such hypotheses we shall prove the thesis.

The proof of the lower bound estimate (42) is verbatim contained in [43, Theorem 6.5,
proof]. A few modifications will be needed in order to prove the upper bound estimate (43).
By Proposition 3.3 and by [42, Lemma IV] we can reduce to prove (43) for u = xg, £ C R"
bounded open set with C* boundary such that |[E N Q| =V and H* 1 (0Q N IE) = 0.

Define ¢ : R" — [0, +00)

in d E
mind(z,y) w€

o) =q . n
mind(z,y) = €R"\E,

and write xo(t) = X(0,400)(t). Then u(z) = xo(o(x)) for all z € R". Let x : R — R be the
maximal solution of the Cauchy problem

It is easy to see that, as W(0) = W (1) = 0, x is a strictly increasing C? function such
that limy o x(¢) = 1 and lim;__, x(¢) = 0. Moreover, there exist ¢ € R, ¢1, ¢ > 0 such
that (see [49, (1.21)])

1—x(t) <cre @', forall t >t (49)

We follow the proof contained in [43] (see also [12]). Fix ¢ > 0 and write t. = Jelog1/e
where 9 > 3 is a constant that will be determined later. Define the function A, : R — R
in the following way

x(t) fo<t<t
pe(t if e <t <2
A() = 1“ if ¢ > 2e

1 —A(—t) ift <0,
where p. : R — R is the uniquely determined polynomial of degree 3 for which A, €
CH(R)NC>(R\ {+t./e,£2t./e}) (see [13] for the construction of p.) satisfying

21971)

|pe = VLot je2t.se) = Ol and  [pLJuee (e, je 2. se) = O(E™). (50)

Now define x.(t) = A.(t/e) for t € R and v.(x) = x.(o(z)). It is easy to see that
v, € Hy®(Q) and Xwv.(z) = x’(0(z))X o(z) a.e. Then, from [43, Theorem 6.5]

lim/ |ve — u|dx =0, (51)

610 0

limsup F.(v.) < F(u) = G(u). (52)
el0

The functions v, will be now perturbated so as to satisfy the integral constraint without
disturbing inequality (52). Let us begin to show that if 6. = [, v. dx —V, then d. = O(e)
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(see also [49, Theorem 1]). Notice that

55:/Q(vs—u)dx

— [ e -vdes [ o)) - 1ds
{zeQ:0<po(x)<t:} {zeQ:t.<o(z)<2t.}
1—x(—o(x)/e)) dx 1 —p(—o(z)/e)) dx
o @t [ pa@)e)

z€Q:—t-<p(z)<0} € —2t.<p(x)<tc}

Because of (50), if ¥ > 1 the second and fourth integrals are O(e).

We estimate the first one. By hypothesis (Ek) | X | = 1 a.e. on R"™ and using the coarea
formula (32) we get for ¢t >0

VD) = {r € Q: 0 < ola) < 1] = / OF.|x (@) ds

where Fg := {x € R" : p(z) > s}. By the coarea formula (33) and integrating by parts

/{ 0w (1 —x(o(x)/e))dx = /0 6(1 —x(8/€))|0E,|x () ds

(z)<te}

= V(1) (1~ x(@10g(1/9))) + © / CX(s/e)V (s)ds.

By [43, Theorem 5.1] (see also [7]) V*(t) = Lt + to*(t), where L = |0F|x(Q2) and
0t : 0, +00) — R is a function such that

lim sup [6%(s)| = 0.
€l0 sef0,t]

By (49) it follows that V7 (¢.)(1 — x(J1og(1/e))) = O(e) if Yeg > 1. Moreover
L[ st < [T VTRGE
< (L+ sup |67 (s) / svVW(x(s/e))ds

s€[0,te]
S(L+ sup 5%(s))) / /() ds,
s€[0,te] 0

and the integral in the last expression is bounded because of (49). In conclusion, if we
choose ¥ > max{3, 1/cy} this ends the proof of 6. = O(e).

Consider now the family of functions u. = (1 +n.)v. with n. = —d./ |, vedz. Of course,
Us € H}XOO(Q) and u. € Ay since 1 + 7. > 0 and fQ u.dz = V. If we show that

lim sup G (u.) < limsup F.(v.), (53)
€l0 el0

statement (43) will be proved.
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Notice that
1
G(u.) = / <5(1 + ng)Q\ng\z + -W(v. + n€v€)> dx
{z€Q:|o(x)|<2tc} €

+ gwa +1:)|{z € Q: o(x) > 2t}

2
< [Ixupas ne(2+ 1) / N (/2 da
Q < {ze|o(z)|<2te}
1 1
+ - W (ve + neve) dx+gW(1—|—775)|{x € Q:o(x) > 2t.}.

€ J{ze:|o(x)|<2t}

By (39) and by Taylor’s formula

1 Q.
Sl € Qs o) > 2] < Dl

for some & € (1 —n., 1+ n.) and hence this term is O(e). Moreover, since

/ IAL(o/e) P dx < sup |X'|*[{x € Q: |o(z)] < t.}]
{zeQ:|o(x)|<2t:}
+ [P e 1, oot py € st < Jo()| < 2t}

by (50) we get

€ 2 €
AR D) / |AL(o/e)| du = 0.
€l0 £ {zeQ:|o(x)| <2t}

In order to prove (53) it suffices to show that

lim ~ (W (ue) — W(v.)) da = 0.

elo € {zeQ:|o(x)|<2t: }
Indeed, by the Mean Value Theorem there exists 7 > 0 such that

1 £ !
L ) - Wil < el e 0 o) < 2] sup (W)
{z€Q:[o(x) €

€ |<2t.} 5€[0,147]

and the last quantity approaches to zero as € | 0.

Step 2. We prove the thesis under the only assumption Xi,..., X,, € Lip,.(R™R"™).
Thanks to Proposition 2.5 X = (Xj, ..., X};,) may be assumed to satisfy (35) and (36).
For o > 0 let X, be the family of vector fields defined in (38), i.e.

Xy = (X1, ., X7 00, ...,00,) = (X7, ..., X5,

Now, X7 € C*(R™R") for all j = 1,...,m + n, these vector fields are bounded on R"
and by (37)

Z(Xj(x),@? <) (X7(2),)* forall z,{ € R (54)
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The cc distance d, induced on R™ by X, is a Riemannian metric and since the vector
fields are bounded (R",d,) is a complete metric space. Hypothesis (X,c) holds, and by
[43, Theorem 3.1] the family X, satisfies the Eikonal hypothesis (Ek).

Therefore the first step of the proof does apply to the functionals G? : L}(Q) — [0, +o0]
1
2 : - 1
G () = 5/9 | Xou|® de + . /QW(u) dov ifuw € Hy ()N Ay (55)
+00 otherwise.

Precisely, for all o > 0
F(Ll(Q))-h?Oq G?=@G", (56)

where G7 : L}(Q2) — [0, +00] is the functional

o o 201|8E|X0(Q) 1fu:xE c BVXU(Q)HAV
G7(u) = { +00 otherwise. (57)
By the vector fields’ form
Hy () =H'Y(Q) c Hx(Q), forallo >0,
and then by (54)
G.(u) < G%(x), for all u € L'(Q) and for all £, > 0. (58)

Let G',G" : L}(Q) — [0, +0o0] be respectively the lower and upper I'—limits of (G.).>o
(see [19, Chapter 4]), i.e. if u € L1(Q)

G'(u) = T(LY(Q))- lirgllénfGE(u),
G"(u) = T(LY(Q))-lim sup G.(u).

€l0
Then, from [19, Proposition 6.7], (58) and (56)
G'(u) < G"(u) < G(u) for all u € L*(Q) and for all & > 0. (59)
We claim that
G(u) < G'(u) for all u € L(Q). (60)

Indeed, by [19, Proposition 8.1] we have to prove that for every u € L'(f2), for every
sequence (up)neny C L'(Q) strongly converging to u in L'(Q) and for every sequence
(en)nen of real numbers such that €, | 0

G(u) < li}{n inf Gy, (up),

and this can be done exactly as in [43, Theorem 6.5, proof] where only the coarea formula
(32) is involved.

Define

D = {xg : E C R" bounded open set, 0E € C*, |[ENQ| =V, H" 1 (0E N dN) = 0},
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and notice that D C BVx, () for all ¢ > 0. If u = xg € D then from (25)
G’ (u) = 2a|0E|x, () = Qa/ |Con| dH™ 1, (61)
OENQ
where C7(x) is the (m + n) x n matrix of the coefficients of the vector fields X7’s as in
(18), and n is the Euclidean normal to OF.
In particular, from (61) we get for all u = xg € D

hmG%@zQa/ Ol dH™ = G(u), (62)
OENQ

ol0

being C(x) the matrix of the coefficients of the vector fields X;’s. On the other hand,
from (60), (59) and (62)

G(u) < G'(u) <G"(u) < G(u) forall u € D,

whence
G(u) = F(Ll(Q))—ligl Ge(u) forall u € D. (63)
Applying (60), (63), Proposition 3.3 and the Reduction Lemma [42, Lemma IV] we finally

find
G = F(Ll(Q))— lim G..

€10

]

The last result in this section deals with the I'—convergence of functionals defined with

degenerate quadratic forms. Let A(z) be a symmetric, non negative matrix and consider
the functionals @, Q. : L'(Q) — [0, +oc] defined as

8/<ADU,DU>CZZL’+§/W(U)CLT ifueCHYQ)NAy
Q Q

400 otherwise,

Qc(u) = (64)

and
Qu) = { 20|0E|4(2) ifu=xg € BVa(Q) NAy

+00 otherwise,

(65)

where V', Ay, W and « are as in Theorem 3.1.

Theorem 3.5. Let Q2 C R™ be a bounded open set with C?* boundary and let A(z) be a
symmetric, non negative n X n—matriz , i.e. (A(x)§,&) > 0 for all x,& € R™. Suppose
that A has C* entries and satisfies (30). Moreover, assume that there exist C > 1, uy > 0
and p > 1 such that

CHulP < W(u) < ClulP  for all |u| > ue. (66)

Then
Q = I(LY(9))-lim Q.. (67)
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Remark 3.6. When the matrix A is positive definite on §2, i.e. there exists Ay > 0 such
that (A(z)&,€) > \|¢]? for all z € Q and £ € R™ Theorem 3.5 is well known under the
only hypothesis of continuity of the matrix entries (see [14] and [12]).

In the degenerate setting we are dealing with, requiring the matrix A to be of class C? is
necessary in order to assure the factorization A = CTC as in Lemma 2.2. Actually, the
assumptions on A in Theorem 3.5 can be weakened requiring only A(z) = C(z)TC(xz) for
all z € Q and for some m x n matrix C'(z) with Lipschitz continuous entries. Without
such a factorization we do not know if Theorem 3.5 still holds.

Proof of Theorem 3.5. By Lemma 2.2 there exists a n x n matrix C'(x) with Lipschitz
continuous entries such that A(x) = C(z)TC(x) for all x € R™. Let Xi,..., X,, be the
family of vector fields whose coefficients are the rows of the matrix C(x) (see (18)). By
Proposition 2.1 we can write the functionals (). and () as follows

Q.(u) = €/Q|X7~b|zdil?—|-é/QVV(u)dac if u e CYQ)N Ay

400 otherwise,

and
Qu) = +00 otherwise.

By a general I'—convergence result (see [19, Proposition 6.11]) (67) holds if and only if

Q = I(L1(Q))-limse™ (LY(Q))Qe, (68)

€l0

where sc¢™ (LY(Q))Q. : L'(2) — [0, +00] is the relazed functional of Q. with respect to the
topology of L1(Q).

Recalling Theorem 3.1 we only have to prove that for every € > 0

1
Xul?dz + = de if u € HY(Q
Go(u) = €/Q| ul :v—i—g/QW(u) r ifue Hy(Q)NAy

+00 otherwise.

s (L'(Q))Qe(u) =

(69)

The inequality sc™(L'(Q))Q.(u) > G.(u) follows at once by a well known characteriza-
tion of the relaxed functional (see, for instance, [19, Proposition 3.6]) and by the lower
semicontinuity of G. with respect to the topology of L!(Q2). We claim that

sc” (LM(2)Q.(u) < G.(u)  for all u € LY(Q). (70)

If G.(u) = +oo there is nothing to prove. Let u € HY ()N Ay be such that G.(u) < +o0.
The growth condition (66) implies v € LP(Q). Since u € HY () by [28, Theorem 1.2.3]
there exists a sequence (vp)neny C CH(2) NHL(Q) such that v, — u in HY (). Moreover,
as u € LP(Q2) and the technique of approximation by convolution is involved, it is not
restrictive to assume that v, — w in LP(Q). Let ¢, = fﬂudx/ fQ v, dr and define v, =
chup. Then uy, € HY(Q) N Ay, up — v in H(Q) and

wp — o in LP(9). (71)
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By (66), (71) and Carathéodory continuity Theorem (see [19, Example 1.22])

lim Wuh dx—/W

h—o0

Eventually
s¢” (LY(2)Q.(u) < hmmf( / | Xup|? do + — /W up, d;c)
<a/|Xu|2d$—i— /W )z = G.(u).
This proves (70). As a consequence, (69) and (68) do hold. O

4. Convergence of minima and minimizers

In this section we study existence and asymptotic behavior of minima and minimizers of
the functionals G, and ). defined in (41) and (64). To this purpose we recall the following
fundamental variational property of I'—convergence (see [19, Corollary 7.20]).

Theorem 4.1. Let (M, o) be a metric space and let F, Fy, : M — [0,400] be such that
F = T'(M)-limp,_.oo Fy. Let (ep)nen be a sequence of real numbers such that e, | 0,
and let (up)pen C M be a relatively compact sequence of e,—minimizers, i.e. Fj(up) <
infy; By, + e, for all h € N. Then

0P = B,

(11) every cluster point u € M of (up)pen s a minimum of F, i.e. F(u) = mij‘I} F(v).
vE

In order to apply Theorem 4.1 a fundamental tool will be the compact embedding of
HYP(Q) in L?(Q) which will be discussed more in detail in Section 5. An open set Q C R™
will be said to support the H;p(Q)—compact embedding, 1 < p < 400, if

(C), the embedding HY?(Q) — LP(Q) is compact.

In the Euclidean case the compact embedding is known to imply a Poincaré inequality
(see, for instance, [32]). Following the same proof an analogous result for vector fields can
be obtained.

Proposition 4.2. Let X = (Xy,...,X,,) be a family of Lipschitz vector fields on R™
satisfying (Xc). Let Q C R™ be a connected bounded open set. If (C), holds for 1 <p <
+oo then there exists C' > 0 such that

/Q\u—uQ|pdx§C/Q]Xu]pdx (72)

for all u € HYP(Q), where ug = ][ udx.
0

Let G. be as in (41). The first result of this section is the existence of minima for the
functionals G, and the compactness of the family of such minima.
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Theorem 4.3. Let X = (Xy, ..., X,,) be a family of Lipschitz vector fields on R™ satisfy-
ing (Xc), let Q C R™ be a connected, bounded open set such that the compact embedding
(C)2 holds, and finally let W : R — R be a function satisfying (66) for some p > 2. Then
for all € > 0 there exists u. € Ay such that

Ge(ue) = in, G (w). (73)
If, in addition, Q2 supports the compact embedding (C), then the family {u. : ¢ > 0} is
relatively compact in LY(Q).

Let G be the functional defined in (41). Choosing M = L*(Q), F), = G,, and F = G in
Theorem 4.1 and taking into account Theorem 3.1 and Theorem 4.3 we get the following
Corollary.

Corollary 4.4. Let X, Q and W be as in Theorem 4.3. Moreover, assume that Q) is of
class C* and W satisfies (39). Let (p)nen be a sequence of real numbers such that ey, | 0.
Then:

) th /st in G Ii Ge, (u);
(i) ere exists ugﬁ}?ﬂ) (u) = Jim uenﬁ}?ﬂ) L (U);

(ii) if (un)nen is a sequence of minimizers of (Ge,)hen (Ge,(un) = mingeri(g) Ge, (1))
then there exist a subsequence (up,)jen and a function ug = xp € BVx(2) such that
up, — g in LN(Q) and G(ug) = minger1 (o) G(u).

Proof of Theorem 4.1. The proof can be essentially carried out as in [41] and we shall
only sketch the main steps.

The existence of u. € Ay such that (73) holds can be proved by the direct method
of Calculus of Variations. To this aim we have to check that G. : L'(Q) — [0, +oc]
is lower semicontinuous and coercive (see, for instance, [19, Theorem 1.15]). The lower
semicontinuity and the coerciveness follow as in the classic case by the compact embedding
(C)2, by the Poincaré inequality (72) and by Fatou Lemma.

Let us prove that the family of minima {ue : € > 0} is relatively compact in L'(2). Define
v € CYR) by p(t fo VW (s)ds, and let v.(x) := ¢(u-(z)) € HY(Q). By (66) and

arguing as in [41, Prop081t10n 3 proof] we get the existence of two positive constants cs, ¢y
such that

/ ve dr < e3]Q| + 4G (u.)  forall e € (0,1),
Q

and moreover
, 1 , 1 1
Xo|dr = | ¢ (u)|Xue|de < = (8]Xu€| + —W(us)) dr = ~G.(u.).
Q Q 2 Q e 2

If we show that G.(u.) < C < +oo for all ¢ > 0 and for some C' > 0, then the set

{v. : £ > 0} is bounded in HY' () and hence relatively compact in L'(Q) by the compact
embedding (C);. The function

ifx; <o, —¢
+2i€(:131—5a) ifd, —e<x1 <6.+¢
ifﬂ?lzég—l-{f

we(x) =

O =
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belongs to HY(Q2) for all ¢ > 0 and for all 6. € R. Since 0 < V < [Q], 6. € R can be
chosen in such a way that w. € Ay. If z € (6. — ¢,0. + &) x RN Q then

m

Xua(@) = 3 (X (z)? = 4i Z e (2))? < O

J=1

Moreover W (w.) < supeoq W(t) and thus
1
Ge(w.) = / <a€|Xwg|2 + —W(wa)>da:
QN{dc—e<x1<bc+<} €

C
gE|Qm{5€—e<x1<66+e}|§O<+oo.

This proves that G.(u.) < C' < o0 for all € > 0.

Since the set {v. € L}(Q) : € > 0} is relatively compact there exist v € L'(Q) and &5, | 0
such that v., — v in L'(Q2). The function ¢ is strictly increasing and thus there exists
= ¢ 1 € CYR). Define u(z) := ¢(v(z)) and notice that u., = ¥(v.,). Arguing as in
[41] we finally get u., — u in L'(Q). O

Let V and Ay be as in (40) and let Q. be the functionals defined in (64). The second
result of this section deals with the compactness of ().’s minimizers.

Theorem 4.5. Let 2 be a connected, bounded open set, let A(x) be a symmetric matriz
of functions on R™ and letY = (Y1, ..., Y;) be a family of Lipschitz continuous vector fields
on R™ satisfying the connectivity hypothesis (Yc). Assume that:

(i)  A(z) has entries of class C*(R™) and satisfies (30);

(it) (A(x)S,€) = 325 _1(Yj(2),)* for all z,§ € R™;

(111) the compact embeddings (C); and (C)a hold with X =Y relatively to §2;
(iv) the function W in the functional Q. satisfies (39) and (66).

Let (ep)nen be a sequence of real numbers such that e, | 0. Then every sequence (up)pen of
en,—minimizers of Q. (i.e. Qe, (up) < infyea, Qe, (v) +er) is relatively compact in L*(Q).

Remark 4.6. The requirement on A to be of class C? is necessary in order to assure the
factorization A = CTC as in Lemma 2.2. Actually, assumption (i) in Theorem 4.5 can be
weakened requiring only A(x) = C(z)TC(x) for all z € Q for some m x n matrix C(z)
with Lipschitz continuous entries (see also Remark 3.6).

Let @ be the functional defined in (65). Choosing M = LY(Q), F, = Q., and F' = @ from
Theorem 4.1 and Theorem 4.5 we get the following Corollary.

Corollary 4.7. Let Q, A andY be as in Theorem 4.5. Assume that Q has C? boundary
and that W satisfies (39) and (66). Let (en)nen be a sequence of real numbers such that
en 1 0. Then:

(i)  there exists min Q(u) = lim inf Q. (u);

ueLl(Q) h—o0 ueL1(£2)
(11) if (un)nen is a sequence of e,—minimizers of (Qe, )nen then there exist a subsequence
(un;)jen and a function uy = xp € BVa(Q) such that uy, — uo in LYQ) and
Q(uo) = minyer (o) Q(u).



R. Monti, F. Cassano / Degenerate Perturbations of a Two-Phase Transition Model 25

Proof of Theorem 4.5. By assumption (i) Lemma 2.2 can be applied and arguing as
in the proof of Theorem 3.5 we conclude that

/ (chxuf* + %W(u)) de ifueCHQ) N Ay
Q

+00 otherwise,

Qe(u) =

for a suitable family X = (X, ..., X},) of Lipschitz continuous vector fields. Moreover, for
every € > 0 and for all u € L!(Q)

s (LH(Q))Qe(u) = Ge(u),

being sc™ (L' (02))Q. the relaxed functional of Q. with respect to the L'(2) topology and
G, the functional defined in (41).

On the other hand, by assumptions (ii) X can be assumed to satisfy (Xc), and by (iii)
(C)1 and (C)2 can be assumed to hold relatively to X and €. Theorem 4.3 can be applied.
As pointed out in the first part of the proof of Theorem 4.3 G, is coercive with respect to
the L*(Q2) topology and from a well-known result of relaxation theory (see, for instance,
[19, Theorem 3.8]) there exists

weL () Gen(u) = uelLrPEQ) Qe ()

The thesis follows. 0

5. Examples and applications

In this section we give some important examples of families of vector fields to which our
results of Sections 3 and 4 apply. Moreover, we study in detail a couple of examples that
often play a paradigmatic role in the theory of cc spaces.

Example 5.1 (Hérmander vector fields). Let X =(X, ..., X,,) with X; € C*°(R™";R")
and denote by L£(X7, ..., X,,) the Lie algebra generated by such vector fields by iterated
commutators. If the Chow-Hormander condition

rank £(X7, ..., X;n)(z) =n  for every z € R, (74)

holds, then X satisfies (Xc). Vector fields of this type were introduced in [36] and a deep
study of the induced cc metric can be found in [46].

Example 5.2 (Grushin’s type vector fields). Let X = (X3, ..., X,,) and X; = \;(2)0;,
j=1,...,nwith \; € Lip,,.(R"), A\; > 0. Assume that:

i) M =1land N\(z) =Nz, .., 2j21), § = 2,...,m;

(i) A € CHR™\II;) where IIl; = {z € R" : z1 - ... - ;1 = 0};

(ili) Aj(x) = Aj(21, .o, |2g], ooy xjoq) forall k=1,...,j — 1 and j =2, ..., n;

(iv) there exist positive constants ajj, such that 0 < 2,0\ j(x) < ajpA;(z) for all x €

R"\ 11,
The vector fields X satisfy (Xc). Vector fields of this type were introduced in [25], [26],
[23]. In the special case \y = ... = A\, = 1, A\iy1 = ... = A, = X they were studied

in [24] even under less restrictive assumptions on the regularity of A. This class can be
considered as a “weak-extension” to the non smooth case of Hérmander vector fields given
in Example 5.1.
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We introduce some basic notions on regular domains in metric spaces (see [18] for an
account of recent results in this argument and see also [51]). The following definition
gives a generalization of the well known “interior cone property” of domains in Euclidean
spaces to domains in a general metric space (see, for instance, [37, §9] and [17]).

Definition 5.3. Let (M,d) be a metric space. A bounded open set Q@ C M is a John
domain if there exist xg € 2 and C' > 0 such that for every x € (2 there exists a continuous
rectifiable curve parameterized by arclength v : [0,7] — Q, T > 0, such that v(0) = z,

Y(T) = zo and dist(y(t),00) > Ct.

If B is a ball in the metric space (M, d) and A > 0 with AB we denote the ball with same
center as B and radius A\—times that of B. The following definition extends the “Boman
chain condition” to metric spaces (see [30, Definition 1.4] and see also [37, §9]).

Definition 5.4. Let (M, d) be a metric space and u a positive Borel measure on M. A
bounded open set 2 C M is a Boman domain if there exists a covering {B : B € F} of
Q) with balls, and there exist N > 1, A > 1 and v > 1 such that:

(i) ABcCQforall BeF;

(ii) every point of €2 belongs to at most NV balls AB with B € F;

(iii) there exists a central ball By € F such that for any B € F there exists a chain of balls
By, ..., By such that By = B, BiNB; 11 # 0, u(B;iNB;y1) > 1/N max{u(B;), u(Biy1)}
and B CvB; forallt=0,1,..., k.

Definitions 5.3 and 5.4 turn out to identify the same class of domains in homogeneous
metric spaces with geodesics (see [15], [30, Theorem 1.30] and [37, Proposition 9.6]).

Theorem 5.5. Let (M,d) be a metric space endowed with a positive Borel measure .
Assume that:

(i)  every couple of points can be connected by a geodesic;

(i1) there exists a constant 6 > 0 such that 0 < pu(B(x,2r)) < éu(B(x,r)) < +oo for all
ze M andr > 0.

Then, the class of John domains equals that of Boman domains.

In the examples we shall consider condition (i) is true, and condition (ii) is also true
choosing p to be the Lebesgue measure. Boman domains are of special interest because
of the following Compactness Theorem which is proved in [30]. The metric space is a cc
space (R", d) endowed with Lebesgue measure.

Theorem 5.6. Let (R™,d) be the cc space induced by a family X = (Xq,..., X)) of
Hérmander or Grushin’s type vector fields (see Examples 5.1 and 5.2). If Q C R"™ is

a Boman domain then for all 1 < p < +oo the embedding HY"(Q) — LP(Q) is compact.

Remark 5.7. Theorem 5.6 may fail if 2 is not a Boman domain in (R",d). Indeed, it is
known that even for open sets {2 C R"™ with boundary of class C**° the Poincaré inequality
(72) is no longer true (see, for instance, [35] and Remark 5.18).

From Theorems 5.6 and 4.5, Remark 4.6 and Corollary 4.7 we get the following result.
Let Q., @ be as in (64) and (65) and let W be a function which satisfies (39) and (66).
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Theorem 5.8. Let Q2 be a connected, bounded open set of class C?, let A(z) be a matriz
of functions on R™ and let Y = (Y1,...,Y,) be a family of Hormander or Grushin’s type
vector fields on R™. Assume that:

(i) A(x) = CT(x)C(x) for all x € Q where C(x) is a m x n matriz with Lipschitz
continuous entries on R";

(it) (A)S,€) = 325 _1(Y;(2),)* for all z,§ € R™;

(111) € is a Boman domain in (R™,d), where d is the cc metric induced by the family of
vector fields Y .

If (up)nen s a sequence of ep,—minimizers of Qe, (Qe,(up) < infyea, Q- (u) + €5 with
en | 0) then there exists a subsequence (up,)jen and a function ug = xg € BVa(Q2) such

that up, — ug in L'(Q) and Q(up) = minyer1 o) Q(u).

We shall now study in detail two examples of vector fields which are respectively of
Hormander and Grushin’s type. In particular, we shall see that in these cases a suitable
Euclidean regularity of the domain € also provides its intrinsic regularity with respect to
the induced cc metric (see Theorems 5.10 and 5.17).

The first example is the Heisenberg group, a Lie group whose origins can be found in
quantum mechanics (see [50, §11]). The quadratic form associated with the Heisenberg
vector fields is degenerate at every point of the manifold.

The second example is the so called Grushin’s space where the degeneration of the
quadratic form is concentrated on a small set but the coefficients of the vector fields
may not be regular of class C* for k > 1. Moreover, there is no Lie structure compatible
with the cc metric of the Grushin space (see also Remark 5.19).

Example 5.9 (Heisenberg group). In R?"™! we shall write the coordinates (z,y,t) €
R?"*! with z,9y € R® and ¢ € R. The Heisenberg vector fields are

Xj = 8%. + Qyj(‘?t, Y; = ayj - 2x]0t ] = ]_, Ny (75)
which satisfy the commutation relations

[Xi, X;] =0 and [Y;,Y;] =0, foralli,j=1,...,n,
X, Y]] =0, for all 4,5 =1,....n, i # j (76)
[X;,Y:] = —40, foralli=1,...,n.

The vector fields X7, ..., X,,, Y1, ..., Y, are a system of generators of the left invariant Lie
algebra of R?"*! when endowed with the Lie group product

(z,y,t) - (&0, 1) = (@ + &y +nt+7+2((y, &) — (x,n))). (77)

The group (R?"!,-) is usually called the Heisenberg group and denoted by H". This group
is homogeneous in the sense that it admits a one parameter family of automorphisms
Oy : R2TL — R2HL N > 0, given by dy(x,y,t) = (A, Ay, \’t). Lebesgue measure is the
Haar measure of the Heisenberg group. Moreover, for any measurable set £ C R?***! and
A > 0 we have |0)(E)| = \V|E| with N := 2n+2. Here |-| stands for the 2n-+1-dimensional
Lebesgue measure on R?"*1. The integer N is called the homogeneous dimension of H".
The vector fields (75) satisfy Hormander condition (74) and therefore induce on R***! a
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Carnot-Carathéodory metric d verifying (Xc). (R*"*! d) is a metric space with Hausdorff
dimension equal to N (see [40]).

The Heisenberg gradient is Vg = (X1, ..., X, Y1, ..., Yy), and if f € CY(R**1) we can

write
n

Vaf? =Y (X;f)* + (Y;f)’ = (BV, V),

J=1

where B is the (2n + 1)—square matrix with variable entries

I, O 29T
B(z,y,t)=1[ 0 I, —2zT : (78)
2y —2x 4(|z)* + |y|?)

and I, is the identity (n x n)—matrix. Notice that det(B(z,y,t)) = 0 for all (z,y,t) €
R2"*1: the degeneration of the quadratic form B is distributed at every point of the space.

Let now  C R?"*! be an open set. According to definition (19) denote by Hy(Q) =
H% (Q) the Sobolev space associated with the family of vector fields X = V.

Examples of Boman domains in the Heisenberg group are provided in [30] and [17]. The
following Theorem proved in [44] and Theorem 5.5 give a general sufficient condition for
a domain to be Boman.

Theorem 5.10. Let Q) C R?"* be a bounded open set with boundary of class C*. Then
Q s a John domain.

Remark 5.11. There are open sets which are John domains without being of class C?.
Examples are Carnot-Carathdédory balls which are always John domains in general cc
spaces (see [30]).

Let £ C H" be a measurable set. According to definition (23) denote by |0E|u(f2) :=
|OE|x () and by BVi(Q2) = BVx () respectively the Heisenberg perimeter of £ and the
space of the functions with bounded variation associated with the family of vector fields
X = V.

Remark 5.12. The space BV(Q), i.e. the space of the functions with bounded variation
in Q, is strictly contained in BVig(Q) (see [29, Example 1]).

The measure of a surface in the Heisenberg group can also be computed by means of
suitable Hausdorff measures. Define the (N — 1)—dimensional spherical measure of a set
A C R*FL a5

+o0

+o00
S§i7H(A) = lim inf{wv — 1)) (diam(B;)N": A c | B, diam(B;) <4,
i=1 =1

B; C R2n+1}
where 7(N —1) is a geometric constant, B; are closed balls in (R?*"*!, d) and diam(B;) is the

diameter of B; with respect to d. We already noticed that the metric space (R***! d) has
Hausdorff dimension N = 2n + 2 and thus N — 1 is the correct “surface dimension”. The



R. Monti, F. Cassano / Degenerate Perturbations of a Two-Phase Transition Model 29

link between perimeter and spherical Hausdorff measure is given in the following theorem
first proved in [29] when the Heisenberg group is equipped with a metric equivalent to
the cc metric d. Later, in [39] the same result was obtained for the cc metric d.

Theorem 5.13. Let E C R*! be a measurable set and let Q@ C R**! be an open
set. Assume that |0E|g(w) < +oo for every open set w € Q. Then there exists a
Borel set OfE C OF (called the H—reduced boundary of E in Q) such that |0E|g(A) =
Sév_l(aﬁE N A) for every Borel set A C ). Moreover, if E is an open set with boundary
of class C* then [0E|u(Q) = S H(OENQ).

We finally come to the applications of the results obtained in Section 3 and Section 4.
Let W € C?*(R) be a function which satisfies (39) and (66) and let V and Ay be as in
(40). For € > 0 consider the functionals G., Q. : L}(Q) — [0, +o0]

1
/ (e\VHuF + EW(u)) drdydt if uw € Hi(Q) N Ay
Q

—+00 otherwise,

Ge(u) =

and
/ <5<ADu, Du) + éww) drdydt it u € CY(Q) N Ay
Q

400 otherwise,

Qe(u) =

where A = A(x,y,t) is a symmetric, non negative definite (n x n)—matrix of C? functions
on R™ verifying (30) and for some positive constant C' > 0

(A(z,y,1)€,8) > C(B(x,y,t)€, &) for all (z,y,t),& € R*,
and B is the matrix (78).
Analogously, G, @ : L'(Q) — [0, +oo] are the functionals defined by

| 4o otherwise,

and
| Hoo otherwise,
where |0E|4 is the perimeter measure defined in (11) and a = fol VW(s)ds.

Then from Theorems 3.1, 3.5, 4.3, 4.5, 5.6, 5.10 and from Corollaries 4.4 and 4.7 we get
at once the following result.

Theorem 5.14. Let  C R?>"*! be a connected, bounded open set of class C?. Then:
(i) T(LYQ))-lim.oG. = G;

(ii) T(LY(Q))-lim.jp Q. = Q;
(iii) for all e > 0 there exists u. € Hy(Q) N Ay such that G.(u.) = Hﬁ?g) Ge(u).
ue
Moreover, let (ep)nen be a sequence of real numbers such that €, | 0. Then:

(iv) the sequence (ue, )nen is relatively compact in L*(Q);
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(v)  any sequence (ve, nen of en—minimizers of (Qe, )nen 18 relatively compact in L (Q);

(vi) there ezist a subsequence (ughj )jen of (ue, )hen and a function ug = xg € BVi(Q)
such that ue, — uo in LY(Q) and G(ug) = min,er1 (o) G(u);

(vii) there exist a subsequence (Uahj)jeN of (v, )hen and a function vo = xp € BVa(Q)
such that ve, — vo in L'(Q) and Q(vy) = miner1 o) Q(v).

Example 5.15 (Grushin vector fields). In this example we shall study a particular
case of the vector fields introduced in Example 5.2.

In R™ we shall write the coordinates (z,y) with € R"! and y € R. Consider the vector
fields
Xl - 8&017 '-'aXn—l = aacn,p Xn = |x|ﬁay7 (79)

where 3 > 1 is a fixed real parameter. If 3 is not an even integer the Hormander condition
(74) can not be applied because the vector fields are not smooth. Nevertheless, according
to Example 5.2 the vector fields induce on R™ a well defined cc metric d that was first
introduced in [25]. The estimates proved in this paper show that the distance d satisfies
hypothesis (Xc).

The Grushin gradient is X = (X, ..., X,,). If f € C'(R") we can write

n

X f gl =) 1Xif (@) = Vo (@,9)P + |20, f (z, )

=1

= (B(x)Vf(z,y),Vf(z,y)),

where B is the (n x n)—matrix

B(z) = ( ]"0—1 ’x?% ) . (80)

Clearly, det(B(z)) = |z|*® is zero when x = 0.

If Q C R” is an open set the Sobolev space HY(Q) is defined as in (19). Recall the
Definition 5.4 of Boman domain and the Definition 5.3 of John domain. Here the metric
space is (R™, d) where d is the cc metric induced by the vector fields (79), and we put
on R” the Lebesgue measure. According to Theorem 5.5 and Theorem 5.6 if 2 C R”
is a John domain then the embedding H?(Q) < L?(Q) is compact. An answer to the
problem of finding Boman domains in (R",d) is given in [45]. We introduce a definition.

Definition 5.16. Let 2 C R” be a connected open set with Lipschitz boundary such
that 99 is of class C! in a neighborhood of every point (0,y) € 99.

A point (0,y) € 992 will be said flat if there exist a neighborhood V of (0,y) and a
neighborhood U of the origin in R"~! such that 92NV = {(z,p(x)) : z € U} for some
p € CYU;R) with Vip(0) = 0. A flat point (0,y) € 9Q will be said 3—admissible if there
exists a constant C' > 0 such that

IVo(z)| < Clz|’  forallz el (81)

Finally, Q will be said §—admissible if flat points in 02 are f—admissible or if {2 has no
flat points.
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For example, the cube I = {(z,y) € R : |y|, |x;| < 1, fori=1,...,n—1}is f—admissible
for all § > 0. Condition (81) states that in a neighborhood of the singular line {(x,y) €
R™: x = 0} the boundary 052 is suitably flat in connection with the power of degeneration
of the quadratic form B(z).

The following theorem, which is a special case of the results proved in [45], and Theorem
5.5 show that f—admissible domains support the compact embedding Hy? () < LP(1).

Theorem 5.17. If Q) C R" is a B—admissible domain then it is a John domain.

Remark 5.18. If ) is a f—admissible domain then by Theorems 5.17, 5.5, 5.6 and by
Proposition 4.2 it supports the Poincaré inequality (72) for all 1 < p < +00. Fix n = 2,
B =3and Q = {(z,y) € R? : 2? < y < 1}. Then Q is of class C* in a neighborhood
of the origin but it is not f—admissible. Taking u(z,y) = y~3/* it can be easily checked
that

/ | Xu|? dedy = / |2[*|0,ul?* dedy < +oo  but / lu|? drdy = +o0,
Q Q Q
and the Poincaré inequality (72) with p = 2 does not hold (see [35]).

The space BVx(Q2) of the function with bounded X —variation is defined as in (21) and
(22). As usual, |0E|x(Q2) denotes the X —perimeter of a measurable set £. If E C R”
has Lipschitz boundary then by (25)

OB x(Q) = / Xn| dH"
OENQ

where
1/2

X,y = (Ina(,9)? + 22|, (@, 9)?)

and n = (ng,n,) € R" x R is the unit normal to F which is defined H" !—almost
everywhere on 0F.

Remark 5.19. Differently from the Heisenberg group (see Theorem 5.13) the metric
space (R", d) has not a metric dimension constant at every point and a representation of
the perimeter in terms of a unique intrinsic Hausdorff measures is not available. Indeed,
let n =2 and X = (X3, Xy) with X; = 0, and Xy = 20,. Then it is easy to see that
the Hausdorff dimension of (R?,d) is N = 2. The set F = {(z,y) € R? : 0 < z,y < 1}
has Lipschitz boundary and |0F|x(R?) < 4o00. On the other hand, it is easy to see
that the Hausdorff dimension of OE N {(z,y) € R™ : = 0} is 2 whereas the one of
OEN{(z,y) € R™: x>0} is 1 (see also [43]).

We finally come to the applications of the main results of Section 3 and Section 4 to this
example. Let W, V, Ay and a be as in Example 5.9. The functionals G, G, : L}(Q) —
[0, +00] are as in (41) but considering the Grushin vector fields X = (0,,, ..., Ox,_,, |]%8,).
Let A(z,y) be a matrix as in Example 5.9 such that

(A(x,y)E, &) > C(B(x)&, &) for some C' > 0 and for all (z,y),¢ € R™,

where B(x) is the matrix (80). Let Q, Q. : L*(©2) — [0, +-00] be defined as above, as well.
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Theorem 5.20. Let Q C R™ be a connected bounded open set of class C* and assume
that it is f—admaissible. Then all statements (i) — (vii) of Theorem 5.14 hold replacing
HL(Q) with HY () and BVgr(Q2) with BVx(Q).
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