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We consider a rate independent evolution quasivariational inequality in a Hilbert space X with closed con-
vex constraints having nonempty interior. We prove that there exists a unique solution which is Lipschitz
dependent on the data, if the dependence of the Minkowski functional on the solution is Lipschitzian
with a small constant and if also the gradient of the square of the Minkowski functional is Lipschitz
continuous with respect to all variables. We exhibit an example of nonuniqueness if the assumption of
Lipschitz continuity is violated by an arbitrarily small degree.
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1. Introduction

In 1973, Moreau has introduced the sweeping process, [10, 11]. It describes the movement
€ = £(t) of a point in a Hilbert space X induced by a time-dependent closed convex set
C' = C(t) according to

—§(t) € New (@), €(0) =&, (1)

where Ng(x) denotes the normal cone to a convex set K at a point x. The evolution
variational inequality

(0(t),w—o(t)) > (f(t),w—v(t)) Ywel, ot)el, v0)=nu1, (2)
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I' C H closed and convex, constitutes a special case of (1), if we set

t t
)=o)~ [ F6)ds. G=w. CO=T- [ fs)ds. 3
0 0
In the same manner, the evolution quasivariational inequality

(B(t), w—v(t) > (f()w—o(t)) VweT@W), vt)eT®W), v0)=w,

becomes a special case of the implicit or state-dependent sweeping process

—&(t) € Newewn (), £(0) =&, ()

if we set

{0 =olt) - [ 16)ds. &= C(t,ﬁ):F(&/otf(s)dS)—/Otf(s)ds- ()

An appropriate meaning has to be given to the time derivative if discontinuous processes
are taken into consideration. The Young integral formulation was investigated in [5].
Another approach to nonsmooth evolution differential inclusions based on energy consid-
erations was recently proposed by Mielke and Theil in [9)].

While the sweeping process (1) has been an object of extensive study, see the survey
[7], much less is known about the implicit process (5). The paper [2| seems to be the
first result in this direction, in a more general setting actually, but restricted to the case
dim X = 1. Kunze and Monteiro Marques [8] have proved existence for (5), if C' satisfies
a Lipschitz condition with respect to the Hausdorff distance,

dH(C(t7€>7C(87n>> S L1|t_8‘ +L2‘€_77|7 (7)

if Lo < 1 and give examples for nonexistence if L, > 1. However, no matter how small Lo
is chosen, uniqueness may fail to hold; Ballard [1] has given an example in the context of
quasi-static friction problems.

Indeed, it is a general feature of quasivariational inequalities that the loss of monotonicity,
as caused by the state dependence of the constraint C, is accompanied by a loss of
uniqueness of their solution. On the other hand, there is no a priori reason why it should be
impossible to enforce uniqueness if the constraint behaves in a sufficiently regular manner.
We will show in this paper that uniqueness holds if the normal vectors to the constraint
C(t, ) satisfy a Lipschitz condition with respect to (,£). Under the assumptions below
this means that we require the gradient of the square of the Minkowski functional M of C'
to be Lipschitz continuous as a function of (¢, ), whereas (7) is under suitable hypotheses,
see Lemma 3.2 below, equivalent to the Lipschitz continuity of M itself.

Our proof of uniqueness (and, incidentally, of existence at the same time) is based on
the contraction principle, thus the possible loss of monotonicity does not play any role
here. In order to obtain a contraction, results concerning time regularity for the solution
operator f +— £ of the standard variational inequality (1) are required which are stronger
than the basic estimate

64(t) — &0(8)] < J6on — €l + / 11() — Fals)] ds. ®)
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Such stronger estimates have been provided within the context of hysteresis operators,
see [4] for a recent exposition. However, to apply those results we need the constraint
to be sandwiched uniformly between balls with fixed radius around zero. In particular,
constraints with empty topological interior are excluded.

In addition, we will relate the nonuniqueness in the quasivariational inequality to the
generic nonuniqueness phenomenon for scalar ordinary differential equations. More pre-
cisely, to every concave increasing function ¢ : R — R with ¢(0) = 0 which gives rise to
a positive solution of the scalar problem

v =vy), y0)=0, (9)

besides the trivial one, there corresponds a quasivariational inequality with nonunique
solution, where the gradient (with respect to the state &) of the Minkowski functional
varies like ¥ (|£]).

2. Problem statement

We consider a separable Hilbert space X endowed with a scalar product (-, -), a norm |z| =
V(z,x) for z € X, and a family of bounded convex closed sets Z(p) C X parametrized
by o € R C Y, where Y is a reflexive Banach space endowed with a norm | - |y and R is
a convex closed set with non-empty interior R°. By Y’ we mean the dual of Y, ((-,-)) is
the duality pairing between Y and Y’, and | - |y, | - | L(xy) denote natural norms in the
corresponding spaces.

Throughout the paper, with the exception of Section 4, we will assume that there exist
0 < ¢ < C such that
B.(0) € Z(p) C Be(0) VoeR. (10)

We consider two problems, namely a variational inequality where the constraint Z de-
pends on an additional given function (Problem (P)), and a quasivariational inequality
(Problem (Z)).

For given functions u € WH(0,7; X), r € Wh(0,T; R) and an initial condition zy €
Z(r(0)) we look for a function £ € WH(0,T; X) such that

(P) (i) ut)—&(t) € Z(r(t) Vtel0,T],
(il) u(0) —&(0) = wy,
(ii) <gf(t),u(t) 0 —y> > 0 VyeZ(r(t) forae te]o,T].

Besides serving as the crucial tool for the solution of problem (Z'), problem (7P) is of
interest in itself (consider, for example, a constitutive stress-strain law where the yield
function depends on the temperature). Actually, problem (7P) is a reformulation of (1).
We reduce (P) to (1) if we set u = 0, r(t) =t, g = =& and C = —Z, and we reduce
(1) to (P) if we set C(t) = u(t) — Z(r(t)) and & = u(0) — .

We now formulate problem (Z). Let g : [0,7] x X x X — R be a mapping satisfying
Hypothesis (G) stated below at the beginning of Section 6. For a given function u €
WH(0,T; X) and an initial condition zq € Z(g(0,u(0),u(0) — x¢)) (for instance, any
zo € B.(0) satisfies this inclusion) we look for a solution & € WH(0,T; X) of the implicit
problem
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() (1) u(t) —&t) € Z(gt,u(t),£(t)) vt e[0,T],

(i) u(0) —&(0) = o,

(ii) <g‘(t),u(t) () —y> > 0 Vye Z(g(t,ut), () for a.e. t €]0,TT.

The implicit sweeping process (5) becomes a special case of (ZI), if we set u = 0,
g(t,u, &) = (t,€), vo = =& and C' = —Z. On the other hand, (Z') becomes a special case

of (5), if we set C'(t,&) = u(t) — Z(g(t,u(t),§)) and & = u(0) — xg. The quasivariational
inequality (4) is subsumed under (Z) either going through (6), or by setting

E(t) =v(t)+ult), wu(t) :/0 f(s)ds, mo=-vy, Z=-T, gt,ué)==E-u. (11)

The formulation (5) certainly looks more compact than (Z'). However, in applications a
driving function like u (or its derivative f) often appears, and it is useful to study the
dependence of £ on u with respect to standard function spaces. (In (5) one has to deal
with metric properties of the set-valued mapping t — C(¢,§).)

Our main results include the existence, uniqueness, and Lipschitz continuous input-output
dependence for both Problems (P) and (Z) in Sections 4 — 7. Before, we recall some
basic notions from convex analysis as presented in [12, 4].

3. Preliminaries: Convex sets
Consider a Hilbert space X as in the previous section and a convex closed set Z C X.
The mapping My : X — R, defined by the formula
My(z) = inf {3 >0, 2 ¢ Z} (12)
s

is called the Minkowski functional associated with Z. The polar set Z* to Z is defined by
the formula
7" ={rveX;(x,yy <1 VyeZz}. (13)

We first summarize in Lemma 3.1 below some results of [4, Sections 3 and 6].

Lemma 3.1.
Assume that there exist C' > ¢ > 0 such that

B.(0) ¢ Z C B¢(0). (14)
(i) It holds
Bic(0) € Z*  C B0, (15)
Ms < B (16
cle] < Mg(z) < Clx|. (17)

(ii)  Let the derivative 0, Mz(z) € X exist for each v € X \ {0}, and set Jz(0) = 0,
Jz(x) = Mz(x)0, Mz () for x # 0. Then the unit outward normal nyz(x) to Z is
uniquely determined at each point x € 07, and we have

Jz(l’)

nz(z) = @) Ve e dZ, (18)
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Mz*<Jz(ZL‘)) = Mz(.l]) Ve € Z. (19)

Let moreover L > 0 such that
nz(z) —nz(y)| < Llz—y|  Va,yedZ. (20)

Then we have

|JZ<:c>—JZ<y>|s(gﬂ(ug))u—m VeyeX. o (21)

c

We can measure the distance of two sets Z;, Z5 in the system C of all closed convex subsets
Z of X either as the Hausdorff distance

dy(Zy,Zy) = max{ sup dist (21, Z2), sup dist (22, Z1)}, (22)

21€21 29€ 72
or the Minkowski distance

dn(Zy, Z3) = sup [Myg,(z) — Mg, (z)] - (23)

jaf=1

We first show that these concepts are equivalent in the class of sets satisfying (14).

Lemma 3.2. Let Zy,Zy € C be such that (14) holds for Z = Z;, i = 1,2. Then we have
Cdy(Zy, Zy) < du(Zy, Z9) < C*dy(Z4, 7). (24)

Proof. Assume first that there exists x € Z; \ Z,. Using (16) we obtain

< (M () - ()

< C%dy(Z4,2,),

T

- MZ2 (I)

dist (z,Z2) < |z

and reversing the roles of Z; and Z; we obtain the right inequality in (24). To prove the
left estimate in (24), we divide the unit sphere dB;(0) into the sets

Ay = {r€0B(0); My (v) = Mg,(v)},
A1 = {2 €0B(0); Mz () > Mz (z)},
Ay = {x€0B(0); My (x) < Mg, (x)}.

For x € Ay set T = x/My (x), and let Q2T be the orthogonal projection of Z onto Zs,
that is,
QzT € Z, |Pz,x| = dist(Z, Z2), (25)

where we denote Py,Z = T — Qz,@. We have My, (Z) > My (Z) = 1, hence T ¢ Z5 and
d = |PzZ| > 0. Put m =1+ d/c. Then the vector

_ C _ d CPZQLE
v c+dQZQx+ c+d d

1
m
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is a convex combination of elements of Z5, hence My, (Z) < m. This yields
_ _ 1. 1
MZ2(.CE) — MZl(JZ) < m-— 1 < — dist (IL', ZQ) < _dH(Zb ZQ) .
c c
Using (16) we conclude that
1
Mz, () = Mz,(2) < Sdu(Z1,2),

and arguing similarly for x € Ag U A; we complete the proof. O

Another distance criterion for convex sets involving the mapping J introduced in Lemma
3.1 is used in Sections 5 and 7. Here, we derive the following estimate.

Lemma 3.3. Let Zy,Z5 € C be such 0, Mz(x) exists for each x € X \ {0} and that (14)
and (20) hold for Z = Z;, for Z = Z;, i = 1,2. Let L; be the Lipschitz constant on the
right-hand side of (21). Then

|z, (x) — Jz,(2)] < £ (dM(Z1, Zo) (cLy+ dy(Zy, Zz)))1/2 Vo € 0B1(0). (26)

Proof. Let z € X with |z| =1 and let Jz, () # Jz,(x). We define

Ty =a+s J2(w) = T, () for s>0. (27)

|z, () = Jz, ()]

We may assume that (x, — x, ) < 0, otherwise we interchange Z; and Z5. The functions
Ai(s) == $ M3 (x,) are convex and satisfy

Xi(0) + sA0) < Ai(s) < N(0)+sAi(s)  for s>0. (28)
Thus,

Aa(s) = Ai(s) = A2(0) = A(0) + s (X3(0) — Ai(s)) (29)
= 22(0) = A(0) + s(A3(0) = AL(0)) + 5 (A (0) — Ay(s)) -
Note that, because s — My, () is differentiable, the chain rule implies that

/ 5) — x ‘]Zz<x> - JZl(x) o 5
M(s) <‘]Zi( 5)’|J22<x>—le<w>|> for 520,

Hence

>‘,2<O) - )‘/1(0) = |JZ2(:E) - JZ1(:E)| ) (3())
(A () = M0)] < [z (x) = Iz (2)] < sLy. (31)

We further have by (16) for all s > 0 that (recall that we have assumed (x5 — z,z) < 0)

2
s 1
2 (0 2) < LS

[Aa(s) = M(s)] < dv(Zy, Zs) -

(32)

C
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Combining (29)-(32) we obtain for all s > 0 that

2 + 52

Jafa) = I (@) <

dy(Z1, Zs) + sLy. (33)

The right-hand side attains its minimum for s = \/2dy(Z1, Z2)/(cLy + dn(Z1, Z2)), and
the assertion follows. O

We conclude this section with the following result as a simplified variant of [6, Lemma
3.2].

Lemma 3.4. Let Z C X be an arbitrary convex closed set, and for 6 > 0 set Zy =
Z + By(0). Then the outward unit normal ng(x) to Zy is uniquely determined at each
point x € 0Zy, and we have

1
Ing(x) —ng(y)| < i |z — y| Va,y € 0Zy. (34)

Proof. Let Q7 : X — Z be the orthogonal projection onto Z. Putting Pyx = x — Qzx
we have |Pzz| = dist (z, Z) for each x € X, and

(Pzx,Qzx —2) > 0 Vee X, Vze 7. (35)
For x € 0Zy and & € Zy this yields |Pzx| = 0, |Pzz| < 0, and
<PZ{L‘,J} —[f> = <le’,szE — in'> —|— |PZ{L‘|2 — <P2I,szi'> Z 0

Let n be an arbitrary unit vector such that (n,z — %) > 0 for every & € Zy. Putting
T = Qzx + 0n we obtain (n, Pzx) > 0, hence n = (1/0) Pzx = ng(x). From (35) it follows
for all z,y € X that (Pzz — Pzy, Qzx — Qzy) > 0, hence |Pzx — Pzy| < |z —vy|, and (34)
follows. O

4. Existence and uniqueness for the explicit problem

Since Problem (P) is equivalent to the classical sweeping process (1), the existence and
uniqueness result for (P) can be deduced from the results of Moreau [11], if the set-valued
function Z is Lipschitz continuous with respect to the Hausdorff metric, that is, if

duy(Z(0),Z(0)) < Lzlo—0o| Vo,0 € R (36)

holds for some Lz > 0.

It is obvious that if Problem (7P) has a solution, it is unique. Indeed, if £, 7 are two
solutions, then <f,77 — §> >0, (n,& —n) >0, hence <§ —1,& — 77> < 0 and the assertion
follows.

Proposition 4.1. Let there exist Lz > 0 such that (36) is satisfied. Then Problem (P)
admits a unique solution & € WLY(0,T; X) for any given functions v € WH(0,T; X),
re Wh(0,T; R) and any initial condition xo € Z(r(0)).
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Proof. We consider the sweeping process (1) with
C(t) =u(t) = Z(r(t)), & = u(0) — o,

which is equivalent to (P). By (36) we have

du(C(1), C(7)) < u(t) —u(T)| + Lg|r(t) — r(7)].
Since u and 7 are absolutely continuous, so is C. By Proposition 3c in [11], (1) then has
a solution £ € WH(0,T; X). O
Note that in Proposition 4.1 there is no assumption regarding the interior of the sets Z(p),
in particular (10) is not needed.

Concerning the dependence of w upon C' in the sweeping process (1), the basic general
result is of Holder type, see Proposition 2g in [11] or Theorem 4 in [7]. Let &,7n be the
solutions of Problem (7P) for the data (u,r,xo) respectively (v, s,yo). Then Theorem 4
in [7] implies, if u,r, v, s are Lipschitz continuous,

£ —n(®)* < (lzo — yol + |u(0) — U(O)D2+L/O u(7) =o(7)[+ Lz|r(r) = s(7)dT, (37)

where
L =2(||t)lsc + |0]lcc + Lz([|7]loc + [I5]lcc)) - (38)

Because of the square in (37), this formula cannot serve as the basis of a contraction
mapping argument for problem (Z).

5. Lipschitz estimates

Under the assumption (10), we denote by Z*(p) the polar set to Z(o) defined in (13) for
0 € R, and by M*(p,-) its Minkowski functional. By Lemma 3.1 we have By,c(0) C
Z*(0) C Bi;.(0) for every o € R, and the inequalities

K <
2 Mew) < 2 (39)
cle] < M*(p,z) < Clz (40)

hold for every x € X and ¢ € R. The following conditions are assumed to hold:

(L1) The partial derivatives 0, M (g, z) € Y', 0, M (o, x) € X exist for every x € X \ {0}
and ¢ € R°, and the mappings

J(o,z) = M(o,2)0, M(0,z) : R° x X\ {0} —» X, (41)
K(o,z) = M(0,2)0,M(0,z) : R°x X\ {0} =Y’ (42)

admit continuous extensions to x = 0 and o € R.
(L2) For every x,2' € Bo(0) and o, 0’ € R we have

K (0, 2)lyr < Ko, (43)
[J(o,x) = J(d, )] < Cyllo—dly + |z —2a]), (44)
|K(0,2) — K(d,2')ly < Ck(lo—dly + |z —2|) (45)

with some fixed constants Ky, Cy, Cx > 0.
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Lemma 5.1. Let (10), (L1) and (43) hold. Then
di(Z(0), Z(0)) < C*Kolo — o (46)
holds for all p,0 € R.

Proof. By Lemma 3.2,

4 (Z(0), Z(0)) < C% sup [M(o,2) — M(o, ).

|z|=1

By (39), if |z| = 1 we have

and (46) follows from (43). O

Thus, Problem (P) has a unique solution by Proposition 4.1.

The following two lemmas constitute the main steps towards the desired Lipschitz esti-
mates.

Lemma 5.2. Let (L1) hold, let (r,u) € W10, T; R)x W0, T; X) and zy € Z(r(0))
be given, and let £ € W0, T; X) be the corresponding solution to Problem (P). For
t €]0, T set

Alrul(t) = (€@, J(r(),2(1))) .
Blralt) = 3

Glrul(t) = (a(t),J(r(t),2(1))) + (K (r(t), 2(1)),7(1))) ,

with x(t) = u(t) — &£(t). Then for a.e. t €]0,T] we have either

(i) &) =0, §Blrul(t) = Glrul(t)
(il) &(t) #0, 2(t) € 9Z(r(t)), Alr,u](t) = Glr,u](t) > 0, Blr,u)(t) = maxyp Blr,u] =
1/2, %B[T, u](t) =0, and

Alr, u](t)

€0 = Tt w00 (47)

Proof. Let L C 0,7 be the set of Lebesgue points of all functions u, 7, £, %B[r, ul.
Then L has full measure in [0, 7], and for ¢ € L we have

d

G Blrult) = (@), J(r(t), (1)) + (K (r(t),2(t)), 7(t)) - (48)
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If 5( ) =0, then () (t), and (i) follows from (48). If f(t) # 0, then z(t) € 0Z(r(t)),

hence M (r(t),z(t)) maxXcpo,r] M(r(s), z(s)). We therefore have Blr, u|(t)

1/2 = max) ) B[r,u], $B[r,u](t) = 0. As a consequence of (P) (iii) we have £t) =
kn(r(t),z(t)) with a constant k > 0, where n(r(t),z(t)) is the unit outward normal to

Z(r(t)) at the point z(t), hence k = <g’<t),n(r(t), x(t))>, and (47) follows from Lemma
3.1(ii). Furthermore, (48) yields ((t), J(r(t), 2(£))) = — (K (r(t), z(t)),7(t))), hence
<5(t)>J(7"(t),fB(t))> = (u(t), J(r(t), z(t))) — (&(t), J(r(t), z(1)))
= (u(t), J(r(t), z(t))) + (K(rt),z(t), 7)) ,

and the proof is complete. O]

U
1
d

In the situation of Lemma 5.2, we always have

Gl u](®)] < Ja(®)][J(r(t), z(2))] + Kol (t)ly (49)

EB < [a(®)] + CKoli(t)ly - (50)

Indeed, (50) is trivial if £(t) = 0; otherwise we have |£(t)| = A[r,u](t)/|J(r(t), z(t))] =
Glr,u)(t)/|J(r(t), z(t))| with x(t) € 0Z(r(t)). Lemma 3.1 then yields C'|J(r(t), z(t)))| >

M*(r(t), J(r(t),z(t))) = M(r(t),z(t)) = 1, and (50) follows from (49).

Lemma 5.3. Let (L1) and (43) hold, let (r,u), (s,v) € WH(0,T; R) x Wh1(0,T; X)
and xy € Z(r(0)), yo € Z(s(0)) be given, let &,n € WH(0,T; X) be the respective
solutions to Problem (P), and set x = u—¢&, y =v—mn. Then for a.e. t €]0,T] we have

|[Alr, ul(t) = Als, 0](£)] + %\B[T, ul(t) = Bls, ol(t)] < [Glr,u](t) = Gls,0]@)], (51)

£(8) —i(0)] < C(Ja(t)] + CKol(#) [y )| (r(1), z(t) — J(s(t), y(1))] (52)
+ C'|A[r,ul(t) — Als,v](t)] .

Proof. The assertion follows directly from Lemma 5.2 if £(t) = 7(t) = 0. Assume now

o £(t) # 0, 7(t) # 0.
Then (51) is again an immediate consequence of Lemma 5.2. To prove (52), we use (47)
and the elementary vector identity

z Z

22 ZP

1
|2112']

|z — 2|  for z,2€ X\{0},

to obtain

E(t) -0 < yA[r,u]<t>|'| )

1
+ ’J(S(t),y(t))’ ’A[T, u](t) - A[S,U](t)‘
1
OO0 |Glr, u] ()] T (r(E), 2(t) = J(s(2), y(t))]
1
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Lemma 3.1 yields |J(r(t),x(t))] > 1/C, |J(s(t),y(t))] > 1/C. Combining the above
inequalities with (49) we obtain the assertion.
Let us consider now the case
o £(t) £ 0, i(t) = 0.

ghen |Alr,u](t) — Als,v](t)| = A[r,ul(t), Br,ul(t) — B[s,v|(t) = 1/2 — Bl[s,v](t) > 0,

Al (1) — Als, o)) + S |Blr ul(t) — Bls,ol(t)] = Alrul(t) — 5 Bls,o](1)

= Glrul(t) = Gls,0](1),
hence (51) is fulfilled. We further have similarly as above that
€)= n(t)] =€) < CAlrul(t) = ClA[u](t) — Als, v)(2)],

hence (52) holds. The remaining case

o {(t)=0,n(t) #£0

is analogous, and Lemma 5.3 is proved. O

We are now ready to prove the following crucial estimate.

Proposition 5.4. Let (L1), (L2) hold, let (r,u), (s,v) € W10, T; R) x WH1(0,T; X)
and xy € Z(r(0)), yo € Z(s(0)) be given, let &n € WH(0,T; X) be the respective
solutions to Problem (P), and set x =u—¢&, y =v—mn. Then for a.e. t €]0,T] we have

) i@ + C1Blrul6) — Bls, (0] < Chatt) — o) + CKy 6(6) — $(0)ly (59)
+ C(20500(0)] + (Cxc+ OO o) () ) (1r(1) = s(0)l + |a(0) — (D))
Proof. By Lemma 3.1 we have ¢ |J(r(t), z(t))

| <
1, hence |J(r(t),z(t))| < 1/c for every t € [0,T
left-hand side of (53) by

M (r(2), J(r(t),x(2))) = M(r(t), z(t)) <
]. By Lemma 5.3, we can estimate the

C (IGIrul(t) = Gls, o] + (@] + CERol#(O)ly)| 7 (r(8), 2(1) = T(5(6), (1))
which together with the assumptions (43) — (45) yields the assertion. O

6. Implicit model

We now consider Problem (Z') under the following hypothesis on the mapping g.
(G) ¢ :1]0,T] x X x X — Y is continuous and g(t,u,&) € R for each (t,u,§) €
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[0,T] x X x X. Its partial derivatives 0.g, 0,9, O¢g exist and satisfy the inequalities

0t 0, oy < 7 (54)

0ug(t,w, )|y < w, (55)
0eg(t,u, )y < alt), (56)

|0eg(t, u, &) — Oeg(t,v.0)lpixyy < Cglu—vl+1[E—nl), (57)
0ug(t,6) — Buglt vl peyy < Cullu—vl+le—a),  (59)
|0eg(t, u, &) — Org(t, v, m)ly < b(t) (Ju— v+ [§ —nl) (59)

for every u,v,&,n € X and a.e. t €]0,T[ with given functions a,b € L'(0,T) and
given constants v, w, Cy, C,, > 0 such that

§ = CKyy < 1, (60)

where C, Ky are as in Hypotheses (10) and (L2).
Let us start our analysis with the following necessary condition.

Lemma 6.1. Let Hypotheses (L1), (L2), and (G) hold, and let ¢ € WHH0,T; X) be a
solution to Problem (ZI) with some uw € W0, T; X) and o € Z(g(0,u(0),u(0) — z0)).

Then we have

)] < (1 + CERw)li(t)] + CKya(t) a.c (61)

Proof. Inequality (61) is an easy consequence of (50) with r(t) = g(¢,u(t),£(t)). Indeed,
using (54), (55) we obtain |#(t)|y < a(t) + w|a(t)] +~|£(t)] and (61) follows. O

We now prove the converse as the main result of this section.

Theorem 6.2. Let Hypotheses (L1), (L2), and (G) hold. Then for everyu € W11(0, T ;
X) and every zo € Z(g(0,u(0),u(0)—xz¢)) there exists a unique solution & € Wh(0,T; X)
to Problem (ZI) in the set

Q = {n e WH0,T; X); O] < 55 (L+ CKow)li(t)] + CKoa(t)) a.e. } |

n(0) = u(0) — o

Proof. Let S :Q — WH(0,T; X) be the mapping which with each n € Q associates
the solution £ to Problem (P) with r(t) = g(¢,u(t),n(t)). By (50) we have

€O < Ja)] + CRoli(t)ly < (14 CKow)la(t)] + CKoalt) +8[i(t)|  (62)
1

< 75 1+ CRw)la(h)] + CKoalt)).

hence S(Q2) C Q. The set Q is convex and closed in W1(0,7; X). We now check that
S : Q — Qis a contraction with respect to a suitable norm in W1(0,7; X).
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Let 11,12 € € be given. By Proposition 5.4, the functions & = S(n;) for ¢ = 1,2 satisfy
almost everywhere the inequality

€1(t) = &)+ 6) < dlin(t) —i(t)] (63)
+ Cs(u(t)] + alt) + b)) (Jm(t) — ma()] + 1€(t) — &(2)])

with () = C|Blg(-um),ul(t) — Bla-, us), ul(t)] > 0, A(0) = 0, and with a constant
Cs > 0 independent of 1y, ns.

Let now € > 0 be chosen so small that

0+ ¢eCs

=0 <1 64
and let us define an auxiliary function
w(t) = e hlamirambmydr o e [0, 7T]. (65)

We have w(t) > 0 for every t € [0,7] and w(t) < 0 a.e. We test the inequality (63) by
w(t) and integrate over [0,7]. Taking into account the relations

/0 B wt)dt = [5(t)w(t)]§—/0 B(t)w(t)dt > 0,

/ w(t) (Ja@)] + at) +0(8)) (Im (1) — n2 ()] + [&:(1) — &(1)]) dt

0

_ / at) / (i (r) — ia(r)] + €1 (r) — &9(r)]) dr dt

S {w(t)/o(\7’71(7)—772(7')|+]51(7)—52(7)|>d7

0

te / wlt) (i () — in(®)] + [E4(6) — Ex(t)]) dt

T . .
< 6/0 w(t) ([ (t) — n2(t)] + [€0(t) — &(0)]) dt,
we obtain from (63) that
T . . T T . .
/ w(t) [6(t) &) dt < (5+506)/ w(t) [ (t)—n2(1)] dt+505/ w(t) & (t)—&(t)] dt
0 0 0
hence
T _ . T

| el -éold < 5 [ uwling -l (66)

We thus checked that S is a contraction on {2 with respect to the weighted norm

Il = n(0)] + / w(t) (o)) dt

hence S admits a unique fixed point & which is a solution of (Z). O]
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7. Lipschitz continuity

In this section we prove local Lipschitz continuity estimates for both Problems (P) and
(Z) as a combination of Proposition 5.4 and a Gronwall-type argument.

Theorem 7.1. Let the assumptions of Proposition 5.4 be fulfilled. Then there exist pos-
itive constants Co, Cy such that for every R > 0, every (r,u),(s,v) € WH1(0,T; R) x
WH0,T; X) with [ (4] + |7ly)dt < R, [i (|o] + |3]y)dt < R, and every xo € Z(r(0)),
yo € Z(s(0)), the respective solutions &,m € WH1(0,T; X) of problem (P) satisfy the
imequality

T T
/ € —nldt < Cre®F (!l‘o — 1ol + [r(0) = s(0) [y +/ (I = o] +[r = Sly)dt) - (67)
0 0
Proof. By Proposition 5.4, there exists a constant Cy > 0 such that
(1) = g(t)] + A1) < Co(lﬂ(t) —o(0)| +|7(t) =51y (68)

+ (la@®)] + [F @)y ) (|2(t) = y(@)] + |r(t) — S(t)ly))

with §(t) = C'|B]r,u|(t) — Bl[s,v](t)|. We argue similarly as in the proof of Theorem 6.2
and test (68) by the function

wi(t) = e~ CofolalFlily)dr

This yields

%(wlw /Ot\:k—y\dr)+w1(t)ﬁ(t) < Gowy(®)(Ji(t) = o(t)] + 1#(6) = 3(t)lv ) (69)
st (1o = ol +1r0) = 5Oy + [ = sy )

Note that

/ Cn® 80 d = [0 SO - / Cin(0) 8(6) dt > —un(0) B0) (70)

> _gyW(r(O),xo) — M*(s(0),90)] = — (CK0|7’(O) —s(0)ly + %wo - yo\) :

On the other hand, integrating (69) from 0 to 7" and using the fact that for every ¢ € [0, T
we have 1 > wy(t) > wi(T) > e~ “F we obtain

e_COR/O i —gldt < —/0 wi(t) B(t) dt + xo = yo| +[r(0) = s(0)}y  (71)

T
+ (co+1)/ (i — 0| + | — $ly) dt
0

and the assertion follows from (70), (71). O
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Theorem 7.2. Let the assumptions of Theorem 6.2 be fulfilled. Then there exist positive
constants Cy, Cs such that for every R > 0, everyu,v € Wh1(0,T; X) with fOT |u] dt < R,

f0T|1')|dt < R, and every xy € Z(g(0,u(0),u(0) — x¢), yo € Z(g(0,v(0),v(0) — o), the
respective solutions &, m € WH(0,T; X) of problem (ZI) satisfy the inequality

T T
/ € —n|dt < Cse®f <|w0 — yo| + |u(0) — v(0) +/ |0 — 0] dt) ) (72)
0 0

Proof. We use Lemma 6.1 and Proposition 5.4 with r(t) = g(t,u(t),£(t)), s(t) =
g(t,v(t),n(t)), and find a constant C* > 0 such that

(L= 8)lEt) —n(t)| +5(t) < C*(\l’t(t) —o(t)| (73)
+ ([a(®)] + alt) + b)) (Ju(t) — v(®)] + [£(t) — ?7(15)\))

with G(t) = C'|Blg(+,u, &), ul(t) — Blg(-,v,n),v](t)|. Repeating the procedure from the
proof of Theorem 7.1 with

CQ = 1—5 s wg(t) = e*CQ f3(|ﬁ(f)l+a(7)+b(7))d7 (74>

we easily obtain the assertion. O

8. Nonuniqueness

Let v : [0,1] — [0,1] be an increasing concave function with 1(0) = 0. Then the initial
value problem

w=0Y(w), w(0)=0, (75)
has a positive solution for any ¢ > 0 in addition to the trivial one, if and only if
|
/0 ) de < . (76)
Let us assume that (76) holds. Then
i v/(e) = i M = oo ()

Moreover assume that there exists K > 0 such that

V() < % for a.e. = €]0, 1] (78)
Then
Y(e) < 2K\e  Vee|0,1]. (79)
A typical example is 1(e) = 7, 1/2 < B < 1.
We denote
R (80)

1+ 8K?
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with K from (78), and consider for & > 0 and 0 <7 < 1 — @ the system of convex sets
V(n,a)=Bi_(0) N H(n,a), (81)

in X = R?, where H(7,«) is the half-plane

HOna) = (2 € % o) < 1-0-m) . va= (1) (52)

We further define two one-parametric families of convex sets
Z(e) = V(e+0(V/1+¢2(e) —1),9(e), (83)
Z(e) = Z(e) + By(0), (84)

for e € [0,e0], where g €]0, 1] is chosen in such a way that for every e €10, gq] we have

e+0/1+9%e) < 1, (85)

2(¢) P 1 1—¢
T+29<(1—6) - —|—g<1—\/1+:¢2(6)>> < 2-¢. (86)

Let A(f,¢) denote the left-hand side of (86). To see that condition (86) is meaningful, it
suffices to use (79) which entails that

0% (1+%(e))

4K? \?
li A6 < 4K?%0% + 20(1 +6K?) = 2|1 — | —— 2.
map A(0.) < 4K+ 20(1+ 6K ( (HW)) <2 (8

The set Z(e) can also be characterized as

z€Z(e) & |2 <1-0, (zvye) < 1—c—0/1+92(e), (88)

see Figure 1. As the next step, we check that the segment

50 = {2= () o= vt = 1= bl <006} (59)

satisfies
S(e) C 0Z(¢) Ve € [0, &) - (90)

The limit case € = 0 is easy: we have Z(0) = B(0), and S(0) contains only one element

er = ((1)) For ¢ > 0 and z € S(¢) we define

Then
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1—-¢
VI+92e)’

where |2]? < (1 — & 4 0¢?(€))? + 6% (¢) by (89). Developing the computation and using
(86) we obtain from (93) that

20> = |2 + 6% — 26 (93)

1—¢

ol < (1= €487 (140%(0) +0(0) + 20 (1 =€) 7(e) = W —eis

= (1-0)*+6%(1+%(e)) v (e) + 20 ((1 — &) ?(e) —|—<1 — \/11—1-;71;(8)>)+ g2 — 2

< (1 - ‘9)27
hence zg € Z(¢) and z € Z(e).
To see that z € Z(¢), we notice using (88) that for arbitrary z € Z(g) we have
1
2—Z > ————=(2— Z,uyr)) > 0.
|z — 2| s ( b))

In other words, dist (z, Z(¢)) = 6, and (90) is verified.

Figure 1. Trajectory of the nontrivial solution v(t).

We now construct the example of nonuniqueness for the evolution quasivariational in-
equality (4). Let w : [0,%y] — R be the positive solution to the initial value problem (75)
for a fixed 0 > 0, where we choose t; sufficiently small such that

wlto) S e, T <560, Sulult) < 1. (94)
We define v(t) = (28) with
n(t) =1 = wlt) + Bl )= ulb), (95)
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and set

I'(v) = Z(dvs) . (96)
Then
v(t) __valt)
b(w(t)) — P(w(to))
hence v(t) € S(w(t)) C 0Z(w(t)) = I (v(t)) for all t € [0, o], see Figure 1. We set
f@) = (f(1),0),  filt)=1+0:(t), (98)

then f(t) — 9(t) = vy (v(t)) € Nrwe)(v(t)), and fi(t) > 0 for t <. Therefore, both

< 0, (97)

v(t) as defined and 0(t) = e; = ((1)

despite the fact that the outward normal vectors ny()(z) are Lipschitz continuous in z
for every € with a Lipschitz constant independent of € as a consequence of Lemma 3.4.
Moreover, the orthogonal projections ()., of X onto Z(e) (and therefore also nz) by
virtue of the argument in the proof of Lemma 3.4) depend Lipschitz-continuously on &
in each interval [e1,£0] with 0 < g1 < gy. For ¢ = 0 there is indeed no problem in
any direction different from ey, as the boundary of Z(¢) does not move here for € small.
However, the dependence of Jz)(2) on € is not globally Lipschitz and the Lipschitz
constant behaves like ¢)(g) /e for z = e; near € = 0. Indeed, for fixed ¢ > 0 and z € S(e)
we have My (z) = (z,vp()) /(1 — €). We easily find ¢(e) > 0 which guarantees that for
every 3y € By (0) we can find p(e,y) > 0 such that p(e,y)(e; +y) € S(e). For all such
y we thus have My (e1 +y) = (e1 + ¥, vye)) /(1 —€), hence Jz(e1) = /(1 —¢)2
Obviously, Jzy(x) = x for every € X, and we conclude that

) are solutions of (4). Thus, there is nonuniqueness,

PO EE e

|JZ(5)(€1) - JZ(O)(61)| (1 _ 8)2 )

(99)

where the right-hand side is of the order of £ if for example ¢(e) = &7, 1/2 < g < 1.
On the other hand, we will see that Z(g) does depend Lipschitz-continuously on ¢ in
the sense of the Hausdorff distance. This implies in turn that the map v — I'(v) is
Lipschitz with an arbitrarily small constant similarly as in the example of [1] provided 0
is chosen sufficiently small (in fact, to make Figure 1 more transparent, we have chosen a
trajectory of the solution v(t) corresponding to a ‘very large’ ). We conclude the paper
by establishing this Lipschitz continuity result as a separate lemma.

Lemma 8.1. There exists a constant R > 0 such that for every 0 < g5 < €1 < g9 we
have

(i)  Z(e1) C Z(e2)

(11) dH(Z(é'l),Z(EQ)) S R(El —82).

It is interesting to compare formula (99) with Lemmas 3.2, 3.3, and 8.1. We see that
the hypothesis (79) is sharp in the sense that if one sets ¢(¢) = &’ with 8 < 1/2 in the
example above, one cannot expect that dy(Z(¢), Z(0)) remains Lipschitz continuous in €.

Proof. To prove (i), let us consider an arbitrary z = (2) € Z(e1) and assume that
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2 ¢ Z(ey). Then

€T — ¢(62)y > 1 —6e9— (9\/ 1+ ¢2(82) , (100)
r—(e)y < 1—g—0+y/1+¢%(eq), (101)
x < 1-0. (102)

For a € [0,1(g¢)] we define an auxiliary function
Ula) = v Ha)+0(V1+a2—1)
and set a; = ¥(g;), 1 = 0,1,2. From (100)—(102) it follows that

U(az) _ . V(o) = W(as) (103)

) a1 — Qg

Since V¥ is convex, increasing, and W(0) = 0, (103) is contradictory and we conclude that

Z(e1) C Z(e,), hence (i) holds.

It remains to prove the Lipschitz estimate in (ii). Let z € Z(e5)\ Z(&1) be arbitrary. With
the above notation we have

(2,Vay) < 1—0—T(ay), (104)
(z,V0y) > 1—=0—U(ay). (105)

We find ., € [ag, aq| such that
(v} = 1-6—W(as), (106)

and put e, = ¥ (), 21 = 2 — 0V4,, where o > 0 is chosen in such a way that

(21,Vay) = 1=0—Y(v), (107)
that is,
- ﬁ(@,yﬂ 10+ (o).
We have
21f* = [ =0 |va,[* =20 (1 =0 = W(an)) < [o]* < (1-06),

hence z; € Z(g;). Our goal now is to find R > 0 independent of ;, €, such that
|z — 21| < R(e; —ey), (108)

and it will suffice to pass from Z(g;) to Z(s;), i = 1,2, to complete the proof. Inequality
(108) will follow from a series of estimates, where C1, Cs, ... will denote arbitrary positive
constants depending only on K. First of all, we have

o (1= Ol < (14w ) (1= 0 —2(1—0)(1—6—B(a,))  (109)
< (1-0) (24207 () < Cre,.
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On the other hand, we have

p—al = ol € ol = (2= 1) (110)

= (2= (1=, Vay = Vo) + (1 =0) (Vo Vay — Vo) + ¥(aa) — ¥(aw)

1-46
< VCOie|va, = Vol + —— (|Va1|2 — |va.
< Oy (Vedlar —a) + (a1 =) + (o —ad)) |
where, by (78)—(79), we have oy — o, < 2K (/21 — /€.) and

aj —al = 2/ Ple) ' (e)de < 4K? (g1 —e.),
and (108) immediately follows. O

Acknowledgements. The authors thank one of the referees for the suggestion that Propo-
sition 4.1 might follow directly from Moreau’s results. This turned out to be right, as the
exposition above shows.
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