Journal of Convex Analysis
Volume 11 (2004), No. 1, 209-234

On the Regularity of the
Convexification Operator on a Compact Set

Rida Laraki*

CNRS, Laboratoire d’Econométrie de I’Ecole Polytechnique,
1 rue Descartes, 75005 Paris, France
laraki@poly.polytechnique. fr

Received February 9, 2001
Revised manuscript received December 12, 2003

Let cox () denote the convexification operator on bounded real functions on a convex compact set X.
Several necessary and sufficient conditions for the operator cox (+) to preserve continuity and uniformly
Lipschitz continuity are established.

In the special case of a finite dimensional topological vector space, it is shown that (1) the preservation
of continuity is equivalent to the closeness of the set of faces of X and (2) the uniform preservation of
Lipschitz continuity is equivalent to X being a polytope.

Introduction

Let E denote a real vector space and X be a convex subset of E. Denote by B(X) the
set of bounded real valued functions on X. The convezification operator on X, cox (),

is from B(X) to itself. It associates to a function f the greatest convex function smaller
than f. Explicitly, for f in B(X) and z in X

cox (f) (z) :=sup{g(x) : g € S(X),9(-) < f ()}

where S(X') denotes the set of bounded real valued convex functions on X and g (-) < f(+)
means that g(y) < f(y) for any y in X.

The main goal of this paper is to establish topological conditions on the geometry of X
for the operator cox () to preserve continuity or uniformly Lipschitz continuity.

Two results in the literature are related to the preservation of continuity. In both cases
E is assumed to be a finite dimensional topological real vector space:

e  Theorem 10.2 and Theorem 20.5 in Rockafellar, 1970, imply that if X is a polytope?,
any bounded and convex function on X is uppersemicontinuous. Since for any com-
pact set X, the function coy (f) is always lowersemicontinuous when f is continuous
(Choquet, 1969, Proposition 26.13, see Proposition 1.3 below), we deduce that the
preservation of continuity by cox (-) holds in the case when X is a polytope. This
result could be deduced from our tools (see Example 3 below).

e Kiruskal, 1969, gives an example of a 3-dimensional compact set X and a continuous
function f on X for which cox (f) is discontinuous (Example 1 below). This is due
to the fact that the set of extreme points? of X is not closed.

*Part of this work was done when the author was affiliated with Modal’X (Université Paris-10 Nanterre),

then with Ceremade (Université Paris-9 Dauphine).

1 X is a polytope if it is the convex hull of finitely many points.
2An extreme point of X is a point that cannot be the middle of a non trivial segment in X.
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Throughout this paper, (E, 7) will be assumed to be a Hausdorff topological vector space®.
Also, (X, 7) will be supposed to be compact, locally convex and metrizable. Let d, denote
some distance on X compatible with 7. Sometimes, (E, 7) will be supposed to be normed.
In such a case, ||-||. will denote some norm on E compatible with 7. Finally, let d be some
distance on X not necessarily related to 7 (hence X is not supposed to be d-compact).

For a topology T on E and a distance d on X, the operator cox (+) preserves T-continuity at
z if the image of any 7-continuous function on X is 7-continuous at . The convexification
operator uniformly preserves d-Lipschitz continuity if there exists a constant p > 0 such
that the image of any d-Lipschitz function with constant 1 is d-Lipschitz with constant
p. Finally, this operator exactly preserves d-Lipschitz continuity if the image of any d-
Lipschitz function with constant 1 is d-Lipschitz with constant 1.

The main results are:

e A necessary and sufficient 7-topological condition on X for the preservation of 7-
continuity by cox (-). It is called 7-Splitting- Continuous (Definition 1.12).
For the special case when E is a finite dimensional vector space, our characterization
is simpler and is more close to the intuition behind Example 1 of Kruskal; it is shown
that the preservation of 7-continuity by cox (-) is equivalent to the 7-Faces-Closed
condition on X? (Definition 1.10) which is proved to be strictly stronger than the
Kruskal necessary condition (the 7-closeness of the set of extreme points of X, see
Example 2 below).

e A sufficient d-condition for the uniform preservation of d-Lipschitz continuity by
cox (+), called d-Splitting-Lipschitz (Definition 1.13).
In particular, it is proved that when X is a polytope and if ||-|| is some norm on
Vect(X)5 then X satisfies the ||-||-Splitting-Lipschitz condition. More precisely, re-
stricted to a finite dimensional normed space E, being a polytope is proved to be a
necessary and sufficient condition on X for the uniform preservation of ||-||_-Lipschitz
continuity by cox (-). This Lipschitzian characterization of finite dimensional poly-
topes is related to one given in Walkup & Wets, 1969, (Section 9.1 below).

e If (X,7) is a countable product of simplices of Choquet (Definition 1.14), a norm
|-l %, on Vect(X) is constructed and is proved that cox (-) exactly preserves ||-|| -
Lipsé:hitz continuity. 7

The structure of the paper is as follows. In Section 1 the convexification operator is
defined and its equivalence, in our framework, with the 7-closed convexification operator
is established. Next, the new concepts (7-Splitting-Continuous, 7-Faces-Closed and d-
Splitting-Lipschitz) are defined and the main results are stated. Sections 2 to 4 are
devoted to the preservation of continuity. Section 5 provides several examples showing
that our results are tight. Sections 6 to 10 deal with the uniform preservation of Lipschitz
continuity. Finally, Section 11 concerns extensions and open questions.

3Note that when E is finite dimensional, such topology 7 is unique.

4Condition 7-Faces-Closed requires that the 7-Kuratowski-limit set of any convergent sequence of faces
of X is also a face of X.

5The smallest real vector space containing X.
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1. Preliminaries
1.1. A geometric formula for the convexification operator

Here is recalled a well known geometric representation formula for the convexification
operator. No topological assumption is needed. Let denote the set of finite-support
probability-measures on X by A%. This is the set of all probability-measures o of the
form " «;0,, where a; >0, Y ", a; = 1, x; € X and 0, denotes the Dirac mass at ;.
For fin B(X) and 0 = )" | a;d,, € A%, define

(o, f) = Z%‘f(xi)

The barycenter (or the resultant) r(o) € X of 0 = > " | ;0 € A% is

m
r(o) = Z T,
i=1

hence, r (+) defines a function from A% to X. Finally, the set of finite-support probability-
measures that are centered at x is

Ay (z) =71 z) = {0 € A% :7(0) = 2}

Proposition 1.1. For any function f in B(X) and x in X, cox(f)(z) satisfies the fol-
lowing formula,

cox(f)(xz)= inf (o, f).

oEA% ()

Proof. Let us recall the proof of this standard result. Note that for any function g convex
and smaller than f, z in X and o € A% (z),

(0,9) < (0, f) and
o g(x) < (o, g) (Jensen’s inequality).

Thus any g convex and smaller than f satisfies

g(x) < inf )(a, ).

oEAY (x

It suffices now to check that the bounded function h(z) := inf,eas () (0, f) on X is also
convex and smaller than f. This is an easy consequence of the fact that 6, € A% (z) and
that for any « in [0, 1] and (21, 22) in X x X,

alA%(zy) + (1 — a) A (xe) C A (az; + (1 — a) z2).

1.2. The 7-closed convexification operator

Here is recalled the well known topological result according to which cox (f) is 7-lowersemi-
continuous for every 7-continuous function f on X (Choquet, 1969, Proposition 26.13).
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Define a regular positive T-measure on X as to be a bounded o-additive positive measure
w on the 7-Borel sets of X that satisfies u(A) = sup{u(B) : B C A, where B is 7-
compact}. The cone of regular positive 7-measures on X is denoted by M*(X,7) and
the real vector space of reqular T-measures on X is M(X,7) := MT(X,7) — MT(X,7).
Finally, denote the set of regular T-probability-measures on X by Ax . and the set of
T-continuous functions on X by C(X, 7). Note that M (X, 7) is in duality with C(X,7),
where for 0 € M(X,7) and f € C(X, 1), the duality crochet is

(0, f) = /X f(2)o(dz).

Hence, let w(7)* denote the associated weak™ topology; this is the coarsest topology on
M(X, 1) for which ¢ — (o, f) is continuous for every function f in C(X, 7). For z in X,
let Ax ,(z) denote the closure of A% (x) with respect to the topology w(7)* :

Ax () := cly) [A% (2)].

Corollary 1.2. For any function f in C(X,7) and any x in X, cox(f)(x) satisfies the
following formula,

cox(f)(x) = _nf (o, f).

UGAX,T(m)

Proof. A direct consequence of Proposition 1.1 and the definition of w(7)* and Ax ,(x).
[

Let the subset of T-uppersemicontinuous® (or T-usc) functions in B(X) be denoted by
C(X,7) and let the set of T-lowersemicontinuous (or 7-lsc) functions be denoted by
C(X,7) = —C(X, 7). The 7-closed convezification operator ¢ox., (-) is an operator from

X) to C(X, 7); it associates to a function f € B(X), the greatest function in C(X,7) N

B(
S(X) smaller than f.

A correspondence y — G(y) from X to Ay, is said to be w*(7)-Kuratowski-limit-
uppersemicontinuous (or w*(7)-KUSC) at x in X if for any sequence {z,}, in X 7-
converging to x and any sequence {0,}, in G(z,) w (7)"-converging to o, o € G(x).

The correspondence y — Ax ;(y) from X to Ay . is called the splitting correspondence.

Define the T-barycenter” of a regular T-probability-measure o € Ax, as to be the unique
element 7.(0) € X such that for any 7-continuous linear form [ (-) on E, [ (z) = (I, 0).
Note that 7, (-) defines a w (7)"-continuous function from Ay, to X (Choquet, 1969,
Proposition 26.3).

Proposition 1.3 (Choquet, 1969, Proposition 26.13). For any x in X, Ax.(z) =
r-Y(x). This implies that the splitting correspondence y — Ax.(y) is w*(7)-KUSC.
Consequently, the operators ¢ox . (-) and cox (-) coincide on C(X,T).

Proof. The Theorem of approximation in Choquet, 1969, Lemma 26.14, implies that
r~!(z) coincides with the closure of A% () under the topology w (7)" (a consequence of the

6A function f € B(X) is 7-lowersemicontinuous if for any sequence {z,}, in X 7-converging to =,
liminf f(z,) > f(z).
"Choquet, 1969, Section 26.
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assumptions on 7). Since the function ¢ — r.(¢) is w (7)"-continuous and (Ax ., w(7)*) is
metrizable (Choquet, 1969, Section 12)2, the correspondence y — r(y) is w*(7)-KUSC.
Now, let {z,}, be a sequence in X 7-converging to x. Since f is bounded, switch to
a subsequence (of the same name) for which lim,,_,. cox(f)(z,) exists. Let ¢ > 0 and
on € A% (z,) be such that

COX(f)(xn) > <Una f> -
Since (X, 7) is compact and metrizable, (Ax ., w(7)*) is also compact and metrizable
(Choquet, 1969). Hence, switching to a subsequence of the same name if necessary and

using the 7-KUSC of y — Ax -(y), it may be assumed that the sequence {c,}, isw (1)
converging to some & € Ax ,(x). Consequently,

lirrlncox(f)(a:n) > li7rln(on,f)—5

= (0,f)—¢
> inf —
- UEAlgﬂ- z) <07 f> c

= cox(f)(z) —e

Meaning that cox(f) () is 7-Isc at . Thus, ¢ox , (-) and cox (-) coincide on C(X, 7). O

Remark 1.4.

. The KUSC property is in fact a necessary and sufficient condition for many other
optimal reward operators to preserve lsc (Laraki & Sudderth 2002).

) In finite dimension, ¢ox ,(f) = cox(f) for every f € C(X, 7). This holds even if X
is not supposed to be T-compact (Hiriart-Urruty & Lemarechal, 1993, Chapter X).

e  Inan infinite dimension, it may be that cox , () # cox (-) on C(X, 7). For example?,
take X = A ([0, 1]) to be the set of regular Lebesgue-probability-measures on the
interval [0, 1] and consider the following 7-lsc function on X; f(z) = —1 if x is a
Dirac measure on [0,1] and f(x) = 0 otherwise. Then ¢ox ,(f)(z) = —1 for any
x € X, and cox(f)(z) = 0 for any non-atomic measure x on [0, 1].

1.3. Kuratowski-limits and topology

In the previous Section, it was shown that the w*(7)-KUSC property of the splitting
correspondence y — Ax ,(y) implies that the image of a 7-continuous function by cox ()
is 7-1sc. A main result of this paper is that the w*(7)-KLSC of the splitting correspondence
y — Ax,(y) at x is a necessary and sufficient condition for the image of a 7-continuous
function by cox (-) to be 7-usc at x. To prove this result, the following background from
Kuratowski (1968) is necessary.

Let (Y,7) denote some metrizable topological space (think to (X, 7) or (Ax ., w*(7))).
Let AV be the set of strictly increasing sequence from the set of integers into itself. The
sequence {y,}, is a subsequence of {y,}, if there exists ¢ € N such that {y,}, =

{Yotm },, -

8Note however that (M(X,7),w(7)*) is not metrizable if X is an infinite set (Choquet, 1969, Theorem
16.9).
9Thanks to a referee.
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Definition 1.5 (Attouch, 1984, Proposition 1.34). Let {Y,}, be a sequence' of
subsets of Y.

The 7-Kuratowski-upper-limit of {Y,}, is

7 — KlimsupV, := {y €Y :peN 1 yom € Yowm), T — lim ypm) = y}

n—oo

The 7-Kuratowski-lower-limit of {Y},} is
7 — KliminfY, := {y €Y I WYn)pen s Yn € Yo, T — lim y,, = y}

The sequence {Y,}, T-Kuratowski-limit-converges if

T — KlimsupY, =7 — KliminfY,,

and in such a case, the 7-Kuratowski-limit is denoted 7 — K lim,, Y,,.

The main properties of Kuratowski convergence used here are:

(P1) The Kuratowski upper and lower limits are 7-closed. The Kuratowski-lower-limit
of a sequence of convex sets is a convex set.

(P2) Suppose in addition that Y is 7-compact and that the topology 7 is Hausdorff.
Hence, there exists a topology'!, denoted 27, on F(Y,T) (the space of T-closed and
nonempty subsets of Y'), such that a sequence of 7-closed sets {Y,,}, in F(Y,T)
T-Kuratowski-limit-converges to Y; if and only if {Y,}, 27-converges to Y;. The
topology 27 corresponds in the literature to the Kuratowski (the exponential or the
Vietoris) topology. Moreover, the space (F(Y,7T),27) is also compact, Hausdorff and
metrizable!?.

(P3) Let dr denote some distance on Y compatible with 7. Recall that given two 7-
closed and non-empty sets A and B in Y, their dr-Hausdorff distance is defined
by

Dr(A, B) = max{rgleajc dr(a, B); max dr (b, A)}.

If Y is not supposed to be 7-compact, the dr-Hausdorff distance may induce a
topology on F(Y,T) strictly stronger'® than the Kuratowski topology 27. However,

the two topologies turn out to be equivalent since Y is supposed to be 7-compact
here!?.

10This sequential definition of the Kuratowski limits is due to the metrizability of (Y, 7).

1 Attouch, 1984, Theorem 2.76 or Klein & Thompson, 1984, Theorem 3.3.11.

2Kuratowski, 1968, Section 42; Attouch, 1984, Theorem 2.76; or Klein and Thompson, 1984, Theorem
2.3.5

BKuratowski, 1968, Section 29.

M Kuratowski, 1968, Section 42, or Klein & Thompson, 1984, Corollary 4.4.2. An equivalence between
the two topologies when Y is not 7-compact but belongs to a finite dimensional space may be founded
in Salinetti & Wets, 1979. A comparison with some other set topologies may be founded in Klein &
Thompson, 1984, Section 4.2.
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1.4.

Geometrical definitions

The closed and open segments between x and y are respectively

and

[z, y] ={ Az + (1 =Ny, A€ [0,1]},

Jz, y[:= [z, y)\{, y}.

Let us recall some standard geometric definitions where no topological assumption on X
is needed.

Definition 1.6. A point = in X is an extreme point of X (or belongs to £(X)) if there
are no points x; and x5 in X such that z €|xq, zs[.

Definition 1.7. A subset F' of X is a union-of-faces of X if for any ¢ in A% such that
r(o) € F, the (finite) support S(o) of ¢ is included in F.

Definition 1.8. A subset of X is a geometric-face of X if it is convex and is a union-of-
faces of X.

Remark 1.9.

(1)

(2)

In Corollary 3.4 below, it is shown that F' is a union-of-faces of X if and only there
exists a family of geometric-faces {F}},. such that F' = UepF;. This justifies our
terminology.

Our definition of a geometric-face is equivalent to the Rockafellar’s definition of a
face. Recall that F' is a face of X, in the sense of Rockafellar, 1970, Section 18, if it
is a convex subset of X and satisfies the property that for any [a,b] in X such that
Ja,b|NF # 0, both endpoints a and b are in F.

Note that a geometric-face F' of a finite dimensional 7-compact set X is always 7-
closed. That is, there is no conflict between the geometry and the topology in finite
dimension. Actually, from Rockafellar, 1970, Theorem 6.2, in finite dimension,
a face F' # () admits always a nonempty 7-relative interior ri,(F)®. If the 7-
closure of the face F' is denoted by cl, [F] and the 7-relative boundary of F is
Or [F] = cl; [F| — ri, [F], then for any x € ri, [F] and any y € 0, [F] one has
sz + 3y € ri, [F| (Rockafellar, 1970, Theorem 6.1). Consequently, 9, [F] C F.

In an infinite dimensional space E, our definition of a union-of-faces is similar but not
equivalent to the Choquet’s definition of a face. Actually, Choquet, 1969, Problem
26.6, defines a face of X as to be a 7-closed subset of X such that if 0 € Ax,
and r, (o) € F then the T-support of ¢ is included in F. Recall that the T-support
of p € Ax, denoted S-(p), is the smallest 7-closed subset of X with p-negligible
complement.

Note that if a Choquet’s face is always 7-closed, a geometric-face may not be.
For example, let X be the set of probability-measures over the discrete set of in-
tegers N = {0,1,2,...,n,...} and let E denote the space of o-additive bounded
measures over the set of integers. Denote by C' (N) the set of bounded functions
g:4{0,1,2,...,n,...} — R that satisfies lim,,_, g(n) = ¢g(0). Hence, E and C* (N)

15This is the 7-interior of F relatively to Aff(F) (the affine hull of F).
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are in duality; for x = >~ 7 2,0, € E and g € C* (N), the duality crochet is

(9.2) = g(n)z,

Endow E with the associated weak* topology'® and denote this topology by 71. One
can easily prove that 7y has all the desired properties required in the introduction
for the topology 7. Define now the following geometric-face of X

F= COHV{(;:;, (54, (55, },

where Conv (Z) denotes the conver hull of Z (the smallest convex in E containing
Z). Since the sequence {0, }, T1-converges to dy ,

dg € Clﬁ [F] .

From &y ¢ F, we deduce that F is not 7i-closed. Note however that cl,, [F] =
Conv{dy, 03, 04, 05, ... } is a geometric-face of X. Is the 71-closure of a geometric-face
always a geometric-face? The answer is in Remark 1.11 below.

(6) In the rest of the paper, only geometric-faces in the sense of Definition 1.8 are con-
sidered. Hence, to simplify notations, this will be called a face instead of geometric-
face.

1.5. Example 1 of Kruskal

It is well known!” that the set of extreme points of X may not be 7-closed. Take X =
Conv {A; B; C} C R? where

C:{x:(a,b,c):c=0;(a—1)2+b2§1},

A = (0,0,1) and B = (0,0,—1). Hence £(X) = {A;B;C —{(0,0,0)}} is not 7-

closed. Actually, the sequence x, = (%, \/1-— (1 — %)2,O> in £(X) 7-converges to

zo = (0,0,0) = &£ ¢ £(X). Kruskal (1969) considered the following 7-continuous
function on X,
f(a,b,c) = —c*.

It satisfies cox (f)(z,) = f(zn) = 0 (since z, € E(X)) and cox(f)(z9) = —1 (zy = 252
and f(A) = f(B) = —1 = mingex f(z)). Thus, cox(f) is T-discontinuous'®.

1.6. Topological conditions on the geometry

Definition 1.10. The set X is 7-Faces-Closed (or 7-FC) if for any 7-Kuratowski-limit-
converging sequence of faces of X, the 7-Kuratowski-limit is also a face of X.

16The smallest topology for which x — (g, z) is continuous for every g € C' (N).
17Choquet, 1969, Section 25 or Rockafellar, 1970, Section 18.
181 discovered this example in Benoist and Hiriart-Urruty (1996).
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Remark 1.11. A necessary (but not sufficient) condition for X to be 7-FC is that the
T-closure of a face of X is also a face of X. From Remark 1.9-(4), a face of a convex
T-compact finite dimensional set is always 7-closed and From Remark 1.9-(5), in infinite
dimension, some faces may not be 7-closed. Surprisingly, the 7-closure of a face may
not be a face. The following example is close to the one given in Remark 1.9-(5). X
still denotes the set of probability-measures over the set integers N and E is the space
of o-additive bounded measures over N. Let C? () denote the set of bounded functions
g : N — R satisfying lim,_.., g(n) = g(0) = 1g(1) + %g(2). Since E and C%(N) are in
duality, E may be endowed with the associated weak™ topology (denoted 7). One can
easily prove that 7o has all the desired properties required in the introduction for the

topology 7. Consider the same face as in Remark 1.9-(5):
F= COHV{(53, 64, (55, }

Hence, by construction of the topology 74, dg = %(51 + %(52 € cl,, [F]. Since §; and J, are
not in cl,, [F], it follows that cl,, [F] is not a face of X.

A correspondence y — G(y) from X to Ax., is w (7)*-Kuratowski-limit-continuous (or
w(7)"-KC) at z if for any sequence {xz,}, in X that is 7-converging to z, the sequence
of sets {G(x,)}, w(7)"-Kuratowski-limit-converges to G(z).

Definition 1.12. Let x be in X. The set X is 7-Splitting-Continuous (or 7-SC') at x if
the splitting correspondence y — Ax - (y) is w (7)"-KC at z.

From Proposition 1.3, the splitting correspondence x — Ax ,(z) is always w*(7)-KUSC.
Hence, using Property P2 in Section 1.3, we deduce that (X, 1) is 7-SC at z if and only if
the splitting correspondence y — Ax ;(y) is w*(7)-Kuratowski-limit-lowersemicontinuous
(denoted w*(7)-KLSC) at z; meaning that for any sequence {z,}, 7T-converging to z,
Ax,(r) Cw*(r) — Kliminf, Ax . (z,).

Definition 1.13. Let p > 0. The set X is d-Splitting-Lipschitz with constant p (or d-
SL(p)) if for any (z,y) in X x X and for any > ;" a;d,, in A% () there exist m points
Y1y ooy Y i X such that Y " «;d,, belongs to A% (y) and Y ", caud(w, y;) < pd(z,y).

Note that if d(y, z) = ||y — z|| where ||-|| is some norm on E, p should be greater than 1.

Definition 1.14 (Choquet, 1969, Corollary 28.5). The 7-metrizable set X is a 7-
simplex of Choquet if for any x in X, there exists a unique regular 7-probability-measure

o on X such that its barycenter is x and its 7-support belongs to the set of extreme points
of X.

Remark 1.15. Hence, X is a finite dimensional simplex if and only if the set of its
extreme points is finite and the extreme points are affinely independent.

1.7. The main results
Theorem 1.16. Preservation of continuity

(a)  The operator cox (+) preserves T-continuity at x if and only if the set X is 7-SC at
x.

(b)  If the operator cox preserves T-continuity, the set X is T-FC.
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(¢)  If the space E is finite dimensional, conditions T-SC and 7-FC on X are equivalent.

Theorem 1.17. Preservation of Lipschitz continuity

(d)  If the set X is d-SL, the operator cox (-) uniformly preserves d-Lipschitz continuity.

(e)  The property SL(p) is stable under countable product. More precisely, if X = X, X,
is a countable product of d,,-SL(p)-compact sets X,, then there exist many distances
for which X is compact and SL(p).

(f)  Suppose that X is a T-simplex of Choquet. Then a norm on Vect(X), denoted
|l x > is constructed and is proved that the operator cox (-) exactly preserves ||-||x .-
Lipschitz continuity.

(9) If the set X is a polytope and (E, ) is normed then X s ||-||_-SL(p) for some p > 1.

(h) If (E,7) is a finite dimensional normed space, the operator cox (-) uniformly pre-
serves ||-||_-Lipschitz continuity if and only if the set X is a polytope.

Sections 2 to 4 are devoted to the proof of (a) to (c), Sections 6 to 10 the proof of (d) to
(h). Examples in Section 5 and Remark 9.4 show that these results are tight.
2. Proof of part (a) in Theorem 1.16

The following Proposition is to compare with Proposition 1.3.

Proposition 2.1. Let x be in X and f in C(X, 7). If the Splitting correspondence y —
Ax . (y) is w*(1)-KLSC at , then cox (f) is T-usc at x.

Proof. Let {x,}, be 7-converging to x and € > 0. Suppose that cox(f)(z,) converges to
some real « (if not switch to a subsequence since f is bounded). Let @ be such that

cox(f)(x) = (@, f) —¢

By the w*(7)-KLSC at x of the Splitting correspondence y — Ax ,(y), there exists a
sequence o, € Ax(x,) that w*(7)-converges to . Consequently,

a = cox(f)(zn)

< lim (o, f)
= (@, /)
< cox(f)(x)+e
Hence, cox(f) is T-usc at x. O

Corollary 2.2. If the set X is 7-SC at x then the operator cox (-) preserves T-continuity
at x.

Proof. Since the splitting correspondence y — Ax ,(y) is both w*(7)-KLSC and w*(7)-
KUSC at x, the last Proposition and Proposition 1.3 implies that the image of any -
continuous function by the convexification operator is both 7-usc and 7-lsc at x. O]

Proposition 2.3. Let x be in X and f in C(X, 7). If the splitting correspondence y —
Ax ,(y) is not w*(7)-KLSC at = then there exists f in C(X,7) such that cox (f) is T-
discontinuous at x.
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Proof. Since the splitting correspondence y — Ax ,(y) is not w*(7)-KLSC at z, there
exists a sequence {z] }, T-converging to = and there exists 0 € Ay (z) such that

o ¢ w'(r) — Klim igf [Ax.-(z))].

Considering a subsequence of {2/ }, and using Property P2 in Section 1.3, we deduce that
there exists a sequence {x,, }, T-converging to x such that (1) D := w*(7)— K lim Ax ,(z,)
exists and satisfies 0 ¢ D, (2) limcox f(x,) exists, (3) coxf(x,) = (f,0,) for some
o, € Ax(z,) and (4) the sequence {o,}, w(7r)*-converges to some o, € D. Prop-
erty P1 in Section 1.3 implies that D C M(X,7) is convex and w(7)*-closed. Since
(M(X,7),w(T)*) is a locally convex and Hausdorff real vector space, the Hahn Banach
Theorem (Kelley & Namioka, 1963) may be used to deduce the existence of a continu-
ous linear form [(-) on (M(X,7),w(7)*) which separates strictly the singleton {o} and
D. Since (M(X,7),w(r)*) is the dual of C(X,7) (Cohn 1980, Theorem 7.3.1) the dual
of ( M(X,7),w(r)*) is C(X,7) (Kelley & Namioka, 1963, Section 17). That is, I(-) has
the form [(-) = (f,-) for some f € C(X, 7). Finally, from cox(f)(x) < (f,o), it may
be deduced that cox(f)(z) < min.ep (f, 7). Since o9 € D, limcox f(x,) = (f,00) >
min.¢p (f, 7) > cox(f)(x). Consequently, cox(f) is not 7-usc at x. O

Corollary 2.4. If the set X is not 7-SC at x then the operator cox () does not preserve
T-continuity at x.

Remark 2.5. Since (X, 7) is compact and metrizable the Stone-Weierstrass Theorem
(Kelley, 1955, Section 7) implies that the space of d.-Lipschitz functions (where d, is
some distance compatible with 7) is dense in C(X,7). Hence, for a strict separation
between {o} and D in the proof of Proposition 2.3, one can choose f to be d.-Lipschitz
instead of only 7-continuous. Consequently,

Corollary 2.6. If the set X is not 7-SC' then the operator cox () does not preserve d,-
Lipschitz continuity (meaning that there exists a d,-Lipschitz function such that its image
is not d,-Lipschitz).

3. Proof of part (b) in Theorem 1.16

Before proving the main result (b), we start by developing an alternative characterization
for the condition 7-FC.

Definition 3.1. For any = in X, let Fx(z) be the face of X generated by x (i.e. the
minimal face of X containing x) and call the correspondence x — Fx(z) from X to X
the Minimal-Face correspondence.

Remark 3.2. Fx(z) is well defined since (1) X is a face containing z; (2) the intersec-
tion of all faces containing = is a nonempty convex set (since convexity is preserved by
intersection and x is always in the intersection); and (3) if y is in the intersection of all
faces containing x and o is a finite-support probability-measure centered at y, then the
support of ¢ is in the intersection of all faces containing x.

Lemma 3.3. If Ax(x) denotes the set of points in X which are in the support of o in
A% (x) then Ax(z) = Fx(x).
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Proof. It suffices to prove that Ax(z) is a face containing x. Actually, this implies that
Fx(z) C Ax(z) (Fx(z) is the minimal face containing x). Now, since (1) Ax(z) C Fx(x)
holds by the definition of Fx(z) and (2) Ax(z) is clearly convex, the equality between
the two sets follows.

To prove that Ax(z) is a face let y € Ax(z) be in the support of some o € A% (x) and
let z be in the support of some 7 € A% (y). Define the finite-support probability-measure
v by

p{w}) = o{uh) +o({yh) x7({y}) if v#y
py}) = o({y}) x7({y})

Clearly, 1 € A% (x) and z is in the support of . Hence z € Ax(z), so that Ax(z) is a
face. O

Corollary 3.4. A set F is a union-of-faces of X if and only if UpepFx(z) C F (or
equivalently if UpepFx(z) = F).

Thus, F'is a union-of-faces of X if and only if it is the union of some family of faces of X.

Corollary 3.5. For any function f in B(X) and any x in X, cox(f)(x) = copy @) (f)(2).

Proof. Since cox(f)(z) = infoear (@) (0, f), to compute cox(f)(x) only the points in X
which are in the support of some o in A% (z) are needed. Lemma 3.3 says that this set is

Introduce now some equivalent definitions for the 7-FC condition.
Definition 3.6.

° The set X is 7-Minimal-Face-Lowersemicontinuous at x if the Minimal-Face corre-
spondence x — Fx(x) is 7-KLSC at z, meaning that for any sequence {x,}, that
T-converges to x, Fx(z) C 7 — K liminf, Fiy(x,).

o The set X is 7-Union-of-Faces-Closed if for any sequence {F, }, of union-of-faces of

X which 7-Kuratowski-limit—converges, its limit set, 7— K lim F},, is also a union-
of-faces of X.

Proposition 3.7. For the set X, the following conditions are equivalent:

(a) X is 7-Faces-Closed;
(b) X is everywhere T-Minimal-Face-Lowersemicontinuous;
(¢) X is 7-Union-of-Faces-Closed.

Proof. (b) = (c¢). Let {F,}, be a sequence of union-of-faces of X that 7-Kuratowski-
limit-converges to F' and let © € F. Since, there exists a sequence x, € F), such that
r, — x, and X is 7-Minimal-Face-Lowersemicontinuous,

Fx(z) C 7—Kliminf F,, = F. Hence, U,epFx(x) C F. Consequently, F'is a union-of-faces
of X.

(¢) = (a). Let {F,}, be a 7-Kuratowski-converging sequence of faces of X and let F' :=
7 — Klim F,,. Since F, is convex, by P1 in Section 1.3, F is also convex. Since X is
7-Union-of-Faces-Closed, F' is a union-of-faces of X. Consequently, F' is a face of X.
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(a) = (b). Let {z,}, be 7-converging to z. Let F' := 7 — K liminf, Fx(z,). By P2 in
Section 1.3, there exists a subsequence {«,}, of {z,}, such that

7 — Klim Fx(2)) =7 — K liminf Fx(z,) = F.

Since {Fx(z},)}, is a sequence of faces and X is 7-Faces-Closed, F is a face and from
x € F, it follows that Fx(x) C F. O

Proposition 3.8. If the operator cox (-) preserves T-continuity at x then X is 7-Minimal-
Face-Lowersemicontinuous at x.

Proof. Suppose that X is not 7-Minimal-Face-Lowersemicontinuous at x. Hence, there
exists a sequence {z,}, T-converging to x such that Fx(z) is not included in F' :=7
—Klim Fx(z,). Choose y € Fx(x) such that y ¢ F. From (1) F is 7-closed, (2) T
—Klimdl, [Fx(z,)] = 7 — Klim Fx(z,) = F and (3) (X, 7) is metrizable, we deduce
that there exists a closed convex neighborhood V(y) of y such that for n large enough
V(y)Nel, [Fx(x,)] = 0. Urysohn’s Lemma (Kelley, 1955) shows the existence of a negative
function f € C(X, 1) satisfying f(y) = —1 and f(z) = 0 for z € cl; [Fx(z,)], for n large
enough. Thus, limcox(f)(x,) = limcopy(a,)(f)(xn) = 0 (from Corollary 3.5). Since
y € Fx(z), f < 0 and f(y) < 0, we deduce that cox(f)(z) < 0. That is, f is 7-
discontinuous at x. O]

4. Proof of part (c) in Theorem 1.16
Here is established part (c¢) of our main results.

Proposition 4.1. If the space E s finite dimensional, the two conditions 7-SC and 7-FC
on X are equivalent.

From the last Sections, it needs only be shown that the 7-KLSC of the Minimal-Face
correspondence z — Fx(z) implies the w*(7)-KLSC of the splitting correspondence y —
Ax (y). The proof is given in three steps. The closed and open half-lines starting at
a and containing b are respectively denoted by [a — b) := {a + u(b—a),n >0}, and
la —b) :=[a— b)\{a}.

Step 1. Is shown here that if the Minimal-Face correspondence x — Fx(z) is 7-KLSC
then for any x € X, ad, + (1 — a)d, € A% (z) and {z,}, — =, there exists a,d,, + (1 —
)0y, € A% (x,) such that a,d,, + (1 — )0, — ade + (1 — ).

Lemma 4.2. If the space E is finite dimensional and the set X is T7-Minimal-Face-
Lowersemicontinuous then X satisfies the following property, denoted [P] :

[P] : for any x, a and b in X such that x €|a,b] and any sequence {x,}, — x, there exist
y, {a,}, and {y,}, such thaty €lx — b), x, € [an, Yn], @& — a and y, — y.

Proof. Suppose that X is 7-Minimal-Face-Lowersemicontinuous and let ¢ and b in X
be such = €la,b] and {z,}, — x. For each integer k¥ < dim(E) for which H, = {n :
dim(Fx(x,)) = k} is infinite, define the sequence {mfl}n = {Zn},ep, - This is a subse-
quence of {x,}, , hence converges to x. For simplicity, denote such a sequence {z,},
also.
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[P] is now proved by induction on k.

k = 1. Since X is 7-Minimal-Face-Lowersemicontinuous at z, there exists a sequence
{a,}, in Fx(x,) such that a, — a. Also, there exists a sequence {b,}, in Fx(xz,) such
b, — b. Since dim(Fx(z,)) = k = 1, necessarily z,, € [an, b,].

Suppose now that [P] is true for all [ < k—1. Since X is 7-Minimal-Face-Lowersemiconti-
nuous at x and x, — =z, there exists a sequence {a} }, in Fx(x,) such that {a,} — a.
Define

{zp} =arg max ||z, —q].
qeX:xn€lal, q[
Where ||-|| is the euclidean norm. z, is the farthest point in X from z,, when one follows

the direction a;—x;. z, 18 clearly well defined; It exists because X is compact and is unique
since the norm function ||-|| is positively homogeneous. Hence, 2, € 0, Fx(x,)'. Since
{a}} — a and {x,} — x, we deduce that {z,} — z and that = €la, z|. If z # z, taking
a, = a), and y, = z,, [P] is proved. Now, suppose that z = z. Since z, € 0.F(z,),
{zn} — x and dim [0, Fx(x,)] < dim [Fx(x,)] = k, the induction hypothesis implies that
there exist two sequences {a},}, and {y,}, in Fx(z,) C Fx(z,) such that z, €|a},y,],
{a}} — a and {y,} — y €]z — b]. Since, z,, €]al,z,| and z, €la},y,[, there exists a
sequence {a,}, such that a, € [a,,a;] and z, €|a,,y,|. From @), — a and a} — a it

n-'n

follows that {a,} — a. Hence y, {a,}, and {y,}, satisfies [P]. O

Now is proved the main result of Step 1.

Lemma 4.3. Suppose that the space E s finite dimensional and that the set X is 7-
Minimal-Face-Lowersemicontinuous. Let z, a and b be in X with x €|a, b and let {z,}, —
x. Then, there exist two sequences {a,}, and {b,} in X such that z, € [a,,b,], a, — a
and b, — b.

Proof. Suppose that X is 7-Minimal-Face-Lowersemicontinuous and let z, a and b be in
X such that « €|a,b] and let {z,}, — x. By the property [P], there exists y satisfying
the following property [Px@,b,{g;n}].

[Prabiont] * ¥ €]z — b) and there exist two sequences {a,} and {y,} in X such that
Tn € [an, Yn], an — @ and y, — y.

The following two stability properties hold:

(i)  If y satisfies [Px,a,b,{mn}} and if z €la, y| then z satisfies [Pm7a7b7{xn}] )
Actually, if z = fa+ (1 — )y and if {a,}, and {y,}, are some sequences associated
with y then the sequences {a,}, and z, := fa, + (1 — 3)y, are associated with z.
(i) If for all m € {1,2,..}, y™ satisfies [Px,a,b,{a:n}} and if lim,, . y™ = y # x then y
satisfies [Px,a7b’{xn}} )
Actually, let {y"}, and {a]'}, be two sequences associated with y™, meaning that
lim, y'=y™, lim, a’=a and x, € [a}',y"]. Hence, a diagonal extraction implies

that there exists ¢(-) € N such that the sequences {y}f(n)} and {aqf(n)} satisfies
the desired property for y.

9Recall that 9, F denotes the relative 7-boundary of the face F.
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Denote by D, p (s, the set of points y in X satisfying [Px,a,b,{xn}] By [P], (i) and
(i) above, there exists 1y €|z — b) such that D, o (2,3 =|7,90]. We claim that b €
Dy.ap 2,y (Which will end the proof of Lemma 4.3). Indeed, assume that yo €]z, b[. Since
Yo € Dyapfan), there exist two sequences {a,}, and {y,}, in X such that z, € [a,,yn],
a, — a and y, — yo. Since yo €la,b| and y, — yo, property [P] implies the existence of
zg €]yo — b) and the existence of sequences {a}, and {z,}, in X such that y, € [a},, z,],
a’ — a and z, — z. Hence 2y €]z — b), x, € co{ay,,a’, z,}, lima, = lima = a and
lima, = z. Consequently 2y € Dy p (2,3 A contradiction with (), Dgap (.} =)T, Yo]
and zy €Jyo — b). O

Step 2. Suppose that X is 7-Minimal-Face-Lowersemicontinuous. Let m > 2 and con-
sider the following property [P,,]

[Py,] For any z in X, any sequence {z,} — z and any » ;" a;0,, in A% (x), there exists
a sequence y i, @;(n)0y,(m) in A% (z,) that converges to Y " | a0y, .

From Step 1, [P] holds. Suppose now [P,,] holds for m > 2 and prove that [P, 1] holds.

Let Y ", a;0,, be in A% (x). If a; = 1 then we are done. Suppose then that oy < 1
and define x, = ﬁ o @ipixiyr. Hence, aqdy, + [1 — o] 51,/2 € A% (z,). Using Step
1, we deduce that there exists a sequence o (n)dz () + [1 — ai(n)] 0,1 () I A% (x,) that
converges to a1d,, + [1 — a1]d e Also, using the induction hypothesis, we obtain that
there exists a sequence

T ai1(n)0y. () in A% x,(n)) that converges to > .- @410, ,. Hence, the sequence
i=1 i+1(n) x g i=1 i1

o1 (n)0z(ny + [1 — a1 (n)] D07 i1 (n)0s,,, () is in A% (2,,) and converges to > " ;0.

Step 3. From Step 2, for any {z,} — 2 and o in A% (x), there exists a sequence {o,},,
in {A% ()}, converging to o. Since, for any y in X, cl, [A% (y)] = Ax-(y) =71 (y)
and since the barycenter application o — r.(0) from Ax, to X is w (7)"-continuous,
we conclude that any o in Ay ,(x) may be w (7)"-approximated by some sequence in
{A% (zn)},- Hence, the splitting correspondence is w (7)"-KLSC.

5. Examples
5.1. Example 2
Proposition 5.1. Condition 7-Faces-Closed for X 1is strictly stronger than the T-close-

ness of the set of extreme point of X.

Proof. A small modification of Kruskal’s example (Example 1) leads us to the following
example in R*:

¥ A=(0,0,—1,0); B=(0,0,1,0)
TN D= {(a,b,0,d): (a— 1P +2=1;|d <1—p|} [

Hence the set of extreme points of X

A=(0,0,-1,0): B = (0,0,1,0)
£(x) :{ {(a,0,0,d) : (a— 12 +5 =1;|d =1 — |b|} }
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is clearly 7-closed. For z, = (%, 1—(1- %)2,0,0) , o, — x = (0,0,0,0). A simple

computation shows that

1 1\’ 1\’
et = (5= (DY ) e i (1)

But
T — Klim Fy(z,) = co{A' = (0,0,0,—1),B"' = (0,0,0,1)}
and
Fx(z) = CO{A,B,Al,Bl} )
Hence, X is not 7-Minimal-Face-Lowersemicontinuous at x. O]

5.2. Example 3

Proposition 5.2. If X is a polytope then it is 7-SC.

Proof. Since X is the convex hull of finitely many points, it is included in a finite di-
mensional space and contains finitely many faces. Let {F,} be a 7-Kuratowski-limit
converging sequence of faces of X. Since the sequence contains a finite number of distinct
sets, its limit, 7— K lim F},, is necessarily the 7-closure of some face of X. By Remark
1.9-(4) above, the T-closure of a face of X it is also a face of X. Hence, X is 7-FC. Finally,
by part (c) of Theorem 1.16, X is 7-SC. O

5.3. Example 4
Here is a class of 7-SC sets that does not contain polytopes.

Definition 5.3. The set X is strongly convex if any face of it that differs from X is
reduced to a point (which is necessarily an extreme point).

Proposition 5.4. A strongly convex set X is 7-FC' if and only if the set of its extreme
points E(X) is T-closed.

Proof. Let X be a strongly convex set and suppose that the set of its extreme points is a
7-closed set. Let {F,}, be a sequence of faces of X that is 7-Kuratowski-limit-converging
to some F' C X. If F'= X then we are done. If not, then for n large we have necessarily
F, # X. Since X is strongly convex, for n large, F,, = {x,} where z,, is some extreme
points of X. Since F,, 7-Kuratowski-limit-converges, x, T-converges to some x in X,

which is necessarily an extreme point. O
Remark 5.5.
° If X is the unit ball of an Hilbert space then X is strongly convex. In such a case,

the set of extreme points of X is the unit sphere. Hence if 7 is a topology for which
the unit sphere is 7-closed, then the unit ball would be 7-FC.

° Suppose that X is included in a finite dimensional space. Then X is strongly convex
if and only if £(X) = 0,X. Since 0, X is always 7-closed, we deduce that a finite
dimensional strongly convex set is always 7-FC (hence 7-SC by part (c) of Theorem
1.16).
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5.4. Example 5

Corollary 2.6 shows that condition 7-SC on X is necessary for the operator cox (-) to
preserve d,-Lipschitz continuity. Is this condition also sufficient? The answer is no.

Let X = {(a,b) € R? : a®> + b* < 1} be the unit ball in R?. Remark 5.5 above shows that X
is 7-SC. Let zo = (0, 1) and define the 1-Lipschitz function f on X by: f(x) = — ||z — ||
where ||-|| denotes the euclidean norm. The idea is to construct a sequence (xf) converging
to the extreme point xy such that there exists a convex decomposition of z{} supported

by two extreme points ] and x} that satisfies Hi;:ig” — oo for i € {1,2}. That is, let
zp = (0,cos(2)), o = (sin(2),cos (1)) and 2% = (—sin(),cos (1)) . Since points z7

and xf are extreme points of X and zf = %x? + %:L‘g

cox (f)(xg) <

1 1
f(z?) + 5]‘(:103) = —2sin <%> )

DN | —

Since xg is an extreme point of X,

cox (f)(wo) = f(w0) = 0.

Thus
cox (£)(w0) — cox (f)(a}) = —cox(f)(a§) > 2sin (%) |
cox (f)(xo) — cox (f)(zf) sin (5-) e
|zo — 23| Z21—(:05 (1) +oo,

cox(f) is not ||-||-Lipschitz.

6. Proof of part (d) in Theorem 1.17

Proposition 6.1. If the set X is d-SL(p) and if the function f on X is d-Lipschitz with
constant L then cox(f) is d-Lipschitz with constant pL.

Proof. Let z,y be in X and suppose that cox(f)(z) = lim, ooy ;o of f(2) with
Yo adan € Af(x). Since X is d-SL with constant p, there exists a sequence of vectors
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(v such that Y7 a2, € Aj(y) and Y7 afd(a?, y?) < pd(z, y). Ths,

cox(F)) — cox(1(w) = cox(1)(y) ~ lim 3" a2 f(a)

= lim [cox(f)(y)—ia? (37?)]

lim sup

n—o0

AN
[~
3
o
=3
=
Ny
=
|
INgE
3
Q
ST
=
8
=3
L

< lim sup Za? |f(z}) — f(y?)‘]
n—00 =
< Llim sup [Z o d(xy, yf’)]
n—oo | T
< pxLxdxvy)

7. Proof of part (e) in Theorem 1.17

Here is shown that the class of ||-||-SL(p) sets is stable under countable product. Using
parts (f) and (g) of Theorem 1.17, one may construct an infinite dimensional compact set
(for example the Hilbert cube) for which the convexification operator preserves uniformly
(or exactly) Lipschitz continuity.

Proposition 7.1. Let {X,}, be a sequence of d,-compact convex sets that are sup-
posed to be d,-SL(p). Assume also that there exists a constant M > 0 such that,
SUD,, SUDy X, ynex, n (Tn,Yn) < M. Let 0 = {0,}, be a sequence of positive real numbers
such that Y > 0, < +00. Define X := x,X,, and let dy denote the following distance on
X,

do(z,y) == Z Ondy (T, Yn).
n=1

Then X is dg-compact and dg-SL(p).

Proof. Clearly, dy is well defined and X is dyg-compact. Let show that X is also dy-
SL(p). Let x = Z,[f:l apr® and y be in X. Since X, is a d,-SL(p), there exists a vector
(UF),_, s in XX such that y, = >, oyl and Y-, ardn (), yr) < pdp(2n, yn). Define
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now y* := {ny}n in X. Thus

Zakde AN IE Z%Ze dy, (23, Y1)
= Ze Zakd s Yn)
< Zﬁnpdn(xn,yn)

= pdg(.’L’, y)

8. Proof of part (f) in Theorem 1.17
8.1. Simplices

Let Y be a measurable space. Denote by M(Y') the set of o-additive bounded measures
on Y and by M*(Y) the set of o-additive bounded positive measures on Y. Then any
n € M(Y) can be decomposed uniquely as the difference of two measures with disjoint
supports n* and n~ in M (Y) (the Hahn-Jordan decomposition Theorems, Cohn, 1980,
Theorem 4.1.4 and Corollary 4.1.5). The total variation norm of n € M(Y") is defined by

17l jayy =0 (Y) + 07 (V).

Note that if X is a 7-simplex of Choquet, the barycenter linear transformation r,(-) that
associates to each 0 € Agx)r, 77(0) € X defines an affine bijection between X and
Ag(x)r (the set of regular 7-probability-measures over £(X)). This may be extended
into an affine bijection between Vect(X) and M(E(X), 7) (the set of o-additive regular
T-measure on £(X)). Denoting this extension also by 7 (-), one may define a norm |- .
on Vect(X) as follows:

120 xr = 177 @) e corm

Proposition 8.1. Suppose that the set X is a T-simplex of Choquet. Hence, X is ||| x .-
SL(1). In addition, if £(X) is infinite, the topology induced by ||-||x , is strictly stronger
than the topology .

Before proving Proposition 8.1, a useful Lemma is established.

8.2. A new splitting of probabilities

Lemma 8.2. 2°Let u be some probability-measure on some measurable space Y and let
(g, pie) ey be such that, Vk =1,...,m

(1) px 1s a probability-measure on Y
(it) ax >0, >0 o =1and Y ", cppix = p.
Then, for each probability-measure v on 'Y, there exists vy, ..., Uy, such thatVk =1,....m

20In a previous version, this lemma was proved only when Y is countable. Jean-Francois Mertens (whom
I thank) remarked that my previous proof was generalizable.
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(7') vy is a probability-measure on Y';
(") v=>7", ay; and
(@t") [l = vl paevy = 2ok0 @ e = vl -

Proof. Let n := v —p and let n*and ™~ be its Hahn-Jordan decomposition. Since n(Y') =
v(Y)— u(Y) =0, it follows that

10l aeyy = 207 (Y) = 207 ().

If (YY) = 0 then p = v and the Lemma holds (take v, = pg). Suppose now that
nt(Y) > 0.

Since (1) v =0T+ p—n" isin MT(Y), (2) nTand n~have disjoint supports and (3) u is
in M*(Y), we deduce that £ := u — n~is also an element of M™*(Y).

Z’,:;l appr = p implies that for any £ = 1, ...m, the measure py, is absolutely continuous
with respect to . By Cohn, 1980, Theorem 4.2.2, it admits a Radon-Nikodym derivative
with respect to

Rl =15 0. yev.

fr(+) is unique up to p-almost everywhere equality. Now, if the positive measure vy is
defined by

vi(dy) = [fy f];(;y ();)(dy)] n* (dy) + fe(y)§(dy),

then a simple computation shows

/Y vi(dy) = /Y fe(y)n~ (dy) + /Y pr(dy) — fe(y)n™ (dy) =1

Hence, vy, is a probability-measure. The uniqueness of Radon-Nikodym derivative implies
that > )", oy fr(y) = 1, p—almost everywhere. Replacing each function fj, by some other
positive function (of the same name) equals to fi p—almost everywhere, it may be assumed
that > ", agfi(y) = 1 everywhere in Y. Since n*(Y) =n~(Y),

Z Al = V.
k=1
A simple calculation yields

Jy fely)n~(dy)
nt(Y)

e (dy) — ue(dy) = [ } 0 (dy) — fuly)r (dy),

which is the Hahn-Jordan decomposition of v, — . This implies

1ok — Ly = 2 /Y fuly)r (dy)
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from which we obtain that

S okl — il = 2 / 0 (dy)
k=1 Y

= |lv— N”M(Y)
]

Remark 8.3. The v}, constructed in the last proof depends, for a fixed k, only on u,v
and py. In particular, it is not depending on oy, nor on gk’ # k. More precisely, v, is
such that [, — i) Tis proportional to [v — u] ™.

8.3. Proof of Proposition 8.1.

Let X be a 7-simplex, and z, y be two points in X. Suppose that > ;" axd,, € A% (z).
Lemma 8.2 implies that there exist m points y, € X, k = 1, ...,m, such that > ;" | axd,, €
As(y) and 3, cpe aun [|Ir~ () — T_l(yk)HM(g(x),T) = |r'(z) - " ()| amex.m - Since by
definition, [|-[| . = HT_1<')HM(5(X),T)7 it follows that X is [|-[| x .-SL with constant 1.

When X and £(X) are endowed with the topology 7 and Ag(x), is endowed with the
weak™ topology w* (7), the affine bijection r, (-) from Ag(x) - to X is continuous (Choquet,
1969, Proposition 26.3). Also, it is well known that the topology induced by the total
variation norm on M(E(X),7) is stronger than the weak™® topology w* (7). Hence, the
topology induced by |||y, (the image, by r-(-), of |||l \ye(x)r) 15 stronger than the
topology 7 on X. Since X is 7-compact, |||, and 7 are equivalent if and only if X is
|| x ,-compact. This is true only if £(X) is finite. Actually, if £(X) is infinite and if
{z,}, is a sequence of different extreme points that 7-converges to some point z, then
one has ||z, — wol|x, = [|0z, = 0uoll py(e(x).r) = 2- I E(X) is finite, then X is included in

sT

a finite dimensional space and in this case all the vectorial topologies are equivalent.

9. Proof of part (g) in Theorem 1.17

Let X be a polytope. Then there exist m points e;, ¢ = 1, ..., m such that
X = Conv{ey,....,en}.

Suppose in addition that {ey, ..., €, } = £(X) and define the (quotient) norm?! on Vect(X),
denoted |||y , as follows

Note that when the polytope X is a finite dimensional simplex (i.e. e, ..., e, are affinely
independent) the norm defined above for a simplex of Choquet coincides with the one
defined here.

21Tt is the quotient norm on X, considered as the quotient of I} by the kernel of the mapping o —

Yo e
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Proposition 9.1. If X s a polytope then there exists a constant p, depending only on
X, such that X is ||-|| -SL(p).

Consequently, by the equivalence of norms property in finite dimension, we deduce that
a similar result holds for any norm on Span(X). To prove Proposition 9.1, we use the
following Lipschitzian characterization of polyhedra, due to Walkup & Wets (1969).

9.1. The Walkup & Wets result

Let [ (-) be an affine transformation between two finite dimensional normed vector spaces
A and B. For a subset K of A, define the set valued function & (-) which associates to
each b € [(K), the following subset of K

The Hausdorff distance D(k(b), k(') is a metric on the collection of all nonempty sections
k(D) :
D(r(b), (b)) = max [r(b, '), r(V', b)]
with,
b b/ — 4/
r(b,V') = max min, la—d[| .,

where ||-|| , denotes the norm of the vector space A.

The set valued function k (+) is Lipschitz if there exists a constant p such that for any b
and ¥ in [(K)

D(k(b), k(b)) < pllb =Vl
where ||-||; denotes the norm of B and the constant p depends only on [ (-), K, ||-|| , and
I 5-

Theorem 9.2 (Walkup & Wets (1969)). Suppose that K is convex and compact.
Then K is a polytope if and only if for any affine transformation [ (-), k(+) is Lipschitz.

9.2. A consequence of Walkup & Wets

Here is a very useful consequence of the characterization of Walkup & Wets (1969).

Lemma 9.3. Let X = Conv{ey,...,e,} be a polytope where {ey,...,en} = E(X). Forx
and y in X, define the following distance on X

dX ('Ta y) = max[c(x, y)7 C(y> LE)]
with
¢(x,y) = max min Z la; — i

a€Bx (z) BEBx (y

where, for z € X

Bx(z) = {a e K: iaiéei € A}(Z)}

i=1
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and
m

K = {(O‘”L)Z’il ER":q; >0,Vi=1, ...,m,Zo{i = 1},

=1

Then there exists a constant p depending only on X such that for any x and y in X
lz —yllx < dx(z,y) <pllz—yllx-

Proof. Endow Vect(X) with the norm ||-|| , defined above and endow R™ with the stan-
dard Ly norm ||-||:

m
lafl, =) lal.
i=1

Let [ (+) be the affine transformation from R™ to Vect(X) which associates to each a € K,
l(o) =>"  aue; € X. Since X = Conv{ey,...,e,}, X = [(K). Define as above the set
valued function x(-) from X into subset of K,

k(z) =1 z) N K.

This may be interpreted as the set of all possible convex decompositions of x over the set
of extreme points £(X). By Theorem 9.2 (Walkup & Wets) there exists a constant p > 0
such that for any x and y in X

D(k(z), k(y)) < plle —yllx

where
D(k(z), k(y)) = max[r(z,y),r(y, z)]
and

m
r(r,y) = max min Z la; — il -
i=1

aeK:l(a)=z BeK:I(B)=y
Thus for any x and y in X, r(x,y) = ¢(x,y) and D(k(x), k(y)) = dx(z,y). The fact that

|z —ylly < dx(x,y) is trivial. Since [ (-), K and |[|-|| are functions of X, the constant p
depends only on X. Finally, dx(-,-) is a distance since D(k(+), x(+)) is a distance. O

9.3. Proof of Proposition 9.1.

Now we are ready to prove Proposition 9.1. Let X = Conv {ey, ..., €,,} be a polytope where
{e1,...,em} =E(X) . Let x and y be in X and let (o)}, be such that > | a;d,, € A% ().
By Lemma 9.3 there exists Y .-, §;0., € A% (y) such that

> o= Bl < pll =yl

=1

Let Y, Mde € A% (x) and 327, akd,, € A% (z%). Identifying the m-dimensional vectors
a = ()2, 8= (0i)i_y. . and o* = (af)zl with the corresponding probability-

measures over the finite set £(X) = {ey, ..., e} and applying Lemma 8.2, we deduce that
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there exist | vectors of probability-measures over £(X), 3¢ = (ﬁk)zzl, k = 1....1, such

1

that
!
> N =8,
k=1
and
m l m
D o =Bl =D A faf - 5]
i=1 k=1  i=1
Defining y* := >"" | BFe; in X, it follows that
m l
D lai= Bl = 3 Aot =yt
i=1 k=1

Since Y"1 |a; — Bi| < pllxr — yllx , we deduce that X is ||-||x-SL(p).

Remark 9.4. One may ask if it is possible to construct for any polytope X (as for
simplices) a norm N () such that X is Nx (-)-SL(1). The answer is no?. Indeed, let
{X,}, be the sequence of the n-symmetric polygon of R? with diameter 1 with respect
to the euclidean norm. Suppose that for each n = 1,..., there exists a norm Ny, (-)
such that X is Ny, (-)-SL(1). Without loss of generality, suppose that Nx, (-) has the
same symmetric points with respect to the center than the n-symmetric polygon X,,.
Consequently, as n — oo, {Nx, (-)},, uniformly converges to the euclidean norm, |||
Since X, uniformly converges to the euclidean ball in R? and since X, is N, (-)-SL(1),
we deduce that the euclidean ball in R? is also ||-|[-SL(1). This is in contradiction with
Example 5.

10. Proof of part (h) in Theorem 1.17

Proposition 10.1. If (E, ||-||.) is a finite dimensional real vector normed space, the op-
erator cox () uniformly preserves ||-||-Lipschitz continuity if and only if X is a polytope.

Proof. Using the fact that all the norms are equivalent in finite dimension, and using re-
sults (d) and (f) in Theorem 1.17, we deduce that when X is a polytope, cox (-) uniformly
preserves ||-||_-Lipschitz continuity. To show the other implication, suppose, without loss
of generality, that ||| is the euclidean norm and suppose that the convexification opera-
tor cox () uniformly preserves ||| -Lipschitz continuity. Clearly, if £(X) is not 7-closed,
X will not be 7-SC and hence one could construct a ||| -Lipschitz function for which
cox (f) is not |-||_-Lipschitz (Corollary 2.6). Now suppose that £(X) is 7-closed but not
finite. Then there exists an accumulation extreme point (because £(X) is 7-compact since
it is supposed to be 7-closed and included in the 7-compact X). That is, there exists a
sequence {e,}, of different extreme points of X converging to an extreme point e. The
idea of the proof is now very similar to the one in Example 5. It may be supposed that
(a) ==~ converges to some direction v (here is used explicitly the hypothesis of finite

llen—ell.-

dimension) and (b) lentr=el _, 0. Define o, and 3, in 10, 7| such that

llen—ell -

(e —ene —ent1)g
Qp X Apyq

cos () =

22Thanks to Jean-Francois Mertens for this remark.
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and
_{e—en enp1 —€n)
cos (B,) = .
where
an=lle=call, s bu=llen— el

Of course we use the fact that the norm is the euclidean norm; (a, b);, denotes the standard
scalar product in E. A simple calculation shows that (a) implies that a,, goes to 0 and (b)
implies that [, goes to 0. Since the extreme points are different, «,, and (3, are different
from 0. Now, let x,, be the orthogonal projection of e, .1 on [e, e,] . Then, a simple triangle
calculation shows that

(i)  |lzn — ens1ll, = ang1 X sin(a,) = by, x sin(B,) ;

.. o cos(an)Xan41 c08(Bn) Xbn
(11) Tn = cos(an ) X an+1+cos(Bn) Xby e+ cos(an ) X @n41+cos(Bn) Xbn En-

Define the sequence of ||| -Lipschitz functions with constant 1, f, (-), by f.(2) = — |2
—eép+1]] - By the above convex decomposition, we deduce that

cos(ay,) X a2, | + cos(fB,) x b2
cos(,) X api1 + cos(B,) X by,

cox (fn)(@n) <

implying
cox (fn)(ent1) — cox(fn)(xn) _ min (ani1,by)
[#n — entall, T 2||zn — enpl;

since ||z, — en1]], = ang1 X sin(a,) = by, x sin(B,), it follows that

COx (fn)<€n+1) - COX(f“)(‘rn) 1 min 1 1 — + 00
= 2 (Sin(an) ’ Sin(ﬁn)) e

Hxn - e"JFl”T

11. Extensions and open questions

In Laraki 2001 (which was in the origin of this paper) the convexification operator is
extended to a zero-sum-game operator called the splitting operator; the regularity of
this operator is used to prove the existence of the asymptotic value of a stochastic game
where each player controls a discrete-time martingale. In a work in progress, the author
is studying the relation between the modulus of continuity of a continuous function and
its image by the convexification operator. It is shown in particular that the modulus of
continuity is preserved by cox when X is Splitting-Lipschitz with constant 1. Finally,
in Laraki & Sudderth, 2002, some result of this paper are extended to a large class of
optimal reward operators. In addition, a general necessary and sufficient condition for
the preservation of Holder-continuity is given.

Two open questions arise in infinite dimension: is 7-FC equivalent to 7-SC ? and is ||-||_-SL

always equivalent to the uniform preservation of ||| -Lipschitz continuity?
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