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1. Introduction

Since the pioneering papers of Crandall, Rabinowitz and Tartar [6] and Stuart [18], sin-
gular semilinear elliptic problems of the form

u >0 in Q,
—Au=u"P+g(x,u) inQ, (1)
u=20 on 0f),

where (2 is a bounded open subset of R, 5 > 0 and g satisfies suitable growth conditions,
have been considered by several authors (see e.g. [10, 13, 15, 16, 20] and the references
therein). Let us also mention [5, 9], where the case in which the singular term = has
the opposite sign is treated.

However, in spite of the fact that (1) is formally the Euler equation of the functional

f(u):%/]Du|2d:c+/<1>(u)da:—// g(z,s)dsdz,  uweWrQ),
Q Q QJO

—/ tPdt if s >0,
1
400 if s <0,

B(s) = (2)

*The research of the authors was partially supported by the MIUR project “Variational and topological
methods in the study of nonlinear phenomena” (PRIN 2003) and by Gruppo Nazionale per 1’Analisi
Matematica, la Probabilita e le loro Applicazioni (INdAM)

ISSN 0944-6532 / $ 2.50 (© Heldermann Verlag



148 A. Canino, M. Degiovanni / A Variational Approach to Singular Semilinear ...

few existence and multiplicity results for (1) have been so far obtained through a direct
variational approach. Let us mention [12], where the case in which f < 3 and g has
critical growth is studied by minmax techniques. The restriction § < 3 is due to the fact
that, according to [16, Theorem 2]), the functional f is identically +o0, if 5 > 3.

The main purpose of this paper is to provide a variational approach to (1) also when
£ > 3. Actually, our results apply for any § > 0, but the novelty concerns the case § > 3.

More precisely, in this paper we provide first of all a variational approach to the problem

u >0 in Q,
—Au=u"+w inQ, (3)
u=0 on 0f,

with w € W=12(Q). To this aim, consider first the case w = 0. We denote by ®; : R — R
the primitive of the function

max{—s‘ﬂ, —k:} if s >0,
—k if s <0,

such that ®;(1) = 0 and we define a proper, lower semicontinuous, strictly convex func-
tional foy : L*(Q2) —] — oo, +00] as

1
Foalu) = élJDWMx+A¢Mw¢rﬁu€W®%m,
’ +oo if u e L2(Q) \ WH(Q).

Since a primitive is naturally defined up to an additive constant, to prevent a possible
unhappy choice we pass to consider foy : L*(Q) —] — 0o, +00], defined as

Jor(u) = fo,k(u) — min fo,k = fo,k(u) - fo,k(uo,k) ;

where 1oy, € Wa3(Q) is the minimum of fo .

More generally, for every w € W12(Q), we define f, ;. : L*(Q2) —] — 0o, +00] as

 for(w) = (w,u—ugy) ifue Wol’Z(Q) ,
Jun(w) = +00 if ue L2(Q)\ W, % (Q).

Our first step is to prove that the sequence (f, %) is still equicoercive in L*() and is now
['-convergent (see [1, 7, 8]) as k — oo to a proper, lower semicontinuous, strictly convex
functional f, : L?(Q) —] — 0o, +00], whose effective domain {u € L*(Q) : f,(u) < 400}
is independent of w. Moreover, if ug is the minimum of fy (the I'-limit functional corre-
sponding to w = 0), then the effective domain of f,, is contained in ug + W, *(Q) and an
explicit description of f,, can be provided.

The second step is to study the Euler equation associated with f,. If w € L} (Q) N
W=12(Q), then (3) is just the Euler equation of f,,, provided that the boundary condition
u = 0 on 0f) has a suitable relaxed meaning. Moreover, if 2 has smooth boundary and w

is Holder continuous on €, then the minimum of f,, is just the solution in C'(2) N C?(Q)
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of (3) already considered in [6]. In general, if w € W~12(Q) then the minimum of f,, is
characterized by a variational inequality.

Finally, the variational description of (1) is obtained by considering the sum of a convex,
lower semicontinuous functional and a functional of class C! taking into account the term
g(x,u). For such a class of functionals, minmax techniques have been developed in [19].

2. On the equation —Au = u™*

Let ©2 be a bounded open subset of R™ and let 3 > 0. In the following, we will denote by
L (2) the space of L*-functions with compact support in 2. We will also denote by || ||,
the usual norm in LP(Q) and by || ||-12 the norm in W~12(Q) dual to the norm || Dul,
in Wy*(Q).

Definition 2.1. Let v € W,2*(Q). We say that u < 0 on 09 if, for every ¢ > 0, the

loc

function (u — )* belongs to W, ().

It is readily seen that, if u € Wy*(Q), then u < 0 on Q. The same fact holds if

ue C(Q)NWLAHQ) and u(z) < 0 for every z € Q.

loc

Let us state the main result of this section.

Theorem 2.2. There exists one and only one ug € C*°(Q) satisfying

ug > 0 m €,
—Aug = ua’g in €, (4)
uy <0 on O0f).

Moreover, if uy € Wy *(Q) N C®(Q) satisfies —Auy = 1 in Q, then

__B_
| ]lod”" ur < up < ((B+ 1)u1)ﬁ in Q. (5)

Remark 2.3. If 09 is sufficiently smooth, then much sharper estimates than (5) have
been proved in [6, 16].

Corollary 2.4. There exists one and only one uy € C(Q) N C>=(Q) such that

ug > 0 ZTZQ,
—Aug =uy” inQ, (6)
ug =0 on 0f),

if and only if each x € OX) satisfies the Wiener criterion [11].

Proof. Of course, the uniqueness in Theorem 2.2 implies the uniqueness in Corollary 2.4.

Let ug be given by Theorem 2.2. By (5), we have that u is a C(€2)-solution of (6) if and
only if u; belongs to C'(Q) and satisfies u; = 0 on 9. It is quite standard to show that in
turn this holds if and only if each x € 0N satisfies the Wiener criterion. For the reader’s
convenience, we give a proof of this fact in the Appendix. O]

The remaining part of the section will be devoted to the proof of Theorem 2.2.
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Definition 2.5. Let g : Q x R — R be a Carathéodory function, let w € W~2(Q) and
let ¢ € WL?(Q). We say that ¢ is a (local) subsolution of the equation

—Au = g(z,u) +w, (7)

if g(x, ) € L},.(Q) and

loc

/ DyoDvdr < / g(z, p)vdr + (w,v) Yo € Wy ?(Q) N LE(Q) with v > 0 a.e. in Q.
Q Q

We say that ¢ is a (local) supersolution of (7), if g(x, ) € L}, .(Q) and

loc

/ DyDvdx > / g(z, p)vdr + (w,v) Yo € W(Q) N LX(Q) with v > 0 a.e. in Q.
0 Q

Definition 2.6. Let w € W~5%(Q) and ¢ € W,22(Q). We say that ¢ is a (local) subsolu-
tion of the variational inequality

/DuD(v—u)de/uﬂ(v—u)d:c—i—(w,v—u) Yo >0, (8)

if p>0ae inQ, ¢ ?ell () and

loc

/ DyDvdx < / o Pudr + (w,v) Yo e Wy (Q) N LE(Q) with 0 < v < ¢ ae. in Q.
Q Q

We say that ¢ is a (local) supersolution of (8), if ¢ > 0 a.e. in Q, o= ? € L} (Q) and

loc
/ DyDvdz > / o Pudr + (w,v) Yo e Wy Q)N LE(Q) with v >0 a.e. in Q.
Q Q

Lemma 2.7. Let g: Q2 x R — R be a Carathéodory function satisfying

VS >0: sup |g(-,s)| € L;,.(),

loc
|s|<S

let w e W=2(Q) and let p,u,p € WE(Q). Assume that o is a subsolution of (7), 1 is
a supersolution of (7), ¢ <u < a.e. inQ, g(z,u) € L}, (Q) and

loc

/QDUD(U —u)dr > /Qg(:c,u)(v —u)dr + (w,v —u)
Yu e u+ (Wol2(Q) NLX(Q) with ¢ <v <4 ae inQ.
Then —Au = g(x,u) +w in D'().
Proof. Let ¥ € C(R) with0 <9 <1onR, ¥ =1on[—1,1] and ¥ = 0 outside | — 2, 2].

Let v € CX(Q) with v > 0, let k> 1, ¢ > 0 and let

v = 0 <%> v, U = min {u + tog, P} .
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Since u < v < ¢ and vy — u <ty < tv, we have

/ (|D<vk,t — ) — (g o) — g 0)) (vis — u)) dn
< / (D a D0y — ) — (2, 05s) (Vs — ) it — (w0, v — )
= /Q (ka’tD(vk,t —u — tu) — g(z, Ukyt) (Ut —u — toy)) dz

—(w, vgt — u — tug) + t/ (Dvg s Dvy, — g(x, v ¢)vg) dx — t{w, vg,)
0

= /Q (D’QDD(Ukyt —Uu— t'Uk) - g(xa w) (Uk,t — U= tvk)) dx

—(w, vy —u — tog) + t/ (Dug+Dvg — g(x, vgr)vg) do — t{w, v)
Q

< t/ (Dvg s Dvy, — g(x, vg¢)vg) dx — t{w, vg) ,
Q
whence
[ (PuwaDu o) do = w0 2 = [ lote,o) - glallul e (9
Q Q

Since

|s|<2k+t[|v]loo

|92, vee)| [vr] < ( sup  |g(z, 8)\) o],

by Lebesgue theorem we can pass to the limit in (9) as t — 07, obtaining
/Q(Duka — g(z,w)vy) do — (w,vg) > 0.
Going to the limit as k — oo, it follows
/Q(DuDv — g(z,u)v) dz — (w,v) > 0. (10)
Let now v € C°(Q) with v <0, let £ > 1, ¢ > 0 and let

v, =0 (%) v, vt = max {u + tug, ¢} .

Arguing as before, we find again (10).

Therefore, (10) holds for every v € C'°(€2) and the assertion follows, as we can exchange
v in —v. [l

Lemma 2.8. Let w € W2(Q) and @, € W23 (). Assume that ¢ is a subsolution

loc

of (8) with ¢ <0 on IQ and ¥ a supersolution of (8).
Then ¢ < a.e. in ).
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Proof. Let € > 0, let £ > e and let &}, : R — R and f, : L*(2) —] — 00, +00] be
defined as in the Introduction.

Let u be the minimum of the functional f,,; on the convex set
K:{UEWOI’Q(Q): 0<u<tae inQ}.

According to [14], we have
/DuD(v—u)dxz—/@;(u)(v—u)dx+<w,v—u> Vo e K.
0 0

In particular, if v € C®(§2) with v > 0 and ¢ > 0, we can consider as test function
vy = min{u + tv, ¢ }. Since v is a supersolution also of the equation —Au = —® (u) + w,
arguing as in the proof of Lemma 2.7, we find that

/qumdx > —L¢;(u>vdx+<w,v>. (1)

It easily follows that (11) holds for every v € W, *() with v > 0 a.e. in Q.

In particular, since u > 0 we have (¢ —u — &)™ € Wy *(Q) and
/ DuD(p —u—¢)" dz > —/ Q) (u)(p —u—e)"de+ (w,(p—u—2e)t). (12)
0 0

Let now v € W, *(Q) such that 0 < v < ¢ a.e. in Q and Dy € L2({v > 0}). Let (9}) be
a sequence in C®(2) converging to v in W, *() and let v, = min{¢;",v}. We have

/QDgoka dr < /Qcpﬂvk dx + (w,vg) dx .
If p=%v € L1(), going to the limit as k — oo, we get
/QDngvdx < /ngﬂvdx—i- (w,v) dz . (13)
If p=Pv ¢ LY(), formula (13) is obviously true. In particular, it follows
/szgoD(gp—u—e)+da: < L@‘ﬁ(w—u—e)+dx+ (w, (p—u—e)t). (14)
Since ¢ < k, from (12) and (14) we deduce that
/Q |ID(p —u—e)tPdx = /QD(go —u)D(p —u—e)tdz
< [+ ) (=)t ds
— [ (=0l + 0w (- u =) dr <.

whence ¢ < u+ ¢ < 1) + €. The assertion follows from the arbitrariness of €. [
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Proof of Theorem 2.2. Let @ : R — R and fo; : L*(2) —] — 0o, +00] be defined as
in the Introduction. Let also u; € W, ?(Q) N C=(Q) be the solution of —Auy = 1 in Q
and let

o=l P, v = (@ D)
Recall that u; > 0 in . Then it turns out that ¢ < 1 and ¢ is a subsolution and 9 a
supersolution of the equation —Au = —®j (u), for any k > HulH;O%
Let ugx € Wy*() be the minimum of f; 4, namely the weak solution of

—Au=—®)(u) in Q,
u=20 on 0f).

Of course, fo; admits one and only one minimum also on the convex set
{ue Wy?(Q): ¢ <u<vae. in Q}

and such a minimum is a solution of (15) by Lemma 2.7. It follows that ¢ < ugy < ¢
a.e. in €. Since ugy, is a subsolution of —Au = —®) (), a similar argument shows that

Uk < Ugk41 a.e. in €. On the other hand, for every € > 0 there exists k > e P, For
every k, it follows

_A(UO,E +¢e) = _(I)/E((U’O,E +e)—¢) > _(p;(uo,ﬁ +e€),
namely uy7 + € is a supersolution of —Au = —®) (u). Therefore ugr < uyz + €, namely
(uo ) is a Cauchy sequence in L*(€2).
Therefore (ug ) is increasing and convergent, as k — 0o, to some ug in L*(£2). Moreover,

we have ¢ < uy < 9, hence uy” € L2 (Q).

loc

Given € > 0, we have

/ |D(ugy — &)t > de = —/ @ (o k) (uop — )" dor < e /(Uo,k —e)tdx.
Q Q

Q
It follows that (ugy — )t is bounded in W, () as k — oo, so that
Ve >0: (ug—e)t e W2(Q).

Since ugr > @, we deduce that ug € Wo*(Q), ug < 0 on 92 and (Dugy) is weakly
convergent to Dug in L*(K) for any compact set K in (.

Then from (15) it follows that —Aug = uy” in D'(€). From the interior regularity theory,
we infer that uy € C*°(£2) (see also [6, 16]).

The uniqueness of ug follows from Lemma 2.8. Il

3. The I'-limit functional and the associated Euler equation

Let Q be a bounded open subset of R™ and let 8 > 0. Let w € W~123(Q) and let
®:R =] —o00,+00], D : R — R and f,x : L*(2) —] — 00, +00] be defined as in the
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Introduction. Let also uy € C*°(2) be the solution of (4). According to (5), we have
Uy € LOO(Q)

Let Gy : © x R — [0, +00] be the Borel function defined as
Go(x,s) = D(ug(x) + 5) — ®(uo(x)) + suy”(x) .

Then Go(z,0) = 0 and Gp(zx,-) is convex and lower semicontinuous for any =z € €.
Moreover, Go(z, ) is of class C! on | — ug(z), +-00[ with

D,Go(z,s) = uy” () — (up(z) + 5) 77
Define a functional f,, : L?(2) —| — oo, +0oc] by

1
5/Q|D(u—u0)|2da7—I—/{)Go(x,u—uo)dm—(w,u—uo) if u € ug + Wy (),

+00 otherwise.

fw(u) =

(16)
Then f,, is strictly convex, lower semicontinuous and coercive, with f,,(ug) = 0. Moreover,
the effective domain of f,, is

loc

{u€u0+W()1’2(Q) Go(w,u —ug) € L*( }CVV]L2

independently of w. In the case w = 0, it is clear that ug is just the minimum of f;.
Let us recall from [1, 7, 8, 17] the following

Definition 3.1. Let X be a topological space, fi : X — [—00, +00| a sequence of func-
tions and f : X — [—o0, +0o0] a function.

We say that
f=TX") - h]?lfk

if the following facts hold:
(a) for every sequence (uy) convergent to u in X, we have
flu) < lirr}ginffk(uk) ;
(b) for every u € X there exists a sequence (u) in X convergent to u satisfying

flu) = hmkSUP Jr(u) -

When X is a Banach space, we say that (fx) is convergent to f in the sense of Mosco
(M -convergent, for short), if (a) holds with respect to the weak topology of X and (b)
with respect to the strong topology.

Theorem 3.2. For every w € W—12(Q), the sequence (fu 1) is equicoercive in L*(Q) and
we have

fuo = D(EA(Q)7) = lim fu.
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Proof. Let ugy € WOI’Q(Q) be the minimum of fy;. According to the proof of Theo-
rem 2.2, (ugy) is convergent to ug in L>(2).

Then, since fo is of class C* on W(Q), for every u € W2(2) we have

Jur(u) = fo,k(u) - fo,k(uo,k) — (w,u — ug)

= fO,kz(u) - fo,k(uo,k) - <f6,k(u0,k)7u - UO,k> - (w,u - u(],k:>

= % /Q |D(u — ug)|* do + /Q (Pr(u) — ®p(uor) — P (uop)(u —ugy)) do

—(w,u — ug ) -
Since &, is convex, for every ¢ € R the set

U {u—wuop: ue L*(Q), fur(u) <c}

keN

is bounded in W,*(Q). In particular, the sequence (f, ) is equicoercive in L?(2).
Let now (ux) be a sequence convergent to u in L*(Q). If lin}cinffw,k(uk) = +o0, it is
obvious that

fulu) < hmkiﬂffw,k(uk)- (17)

Otherwise, up to a subsequence (ug — g y) is bounded in W,*(Q) and convergent to u
a.e. in Q. It follows that u € uy + Wol’z(Q) and (ux — uoy) is weakly convergent to u — ug
in Wy ().

Since ug > 0 in €, it is clear that @y (uy) — Pr(up k) — P (wox ) (ur — uok) is convergent to
Go(z,u — up) a.e. in Q. Then (17) easily follows also in this case.

Finally, let u € L*(Q). If f,(u) = +oo it is obvious that (b) of Definition 3.1 holds.
Otherwise, let u € ug + W, *(Q) with v > 0 a.e. in Q and Go(z,u — up) € L' (Q). Let
() be a sequence in C°(Q) convergent to u — ug in W, () and let

Upy = max {0, —(u —ug) "~ } .

Then v, € Wy(Q) N LX(Q) and is strongly convergent to u — ug in Wy () with v, >
—(u —ug)~ and (Go(z, v,,)) is strongly convergent to Go(z,u — ug) in L*(2). Therefore,
given e > 0, there exists 7 € W, *(Q)NLX(Q) with T > —(u—ug)~, | DT—D(u—up)||z < €
and [|Go(x,7) — Go(z,u — up)|[1 < e. Let 9 € C°(2) with J > 0 in 2 and ¥ = 1 where
T # 0. If we set v = T 4 69 with § > 0 small enough, then v € W,*(Q) N L3(Q) with
|Dv — D(u — up)||2 < &, ||Go(z,v) — Go(z,u — up)|[1 < £ and

essinf (ug +v) > 0.
it (o +)
Then it is easy to see that

1i]£n (P (o + v) — Prluor) — Pp(uor)v) — Golm, u —up)||, <e.

In particular, there exists a sequence (vy) strongly convergent to u — ug in Wy*(Q) with

lillgn (P (uok + vi) — Pr(uok) — Ppuor)vr) — Go(z,u —up)||, =0.
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If we set up = ug + v, then (uy) is strongly convergent to w in L*(Q) with (fux(ux))
convergent to f,(u). O

Remark 3.3. From the proof of Theorem 3.2 it follows that:

(a) if we define wak - Wy(Q) — R and f“i - Wy R(Q) =] — 00, +00] as for(w) =
fwr(uor +v), fu(v) = fu(ug+ v), then (f,x) is M-convergent to f;

(b)  ifn =1, then the restriction of (f, ) to L>(€2) is M-convergent to the corresponding
restriction of f;

(¢) ifn>2 2<p<ooandp(n—2) < 2n, then the restriction of (f, ) to LP(Q) is
M-convergent to the corresponding restriction of f,,.

Now we consider the associated Euler equation.
Theorem 3.4. The following facts hold:

(a)  for every w € W=2(Q) and u € W,22(Q), we have that u is the minimum of f., if
and only if u satisfies

u>0ae inQandu? e Ll (Q)),

loc

/QDuD(v—u) dx—/QU_B(U—U) dx > (w,v — u) (18)

Vv € u+ (WOM(Q) NLX(Q)) withv >0 a.e. inQ,
u <0 on o,

in particular, for every w € W=12(Q) problem (18) admits one and only one solution
u e W),

loc
(b) if wy, wy € W2(Q) and uy, uy € W2(Q) are the corresponding solutions of (18),
1,2
we have uy — uy € Wy 7(Q2) and

[ D(ur — uz)l2 < flwy —ws||-12-

Proof. (a) Given w € W~12(Q), there exists one and only one minimum v € ug+W,>(Q)
of f,. According to [2], we have Gy(x,u — ug) € L'(Q), hence u > 0 a.e. in 2, and

- u—ﬂ) (v—u) € LX),
) (19)

(o
/QD(u—uO)D(v—u d:z:+/

i (uaﬂ—u_ﬁ) (v —wu)dz > (w,v—u),

for every v € ug + Wy (Q) with Go(z,v — up) € LY(Q) (here we agree that 0= = 400).

In particular, we have
(uaﬁ — u_’g> v e LNQ) for every v € C2°(Q) with v > 0,

whence u > 0 a.e. in Q and u=? € L} (Q).

loc

Let now ,0 > 0 and let

v =min {u — ug,e — (up — )"} .
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Clearly v € WOM(Q). Moreover, we have a.e. either v = u —wup or ¢ = v < u — ug or
v =¢+ 0 —ug with ug > o. It follows Go(z,v) € L*(2), hence

(ug— o)t +u—ug—e)t =u—uy—veWy?Q),

(uaﬁ - u_ﬂ> (up +v —u) € L'(Q)
and
/QD(u—uo)D(u—uo—v)dx < —/Q (uaﬁ —u’ﬁ> (u—up—v)dr+ (w,u—uy—wv). (20)
In particular, since u # ug + v implies u > &, we have that both v %(u — ug — v) and
uy” (u — ug — v) belong to L'(9).
On the other hand, we also have
/QD(uD —o)"Dodr < /Quaﬁgo dx for every ¢ € C2°(Q2) with ¢ > 0.
Arguing as in [3], it follows
/QD(UO —o)"Dodr < /Quaﬁgo dx for every ¢ € Wy?(Q) with ¢ > 0 a.e. in Q.
In particular, we have
/QD(uo —o)"D(u —ug —v)dr < /Quoﬁ(u—uo—'u)d:c,
which yields, combined with (20),
/Q|D(u—u0—v)|2dx = /QD((UO—O')++U—UO) D(u—ug —v)dx
< /Quﬁ(u—uo—v)dx—ir (w,u —ug — v)

< 5_5/(u—ug—v)d:c+<w,u—uo—v).
0

Therefore, for any € > 0, we have that ((ug — o)t +u — up — )T is bounded in W,*(Q)
as o — 07. It follows that (u — &)™ € Wy*(), namely that u < 0 on 9Q.

Let now v € u+ (Wy () N LL()) with v > 0 a.e. in Q. Let vy € C2(Q) with vy > 0
in Q and vy = 1 where v # u. Then, for every £ > 0, we have Go(x, v +evg —ug) € L*(Q),
whence

/ D(u — up)D(v + evy — u)d:c—l—/ (ugﬁ — u’ﬁ) (v+evg —u)dr > (w, v+ vy — u) .
Q Q
From the arbitrariness of ¢ it follows

/QD(u—uo)D(v—u)d:c—l—/Q(uoﬁ—uﬁ) (v —u)dz > (w,v — u).
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Since
/ DugD(v —u)dx = / ug” (v — u) dz
Q Q
it turns out that u satisfies (18).

Conversely, let u be a solution of (18) and let @ € W,2?(Q) be the minimum of f,.
We already know that 4 also is a solution of (18). In particular, v and @ are both a
subsolution and a supersolution of (8). From Lemma 2.8 it follows that u = @, namely u
is the minimum of f,.

(0) Tf wy,wy € WH2(Q) and uy,up € VV&;(Q) are the corresponding minima of f,, and
fus, from (19) it follows that

/ |D(uy — ug)\Q dx
Q

IN

/(ufﬁ—u;ﬁ> (uy — ug) dx 4+ (wy — wa, u; — us)
Q

< (wy — wa, uy — Ug)
whence || D(u; — ug)l|2 < ||w1 — wa|-12- O
Theorem 3.5. Let w € W12(Q) and u € W,22(Q). If u satisfies

w>0ae inQ andu e L} (Q),

loc
~Au—uP=w inDQ), (21)
u <0 on 05,

then u is the solution of (18). If w € L} (Q)NW~12(Q), then (18) and (21) are equiva-
lent.

Proof. If u satisfies (21), a simple approximation argument shows that

/DuDvdx—/uaﬁvd:r:<w,v>
Q 0

for every v € Wy *(Q) N LP(Q). Then u satisfies (18).
Assume now that w € L}, .(Q) N W ~12(Q) and that u is the solution of (18). It is readily

loc

seen that, for every v € C2°(2) with v > 0,

/DuDvde/u_ﬁvd:L‘—k/wvdx. (22)
Q Q Q

Let now v € C2°(Q2) with v <0, let ¢t > 0 and let v; = (u + tv) ™. Since |v; — u| < t|v|, we
have

1
/ DuDvdx > ——/ \Du|2d:c+/ DuDv dx
{uttv>0} t Jurto<oy {uttv>0}

= /DuD (vt—u) de/u_ﬁvt_udqu/wvt_udx.
Q t Q t Q t

Going to the limit as t — 07, we get

/DuDvd:cZ/uﬂvda:—i-/wvdx
Q Q Q

also in this case. Therefore u satisfies (21). O
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Example 3.6. Let 0 < § < 2 and let Q =] — 7, w[. Let u(x) = |sinz|®, where 1/2 < a <
1/8 and let w = —u” — u=% — &, where §; denotes the Dirac measure at 0.

Then u € W, ?(Q), w € W12(Q) and (18) is satisfied, even if u is not a solution of (21).
Since the solution of (18) is unique, this means that (21) has no solution at all. Thus,
if w is merely in W~12(Q), we can solve the variational inequality (18), but not the
equation (21), in general.

Corollary 3.7. Assume that each x € 02 satisfies the Wiener criterion (for instance, Q
has Lipschitz boundary) and that w € L=(Q). Let u € WL*(Q) be the solution of (21)
giwen by Theorems 3.4 and 3.5.

Then u € C(Q) N W2P(Q) for any p < oo and satisfies

loc

u >0 in ),
~Au—uP=w ae inQ, (23)
u=20 on 0N} .

Moreover, we have
twto <u < Ty, up mn

for some 0 < t,, < T, < 4o00.

Proof. According to Corollary 2.4, we have uy € C(2) and uy = 0 on 9. Since w €
L*>(Q), it is readily seen that there exist T,,,t, > 0 such that ¢,ug is a subsolution and
Twuo a supersolution of (8). From Lemma 2.8 we deduce that t,uy < u < T,up a.e. in
Q. Then u=" € L2 (Q) and the assertion follows from standard regularity theory (see e.g.

loc

[14)). O

4. (' perturbations

Let 2 be a bounded open subset of R” and let § > 0. For the sake of simplicity, we
suppose here that n > 3. In the cases n = 1,2, simple adaptations are required for the
growth condition (24) below. Let also ug € L>®(2) N C>°(Q2) be the solution of (4) and let
fo : Wy (Q) —] — 00, +¢] be the lower semicontinuous, convex functional defined in (a)
of Remark 3.3 when w = 0.

Moreover, suppose that g : 2 x R — R is a Carathéodory function. Assume that

{ there exist a € LH%(Q) and b € R such that (24)

lg(x,s)| < a(x)+ b\s|27irg for a.e. x € Q and every s € R.

Define a new Carathéodory function g; : 2 x R — R by ¢y(z, s) = g(z, up(z) + s). Since
uy € L>(2), g1 also satisfies (24). Let Gi(x,s) = [ gi(x,t)dt and let f : Wy (Q) —

] — 00, +00] be the functional defined as f(u) = fo(u) + y(u), where v is the functional of
class C' defined as

y(u) = —/ Gi(z,u)dz.
Q
According to [19], u € Wol’z(Q) is said to be a eritical point of f, if fo(u) < +o0 and
Vo€ Wy () 1 (7 (u),v —u) + fo(v) — fo(u) 2 0.
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Theorem 4.1. For every u, the following assertions are equivalent:

() weW Q) n L%(Q) and we have

loc

>0 ae inQandu?P e Ll (Q),

—Au=u"P+g(x,u) inD(Q)), (25)
u <0 on 08,

(b)  we€ug+Wy*(Q) and u — ug is a critical point of f.

Proof. If (a) holds, let w = g(z,u) = g1(x,u — uy). By Theorems 3.4 and 3.5, we have
that u € ug + Wy *() and minimizes f,,. This means that

fo(u —wug) + (w,ug + v — u)

Jo(u — o) — (7' (w — o), uo +v —u),

Yo € W, 2(Q) : fo(v)

namely u — ug is a critical point of f.

Conversely, assume that (b) holds. Then u € W?(Q) N L%(Q) and
w = g(z,u) = g1(z,u —up) € L,.(QNW12(Q).
From Theorems 3.4 and 3.5 it follows that w is a solution of (25). [

Corollary 4.2. Assume that each x € 0S) satisfies the Wiener criterion and that

there exists b € R such that
lg(x,s)| < b(1+|s Lﬁ) for a.e. x € Q and every s € R.

Let w € W2(Q) N L%(Q) be a solution of (25).

loc

Then u € C(Q) N W2P(Q) for any p < oo and satisfies

loc

u >0,
—Au=u"P+g(x,u) ae inQ,
u=0 on 2.

Proof. Let z = (u— 1)". Then z € W,*(Q) and is a subsolution of the equation
v = §(z,0) +w,

where §(z,s) = g(x,s + 1)xgu>13 and w = u P13 € L>(2). Then it is standard to
show (see in particular [4, Theorem 2.3]) that z € L>*(Q2), whence u € L>(2).

Since in turn g(z,u) € L>®(Q), the assertion follows from Corollary 3.7. O

5. Appendix

In this appendix we prove the following result.
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Theorem 5.1. Let Q be a bounded open subset of R" and let uy € Wy*(Q) N C=(Q) be
such that —Au; =1 in Q.

Then uy € C(2) with u; = 0 on 0Q if and only if each x € O satisfies the Wiener
criterion.

Proof. Assume that each z € 9 satisfies the Wiener criterion. Let uy(z) = 22/2, so
that Auy = 1. According to [11], there exists u € C(Q) N C>®() with u = uy on 99
and Au = 0 in Q. Then it is easily seen that u — uy € Wy (Q) N C®(Q) and satisfies
—A(u —ug) = 1in Q, whence u — uy = uy.

Assume now that u; € C(§2) with u; = 0 on 0. According to [11], it is enough to
show that, for every v € C(99) there exists u € C(Q) N C®(Q) with u = v on I and
Au = 0in Q. Let (v) be a sequence in C*°(R"™) converging to v uniformly on 0. By
the weak maximum principle, it is enough to show the assertion for v, instead of v. Let
2, € Wy?(Q) N C=(Q) be such that —Az, = Aw in Q. There exists M, > 0 such that
|Avg| < My, on Q, whence |z;,| < Myu,. Therefore z, € C(Q) with 2, = 0 on 99, namely
u = vy, + 2 satisfies u = v, on 92 and Au = 0 in €. O
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