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We prove existence, uniqueness, duality results and give a characterization of optimal measure-preserving
maps for a class of optimal transportation problems with several marginals with compact support in
R under the requirement that the cost function satisfies a so-called monotonicity of order 2 condition.
Explicit formulas for the minimizers are given and links with some rearrangement inequalities are sketched.

1. Introduction

Optimal transportation problems (with two marginals) have received a lot of attention
in the last decade mainly for two reasons. The first one is that since the seminal paper
of Brenier [2] and his polar factorization theorem, our understanding of the geometry
of the problem, of existence, uniqueness and duality issues has radically improved. We
refer the reader of course to Brenier [2], to Mc Cann and Gangbo [6] and to Gangbo
[5] who developed a dual approach that is of particular interest in the present article.
The second reason results from the importance of mass transportation problems in very
different applied fields: probability theory and statistics [15], [14], fluid mechanics [3],
shape optimization [1], interacting gases [12], mathematical economics [10], [4] to name
only a few.

In contrast, there are only few known results on existence of solutions to Monge’s problem
with several marginals. Gangbo and Swi@ch in [7] however completely solved the problem
in the case of a particular (quadratic) cost function and with several marginals with
support in R™. In the present article, we restrict ourselves to the case of marginals
supported on the real line but consider a wider class of transportation costs than in [7].

1.1. Monge’s optimal problem with several marginals in R

We first recall that, given a probability space (€2, .4, 1), a measurable space (€', A’) and
a measurable map s : € — €', the push-forward of u through s, denoted by sfu is the
probability measure on (2, .4") defined by:

stu(B) := (s~ (B)) for every B € A'.

Assume now that we are given n + 1 Borel probability measures (uo, . .., i,) on R and a
cost function f, our aim is to study the following problem (Monge’s optimal transportation
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with n + 1 marginals in R):

(M) infC(s /ft51 Yy Sn(t))dpo(t)

sel
where
[':={s=(s1,...,5,) each s;: R — R is Borel, and s;#1o = p; fori =1,...,n}.

In the sequel, given some subset K of R*, we shall denote by C°(K,R) the space of
continuous real-valued functions on K. In what follows, given a Borel measure, with
support K C R and h a real-valued p-integrable function that is only defined on K,
slightly abusing notations, we shall write fR hdyp instead of [ w hdp that is we will extend
h by 0 outside K.

Closely following Wilfrid Gangbo’s approach developed in [5] to prove Brenier’s theorem
and extended in [7] for a certain class of transportation problems with several marginals,
our analysis is based on the study of the dual problem. This dual problem is the
optimization program:

(D) sup F(h Z / b))

heH
with

H:={h=(ho,...,hn) : hi € C°(T},R) for i = 0,...,n, and

> hi(t) < flto, ... L) for all (to, ... 1) € Ty x ... x T,}
i=0

and T; := supp(p;), ¢ =0,...,n.

1.2. Assumptions and main result

In what follows, we will assume that each measure u; has a compact support and that pg
does not charge points (simple examples show that otherwise I' could be empty):

T; is a compact subset of R for:=0,...,n (1)

po({t}) =0, for all t € Ty, (2)

The main assumption on the cost function f is the monotonicity of order 2 condition,
introduced and discussed in the next section. We further assume that

feCT,R) (3)

where
T =Ty x...xT,.
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Let us remark at this early stage that if s € I' and h € 'H then by the very definitions of
I' and ‘'H we have

hence
inf(M) > sup(D). (4)

Further, if s € I' and h € H are such that F'(h) = C(s) then s solves (M) and h solves
(D). Note also that (4) implies that the value of each problem is finite.

The main results of the paper may be summarized as follows. If conditions (1), (2), (3)
are satisfied and if f is strictly monotone of order 2 on 7' (see Definition 2.1), then we
have:

(M) admits a unique (up to g - a.e. equivalence) solution s = (s1, ..., s,),

each component s; of s is nondecreasing,

(D) is dual to (M) in the sense that inf(M) = sup(D),

(D) admits solutions and if h = (hg,...,h,) € H solves (D) one has for ug - a.e.
te Tgi

+Zh si(t)) = ft,s1(t), ..., sp(t)).

In the next section, the monotonicity of order 2 assumption on the cost function is intro-
duced and some preliminary results are given. In Section 3, we study the dual problem.
In Section 4, we state and prove the announced existence, uniqueness, duality and charac-
terization results. Section 5 is devoted to two concluding remarks, in particular we relate
the monotonicity of the solution of (M) to Hardy-Littlewood’s rearrangement inequality.

2. Preliminaries
2.1. Monotone functions of order 2

In what follows (ey,...,e,) denotes the canonical basis of RP.

Definition 2.1. A real-valued function g defined on some nonempty set A of R? is strictly
monotone of order 2 on A if for all (i,5) € {1,...,p}? with ¢ # j, for all z € A, for all
t > 0 and all s > 0 such that (z + te; + sej, x + se;,x + te;) € A% one has:

g(z + te; + se;) — g(x + sej) < g(x + te;) — g(x).

Note that if g is of class C?, and A is convex, a sufficient condition for g to be strictly
monotone of order 2 on A is that all second order derivatives 0;;g with 7 # j are negative.
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This requirement holds for instance in the case (considered in [7]) A = R? and:
g(x1, ... xp) == Z (z; — x;)*.
1<i#j<p

Note also that Definition 2.1 does not imply partial concavity of g, that is concavity of
the partial functions z; — g(z1,..., 7, ..., x,) with fixed (z;);4 (e.g. exp(z; —x3) in R?
o(x1)(x) with ¢ convex increasing, and 1) decreasing...).

We shall use in the sequel two elementary lemmas.

Lemma 2.2. Let A and Ay be two nonempty compact subsets of R, let g be a continuous
strictly monotone of order 2 function on Ay X Ay, let fo € C°(As,R) and let

fi(xy) == mig; (g(x1,x2) — folxs)), for all x1 € A;.

Then there exists a subset Ny of Ay which is at most countable and a nondecreasing map
v from Ay to As such that for all x1 € Ay \ Ny and all xo € Ay one has:

Ji(zy) + fa(wa) = g(1, 22) <= 12 = Y1 (21).

Proof. Let us firstly note that in the definition of f;, the inf actually is achieved. Sec-
ondly, let us set

B = {(z1,72) € Ay x Ay : fi(m1) + falz2) = g(21,72)}
and let ((z1,72), (y1,y2)) € B2 We then have

g(r1,22) — folws) <

< g(x1,92) — fa(y)
91, y2) — falye) <

(y1, 22) — fa(w2)

which implies g(x1, z2) — g(y1, 2) < g(x1,y2) — 9(y1,y2). This latter inequality together
with the strict monotonicity of order 2 of g imply that (7 — y1)(z2 — y2) > 0.

9
g

For all 1 € A; define then

v—(x1) :=inf{zy € Ay : (z1,22) € B}
Y4 (21) :=sup{zy € Ay : (71,72) € B}.

From the above, v_ and v, are non decreasing and if (z1,31) € A? with z; < y; then
v—(y1) > v4(x1). Since A, is bounded, the set {x; € Ay : v4(x1)—7—(21) > €} is finite for
every € > 0, hence v_ = 7, except on an at most countable subset of A;. Defining v, as a
selection of the set-valued map z; € Ay — [y_(x1),7v4+(21)] (so that 4 is nondecreasing)
there exists a subset N; of A; which is at most countable such that if z; € A; \ Ny, then
(x1,22) € B if and only if 25 = v (x1). O

Lemma 2.3. Letpe N, p>2, let Ay,..., A, be nonempty compact subsets of R, let g
be a continuous strictly monotone of order 2 function on Ay x ...x A,, let f, € C°(A,,R)
and define for all (xq,...,2p_1) € Ay X ... X Ay_q:

V(zy,...,2p—1) = inf g(xy,...,2p-1,2,) — fp(xp).
TpEAp

Then V' is continuous and strictly monotone of order 2 on A; x ... x A,_;.
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Proof. The continuity of V is straightforward. To prove strict monotonicity of order
2, what one has to prove is: for all (i,5) € {1,...,p — 1}* with ¢ # j, for all z =
(T1,...,xp_1) € A X ... x Ay q, all t > 0 and all s > 0 such that (z + te; + se;,x +
sej,x +te;) € (Ap X ... x Apq)?

V(x +te; +sej) +V(x) < V(x+te) + V(x+ sej). (5)
For (y,z) € (A1 X ... x A, 1)? let us observe that

V(y) +V(z) = inf  (gyr,-- 9p) + 921, 2p) = [olUp) — fo(2p)) -

(Yp2p)EAZ

Using the facts that the infimum is attained in the previous expression and that g is
strictly monotone of order 2 on A; x ... x A,, we immediately get that (5) holds, hence
V' is strictly monotone of order 2 on Ay x ... x A, . O

2.2. From H to H,

Let us denote for all i = 0,...,nand all t := (t¢,...,t,) € T, m;(t) := ¢; and let us observe
that h € ‘H if and only if

hi(m) <inf{f(t) = > hi(ty) : t€T, m(t) =7}

0<j<n, j#i

foralli =0,...,n and all 7; € T;. In view of the maximization problem (D) this suggests
to pay special attention to the elements of H for which there are equalities in the previous
system of inequalities. To that end we define:

Ho:={heH:Vi=0,...,n, V1, €T},
hi(m) =inf{f(t) = > hty): t €T, m(t) =7}}.

0<j<n, j#i

Nonemptiness of H, and the natural role of H, in problem (D) follow from:

Lemma 2.4. Let h = (ho,...,h,) € H. Then there exists k = (ko, ..., k,) € Ho such
that k; > h; fori=20,...,n.

Proof. Define for all 7y € Tj:

n

9o(70) := inf{ f(t) — Z hi(t;) : t €T, m(t) = 7o}

j=1
since h € 'H, go > ho.

Define then inductively for i =1,...,n and 7; € T;:

gi(r) == f{f(t) = > " g;(t;) = > hylt;) : t € T, my(t) = 7}

J<t J>i
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Assuming 1 < i < n — 1, by the definition of g;, for all ¢t € T one has
gi(ts) < F(8) =D git;) = > hy(t;)
j<i j>i
which can be rewritten as

hiva(tiv1) < f(1) Z 9;(t Z h;(t;)

j<i+l j>it1
Taking the infimum in (¢1,...,¢;,t;40...t,) of the rightmost member of this inequality,
we exactly get h; 11 < giy1.

This proves that g; > h; for © = 0,...,n. Note also that by construction of g, one has
g=1(90,---,9n) EH.

Define now, for all 7y € Ty:
ko(ro) == inf{ f(t) = > g;(t;) : t € T, mo(t) = o}
j=1

Obviously, since g € ‘H, kg > go. Define then inductively for i = 1,...,n and 7 € T;:

ki(1;) = inf{ f(t) Z kj( Zg] cteT, m(t) =1}

Jj<i 7>

As previously, one has k; > g; (> h;) for all . We aim to prove now that k; < g; for all i.
This actually follows from the definition of k;, g; and the fact that for given i, k; > g, for
Jj <iand g; > h; for j > i. Hence we have k; = g; for ¢ = 0,...,n, so that for all 7 and
all i € ﬂ

ki(r;) := inf{ f(t) Zk cteT, m(t) =mn},

J#i
and hence k = (ko, ..., k,) € Ho and k; > h; for i =0,...,n. [

2.3. Properties of H

Lemma 2.5. Let h € Hy. Then there exist a subset N of Ty which is at most countable
and n nondecreasing maps sy, ..., s, from Ty to Ty, ..., T, such that for all ty € To \ N
and all (ty,...,t,) € Th x ... x T, one has:

Zh to,tl,...,tn)<:>ti:Si(to),f0Ti:1,...,n
Proof. Let (ty,...,t,) € T be such that

Zh Ftosty, . tn). (6)
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Since h € Hy, (6) can be rewritten as

ho(to) = jnf Vi(to,ty) — I (ty) = Vilto, t1) — hu(ta), (7)
1 1
where
Vi(to, t1) :== oo tn)lenijX...XTn flto,ti,ta o tn) — Z hi(ts)- (8)

i=2
Applying Lemma 2.3 inductively we obtain that Vj is strictly monotone of order 2 on
Ty x T, and using Lemma 2.2, we obtain the existence of a nondecreasing function s; :
To — T and of an at most countable set N; C Tj such that if ¢y € Ty \ Ny and t; € T}
then condition (7) is equivalent to t; = s1(tp). A similar argument for variables o, ...,
completes the proof. n

Lemma 2.6. Let h € Hy, let N C Ty and let (s1,...,8,) be as in Lemma 2.5. Let
i€ {l,...,n}, let p; € C°(T},R) and define for e > 0 and all ty € Ty:

(tl ..... tn)GTl X...XTh

hg(to) = inf f(to, tl, PN tn) - Z h](t]) - 6(,01(150
j=1
Then for every ty € Ty \ N one has

lim (85 (t6) — ho(to)] = —i(si(to)).

e—=0+ €
Proof. Since h € H,, it is obvious that ||hj—ho|| = 0(¢). Now, let tg € Ty\ N, according
to Lemma 2.5, we have:

n

ho(to) = f(to, s1(t0), - -, su(to)) = Y _ hi(si(to)).

i=1
Let also (#5,...,t5) in 11 X ... x T,, be such that

n

ho(to) = f(to, 15, t5) — Z hi(t7) — epi(t7) (9)

i=1

and consider a cluster point (1, ...,t,) of (¢5,...,t5). Passing to the limit in (9) yields

ho(to) - f(to,tl, e ,tn> - Z hl(tl)

and since ty € Ty \ N this implies t; = s;(to) for all 7, hence (s1(ty),. .., Sn(to)) is the
only cluster point of (¢5,...,t5). Since T; is compact for all 4, (¢5,...,t5) converges to

(s1(to), - - -+ snlto))-
Further, since h € Hj, one has

n

ho(to) < flto, 15, - 15) = Y halt5) = h§(to) + eilt;) (10)

=1
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and by the definition of h§ we have

n

ho(to) < f(to, s1(to), -+, sn(to)) — th’(si(to)) —epi(si(to)) an

= ho(to) — epi(si(to)).

Rewriting (10) and (11) as

g 1 g
—ilt7) < Zlho(to) — ho(to)] < —¢ilsi(to))
and using the convergence of t5 to s;(ty), we get the desired result. O

3. The dual problem
3.1. Existence

Proposition 3.1. Problem (D) admits at least one solution. Moreover if h € H is a
solution of (D), then there exists k € Hy such that h; = k; p; - a.e. fori=0,...,n.

Proof. The second statement follows from Lemma 2.4. Now note that Hy and the linear
functional F' are invariant under any transformation of the form

h:(ho,,hn)’—>(h0+)\0,,hn+)\n)
With
Moy An) €R™and > "X =0

=0

together with Lemma 2.4, this in particular implies that for any h € H there exists k € HJ)
such that F(k) > F(h) where

HY = {(ho,...,hn) € Hy : mTaXh1 =... :rr%axhnzo}.

Let us prove that H) equipped with the sup norm

[l = max (max [h)

=U,..., i

is compact in C%(Tp,R) x ... x C%T,,R) (which will prove the existence result since
F is of course continuous with respect to that norm). The fact that H] is closed in
CTy,R) x ... x C°(T,,R) equipped with the sup norm is obvious.

Let h € HY. Since h; < 0 for i > 1 one has
ho(t()) 2 Iﬂjlnf for all t() S To.
Now taking ¢; € T; such that h;(t;) = 0 for i > 1 and any t, € Ty, we get

ho(to) < f(to,t1, ... tn) < mj@Xf-
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Now let ¢ > 1 and ¢; € T;. Since h; < 0 for j > 1, we have

hz(tz) Zlnf{f(tl, ce ,tn) — ho(to) 1t e T, W,(t) = tz}

>min f — max f.
> min f — max f

Hence HY is bounded.

Now let (tg,ty) € T¢ and let (¢y,...,t,) and (¢,...,t,) bein Ty X ... x T,, and such that

ho(to) = f(to,- - ta) = Y hilts), holty) = f(th, .- 1) — Y hi(t}).
=1 =1
We have:
ho(to) <f(to,th ... 1) — > hi(t])
=1

and similarly
hO(t6) < h‘O(t0> + f(té)a t1,. .. 7t7L) - f(th l1y ... 7t7I)

Consequently

|ho(to) — ho(ty)| < sup |f(to, 1, s tn) — f(to b1, tn)l.

Similar arguments yield for all ¢ > 0 and all i € {0,...,n}
sup{|hi(t:) — hi(t))] + (i, 1) € T7, |ti — 1] < e} < w(e),

where
w(e) = sup{|f(t) = f(")| : (t,") € T? ||t —=¥| <e}.

Uniform continuity of f implies that w(e) goes to 0 as e goes to 0. This proves that H
is uniformly equicontinuous. Since HJ is bounded, Ascoli’s theorem implies that HJ is
compact. N

3.2. Euler-Lagrange equation

Proposition 3.2. Let h € Hy be a solution of (D) and let s := (s1,...,5,) be as in
Lemma 2.5. Then s € I' and s is a solution of (M).

Proof. Let h € Hy be a solution of (D) and s := (s,...,5,) and N be as in Lemma 2.5,
that is, for all ty € Tj

n

ho(to) —+ Z hz(sz(tO)) = f(to, 51(t0)7 e ,Sn(to)) (12)

=1
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and N C Tj is at most countable and such that for all ¢, € To \ N and all (¢1,...,t,) €
T x...xT,

th(tl) = f(to,tl, e ,tn) =t = Si(to),fOI' 1=1,...,n.
i=0
Since po does not charge points, by (2) we have
fo(N) = 0. (13)
Let i € {1,...,n}, let p; € C°(T};,R) and define for £ > 0
hi == hi +ep;, h = h;forall j € {1,...,n} withi # j

and for all ¢, € T

It is immediate to check that h® := (h§, h5,...,hS) € H. Since h solves (D), we have for
alle >0

(R () - () <0,

equivalently

| ettt + [ () = halto)ldottn) < 0.

To

Lemma 2.6 and (13) yield then

lim L[R2 (to) — ho(to)] = —pi(si(ts)) fio - acc. o € T

e—04 €

this, in turn, with Lebesgue’s dominated convergence theorem and the fact that ||h§ —
holleo < €l|illoo yields

/T. pilti)dpui(ti) S/ wi(si(to))dpo(to).

To

Changing ¢; into —p; we indeed obtain equality in the previous inequality. This proves
that for all i € {1,...,n}

/T. ©i(t)dp;(t;) = /T wi(si(to))duo(to), for all o; € C°(T;, R).

Hence s;ftjg = p; for alli € {1,...,n}, ie, s=(s1,...,8,) € I'.
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To prove that s solves (M), note that by (12), (4) and the fact that s € I we have

C(s) = . f(to, s(to))dpo(to)

— /T (ho(to) + Zhi(si(to))) dpo(to)

i=1

:Z/ hidp; = F(h)
i=0 Y Ti

=sup(D) < inf(M).
This proves that s is a solution of (M) and that the duality relation inf(M) = sup(D)
holds. O

4. Existence and uniqueness of optimal measure preserving maps

Finally, our main results can be summarized as

Theorem 4.1. If f is strictly monotone of order 2 on T and if (1), (2), (3) hold, then
we have:

1) problems (M) and (D) admit at least one solution;
2) (D) is dual to (M) in the sense:

sup(D) = inf(M);
3)  the minimum in (D) is attained by some h = (hoy, ..., h,) € Ho;
4)  there exists a Borel map s = (s1,...,8,) from Ty to Ty x ... x T, which satisfies:

ho(t) + Z hi(si(t)) = f(t,s(t)), for all t € Ty,

s €I, each s; is nondecreasing and s is a solution of (M);
5)  wuniqueness also holds: if 5 is a solution of (M) then s =73 pg - a.e..

Proof. The statements 1), 2), 3) and 4) have already been proved. The last thing to
prove is uniqueness. Assume that 5 = (51,...,5,) € I" also solves (M). We then have

inf(M) = C(5) = i f(to, 3(to))dpo(to)
=sup(D) = F(h) = Z/T hidjpi;

:/T (ho(to) + Z hi(gi(to))> dpo(to)-

But since h € ‘H for all ¢ty € Ty we have

n

f(to,5(t0)) = ho(to) + D hi(Si(to))

=1
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hence

f(to,5(t0)) = ho(to) + Y _ hi(5i(ta)) po - ae. to € Ty,

=1

Using Lemma 2.5 this finally implies s = s pq - a.e.. O

5. Concluding remarks

We end this paper with two remarks. The first one is related to the Monge-Kantorovich
problem associated with (M). The second one gives the explicit form of the solution via
rearrangement formulas.

The Monge-Kantorovich problem which is naturally associated with (M) is

(MK) inf/T/T... ; f(to, .- ta)dulto, ... ts)

HEA
where A is the set of all Borel probability measures, p, on T such that
mitu = p; for i =0,... n.

(MK) is a natural linear relaxation of (M). Theorem 4.1 actually implies that the
infimum of (MK) equals the supremum of (D). More interesting is the fact that the
infimum of (MK) is achieved at a measure p whose support essentially is one dimensional.
More precisely the graph of the map ¢ty € Ty — (to, s1(to), - - -, Sn(to)) (where we recall
that each s; is nondecreasing) has full measure for . Otherwise stated, one has

Z hi(t:) = f(1) p - ae. t,

where h is a solution of (D).

Theorem 4.1 states that each component of the solution s of (M) is nondecreasing. To-
gether with the requirement that s belongs to the constrained set I', this actually allows
us to compute s in terms of rearrangements. Indeed, the condition s;fiig = p; and the
fact that s; is nondecreasing on 7T; yield the rearrangement-like explicit formulas

Si(tO) = 1nf{tz el uz(tz) > to} Lo - a.e. Ty (14)

where

w;(t;) = inf{ty € Ty : po([to, +00)) < p;([ti, +00))}. (15)
The fact that u; is well-defined comes from assumption (2). Now note that the fact that
s given by formulas (14), (15) is a solution of (M) can be intrepreted as a form of Hardy-
Littlewood’s inequality. Indeed, assume that we are given n bounded Borel real-valued
functions on Ty, (z1,...,2,), and set u; = z;fpy for ¢ = 1,... n. If we define s; by
formulas (14), (15) for i = 1,...,n, we can see that each s; is a monotone rearrangement
of x; and the optimality of s tells us that

/f(to,xl(to)w-wiﬁ'n(to))duo(to) > /f(toasl(to)a---aSn(to))duo(to)a

which is nothing but a slight refinement of Hardy-Littlewood’s inequality. Finally, we
notice that the uniqueness part in Theorem 4.1 implies that the previous inequality is
strict unless each z; is nondecreasing.



G. Carlier / On a Class of Multidimensional Optimal Transportation Problems 529

References

[1] G. Bouchitté, G. Buttazzo, P. Seppecher: Shape optimization solutions via Monge-
Kantorovich equation, C. R. Acad. Sci. Paris, 324(10) (1997) 1185-1191.

[2] Y. Brenier: Polar factorization and monotone rearrangements of vector valued functions,
Comm. Pure Appl. Math. 44 (1991) 375-417.

[3] Y. Brenier: The dual least action problem for an ideal, incompressible fluid, Arch. Rational
Mech. Anal. 122(4) (1993) 323-351.

[4] G. Carlier: Duality and existence for a class of mass transportation problems and economic
applications, Adv. Mathematical Econ. 5 (2003) 1-21.

[5] W. Gangbo: An elementary proof of the polar factorization of vector-valued functions, Arch.
Rational Mech. Anal. 128 (1994) 381-399.

[6] W.Gangbo, R. J. McCann: The geometry of optimal transportation, Acta Math. 177 (1996)
113-161.

[7] W. Gangbo, A. Swiech: Optimal maps for the multidimensional Monge-Kantorovich prob-
lem, Comm. Pure Appl. Math. 51(1) (1998) 23-45.

[8] G. H. Hardy, J. E. Littlewood, G. Polya: Inequalities, Reprint of the 1952 edition, Cam-
bridge Mathematical Library, Cambridge University Press, Cambridge (1988).

[9] V. Levin: Abstract cyclical monotonicity and Monge solutions for the general Monge-
Kantorovich problem, Set-Valued Analysis 7 (1999) 7-32.

[10] V. Levin: Reduced cost functions and their applications, J. Math. Econ. 18 (1997) 155-186.

[11] R. J. McCann: Existence and uniqueness of monotone measure-preserving maps, Duke
Math. J. 80 (1995) 309-323.

[12] R. J. McCann: A convexity principle for interacting gases, Adv. Math. 128(1) (1997) 153
179.

[13] J. Mossino: Inégalités Isopérimétriques et Applications en Physique, Hermann, Paris (1984).

[14] S. T. Rachev: The Monge-Kantorovich mass transference problem and its stochastic appli-
cations, Theory Prob. Appl. 29 (1984) 647-676.

[15] S. T. Rachev, L. Riischendorf: Mass Transportation Problems. Vol. I: Theory; Vol. II:
Applications, Springer-Verlag (1998).

[16] R. T. Rockafellar: Convex Analysis, Princeton University Press (1970).



