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This paper is concerned with the finite convex integration problem which for a given finite family of pairs
of points {(x;,z})}, consists in finding a convex function f such that z} € df(x;) for all i.

1. Introduction

Assume that we are given a finite family {(z;, }) }ier € X X X*, where X = X* = R" (but
the analysis works in a more general setting, for instance in Hilbert or Banach spaces).
We are concerned with the following problem :

Find a convex function f : X — R such that ] € 0f(x;) Vi€ [ (Int)

where 0f(z) denotes the Fenchel-subdifferential of f at x. Clearly, this problem is a finite
version of the continuous integrability problem (for more details, see Rockafellar [1]):
given a convex subset C' of X and a point-to-set map I' : C' — X™:

Find a convex function f : C'— R such that I'(z) C df(x) Vx € C (Intc)

If f is a solution of one of these problems, its Isc-regularization (that is to say the greatest
lower semi-continuous (Isc in short) function bounded from above by f) is also a solution.
For this reason, we shall only retain the solutions which are lower semi-continuous.

Given a solution f of (Int), then any function of type f + K where K is constant is
a solution as well. Thus, we consider an additional initial-type condition: fix a couple
(20, z§) in the family and Ay € R, consider only the lower semi-continuous convex functions
that satisfy

f(zo) = Ao and =] € Of (x;) Viel.

We denote by F the set of all such functions. In both cases (continuous or finite), this
solution set F is empty unless a cyclic-monotonicity type condition, that we call (CM),
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holds. However, when F is not empty, F is not necessarily a singleton as shown by the
following example: X = X* = R, the family is {(0,0), (1,2),(—1,—2)} and the initial
condition is f(0) = 0. Then, the two following functions fi(z) = z? and fa(z) = 2|z|
belong to F.

We shall show, in Sections 3 and 4, that there are two functions f~ and f* in F such
that f~ < f < f* for all f € F. In Section 5, we describe algorithms for computing
these two functions f~ and f*. The gap between f~ and f* is studied in Section 6. In
Section 7, we consider the case where the initial condition f(z¢) = A¢ is replaced by the
condition f(z) = A where Z is an arbitrary point in X.

Finally, we conclude this paper with the particular case where X = R.

The notation is the classical notation of convex analysis used in the tutorial book of
Rockafellar [1].

2. The cyclic monotonicity property

A necessary condition for the existence of a solution of the continuous integrability prob-
lem (Intc) is that the point-to-set map I' enjoys a cyclic monotonicity property (see for
instance Rockafellar [1]). When transposed to the finite case, the property is as below.

Definition 2.1. The family {(x;, z})};cs is said to be cyclically monotone if for all jg, j1,
ooy Jks Jke1 € I with jg = jr11, the following inequality holds:

Z <x;l7sz+1 - Ijl) <0. (OM)
=0, k

This condition is necessary for the existence of solutions in our problem. The proof is the
same as for the continuous problem and for the sake of completeness, we briefly reproduce
it below. Assume that f € F. Then, because =} € df(x;) for all ¢ € I, we have

f(xh) f(xjo) + <£E;O, Ljy — ij),
f(x]é) f(xh) + <$;1>xj2 - xj1>7

AV

fzg) = flag ) + (), 25 — ),
f(xjk+1) > f(x]k) + <m;kk7 Ljrpr — xjk>’

Condition (CM) follows by adding these inequalities and from the equality z;,,, = ;.

3. Construction of a minimal function

Let us define the set J as the collection of all ordered subsets J = {jo, - -, jx} of I such
that jo = 0. We precise in this definition that j. # j; when r # s.

Next, for each J € J, let us define, as in Rockafellar [1] p.238, the function on X
fJ(x) = <x;0? Ljy — $j0> +ot <x;k,17xjk - xjk—l) + <x;<k7 T — a:jk>7 (1)

and then the function f~ as

f(z) =X+ max fr(z). (2)
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Each function f; is affine by construction. Hence, f~ is finite, convex and continuous on
X since it is the maximum of a finite number of affine functions. In the following lemma,
we are interested in the values of the function f~ at points z;, i € I.

Lemma 3.1. Assume that condition (CM) holds. Let i € I, then there exists J =
{Jo, -+ ,jrx} € T with ji =i such that

(@) = Ao+ filzi). (3)

In particular
fﬁ (.1'0) = )\0.

Proof. It results from (CM) that f;(xo) <0 for all J € J. Hence f~(z9) = Ao because
the maximum in (2) is reached for J = {0}. Next, for i # 0, let J = {jo, - ,jx} € J be
such that

Ifti ¢ J="{jo, - ,Jjr}, change J into J = {jo, -+, jx, 1}, then J still belongs to J and
(4) holds as well. If ¢ € J but i # j, i.e., if J is of the form J = {jo, - , 511,51 =

i’jl+17 e 7jk}7 then

fi(xi) = Z <x;w Ljry1 — x.j’r> + Z <$;r’ Ljry1 — :Bjr>

r=0,,1—1 r=lk

with jxi1 = ¢. Since j; = jro1 = ¢ and (CM) holds, the second sum is less or equal to 0.
Change J into J = {jo," -+, ji—1,1 = i}, then J € J and (4) still holds. O

In general, for a given ¢ € I, there does not exist a unique J € J for which (3) holds.
Moreover these J do not have necessarily the same cardinality. This motivates the fol-
lowing definition.

Definition 3.2. Given i € I, we denote by [J (i) the family of the ordered sets with the
smallest cardinality J = {jo, -+ ,jx = ¢} € J for which (3) holds. That cardinality,
denoted by 7(i), is called the rank of 7.

It follows that r(0) =1 and 2 < r(i) < card([) for all i # 0. The following proposition is
crucial for the construction of the function f~.

Proposition 3.3. Leti € 1,i#0 and J = {jo, j1, ", Jjr—1,Jx = 1} € T(i). Then

f(@i) = () + (@), wi—xj,,).

Moreover,
r(i) = r(jr-1) + 1.

Proof. The assumptions imply that r(:) = k£ + 1 and

f_ (xl) = [>\0 + Z <x;7-7 xjr+l - x]r)] + <x;k_17 xl - xjk—1>'
r=0, k—2

By definition of f~ and since {jo,j1, - ,jk-1} € J, we have

f(@i) < () {252 — 25,,)- (5)
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Taking then some J = {jo, j1, - »jr1,)r = jk1} € T (je_1), We consider two cases in
succession.

° i¢ J. Then {j’o,j'l, e Gy Jr = ket Jrg1 = i} € J and therefore

fﬁ(‘rjkfl) + <x;k & T Ty 1 =X+ Z L le - le> < fi(xl) (6)

The equality follows from the definition of J(ji_1) and the inequality, from the def-
inition of f~(z;). Gathering (5) and (6), we obtain f~(x;) = f~(xj,_,)+ (% @i —

Jk—17

xj,_,) and r(i) < r(jx—1) + 1. Then, by definition of (i), r(i) = r(jr—1) + 1.
. i € J. Then J is of the form

j - {507 Tt 758—1758 - i)js-i-la e 7.}.7’ - jk—l}'

In order to prove that this case never occurs, set

A=Xo+ D (@w,, o)

1=0,--- ,s—1

and
b= Z <‘T§z’xil+1 B x§z> + <x;k71’ Ty — xjk71>'

l=s,,r

Inequality (5) implies f~(2;) < A+ B. Condition (CM) implies B < 0. Finally,
A < f~(z;) because the ordered set {jo, - ,Js_1,Js = i} belongs to J. It results
first that B =0 and A = f~(z;); next

r(i) <s+1<k+1=r(i

which is not possible.

The proof is complete. O]

Now, we can state the main result of this section.

Theorem 3.4. Assume that Condition (CM) holds for the family {(z;, x})}icr. Then f~
satisfies the following properties:

i) [ is convex and continuous on X ;

it) [~ (x0) = Ao

i) xf € 0f (x;) Viel;

w) [7(x) =max ef| f7(2) + (2], v —m) | VaeX;
v) g(x)>f(z) forallge F andx € X.

Proof. i) and ii) have already been shown.

iii) Let z € X and i € I. Take J = {jo,j1, - ,Jx = i} € J(i). Using (1), (2) and the
definition of 7 (i), we obtain

fi(x) > >‘0+ Z <$;T7xjr+1 _xjr> + <LL’:,$—$¢>,
=0, k-1

(@) > f () + (2], 2 — 24).
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Thus, 2} € Of (x;).
iv) Given z € X, let J = {Jo, j1, -, jr} € J be such that

f () = X+ fi(z)
= Dot Y (@, — )+ (@, — 1)
=0, k—1
< f*(xjk)—i-(x;fk,x—a:jk).
Combining these relations with iii), we obtain iv).

v) Assume that g € F. First, let us prove that g(x;) > f~(z;) for all i. We proceed by
induction on the ranks of the elements of I. If 7(i) = 1, i.e., if ¢ = 0 then, by definition,
g(xg) = f~(x0) and the inequality holds. Assume that it holds for all ¢ of rank less or
equal to p and let any ¢ of rank p + 1. Let J = {jo,J1, " Ik, Jks1 = i} €J(i). Then,
since x}, € dg(x;,), we have

9(371) > g(xjk) + <$;k>$z - l"gk>
Proposition 3.3 implies that, on the first hand, jj, is of rank p and thereby g(x;,) > f~(z;,)
and on the other hand f~(z;) = f~(x;,) + (¥}, , 7 — x;,). Hence v) holds for r = ;.

Next, let any x € X. By iv) we know that there exists i € [ such that f~(z) =
[ (x;) + (xf,x — ;). On another hand g(z) > g(x;) + (x},x — x;) because x} € Jg(z;).
Hence g(z) > f~(x) because g(z;) > f~(x;). O

Thus, in view of iv), the minimal function f~ of F is completely determined when the
values f~(x;) are known at points x;. The following proposition shows that these values
are the optimal solutions of a linear program.

Proposition 3.5. The quantities f~(x;) are the optimal solutions of the following linear
program:

m/\ln[ Z Nt N N> (@l -y Vijell. (LP™)

i€1,i#0

(recall that A is fized.)

Proof. i) Let \ € H_?I be defined by \; = f~(z;) for all i € I. Since f~ is convex and
x; € 0f(z;), then A is a feasible solution of (LP™).

ii) Next, let A be a feasible solution of (LP~). Define the following function p on X:
pla) = max{\ + (af, o — 20}

By construction, p is finite and convex on X. Moreover,
p(zj) = N+ (@}, x5 — x5) = A

Assume, for contradiction, that p(x;) # A; for some j. Then, there exists an index i such
that
p(ﬂf]) =\ + <.’L';f,ilfj — ZL'Z> > >\j
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in contradiction with A being feasible. Thus, p(z;) = A; for all j. Next, for all z € X
p(x) = Ni + (a7, @ — i) = p(a;) + (2], ¢ — ;)
and therefore p € F. Finally, since f~ is minimal in F, p > f~ and in particular
Z)\i = Zp(l’z) > fo(%) = ZXi~
i€l i=€l iel iel

]

Thus, the construction of f~ is equivalent to finding the optimal solution of the linear
program (LP~). Since the existence of f~ depends on Condition (CM), that condition is
related to the feasibility of (LP™).

Proposition 3.6. (CM) holds if and only if (LP~) is feasible.

Proof. i) Assume that X is feasible for (LP~) and let J = {jo, -, Jk, Jer1} C I with
jk—i—l - jO‘ Then,

)\jl > )‘jo + <$;07 Tj — 5Uj0>7
)‘j2 > )\jl =+ <x;k1 y Ljy — xj1>7
)\jk+1 > Ajk + <:L‘;k, Lierr — xjk>'
Adding these inequalities, and using the fact that \;, ., = A;), we get immediately Con-

dition (CM).

ii) Next, assume that (CM) holds. Then f~ exists. Take, as in the proof of the last
proposition, \; = f~(x;) for all i. We have seen that such A is a feasible (and even
optimal) solution for (LP~). O

Although a classical simplex algorithm for linear programming can be used to compute
the optimal solution of (LP~), we shall design a special algorithm in Section 5.

4. Construction of a maximal function

We begin this section by noticing that the variables z; and x} play a symmetric role in
Condition (CM). This is the object of the following proposition:

Proposition 4.1. The family {(x;,z})}icr considered as a subset of X x X* satisfies
Condition (CM) if and only if the family {(x},x;)}ier considered as a subset of X* x X
satisfies (C'M) too.

Proof. Assume that (CM) holds in X x X*. Let J = {jo, -+ , Jk, Jer1} C I with jri1 = jo.
We must prove that the quantity

A= Z (fzr;j-r+1 -5, 75,)

r=0,-k

is nonnegative. Rearranging the terms, we have
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A = <$]1>'TJ0> + <x32’ :l?]1> +oee <$;k+17xjk>
_<I]07'x]0> - <‘/I"]17x]1> T <x_]k7x]k>
Take I = {ig, - ,ig,ixs1} C I where iy = jyi1_s for s =0,1--- 'k + 1. Then iy = i
and
A = <xzoa xi1> + <JJ“,£C¢2> T+t <xlk7‘rlk+1>
<l‘m, xio> <lea xi1> - (:EZk, x'bk>
Condition (CM) implies A < 0. By symmetry, (CM) for X* x X implies (CM) for
X x X*. O

Assume that (CM) holds (it is no more necessary to precise if it holds for X x X* or for
X* x X). Set \§ = (xo,z§) — Ao and define H as the collection of lower semi-continuous
convex functions on X* such that

h(xzg) = A\ and x; € Oh(z}) Viel.

It is easy to see that a function f belongs to F if and only if its Fenchel-conjugate belongs
to H. On the other hand, Theorem 3.4 implies the existence of a minimal function A~ in
H. Define the function f* as the Fenchel-conjugate of h~. Then we have the following
result.

Proposition 4.2. f* is mazimal in F, i.e., f < f* forall f € F.

Proof. We have already seen that f* belongs to F. Let any f € F, then its conjugate f*
belongs to H and therefore h~ < f*. Passing to the conjugates we obtain (h™)* > f. O
The next theorem shows that f* is completely characterized by its values at points z;.

Theorem 4.3. The maximal function f* of F is given by

:iITlf{Z’f’i,uii reRY, ZO’ZT": 1,27"2-331-::5}

where p; = fH(x;) = (@, xf) — AF and A\ = h™(xf).

(]

In particular, f(x) = 400 for all x not in the convex hull of the points x;.

Proof. Recall that, for a lower semi-continuous convex function f,

" € 0f(v) <= f(x) + f*(z") = (x,z").
Hence, if u; = f7(x;) and A\f = h™(z}) and because h~ is the conjugate of f7,

Next, since h™ is minimal in ‘H and in view of Theorem 3.4,
h™(z") = max[h™(z7) + (z;,2" — 27) |
1€

= mtin[t cte R, N4 (w2 —af) <tViell.
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Hence,
@) = sup [(w,2") = h™(z7)]
T*eX*
= sup [(z,x") —t: (x;,2") —t < (xy,x]) — X\ Viel|
x*t
= inf[Zriui creRLr > 0727"1' = 1,27@95@- =xzViell.
Clearly, f* takes the value +oo outside the convex hull of points x;. O]

We have seen that the quantities \; = f~(z;) correspond to the optimal solution of a
linear program. This is also the case for the quantities p; = f*(x;).

Proposition 4.4. The quantities u; are the optimal solutions of the following linear pro-
gram:

max | Z pi g — > (xl ey — ) YVi,j el (LPT)
o

i€l,i£0

where g = g 1s fived.

Proof. Because h~ is minimal in H, the quantities A} = h~(z]) are the optimal solutions
of the linear program

min[ YN A A 2 (o —afxy) Vijell (LPY)

i€l,i#0

where \j = (2§, z9) — Ao is fixed. On the other hand, \f + u; = (xf, z;) for all i, hence
replacing A} by its value in term of p;, the problem is equivalent to

A = min[z (s, o)) — pa) = oy — pa > (i, x5 — x5) Vi, j € 1],

i€l ,i0
le.,
A = Z <$@,$j> —mEX[‘Z M * by — My > (xf,xj —xi> Vi,j € []'
1€1,i#0 icl,i#0
As the first term is constant in pu, the result follows. =

It is worth noticing that the feasibility domains of (LP") and (LP~) are the same. Here
again, we shall give, in the next section, a specially designed algorithm for computing the
values ;.

Thus, we have shown in this section and the previous one the existence of a maximal and
a minimal function in F. We resume that below.

Theorem 4.5. Assume that the family {(z;, x})}ier satisfies Condition (CM). Then
there exist two functions f~, ft € F such that

f-<f<ft foralfecF.

Furthermore dom(f~) = X and dom(f*) = co(x;,1 € I).



D. Lambert, J.-P. Crouzeiz, V. H. Nguyen, J.-J. Strodiot / Finite Convex Integration 139

Remark 4.6. A geometrical remark on /= and f™.

In view of Theorems 3.4 and 4.3, the epigraphs of f~ and f* are two convex polyhe-
dral sets. The first one is formulated as an intersection of a finite collection of closed
convex half-spaces while the second one as a finitely generated convex set, the two dual
formulations of convex polyhedra.

5. Algorithms

We have seen that f~ is completely determined when the quantities \; = f~(z;) are
known. We have also seen that these \; are the optimal solutions of a linear program and
thereby they can be computed by the simplex algorithm. However, we propose a specially
designed algorithm based on the result on the ranks in Proposition 3.3. In order to ease
the understanding of the algorithm, explanations are included in the description of the
algorithm.

An algorithm for computing the values f~(z;).

The data are the family {(z;,x})}ie; with I = {0,1,--- ;n} and the value \g. The
algorithm computes the values \; = f~(z;) for ¢ # 0 when Condition (CM) holds or says
that Condition (CM) does not hold.

Step k=1: Initialization

e Fori=1---.ndo
Ai = X + (x5, x; — x9) and m(i) = 1.
e Doc¢(l)=1.
e Do k=2, go to the next step.
Ezplanations:

e m(i1) =1 means that \; has been modified during the step.

e (1) =1 means that some X\; have been modified during step k = 1.

e In case where (C'M) holds, the inequality \; < f~(x;) holds for all i with equality for
all © of rank less or equal to 2.

Step k (for k > 2)

At the beginning of the step, in case where (CM) holds, then the inequality \; < f~(x;)
holds for all © with equality for all i of rank less or equal to k.

e Do ¢(k)=0.
Fori=1,2,--- ,n do
— If m(i) = 0: go to the next i.
— If m(i) =1 and X\ + (z},x0 — 2;) > A\o: STOP, (CM) does not hold.
— Ifm(i) =1and X\ + (z], 20 — 2;) < Aot
* Do m(i) =0.
x For all j=1,--- ,n such that \; < \; + (2}, z; — x;)
DO )‘j = /\z —+ <ZE;<,QZJ' — .Tz'>.
Do m(j) =1 and c(k) = 1.
o Ifc(k)=0: STOP, (CM) holds, f~(x;) = \; for all i.
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e If¢(k)=1and k=n+2: STOP, (CM) does not hold.
o Ifc(k)=1and k<n+2: Do k=k+1, and go to step k.

Ezplanations:

e  One works only on those i which have been modified since their last passage (m(i) =
1).

e In case where (CM) holds, the quantity \; stays less or equal to f~(z;).

e Inview of the last item, it is clear that if \;+ (x}, xo—x;) > No, then it is not possible
to construct f~. Hence (CM) does not hold.

o At the end of step k, \j = f~(x;) for all i of rank less or equal to k + 1.

o Ifc(k) = 0, then no modifications on the \; have been done during step k. This
means that \; > N, + (z},x; — z;) for alli,j = 0,1,--- ,n. X is feasible for (LP-)
and since \; < f~(z;) we have got the optimal solution.

o  Since the rank of each x; cannot exceed the cardinality of I, the condition k =n + 2
means that it is not possible to construct f~.

The finite convergence of the algorithm, when (CM) holds, follows from Proposition 3.3.

Because the symmetry between the minimal functions f~ and h~ of F and H respectively,
the same algorithm can be used to compute the values A\f = h~(z}). Then the values
wi = fT(x;) = (xF, ;) — A\ are determined. Still, we can resume these two steps in one

algorithm formulated directly in terms of ;.

An algorithm for computing the values f*(z;).

Step k=1: Initialization

e Fori=1---,ndo
wi = o + (xf, x; — xo) and m(i) = 1.
e Doc(l)=1.

e Do k=2, go to the next step.
Step k (for k > 2)

e Do ¢(k)=0.
, =1,2,---,n do
— If m(i) = 0: go to the next i.
(i) =1 and p; + (x8, z0 — ;) < po: STOP, (CM) does not hold.
— If m(i) =1 and p; + (x5, vo — @) > pot
* Do m(i) = 0.
* For all j =1, ---,n such that p; > y; + (z}, v; — ;)
Do pj = pi + (5, 25 — 7).
Do m(j) =1 and c(k) = 1.
e Ifc(k)=0: STOP, (CM) holds, f(x;) = (zF, z;) — Af for all i.
If ¢(k) =1 and k =n +2: STOP, (CM) does not hold.
e Ifc(k)=1and k<n+2: Do k=Fk+ 1, and go to step k.
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6. The gap between [~ and f*

In this section, we turn our interest to the gap [f~(z), fT(x)]. Because fT(x) = 400
outside C' = co(z;,7 € I), we only consider the case where x € C. We start the study
with the particular case where z is one of the z;.

Let us define
6 = fT(@) = () = pi — N
By construction, ¢y = 0.

Proposition 6.1. For alli,5 € I,
|€i - 6]" S <£L’: — $;,I‘i — QZJ').
Proof. We have seen that

(x;,xi — ;)

(x7, 25 — i)

A — A

<
Sy M

Hence
)
* *
<l’j —xi,xi—xﬁ S €j — €.

Next, by symmetry,

e — €] < (o} — o,z — x).
O
Since ¢y = 0, it follows directly that for all ¢
€ < (x] —xj,x; — x0). (7)

However, a better upper bound can be obtained. For that, define €, = 0 and for i # 0,

~ . * * JZ{jO?jla"' 7jp+1}
€; = min E x =Xt Xy, — X)) . . : : (8
k:07'..7p< Jk4+1 Ik Jk+1 ]k> Jo = 0’ ]p—i—l =1 )

Next, set € = max; €;. The following upper bound is a consequence of Proposition 6.1.

Proposition 6.2. Foralli € I, ¢ < ¢ <eé€.

Proof. Leti € [ and let J = {jo, -, jpt1} with jo = 0 and j,+1 = . Then, since ¢y = 0,

IN

€ — €, + -+ + [, — €0

* *
< E <$jk+1 = L Ly — ajjk>'
kIO,"',p

€;

Since J is arbitrary, the proof is complete. O

An algorithm similar to those described in Section 5 can be designed for computing the
values of the upper bounds ¢; of ¢;. These upper bounds are more efficient than those
given by the inequalities (7). To see that, consider the following example:
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Example 6.3. X = R, the family is {(é, é)}i:0,1,~~-,q~

The upper bound obtained from inequality (7) is ¢, < 1, and from Proposition 6.2,

c 1
queq—q.

Next, we consider some x € C. Then z is a convex combination of the points x;, i.e.,

there are K C [ and t;, > 0, k € K such that

T = Zthk, and Ztk =1.

keK keK

Define C} as the convex hull of points x;, k € K.
For x € Cy, it follows from Theorems 3.4 and 4.3 that

fra)—f (@) < min[> tem — A — (@, o — )],

€K
keK
< min D el — N — (@, mp — 23))].
keK
On the other hand,
M <xlt>$z - xk) < iy
e+ (@f, 2 — ) <+ (2] — @, w0 — T).

It follows that

JH() = f7(2) Smin[y e (s = N+ (@] — 23,25 — @)

and finally

Let us define

Then, we have the following upper bound for f*(z) — f~(x):
Proposition 6.4. For all x € C},

f(@) = f(z) <ok +Hellll<1 €.

Proof. The proof is a direct consequence of inequality (9).

]

When X = R", for any x € C, there exists some K with cardinality less or equal to n + 1
such that = € C. As in finite element methods, C' can be recovered by a finite collection
of such C}. By increasing the cardinality of I, it is possible to decrease the size of the
subsets C}, and thereby the values of ok leading to a reduction of the gap [f~(z), f(x)].
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7. Changing the initial condition

In the previous study, we have considered for initial condition the equality f (xg) = A\ with
Ao fixed. We change this condition into the condition f(Z) = A where Z is an arbitrary
point in X. Namely we consider the problem:

Find a Isc convex function g s.t. ¢(Z) = X and z;} € dg(x;) Vi € [

where ) € R is fixed. We denote by G the set of such functions.
It is clear that, given g € G, the function f defined by

f(z) = g(x) + Ao — g(w0)

belongs to F. Conversely, given f € F, the function g defined by
g9(x) = f(z) + A = f(2)

belongs to G. It follows that Condition (CM) is a necessary and sufficient condition for
G to be not empty.

Through this section, we assume that (CM) holds. Let us define the following functions
9",9" : X — [—00,+00] by

g"(z) =supg(x) and g (v)= infg(x).
9€g 9€g

Take some g € G, and let f be defined by f(z) = g(z) + Ao — g(xo). Since f € F, the
following inequalities hold for all z € X :

() 4+ g(z0) — Ao < glx) < f7(2) + g(w0) — Ao
On the other hand, since xj € dg(xo),
g(wo) + (25,7 — wo) < g(T) = \.

It follows that for all z € X,

g(x) < f7(x) + (A= Ao) — (a5, % — o). (10)

We can now prove the following result.

Theorem 7.1. Assume that (CM) holds. Then gt € G. Furthermore the domain of g+
15 the convex hull of the points & and x; 1 € I.

Proof. ¢* is convex and Isc as the supremum of such functions. It is clear that Inequal-
ity (10) holds for g* as well. Hence, dom(g*) 2 dom(f*) = co(Z;x;,i € I). It is clear
that ¢7(Z) = X and, because g™ (z;) is finite, that for all z € X and i € T

g (i) + (2], 0 —2;) < g (2).

Hence g7 € G. Finally, define g by g(z) = gt (z) if © € co(Z; 24,7 € I) and g(x) =
+o0o otherwise. Then § belongs to G and therefore coincides with g*. It follows that
dom(g™) = co(z; x;,i € I). O
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The function g~ may not be convex when Z is not one of the points x;, as shown by the
following examples:

Example 7.2. X = R, the family is {(—1,—1), (1, 1)}, the initial condition is g(0) = 0.

Then, it is easily seen that

P AT T P I U P R My
g (x)—{ +o00  otherwise and g~ (z) = —o00  otherwise

Example 7.3. X = R, the family is {(1,1),(2,2)}, the initial condition is g(0) = 0.

Here, we obtain

T if z <0,

T(x) = -1 if1<z< () =
g (x) 20 —1 if1<2<2, andg () oo otherwise

T if0<z<1, {
+o00 otherwise

The function g* is completely determined when the quantities & = g7 (x;) are known.
Indeed, since g* is maximal in G, its epigraph is the polyhedral convex set of X x R
generated from the points (z, ), (2;,&), i € I and the direction (0,1). Then, it is easily
seen that the quantities &; are the optimal solutions of the linear program:

G —& >y —w)  Vigel
max | > & ¢ NS aoey  Wiel |

iel
8. The particular case of one real variable
Within this section, we assume that X = X* = R. We shall show that in this case the

cyclic monotonicity reduces to the following classical monotonicity condition

(x] —at,x;—x;) > 0foralli,jel. (M)

7
The set R, unlike R", is totally ordered so that we can assume that

o<1 <o S

where I = {0,1,--- ,p}. Then (M) is equivalent to the condition

v; <wzy, fori=0,1,---,p—1

We consider for initial condition g(Z) = A where Z = x;, with k& € {0,1,--- ,p}. The case
where Z is not one of the points z; is left to the reader (then g~ can be not convex). For
simplicity, we set r_; = 2* | = —o0 and 7,1 = 2}, = +00. Assume that (M) holds and
g € G, then necessarily

[, xf ] i m<z<wziyy, i=-1,0,---.,p
C 19 M+l ? t+1 » Yy )
O9() —{ aiary) B w=a,  i=0,L---.p (1)
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g~ (z) = QZZ_H %f T < x<xiy < xp, (12)
x; it o, <ux; <x <y,
S V7 < i <
O S (13
iy it xp <o <o <aig.

Clearly, g~ and Og" are monotone. Hence they are the subdifferentials of two con-
vex functions g+ and g~ such that g(z) = A. These two functions are piecewise linear
functions, and are determined by to their values at the points x;. Since, by definition
gt (x) = g (z1) = A\, we obtain for i = k,k+1,--- ,p—1

9+(551:+1)
g

g+(5’3i> + 13:+1<5Ui+1 — Zi),
(Tit1) g

(w5) + 27 (Ti1 — 4),

and fori =k, k—1,---,1
9 (@i1) = g' (@) +ai (T — @),

9 (@ic1) = g (wi) + 27 (21 — x).

Finally, for x # x;,

+00 it r<zgorz,<z
g (@) =S g (z) +ar(x—x) if @< <ax<z <y,
gt () +xiq (e —a) i xp < <<z < 3,
g (z)= {

These two functions belong to G, hence (CM) holds. Thus (M) is equivalent to (CM)
when X = R. It results from (11), (12) and (13) that g~ < g < g% for any g € G.

and
g (x)+ai(x—ax;) if —oco<uwig <zx<uz <y,
g () +xf(x—x;) if xp <z <<z <4oo.

We close this section with a few words on the gap [f~(z), fT ()] when the initial condition
is f(xg) = Ao. Let ¢t € [0, 1] and x; = t; + (1 — t)x;41. Then z; € [x;, xi41] and

tf () + (=) (1) < flae) < tf () + (1 =) f(2iga)

Thus, we are lead to consider the quantities e; = f*(x;) —
1=20,1,--- ,p—1, and the fact that ¢y = 0, we have

[ (@iwr) = (@) 4+ [ (@) — (@) + [ (@) = [ (xis1)]
<$f+1, Tit1 — Ti) + e + (T, — Tigq)

* *
€ + (T — 7, Tiv1 — )

f~(z;). By induction, for

€iv1 =

IA A

> (@) — o)) (@ — ).

§=0, i

It is worth noticing the similarity of these two constructions with the Euler method for or-
dinary differential equation problems with initial conditions (see, for instance, Henrici [2]).
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