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We study the homogenization of parabolic or hyperbolic equations like

pe(z) 88;26 —div(as(z)Vues) = f  on Qx (0,T) + boundary conditions, n € {1,2},

where the coefficients a. and p. takes values of very different order on a e-periodic subset T, C Q (fibered
structure) and elsewhere. We find a non local effective equation deduced from a homogenized system of
several equations.

1. Introduction

We are concerned with the homogenization of parabolic or hyperbolic boundary-value
problems of the type

(1)

pe(2)Ste — div(a:(z)Vu.) = f  in Q@x(0,T), ne{l,2},
+ boundary conditions.
In the usual setting of homogenization, the e-periodic functions a. are assumed to satisfy
conditions of uniform ellipticity and boundedness like 0 < § < a.(z) < f < 4o00. The
homogenized equation has then the same form as the initial equation. In the case of
elliptic equations (p. = 0), the precise conditions on the sequence (a.) under which the
asymptotic behaviour of (1) is still a classical one are established in [7], [8]. However when
highly inhomogeneous media take place, like for instance in the theory of temperature su-
perconductivity, these assumptions may not be satisfied anymore and the homogenization
can lead to unusual models like non-local ones, as pointed out in [14]. This is well known
in the case of scalar linear elliptic equations where the appearance of a non local term in
the limit energy can be interpreted in the general context of Dirichlet forms (see [17]). In
[4], [9], [12] explicit computations are performed for a fiber reinforced structure. Some
extensions of those kinds of results to the framework of elasticity, where the theory of
Dirichlet forms breaks down, are given in [5], [13]. However very few results of this type
are known when evolution problems are considered.

In this paper, we study the effective properties of a composite made of an e-periodic frame
of parallel disconnected fibers 7. of conductivity A. and mass density p;. surrounded by
a matrix of conductivity e* (o > 0) and mass density po.. Hence the functions a.(z) and
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pe(x) are defined by

a.(x) =X if veT.; az):=e* if 1€ Q\T,
pe(x)=p1. if x€T.; px) :=po. if z€Q\T..

The particular effects due to the lack of uniform boundedness and the lack of uniform
ellipticity are brought to the fore by two different choices of scaling.

In the first example, we consider the case of very thin fibers (the Lebesgue measure of T
tends to 0) of very high conductivity, surrounded by a matrix of constant conductivity 1.
Therefore, the condition of uniform ellipticity is fullfilled, but not the condition of uniform
boundedness. More precisely, denoting by r. the radius of the fibers, our assumption reads

as:
Q
a=0, = ”T”kg, 0<r.<<e, k.—ke|0,+o0l.

Similarly the coefficient p.(z) is assumed to satisfy

lim@p =D lim’Q\TE’p =D
250 ’Q’ le 1 250 ’Q’ Oc 0>

P1:Po € [0, +o00l.

In order to describe the asymptotic behaviour of (1), we introduce besides the limit u of
the solution u., a new variable v which accounts for the macroscopic temperature of the
structure 7,. This temperature v is defined as the weak limit in the sense of measures of
the rescaled functions defined by v.(x,t) = %ua(x,t) if v € T;, v.(x,t) = 0 otherwise.
The limit problem we derive in Theorem 2.2 depends on k, p,, p; and on the capacitary
parameter
= lim ——.

T e2[Inr,|
In the case where k and 7 are positive and finite we prove (see Theorem 2.2) that (u,v)
is the unique solution of a problem of the type

ﬁog—ﬁ—Au%—Qﬂv(u—v) =f in Qx(0,7),
— o 2, :
P — ko +2my(v—w) =0 in Qx(0,7),

-+ boundary conditions.

This result, which extends to the setting of linear evolution equations the results obtained
in [11], [4] for elliptic equations, has been already partially announced in [3].

In the second example we assume that the lebesgue measure of the fibers is constant of
order 1 but the conductivity of the surrounding matrix tends to 0. Thus, the condition
of uniform boundedness is fullfilled, but not the condition of uniform ellipticity. More
precisely, we assume:

12
T

1
k, r.=c, 0<c<-—.

a=2 A 5

The study of this problem (including the case a # 2 and the case of linear elasticity) has
been carried out in [19] by means of asymptotic expansions, for the peculiar behaviour
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of the mass density p.(z) corresponding to p, = 0. The limit problem associated with
7o > 0, more intricate (see Remark 2.6), is given in Theorem 2.5 and has the following
form
— 0"u — ne? — o™ v ) :
rPoge + <f’1 - 1_m2/’0> 5 kg_xg =f in 2x(0.1),
u=>®o,(v) in Qx(0,7), + boundary conditions,

where v and v are described above and the affine correspondance ®,, is function of the
elementary evolution problems (18) on the unit cell.

Let us notice that the same scaling (with n = 1) is also used to modelize the weakly
compressible single phase flow in a porous medium with cracks and fractures, leading
to the so-called double porosity model (see [2]). In this case the porous medium 2\ 7.
consists of an union of totaly disconnected open subsets of size ¢.

The paper is organized as follows: in Section 2 we give some notations and state our main
results in a precise way. In Section 3 some preliminary results are collected. Section 4 is
devoted to the proofs.

2. Notations and main results

In the sequel, Q := wx]0, L[ where w is a bounded open domain of IR? with smooth
boundary. The Lebesgue measure of a set E is denoted by |E| and the mean value of a
function f on E is denoted by fdx. For any K C IR", M,(K) ( resp. Cy(K)) denotes
the set of bounded Radon measure (resp. bounded continuous functions) on K. Given
a sequence of positive reals (1), the geometry of the set T will be described in terms of

the open disk of IR
D = {(wy,29) € R?, (/2% + 1} < %E}, (2)

by considering first its periodization on all IR?* given by Dg = U,eze{i} + D7, then by
setting
1. = (wNneDj) x (0, L). (3)

We introduce also
11\ . A - o
Y = 55 Yii=e({i}4Y), D.:=ec({i}+D%), [L:={ie€Z Y Cw} (4
Our aim is to study the asymptotic behaviour of the sequence of evolution problems

pg(x)aa;:f —div(a:(x)Vu.) = f in Qx(0,7), u.€ D,, (5)

where n € {1,2}, 0 < T < 400 and

Dy = {u e L*0,T; Hy(Q)) N C([0,T], L*()), u(0) =y in Q},

Dy = {u € OO T B N C O THZ@), 10 = 0. FHO) =m0 2},
feL*(Qx(0,T)), o€ L*(9), if n=1,
feL?), o€ HyQ), wye L*Q) if n=2.
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Figure 1.

Notice that if n = 2, f is assumed not to depend on ¢. The sequences a. and p. are
defined by

Q
a.(r) = %ke if veT., alx)=¢e* if z€Q\T,

pe(x) =p1e it z €T, p(x)=poe. if x€Q\ T,
where v € {1,2} and k., pic, po- are positive reals such that

. o o |O\T| - T _ -
lli% ka - k’, lli% |Q Poe = Po> lli% Q] Ple P15 (7>

k €]0, +00], p; € (0,400, py € [0,400[.

Notice that by (7), the sequence (p.) is bounded in L'(2). The same holds for (a.) as
soon as k < 400. The relative compactness of the solutions of (5) requires the following
assumption

sup/ pe()|po|?dx < +o0, fn—1.
e>0J0O

sup {/ p=(2) (Io]® + vol? + |Vipo|?) dx + / aa|Vgoo(a:)|2dx} < 400, ifn=2
e> 9] o

(8)
automatically satisfied if ¢g is bounded (for n = 1) (resp. if vy and Vo are bounded
and k < +oo if n = 2). The particular effects due respectively to the lack of uniform
boundedness and the lack of uniform ellipticity are characterized by two typical choices
of scaling. In each situation, the limit problem is expressed in terms of the limit u of the
sequence u. of the solutions of (5) and the limit v of the sequence

Q
ve(x) == Huglnx(oy). 9)
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Example 2.1 (High conductivity). The function a. is supposed to take very high val-
ues on the subset T, of fibers, while at the same time the measure of T, tends to 0. More
precisely we assume

O0<r.<<e a=0. (10)

The limit problem depends on k, 7,, p; defined by (7), and on the parameter

1
=lim ———— € |0 . 11
7= I gy © ) (1)

It is expressed in terms of the limit u of the sequence u. of the solutions of (5) and the
limit v of the sequence (v.) defined by (9) which describes the average behaviour of the
restriction of u. to the fibers. The effective boundary condition are given by (u,v) € Dt
defined by

D= { (u,0) € (20, T5 HY()) x L2(0,T; L(w, H}(0, 1)) 0 (Ca(Bo) X Calp1)) } (12)
where C,,(0) = L*(2 x (0,7T)) and if r > 0,

9(0) = o ifn=1,
Cu(r) == {9 € C"71([0,T]; L*(%2)), { - (13)
g(0) = ¢o and %(O) =g if n =2

In the case n = 2, we assume that:
k < +oo. (14)

In order to deal with the case lir% p1e = +00, we will make the following assumption:
e—

%o, 0 € C(Q). (15)

Theorem 2.2. Assume (10), (15) (and (14) if n = 2), then the sequence (u.) of the
solutions of (5) weakly converges in L*(0,T;H{(Q)) to w and the associated sequence v,
defined by (9) weak-star converges in the sense of measures to a function v, where (u,v)
1s the unique solution of

(i) Ifk < +oo, (u,v) € D (defined by (12)) and

Doy _ Au + 21y (u — v) = on Qx(0,7),
fogiv 9% ! )= (0,7) if 0<vy< 400,
p1W_ka_$§+27T’Y(U_U):0 on Qx(0,7),

v=uw (ot PG —du—kig =/ on @x(0.T), if 7= oo

(1) Ifk=+o0 andn =1,

1 < 400,
we L2(0.T: H(Q)), u(0) = o, F

{v:(]; Dot — Au+2myu=f on Qx(0,7),
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Remark 2.3. In the case where 0 < v < +00, 0 < k < +00 and p; = 0, the variable v
can be computed in terms of u by solving a one dimensional boundary value problem (see
the details in [4]), then substituted in the first equation yielding

0"
Pogin

L
— Au+ c(xs)u — / R(z3, ys)u(w1, 2, y3, t)dys = f,
0

2m (cosh(co(L — x3)) sinh(coxs) + sinh(co(L — 23)) cosh(coz3)) ,

R(z3,y3) := kcg sinh(co(L — x3 V y3)) sinh(co(z3 A y3)),

sinh (¢oL)

Let a(.,.) the continuous symetric bilinear form on V := H} () defined by

a(u, w) ::/Vqudx+/c(x3)uwdx
Q Q

_/ (// R(%,?/3)“(%1,552#3775)1”@1,$2,y37t)d$3dy3> dxidz,.
w (0,L)2

Denoting H := L*(), it is easy to check that a(w, w) > o|w|?, —C|w|?%, Yw € V for some
suitable constants o, C'. We have the following weak formulation of the limit problem in
D'(0,T;V")

n

Do < i +a(u(t,.),w) =< f(t),w >, forae tel0,T], YwelV,

U(O) = %o, lfn: 1’
du .

u(0) = ¢o, E(O) = Yo, itn=2.

By the J. L. Lions” Theorems (see [16]), the last problem associated to initial conditions
characterized by (6) has a unique solution u such that

d

we L¥0,T;V) N ([0, 7], H), d—;‘ e L2(0,T; V"), ifn =1,
2

u € C([0,T],V), du c 0([0,7],H), du c L*(0,T;V"), ifn=2.

dt dt?

Example 2.4 (Low conductivity). Now the function a. takes values of order 1 on T
and very small values elsewhere. More precisely we assume:

1
a=2, r.=c (0<c< 5), k. =k €]0,400]. (16)

In this case the set D := D does not depend on e. We denote by C{°(Y') the set of
Y -periodic functions of C*°(IR?) and by H{(Y) the completion of C{°(Y') with respect to

3
the norm w — (/ (|w|2 + |Vw|2)dx) )
Y
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The limit problem, expressed as before in terms of the limit u of the sequence (u.) of the
solutions of (5) and the limit v of the associated sequence (v.), is the following coupled
system of equations

_ o _ _ 2, .

1—1\D\p037 + (pl - 1‘ |£‘p0> o ka =f in Qx(0,7),

u= o, (v), (17)
)

The affine correspondance ®,, is defined as follows: given a function z € L*(Q x (0,T))
and a fixed z € 2, we denote by w?* the unique solution (if possible) of the following
elementary evolution problem on the unit cell Y:

(1 |D|ﬁoa$”tl Awi(y,t) = f(z,t) in (Y\D)x(0,T),

wy € L(0,T; HY(Y)), wi(y,t) = z(x,t) ae. in Dx(0,T), ifn=1,
(wy € C([0,T), L*(Y)), wi(0) =y, if py >0, 18)
(imiPo it — Dwa(y, 1) = f(x) in (Y'\ D) x (0,7),

wy € L(0,T5 HY(Y)), wa(y, t) = z(x,t) ae. in D x(0,T), if n = 2.
(w2 € ([0, TT; Hl( )NCH[0, TI;L(Y)), w2(0) = o, %2 (0) =wvo if 7y > 0,

Then
(@, (2)) (2. 1) = /Y w3y, £)dy. (19)

The domain D7 is given by

D = {(u,v) € Cn(po, p1) x En(p1),

P 1@ x (0.1),0=0 on wx 0.1} x (0,7)},

(20)

where

En(pr) = {v € C"Y[0,T], L*(2)), v(0) = ¢y, Gmd %( 0) = v if n = 2) } , if p1 > 0,

Cn(P0, P1) = {u € C"([0, 7], L*(2)),

0
u(O):O(anda—Q;(O):vo ifn:2> } if 75> 0 and 77 > 0,

Cn(0,7) = Cpn(r,0) = £,(0) := L*(Q x (0,T)), forr>0.
Theorem 2.5. Assume (16) then the sequence (ue,v.) where u. is the solution of (5)

and v, is defined by (9) weakly converges in (L?(Q2 x (0,T)))? to a couple (u,v) solution
of (17).
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Remark 2.6. Example 2.4 is studied in [19] assuming 5, = 0. This describes a situation
where the component of the matrix is at the same time very insulating and very light, or,
in the framework of linear elasticity, where the fibers are simultaneously very heavy and
very rigid (the function f in (5) is then multiplied by p.). In this case the limit problem
is simplified and has the following form:

nGw —kGE =1, in Qx(0,7),
Cv—u)=f, in Qx(0,7),

+ boundary conditions,

where
C = inf{/ (Vw|*dy, wEHﬁl(Y), w=1 on D, ][ wdy:O}.
Y Y

3. Preliminary results

Let us introduce the sequence of measures p. on Q x (0,7") defined by

1]
|T|

e = lr. (z)dx dt. (21)

When (10) is assumed, we denote by (R.) a sequence of positive reals such that
r. << R. << &, (22)

and consider the following subsets of IR

/ Rs i .
CRE = {(fﬂl,l'g) € IR2> .’L’% +$% - ?} ’ CRE = 8({Z} + CRE),
T Te 7 . Te
C’g::{(xl,xz)E]RQ, \/x%—i—x%:?}, Cy.=ce({i} +C™),

and the functions @, and v, defined on  x (0,7) by

Ue (21, T2, T3, 1) 1= Z (][ _ Us(Sla82>$3;t)d7'f1(81,32)) Ly (1, 22), (23)

i€l C%

Ve(21, 0, X3, ) 1= Z (][c

icl. r

Te

ue(s1, 9, 3, t)dH (1, 32)> Ly:(w1, 22), (24)

where Y, I. are given by (4). The following proposition characterizes the asymptotic
behaviour of several sequences associated to the solution u. of (5) under the assumption
(10) of Example 2.1. In the sequel, the letter "C" denotes a suitable positive constant
independent of ¢ and which may vary from line to line.
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Proposition 3.1 (Example 2.1). Assume (10) and let u. be a sequence in L*(0,T;

H}(Q)) such that
T T
/ / uc2dedt < C, / / 0|V |2dudt < C. (25)
t=0.JQ t=0JQ

2

dp. < C, (26)

Then,
Ou,

NPdu. < C /
[k <c. [17

and there exists two functions u, v such that, up to a subsequence,

xs3

u. —u  weakly in  L*(0,T; Hy(S)), (27)
* ou, ov ,
Ucpte = vdxdt, —p. = —dxdt *-weakly in  My(2 x (0,T)),

Oxs 3x
! (28)

v

— e L*(Q T
b e IO (0,7)),

v=0 on wx{0,L}x(0,7T), (29)
G —u. — 0 strongly in  L*(Q x (0,T)), (30)
0. — v  weakly in  L*(Q x (0,7)). (31)

Proof. We derive easily (27) from (25). On the other hand, by the Fubini’s theorem, (7)
and (21) we have

/|Ua|2dﬂa:/

From (32) and (25) we deduce (26). We apply then the next lemma (see [6], [10]) to
the sequence of measures v. := p., the compact K := Q x (0,7) and the sequence of

functions f. = u. (resp. f. = 3—52)‘

2

/ Ou — (21, 29, 2, )dz
o Ors

dp. < C/ /a5|Vu€| dxdt. (32)
=0

Lemma 3.2. Let v. and v bounded Radon measures on a compact K C RY such that
v. 2 v. Let (f.) a sequence of v.-measurable functions such that sup, [ 1felPdve < +o0.
Then the sequence of measures f.v. is sequentially relatively compact in the weak-star
topology o (My(K), Cy(K)) and every cluster point m is of the form m = fv with f € L2.

Moreover, if fove = fv, then liminf/ | f-|2dv. > /|f|2d1/.

We deduce that, up to a subsequence,

Ou.

e —p. = gdadt,  for some v, g € L*(Q x (0,T)).
T3

Ug e X vdxdt,

Testing the latter convergences with a function ¢ € C*°(£2 x (0,7")), we obtain

T
e == [ [ 3
drdt = hm ugd e = — —vda:dt 33
/tO/Qggp Ox3 s t=0 O3 ( )

Ue
833'3
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and infer (28). Then by integrating by parts the right-hand member of (33) we get
/ (QOU(.CL'D:L'Q,L,t) _¢U($17x2707t))dl'1d$2dt: 07
wx(0,T)

and by the arbitrary choice of ¢ obtain (29). The following estimates are proved in [4,

p. 420]:
T T
/ / lue — G| *drdt < Ce*(1 + / / |V, |*dzdt, (34)
t=0Ja t=0Ja

2 T
/|u8 — 3.2 dp. < Cr? / (Vu|*du. = C’;—e/ / a:|Vue|*dxdt. (35)
e JO =

From (22), (25) and (34) we deduce (30). Applying Lemma 3.2 with f. = u. — 0. and
Ve = U, taking into account (7), (25), (26), (28), (35) we infer

R.V?2
9

In

/|ﬁ€|2du5 <O, Dope > wvdrdt  in M(Qx (0,T)). (36)

On the other hand, in accordance with the definitions (21) and (24), there holds

T
/]6£]2du5:/ /\@\%xdt.
t=0JQ

Therefore by (36), (0.) is bounded in L? and up to a subsequence weakly converges to
some h € L% The proof of Proposition 3.1 is achieved provided we show that h = v which
results by passing to the limit as € — 0 in the following estimate

‘/ Y VA —/ gpﬁgdxdt’ < (¥,
Qx(0,T)

holding in view of the definitions (24) and (21), for any ¢ € C(Q2 x (0,7)). O

The next results will be used in the proof of Theorem 2.5 and rely on the two-scale
approach (see [1], [18]). For the reader’s convenience, let us recall that a sequence (f;)
in L2(Q2 x (0,T)) two-scale converges with respect to the variable 2’ := (z1,22) to fy €
L3 x (0,T) x Y) (this property will be denoted simply: f. — fo) if for each ¥ €
D(Q x (0,7),C(Y)),

T / T
lim/ / fe(z, )W (m,t, %) dxdt = / folz, t,y)V(x,t,y)dxdydt. (37)
=0 JQ ¢

e—0 =0 JOxY

It is well known that any bounded sequence in L*(2 x (0,7)) has a two-scale converging
subsequence. Proposition 3.3 specifies several relations between different limits associated
with a sequence of functions (u.) and their gradients:
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Proposition 3.3. Let (u.) be a sequence in L*(0,T; H}(Q)) such that the sequence
(Vucly xom)) is bounded in L*(2 x (0,T)). Assume (16) and the following convergences:

u, —u weakly in L*(Q x (0,T)), v. —v weakly in L*(Q x (0,T)),

(38)
Ue — U, eVuliot)x0,r) = Xm-
Then,
ug € L*(Q x (O,T),Hﬁl(Y)), Xm = Vyug a.e. on Qx(0,T)xY
39
u(zx,t) :/uo(:c,t,y)dy, v(x,t) = ug(x,t,y) a. e. on Qx(0,T)x D. (39)
Y
If u. satisfies furthermore
9 1 Ou,
u. € L7(Q, H(0,7)), 5 9 u=(0) = o, (40)
then besides (39) there holds
ug € L*(Q x Y, H(0,T)), g= %, up(z,0,y) = po(z) a.e. on QxY,
0 0
we LA HY0,T)), ,t)= [ LG, t,y)dy  ae. on Qx (0,T),
ot y Ot (41)
ve LA(Q, H(0,T)), %(w,t) —][ aauto(:c t,y)dy a.e. on Qx(0,7T),

v(x,0) = po(z) a.e. on S

Proof. Very similar properties are proved in ([1], [5]). However, for the convenience of the
reader we give the proof of (41): by choosing a test function ¢ € C*(€2 x (0,7, C5°(Y))
such that ¢ = 0 on Q x {T'} x Y, and passing to the limit as ¢ — 0 in the following
integration by parts formula

/ /8u5 dxdt / /u8 :L‘t (x t—)—/@o(an)SD(anaxg)d%
Q

we obtain by (38), (40)

/// g(x, t,y)e(x, t,y)dxdt
QXY
/// ugxty xty // wo(x,0)p(x,0,y)dzdy.
Qx Qx

0
As the latter equation holds for arbitrary ¢ € D(2 x (0,T) x Y'), we deduce that % =9

in D'(Qx (0,7)xY) and ug € L*(Q x Y, H'(0,T)). Then by integration by parts we

infer that
I e 0rete 0. 0)dey = [ wale,0.)p(w,0. )z,
QxY QxY

and deduce from the arbitrary choice of ¢ that ug(z,0,y) = @o(z) a.e. on 2 x Y. We
conclude the proof of (41) by straightforward localization arguments. O]
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4. Proof of the Theorems 2.2 and 2.5

Proof of Theorem 2.2. In order to apply Proposition 3.1, we will prove that the
solution u. of (5) satisfies (25). To that aim, assuming first n = 1, we multiply the
equation (5) by u. and integrate it over Q x (0,7T). After integration by parts we obtain

1 1 T T
—/pa(x)\ue(x,T)Fdx——/ps(x)|g00(x)|2dx+/ /a5|Vu5|2dxdt:/ /fusdxdt.
2 Ja 2 Ja =0 Jo =0 Jo

In particular the following inequality holds:

g 1
| [ advupdsdt < fllaliudli +5 [ p@lplds =1 @)
t=0

from which, thanks to (7) and (8) one can easily derive (25).

If n = 2 we multiply (5) by ‘98”“;5 and integrate it over §). After integration by parts with

respect to the space variables we obtain

;(1/;)6() e /a5|Vu€| dm—/f uaxt)d>:0,

By (6), (7), (8) and (14) we infer

% /Q p=()

Ou,

o —(z, 1)

ou,
ot

= %/st(l’) |U0($)|2 dx + %/QCLJVQOQ(@')‘%[I — /Q f(z)po(x)de < C,

— (1)

1
dx—l— /a5|Vu€| d:c—/f x)ue(x, t)dx

(43)

and deduce (25).

The second step consists of the construction of an appropriate sequence of test functions
®. by which we will multiply (5), then pass to the limit as ¢ — 0 in accordance with the
convergences stated in Proposition 3.1, to get a weak formulation of the limit problem.
To that aim, we fix two regular functions ¢,¢ € C*(€ x (0,7")) such that p = ¢ =0
on 092x]0,T], and introduce the following subset B, of §) consisting of es-parallel tubes
surrounding the fibers of outer radius R.:

B.:={ze€Q, r.< dr:(x,) < R.},

o= (11,29), d.(2) = dist(a’, {ei,i € Z%}). (44)
The sequence of test functions (®.) is defined as follows:
Oe(x,1) := (1 = bc(a"))o(, 1) + 0c(2') (pe(, 1) + Ye(x, 1)), (45)
where
c(z,t) = oo xg, t) | Iya(2)), e(w,t) = T3, t) | 1y (2'),
o) = (f el @), wtwn =3 (om0 1o

i€l € i€l

(46)
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and 6, : IR? — [0, 1] is given by
n de(x')

0.(2") =1 ifd.(2") <re; 6-(2)) =0 if d(2)) > R.; 0.(2) := T Re otherwise. (47)
Ra

Let us multiply (5) by ®. and integrate it by parts over 2 x (0,7"). We get, if n = 1:

/ps( Yo ()P (2, 0)dx — //5 us dxdt+/ /aEVuEVq) dxdt = //f@ dxdt,

and if n = 2:

0.
- [ (0o, 0)da+ / pel@)ipo) S ,0)d

T
//8 ua d dt+//a8Vu5V(I> dzdt = //ffbgdxdt.
Q

As the sequence (®.) converges strongly to ¢ in L*(Q x (0,7)) and since, by (7), (11),
(22) and (45), the sequence (p.(z)®.(x,0)) convergences star-weakly in M,;(Q2) to the
function © — (o + p1(¢ + ¢))(x,0), taking (15) into account, we deduce

tim [ po(2)p0(2) . (2, 0)d = / 0(@)(Po + Prlp + )@, 0)de (n = 1),

e—0 Q

lim pa() o(2)®e(z, U)dﬂﬂ—/ o(2)(Pos + P10 + ) (2, 0)dz (n = 2), (50)

e—0

lim/ /fCI> dx dt = / /fgodxdt
e=0 Ji=0 t=0

By (10), (11), (27) and (28) we get
pe(x)ucly, = prv in My(Q2 x (0,T)) and pe(x)ucloyy, — pou weakly in L?(Q x (0,7)),
and deduce, by the estimate

0" 09+ 1)

otn ot

(x,t) < Cr. forxeT,,

and by the strong convergence in L*(Q2 x (0,T)) of the sequence 8555 Loz, to %%‘f, that

. 0" (¢ +¢)
ll_r)%/t O/p6 ug Sdrdt = /to/ (pou o + pyv o dx dt. (51)

Next we split the remaining term of (48) (or (49)) into the following sum of three terms:

T T
/ / a:Vu NV, drdt = I, + Ir. + I3, Ii. := / / Vu.Vpdxdt,
t=0JQ t=0J Q\(B-UT%)

T
I, ::/ Vu Vo, dxdt, Is. ::/kEVu8V@€dua.
t=0J B.

(52)
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By (27) and by the strong convergence in L* of Vi 1\ (s.urn) to Vi, we obtain

T
lim [, = / / VuVedzdt. (53)
e—0 =0 JQ
. . . 0. 00,
With regard to Is., let us notice that since — = Er =0on 7. x (0,7), we have
X1 1)
Oue O(pe + )
I e — ka d €9 54
3 / s O3 12 (54)

and by (26) and (46) the following estimate holds

'/ aua ¢e+¢a)dﬂ . aua 8(90+¢)d/1

< .
03 03 Ors Oxs e| < CTe (55)

Let us assume that k < +oo. It follows then from (7) and (28) that

v e +¢)
111’11]35 /tO/ T T dzx dt. (56)

In order to study the asymptotic behaviour of I, we first notice that (see below)

T
lim (_[25 / Y. Vu. Vo, dx dt) =0. (57)
=0 0 JB.

_r_

—7=) we obtain:
Re

By using cylindrical coordinates on each tubular set B! (6.(r,0) =

T
/ b u VO dr do dt
0 B

R
lnR z3=0 J 0= r=

1 (58)

== / | / (R .75) — (12,0, 25) ) () df vy

th t=0 Jx3=0 J o
= / / — Ve )edz dt,

e? hl Yix(0, L

where @, and o, are given by (23), (24). By adding up over ¢ € I. we get
/ V.Vu: V0. dx dt = Uz ) dx dt. (59)
Be g2 ’hl t=0

We deduce from (30), (31) and the estimate ) — .| < Ce that

li—r’%/to/ Ue ). dx dt = /to/ v —u)drdt. (60)
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Let us assume that 0 <y < +00. Then by (11), (57), (59) and (60) we have

T
lim Ip. — 277 / / (v — w)p da dt. (61)
e—=0 t=0JQ

Collecting (48), (50), (51), (52), (53), (56) and (61) we infer, if n = 1, that
g 0 0
- / o(2)(Pow + Prlp + ¥)) (2, 0)dx — / / (ﬁoua—f + m%) dx dt

/ /Vquodxdt+k/ /ava@ﬂb d:cdt+2m/ /v—uwdxdt
t=0 8373 8.’])3
:/ /fgod:pdt,
t=0JQ

and if n = 2,

(62)

—/ o(2)(Boe + Prp + ¥))(x, O)dl’+/wo(l’)(ﬁow+ﬁ1(90+@/)))(%0)d1’

T
/ /(OuatQ + P ((’th ¢)) dxdt+/ /Vqupdxdt

+k;/ @8(@+¢)d:ﬁdt+2m/ /v—uwdxdt
Qal’g 8x3

t—
T

:/ /fgpdxdt.
t=0JQ

By choosing successively ¥ = 0 and ¢ = 0 in (62), (63) we deduce from the arbitrary
nature of ¢, ¥, from the standart regularity results (see [16]) and from (29) that the couple
(u,v) is solution of:

(63)

ﬁogtg—Au+2m(u—v) =/ on @x(0,7),
a4 2

ﬁlﬂ 0 Z +2my(v—u) =0 on Qx(0,7), (o)
ot 3

(u, U) IDzﬁa

where DT is defined by (12). The proof of Theorem 2.2 is achieved in the case 0 < v <
+00, k < +00. Il

Assuming now v = +oo (and k < +00) , we first notice that by (48), (50), (51),(52), (53)
and (56), the sequence [5. admits a finite limit as ¢ — 0. Since 7 is infinite, we deduce

T

from (57), (59) and (60) that / /(v — u)dxdt = 0, hence u = v. Next we substitute
=0 Jo

1 = 01in (45) and pass to the limit as ¢ — 0 in (48) and (49). By (50), (51), (53), (56),
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(57), we obtain for n =1

—/9900(:16)(?0 +51)80(:B,0)dx—/0T/Q(p0+ﬁ1)u%_90 dudt

T T T
+/ /Vquodxdt+k/ /%a—% dt = / /fgpdxdt,
0o JO 0 O3 Oxs t=0JQ

/m )P+ P )l o>dx+/vo< )P+ Pl de+/ /po+p1> %2 o

/ /Vqupdxdt+k/ /6“ 9% g dt / /fgpdxdt
t=0 O0x3 Ox3

yielding by the same argument the case 7 = +00, k < 400 of Theorem 2.2. O]

and for n = 2,

Proof of (57). By the definitions (44-47), we check easily that

fo Jp. VO dadt < . le—w: < CR. on B.x(0,T),

2|1 re

B. x (0,T)| < CE, V(- ¢€+¢5)| < C on B.x(0,T), 0<6.<1.
Since V&, — VO.1). = Vo + V(o — p.) + 0.V (v — p- + 1), we infer

T R2 R2
/ VP, - Vot dedt < O +C 0 O,
0 Be

2
EIDRE

which proves (57), because Vu, is bounded in L?(2 x (0,7)). O

Now we assume
k=+o00, n=1 (65)

First we choose ¢ = 0 in the definition (45) of ®. and deduce from (57) that lir% I, = 0.

By (48), (50), (51),(52) and (53), we infer that /5. admits a finite limit as ¢ tends to 0
and then, by (28), (54), (55) and (65), that

lim [ 2% 9% 4, :/ 00 02 it — 0,
Q

e—0 O3 0x3 x(0,T) 0903 0xs

2

Hence g Y = 0 in the sense of distributions on Q x (0,7"). It follows then from (29) that
a3

v =0. (66)
We modify now the test functions ., setting

O, = (1—n)p+n(1—06.)pe,
ne(x'):=1 ifd.(2') < Re; nme(2') :=0 if de(2') > 2R,;

! 1 (-1
ne(z') = (ln d;(_};c)) (ln 5) otherwise,
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where d., p. and 6. are given by (44), (46), (47). By the same argument as before we get

(48) and

ti [ pe(e)a(o).(a,0)d = / 0(2)Bo(z, 0)dz,

hm/ /fCID dzx dt = / /fgodxdt

=0 t=0

lim/ /p (x)u —dedt—/ /ﬁ u%dxdt
—0JioJa" " "ot —oJa = Ot .

Then we split the remaining term of (48) as follows:

/ /aEVuEVQ) dadt =J1. + Jor + 323 Jie = / / Vu ., Vo, dxdt,
t=0 Q\(C-UB.UT%)

Joe :—/ Vu Vo, dx dt, / / Vu. Vo, dx dt,
t=0 J C;. t=0 5

where

C.:={r e, R.<d.(r)<2R.}.

In the same way as (53) we get

T
lim Jy. = / / VuVpdzdt.
e=0 =0 JQ

From the following estimate, easily deduced from (67),
T T R2
/ IV, [2dadt < CR?/ \Vne?dadt + C|C.| < C—=F —._0 0,
t=0JC: t=0JC. €

we infer
lim Jge = 0.
e—0

hm (J35+/ / 0V, Vusdxdt) 0.

By repeating the computation (58), we obtain

/ / e Vu: Vo, dvdt = — / / e — Ue)pe da dt.
: € ln— =0

It is easy to check that

(68)

(69)

(71)

(72)

(73)

Assuming first 0 < v < 400 we deduce from (11), (30), (31), (46), (66), (72) and (73)

that hm J3e = 27r7/ / up dx dt, and then by (48), (68), (69) (70) and (71) that

/800( )P (,0) dﬂf—/ /pOU— dxdt
/ /Vchpda:dt—i-Qﬂfy/ /ugpdwdt / /fgodxdt
=0
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yielding the case k = 400, 7 < 400 of Theorem 2.2.

Finally let us assume that & = 400 and 7 = +o00. Since, by (48), (68), (69), (70) and
(71), the sequence J3. has a finite limit as € — 0, we infer from (11), (30), (31), (66), (72)

T

and (73) that / / wpdzdt = 0. Hence u = 0 and recalling (66), the proof of Theorem
t=0 JQ

2.2 is achieved. L

Proof of Theorem 2.5. The relative compactness of the sequences (u.), (v.) results
from the estimates (42) and (43) stated above (corresponding to n = 1,2) and from the
following one (proved in [5], p. 20, in a more general context)

/ lw|*dr < C/ 2| Vw|?dr +C | |Vw|*dz, Yw € Hy(S),
Q NT:

Te

which, applied for a.e. ¢t to w = u.(.,t) and integrated over ¢ € (0,7, yields

T T
/ / |uc|* do dt < C/ /a5|Vua|2dxdt.
t=0 JQ =0 J©

We easily deduce from (42), (43) and the last inequation, that the sequences (u.), (v),
(eVue), (Vucly «or) are bounded in L*(2 x (0,T)). Moreover if n = 2 we get that . is
bounded in L*(2, H*(0,T)). Therefore up to a subsequence, the convergences (38) ((38)
and (40) if n = 2) hold where the various limits, in accordance with Proposition 3.3, are
identified by (39) (by (39) and (41) if n = 2). Moreover the sequences of measures u.fi.
and 2%, are bounded and by repeating the argument of Proposition 3.1, we get (28)

Ox3

and (29).

As before we next determine a weak formulation of the limit problem by passing to the
limit as € — 0 in the equation (48) if n = 1 and in (49) if n = 2, using the suitable sequence
of test functions ®. defined as follows: fixing two functions ¢, € C*°(Q x (0,7T)) such
that ¢ = ¢ = 0 on 90x]0,T] and two Y-periodic functions w,n € C*®(IR?) such that
l—w=mn=1on D and n =0 on 9Y, we set

o(ont) =0 (L) et + (10 (2) ) Butorn
Bty i= (10 (2) ) vty 4 (2 ) vute)

where 1), is defined by (46). In order to compute the limit as ¢ — 0 of each term of (48),
(49) we notice that by the following estimates

(74)

/

pe(a).(o,t) = (= mow () (ot = vl + (2 ) viwn)) | <

o) G0 (e (2) et = vt 4 (2) futenn) )| <
where . .
p(y) = Polyv\p(y) + mﬁllD(y>> (75)
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and by (38) (resp (38) and (40) if n = 2), there holds

iny [ (@) o ()0(.0) = | o) (L g0(0) 0 = 0)(0.0) + plo)i(a.0) ) ey

e—0 Q

hm pg() o(z)P(z,0)dr =

€—>

| o) (=)o = 0)(w.0) + o). 0))dady, (= 2),

T
P,
liII(l)/ /pe(x)usa—dq;dt =

//Q uo(,t,y (1 _ﬁj’mw(y)a(@a; ¥) (,t) +p(y)%—f(x,t)) dzdtdy, (n=1),

. ou, 0P,

lEr(l)/o/QpE(w)W ot
1 ougl Py A — ) b -

/ /Qxy@t (1 W T @i ”@)a(“)) dadtdy, (n=2),

llr%/ /fCD dr dt = //my ) — ) (x, t)+w(x,t)> dz dtdy.

(76)
With regard to the remaining term of (48) (or (49)), we write
T
/ / a:Vu VO, dr dt = I, + Io;
= / eVu..eVo,; I, = / kVu Vo du.,
(\Te)x(0,T) (Te)x(0,T)

and noticing that

eV, — (w (%) (p(z,t) — U(z, t)))' < Ce,

125 = /kauE %dum aw - 8w€

833'3 81'3 a_.xg 8%3

< (e,

we infer from (28), (38) and (39)

hmflE / VyuoVw(y)(e(z,t) — (z,t))dx dy dt,
t=0 JQxY

ov 0y
hm[ . k——dx dt.
’ /t o/ dz3 Ox3
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By (76) and (77), passing to the limit as ¢ — 0 for n = 1 in (48), we obtain
1
— [ o) (5=mmote) (9 — ¥)(,0) + ply)(x, 0) ) dudy
Q><Y 1—- |D|

/to/my (z,t,y) (1 _1|D—|ﬁ0w(y)ww,t)—|—p(y)aa—lf(x,t)) dx dt dy

ov oY

+ / V,uoVw(y) (e — ¥)(x, t)dx dt dy + / k———dzdt
Qxy t=0 O3 O

[ 0 /M ) — ), 0) + (e, 1)) d didy,

and, passing to the limit for n = 2 in (49),
I
— [ wo@) (7o) (o = ¥)(@,0) + ply)(, 0) ) dudy
QxY - ’D‘

0 1 o - 9
/to/Q ) 8110 ) (—1_|D|ﬁow(y)%(:ﬁ,t)+p(y)8—zf(x,t)) dx dt dy

v 0y

—l—/ Qxyv yUoVw(y) (e —¢)(z, t)dxdtdy—l—/ /ka—%a—%d dt

/tO/Q . ) =) (z,t) + ¥(z, t)) dz dtdy.
| (79)

By choosing first ¢ = 0 in (78), (79) and denoting £(t) : (x,y) — w(y)p(z,t), we obtain
forn =1

/ L e (0)dxd /T/ Lo dedtd
- ———Pooé (0)dwdy — ——— Dot da dt dy
axpy 1 — [D]™7 ’ =0 Jaxa\py 1 — [D]™° "ot

T (80)
+/ / VyuoV,Edx dt dy —/ / f&dx dtdy,
t=0 JQx(Y\D) 0 JOx(Y\D)
and for n = 2
vo&(0)dxd / / —dx dt dy
/Qx o\p) 1 — |D|p0 ot (0)dwdy = =0 Jax\p) 1 — |D|p0 ot ot (&1)

/ / VyuoVyEdr dt dy —/ / f&dx dtdy.
t=0 JQx(Y\D) Qx(Y\D)

Setting H = L*(Q x (Y \ D)), V = {0 axprp| 0 € L2AQ HAY))} and Vp := {0 €
V, 9 =0on Qx D,} associated with the norm |[9]3, = [J|3; + |[V,9|}, we can rewrite
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(80) and (81) as follows

[ [otuy o) - DL [y g+ DA LD g,y

1—|D] 1—|D|
[ Jatuewn - PEOEO = [y eonar+ T =),

(82)

where (.,.) denotes the scalar product in H and a(.,.) is the continuous symetric bilinear
form defined on V) x V; by

a(y,0y) := / V, 01V, 0adzdy.
Qx(Y\D)

By density (82) holds for any £ € V, where
Vi={¢ € L*0,T; Vo), & € L*(0,T, H), §(T) = 0}.

Since the form a(.,.) satisfies a(0,9) > [J[3, — [9|%, there exists a unique function &, €
L?(0,T;Vy) such that the following equality is satisfied for all £ € V (see [15] p. 44 or

16))
/ [a(ea®). (1) - Pl E D)y / () e + 2Pty

1—|D| 1— D
| fateoto 0y - POOEDNae — [, enar+ o E =),

(83)

Hence, by (39), ug is the unique function in L?*(0,T; V) satisfying (82) for all £ € V and
such that ug(z,y,t) = v(z,t) a.e. on Q x (0,7) x D. By localization, for a.e. x € Q, the
application (t,y) — wug(z,t,y) is the unique solution of the elementary evolution problem
(18) associated with z(z,t) = v(z,t). By (19) we have:

u=®,(v). (84)
Moreover there holds
0
Up € O([OaT]7H)7 % S L2(07T7 %/)7 UJO(O) = 0, if Po > 0, n=1,
ug € C([0,7],V)NnC*[0,T], H), (85)
82Uo 2 / Oug e —
52 € L*(0,T;Vy), up(0) = o, W(O):vo, if oy >0, n=2.

Introducing the function
bat)i= sty (56)
Y\D
it follows from (85) and (86) that

{b e C([0,T], L*()), b(0) =y, if 5, > 0,n = 1
(87)

be OO 71, L), b0) = g0, D(0) =, 7> 0,m =2
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Next we choose ¢ = 1 and integrate (78) and (79) with respect to y. By taking (39), (75)
into account, noticing that for almost every (x,t) € Q x (0,7,

/Y (2., ) p(y)dy = Fob(x, ) + Pro(z, 1),

by integration with respect to the variable y we obtain for n = 1

- / (B + Pr) ol (, 0)d — / 0 / (Fuble, 1)+ ol 1)) 7 v

T
+/ / 00 0% 1t — / /f@[)dxdt
t=0 JQ a$35$3 t=0
and for n = 2

0
_/Q(ﬁOWLE)UO( (z de_/to/ (po 1(%) (;fd dt

T
+/ / 00 0% 1t — / Fo da dt.
t=0 JQ a9036$3 t=0 JOxY

By the arbitrary choice of 1, taking (87) and (41) into account, we infer

O™ 0% )

A A R (A
P1 atn &E% f pOatn I X (O’ )7

(88)
v e O™ (0,77, L*(R2)), v(0) = ¢y, ( and %(0) = if n= 2) it p; > 0.
Since, by (39) and (86), there holds
u=(1—|D|)b+ |D|v, (89)
we deduce from (87) and (88) that
n—1 2 du . e —
uel ([OvT]a L (Q>> (0) ¥o, 825 (0) = Yo ifn=2 ) if Po-P1 > 07 (9O>
and by (84), (88), (89), (90), the proof of Theorem 2.5 is achieved. O

Acknowledgements. The author wishes to thank F. Paronetto for several discussions about
parabolic equations during his visit at the Dipartimento di matematica dell’Universita di Lecce.

References

[1] G. Allaire: Homogenization and two-scale convergence, SIAM J. Math. Anal. 23 (1992)
1482-1518.

[2] T. Arbogast, J. Douglas, U. Hornung: Derivation of the double porosity model of single
phase flow via homogenization theory, STAM J. Math. Anal. 21 (1990) 823-836.

[3] M. Bellieud: Homogénéisation de problemes d’évolution dans une structure renforcée de
fibres, C. R. Mécanique 330 (2002) 1-6.



M. Bellieud / Homogenization of Evolution Problems in a Fiber Reinforced ... 385

[4] M. Bellieud, G. Bouchitté: Homogenization of elliptic problems in a fiber reinforced struc-
ture. Non local effects, Ann. Sc. Norm. Sup. Pisa, Cl. Sci., IV. Sér. 26 (1998) 407-436.

[5] M. Bellieud, G. Bouchitté: Homogenization of a soft elastic material reinforced by fibers,
Asymptotic Analysis 32(2) (2002) 153-183.

[6] G. Bouchitté: Représentation integrale de fonctionnelles convexes sur un espace de mesures,
Ann. Univ. Ferrara 33 (1987) 113-156.

[7] M. Briane: Homogenization of a class of non-uniformly elliptic monotone operators, Non-
linear Analysis, T.M.A. 48 (2002) 137-158.

[8] M. Briane: Homogenization of non uniformly bounded operators, Arch. Ration. Mech. Anal.
164(1) (2002) 73-101.

[9] M. Briane, N. Tchou: Fibered microstructure for some non-local Dirichlet forms, Ann. Sc.
Norm. Sup. Pisa, Cl. Sci. 30 (2001) 681-712.

[10] G. Buttazzo, L. Freddi: Functionals defined on measures and applications to non equi-
uniformly elliptic problems, Ann. Mat. Pura Appl., IV Sér. 159 (1991) 133-146.

[11] D. Caillerie, B. Dinari: A perturbation problem with two small parameters in the framework
of the heat conduction of a fiber reinforced body, in: Partial Differential Equations, Banach
Center Publications 19 (1987) 59-78.

[12] M. Camar-Eddine, P. Seppecher: Closure of the set of diffusion functionals with respect to
the Mosco-convergence, Math. Models Methods. Appl. Sci. 12(8) (2002) 1153-1176.

[13] M. Camar-Eddine, P. Seppecher: Determination of the closure of the set of elasticity func-
tionals, Arch. Ration. Mech. Anal. 170(3) (2003) 211-245.

[14] E. Y. Khruslov: Homogenized models of composite media, in: Composite Media and Ho-
mogenization Theory, Prog. Nonlinear Differ. Equ. Appl. 5, Birkhduser (1991) 159-182.

[15] J. L. Lions: Equations Différentielles Opérationnelles et Problemes aux Limites, Grund-
lehren 111, Springer, Berlin (1961).

[16] J. L. Lions, E. Magenes: Probléemes aux Limites Non Homogenes. Vol. 1, 2, Dunod (1968).

[17] U. Mosco: Composite media and asymptotic Dirichlet forms, Journal of Functional Analysis
123 (1994) 368-421.

[18] G. Nguetseng: A general convergence result for a functional related to the theory of ho-
mogenization, SIAM J. Math. Anal. 20 (1989) 608-623.

[19] G. P. Panasenko: Multicomponent homogenization of processes in strongly nonhomogeneous
structures, Math. USSR Sbornik 69(1) (1991) 143-153.



