Journal of Convex Analysis
Volume 12 (2005), No. 1, 113-130

On the Relaxation of a Class of Functionals
Defined on Riemannian Distances

Andrea Davini

Dipartimento di Matematica, Universita di Pisa
via Buonarroti 2, 56127 Pisa, Italy
davini@dm.unipi.it

Received January 17, 2003
Revised manuscript received March 9, 2004

In this paper we study the relaxation of a class of functionals defined on distances induced by isotropic
Riemannian metrics on an open subset of RY. We prove that isotropic Riemannian metrics are dense in
Finsler ones and we show that the relaxed functionals admit a specific integral representation.

Keywords: Riemannian and Finsler metrics, relaxation, Gamma convergence

1. Introduction

In this paper we study an integral functional of the form

F(dy) = /Q Flz, a(z)) dz, (1)

defined on the family Z of distances d, induced by isotropic, continuous Riemannian
metrics through the formula

dol,y) = inf {La(y) + 7 € Lip([0, 1), 7(0) ==, (1) =y } 2)

for every (x,y) € Q x Q, where the length functional L, is defined as follows

La(y) := / a(y(E)3(®)] dt. 3)

Here a ranges over the family of positive continuous functions from Q to the interval [a, 3],
where o and 3 are fixed positive constants. We point out that the corrispondence between
such metrics and elements of Z is injective, that is two continuous, isotropic Riemannian
metrics which induce the same distance through (2) actually coincide (cf. Remark 3.2).
In particular, that shows that the functional (1) is well defined.

Distances of this type have already been studied in [3, 6] and, in a more geometric frame-
work, in [10]. The set Z can be seen as a subspace of the space of Finslerian distances D
(see Section 2), endowed with the metrizable topology given by the uniform convergence
on compact subset of Q2 x Q. It has been proved in [6] that the convergence of a sequence
(dp)nen to d in this topology is equivalent to the I'-convergence of the associated length
functionals Ly, to Ly with respect to the uniform convergence of curves (see Section 2 for
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definitions). The main problem arising in our study is that Z is not closed with respect
to this topology. Indeed, one can exhibit sequences of continuous metrics (a,),eny Which
develop an oscillatory behavior in such a way that the induced distances converge to an
element d which does not belong to Z any longer (see [1]). Therefore, it is natural to
consider the relazed functional of (1), namely

F(d) = inf{lim inf F(d,) : dy 2 d, (dp)nen C I, (4)

defined for every d belonging to the closure of Z, where we have denoted by L, the
convergence with respect to the topology of D.

In this paper we prove that the space Z is dense in D and, under suitable assumptions on
the integrand F' in (1), that the relaxed functional (4), which is therefore defined on the
whole D, has the following integral representation:

Fd) = / Fr, Aa(2)) da, (5)

where Ag() 1= supjg—; a7, §) and g is the Finslerian metric associated to d by deriva-

tion (cf. Definition 2.8). In particular, the functional F will coincide with F on Z (cf.
Proposition 3.1).

We conclude this introduction with some considerations. Definition (4) clearly implies
that F is lower semicontinuous. Moreover, it can be shown that it is the greatest among
all lower semicontinuous ones which are bounded from above by F on Z (see [4] for various
results on this topic). Therefore, in order to prove our relaxation result, we first have to
show that the functional (5) is lower semicontinuous. The proof of this issue is just a
technical adaptation of the arguments described in [5]. To prove its maximality, instead,
we will approximate each d € D by means of a sequence of suitably chosen distances
d, € T, namely such that

limsup/QF(:L‘,Adn(x))de/F(m,Ad(a:))da:.

n Q

Then, by a standard argument (see Section 4), the maximality of (5) follows.

Indeed, finding such an approximating sequence is a delicate matter. In fact, one should
define the Riemannian metrics a, in such a way to have I'-convergence of the relative
length functionals LL,, to L, (cf. (11) and Remark 3.3) and this problem is not trivial
even in the simplified situation of an isotropic Riemannian metric ¢4, i.e. such that
@q = b(x)|¢| where b is a Borel function from Q to [a, 8]. It is clear, in fact, that this
convergence strongly relies upon the convergence of the approximating metrics on curves,
which is much finer than convergence almost everywhere in . Moreover we do not have
many informations on the properties of the metric ¢g4; we only know it is Borel measurable
and such that the associated length functional L, is lower semicontinuous with respect
to the uniform convergence of curves (see Section 2). In the general case of a non-isotropic
metric the situation is obviously more delicate.

The key idea of our proof is that it is sufficient to control the convergence of the ap-
proximating distances only on a fixed countable and dense subset of €2 x 2 (Lemma 3.4).
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Therefore, when we define the Riemannian metrics, we have only to control the value
of the associated distance d,, on the first n points of this set. This will be done by ap-
proximating the Finsler metric ¢, along geodesics (cf. Theorem 4.7). With regard to
that, let us notice that Theorem 4.7 is not just a technical result in order to prove our
main theorems, but has an interesting consequence it is worth underline: every Finsler
distance d € D can indeed be seen as generated by a suitable Borel measurable, isotropic
Riemannian metric a :  — [, 3] according to definition (2). In other words, by allowing
the isotropic metric a to vary in a somehow “uncontrolled” way, one can recover all the
possible anisotropies of ¢y .

The problem of the density of (smooth) isotropic, Riemannian metrics in Finsler ones
has already been studied. The question was raised in [6], and partially answered in [3] in
the case 2 := RY under the additional assumption that ¢4 is lower semicontinuous. We
remark that our proof does not require any extra regularity property on the Finsler metric
and therefore completely answers the question (on the other hand, when Q # RY some
hypotheses on 2 are assumed, see condition (€2) below). Indeed, as pointed out in [3],
once the density result for continuous and isotropic Riemannian metrics is established,
the analogous result for smooth ones is easily recovered via a regularization argument (cf.
Remark 4.4).

The paper is organized as follows: in Section 2 we recall the main notations used in the
sequel and some results on Finsler metrics, Section 3 contains some preliminary lemmas
and in Section 4 we prove our main theorems.

2. Notation and preliminaries on Finsler metrics

We write here a list of symbols used throughout this paper.

Q an open connected subset of RY

SN-1 the unitary sphere of RV

B, (x) the open ball in RY of radius r centred in x
I the closed interval [0, 1]

R, non-negative real numbers

LN the N—dimensional Lebesgue measure

HY the N—dimensional Hausdorff measure

|ul the Euclidean norm of the vector u € RY

X £ the characteristic function of the set E

argmin(P) the set of minimizers of the problem (P)

In this paper N denotes an integer number. We will say that a set w is well contained in
) and we will write w CC €2 to mean that its closure w is contained in €2. With the word
curve or path we will always indicate a Lipschitz function from the interval I := [0, 1] to
the closed set €2; the family of all such curves will be denoted by Lip(Z, ). Any curve v
is always supposed to be parametrized by constant speed, i.e. in such a way that |y(t)]
is constant for L'-a.e. ¢ € I. We will say that a sequence of curves (7, )ney (uniformly)
converges to a curve 7 to mean that sup,c; [y, () —7(t)| tends to zero as n goes to infinity.
We will denote by Lip, , the family of curves v which join z to y, i.e. such that v(0) = x
and (1) = y. We remark that, if a sequence of curves (v,)nen C Lip,, is such that

sup,, fol |95 (t)|dt < 400, then, since they are all parametrized by constant speed, we have
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that their first derivative is bounded from above. Therefore, by applying Ascoli-Arzela
theorem, we can find a curve v € Lip, , such that a subsequence (7,,)ien converges to 7.
This argument will be implicitly used throughout the paper.

The function F' : Q x [a, f] — R, appearing in the integrand of (1) is assumed to be

continuous and to fulfill the following conditions:

(i) the function F(x,-) is convex and nondecreasing for every z € (; (6)
(ii) [, F(z,3)dz < +oo0.

Definition 2.1. A Borel function ¢ : Q x RY — [0, +00) is said to be a Finsler metric
on Q C RY if

(i)  o(z,-) is positively 1-homogeneous for every x € €
(ii) ¢(z,-) is convex on RN for LN-a.e. x €
(iii) for every curve v € Lip(I,Q)

p(v(1), (1) = 9(v(t), =4(t)) for Ll-ae. t €.

Given a Finsler metric, we can define a distance d,, on Q through the formula

dy (,y) = inf{L, ()| v € Lip,, }, (7)

where the Finslerian length functional L, is defined by

A distance deriving from a Finsler metric through (7) is said to be of Finsler type.

Remark 2.2. Notice that L, is well defined. Indeed, the map t — (vy(¢),%(t)) is

Lebesgue measurable on I and ¢ is Borel measurable on  x RY, hence their compo-
sition ¢(7y(t),%(t)) is Lebesgue measurable. Moreover, by assumptions (i) and (iii) in
Definition 2.1, L,(y) does not depend on the chosen parametrization for -, that is, if
p: I — Iisa C'-diffeomorphism, then L, (yop) = L,(7)

We will say that a distance function is of geodesic type if it satisfies the following identity:
d(z,y) = inf{Ld(V) | v € Lipx’y} for every (x,7) € Q x Q, (8)

where Ly (7) denotes the classical d-length of 7, obtained as the supremum of the d-lengths
of inscribed polygonal curves:

Lg(7y) := sup { Zd(/y(ti),’y(ti+1)) c0=ty<ti<.<t,=1,r1e€ N} . 9)

Denote by dg(x,%) the Euclidean geodesic distance in €, that is dg := d, according to
(2), with a identically equal to 1. We remark that dg locally coincides with the Euclidean
distance. We fix two positive constants a, 3 with § > « and we set

M = {cp Finsler metric on Q : «a|¢] < (z,€) < B€] for all (z,&) € Q x RN} :



A. Davini / Functionals Defined on Riemannian Distances 117

Then we define the family D of distances on Q generated by the metrics M, namely
D :={d, | ¢ € M}. Obviously the set Z, made up by distances d, defined by (2) with
a : Q — [a, ] continuous, is trivially included in D identifying a(x) with the metric
a(x)|€]. Tt is also clear that o dg < d < [ dgq for every d € D, so such distances are locally
equivalent to the Euclidean one. Moreover we have (cf. [5, Lemma 2]):

Proposition 2.3. Let d := d, for some ¢ € M. Then Ly(vy) < L,(7) for every curve .
In particular, d is a distance of geodesic type according to definition (8).

Remark 2.4. The inequality in the previous proposition may be strict. For example,
take Q := (—1,1) x (=1,1), ' := {0} x [~1,1] and a(z) := Xq(z) + Xp(z) for all x € Q.
Then d,(y, 2) = |y — 2| for all y, z € Q. If now we take (¢) := (0, —1/2)(1 —1t) +(0,1/2)t,
it is easily seen that Ly, (7) =1 < 2 = L,(y).

By using classical results of the theory of metric spaces (see, for instance, [2, Chapter 4]),
one can derive the following

Proposition 2.5. Let d € D. Then the length functional Lq is lower semicontinuous on
Lip(Z, Q) with respect to the uniform convergence of paths, namely if (7, )nen converges to
v then

Lg(7v) < liminfLg(v,).

In particular, for every couple of points x,y in Q there exists a curve v € Lip, , which is
a path of minimal d-length, i.e. such that Ly(v) = d(z,y).

We endow D with the topology given by the uniform convergence on compact subset of

Q x Q. We will write d,, P, d to mean that the sequence (d,)nen C D converges to d € D
with respect to this topology. Arguing as in the proof of Theorem 3.1 in [6], one can
establish the following result:

Theorem 2.6. Let Q2 be an open subset of RY such that

Vr >0 3C, >1 suchthat do(z,y) < Clz—y| YV x,y€Qn B.(0). (Q)

Let d and d,, belong to D for all n € N. Then d, L. if and only if Ly, T'-converge
to Ly on Lip(I,2) with respect to the uniform convergence of paths. Moreover, D is a
metrizable compact space.

Throughout this paper we will always work with sets 2 which satisfy condition (€2). This
holds, for example, whenever {2 has a locally Lipschitz boundary. In particular, then, we
will always assume that D is compact.

Remark 2.7. If O satisfies assumption (Q2), then D can be seen as a subspace of the
wider space of Finsler distances on RY. In fact, let us show that every distance in D
can be extended in suitable way to a distance defined on the whole RY. Let d € D and
¢ € M such that d = d, according to definition (7). Let us define

_ [ op(x,8) ifreQand  €RY
PO 8= 950, 0¢l if 2 € Bu(0)\ (By 1(0)UT) and £ € RY, n € N
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where (), are positive constants chosen according to condition (£2). The Finsler metric @
defines a distance d := d; on RY through (7). We claim that d is the required extension
of d. Indeed, first remark that, if 7 is a curve which connects two points of 99 in R \ Q
(i.e. 7(0), v(1) € 9Q and v((0,1)) € RY \ Q), then, by definition of % and Ly, we have
Ls(v) > 28dg(v(0),v(1)) > d(7(0),~(1)). In particular, by definition of d, there exists a
curve ¥, with same endpoints as v and lying in Q, such that Ly(y) > L, (7). Taking this
into account, it is not difficult to show that, for every couple of points z,y € Q and for
every curve « connecting x to y in R, there exists a curve 7, with same endpoints and
lying in Q, such that L,(vy) > L,(¥). Since = ¢ on Q x RY, this immediately gives
that d = d on Q x Q. Therefore, up to replacing the distance d with its extension d, we
can always assume, if needed, that d is defined on RY x R¥.

Definition 2.8. We define the Finsler metric ¢, associated to a distance d € D by
derivation as

d t _

g (r,8) = limsupw (z,6) € A x RY, (10)
t—0+

where we have taken Remark 2.7 into account to give a meaning to the above expression

for those points & which belong to 9f).

The length functional L; admits the following integral representation:

La() = / ay(1).4(8)) dtfor all 5 € Lip(I,9), (11)

i.e. Ly =L, on Lip(I,Q) (see [10, Theorem 2.5]). We summarize in the next proposition
the main properties of ¢4. For the proof, we refer to [8, 10].

Proposition 2.9. Letd € D. Then the function pq : QxRY — R, is a Borel-measurable
Finsler metric. In particular we have:

(i) alx,-) is positively 1-homogeneous for every x € Q;
(i) Iule.€) — pala, v)| < BIE — v] for every z € Q and every &, v € RY;
(iii)  a(z,) is @ norm on RY for LN-a.e. x € Q.

Remark 2.10. Let d := d, for some ¢ € M. In view of Remark 2.7, we may as well
assume d to be defined on RY x R¥ so that expression (10) makes always sense. Take a
curve y € Lip(I, Q) and pick up a differentiability point ¢ € (0, 1) for 7. Then, by arguing
as in [10, Theorem 2.5], we get:

wa(y(t),5(t)) = h;rfi?ip d(~(t), Zl(t +h)

If ¢ is also a Lebesgue point for |§(s)|, that yields:

t+h t+h
puls(0,4(0) <timsup g [ o390 3(9)ds < mswp [ o) ds = B30

h—0t h—0t

In particular, we deduce that the following holds:

a < g (W(t), %) <p for Ll-ae. t € 1.
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Given a distance d € D, we define for every z € 2

Aa(z) == sup pa(z,¢),
j6l=1

which represents, with analogy to the Riemannian case yq(z, &) = (B(x)E - 5)% with B(z)
a symmetric and positive definite matrix, the largest “eigenvalue” of ¢4(z,-) at the point
x. We notice that A4(z) is a Borel measurable function. Indeed, if (&,),en is a dense
sequence in SV~ by property (ii) of Proposition 2.9 we have that Ay(x) coincides with
the function sup,, p4(z,&,), which is Borel measurable since it is the supremum of Borel
measurable functions.

3. Preliminary results

In this section we prepare the tools which will be needed in the proof of the relaxation
result.

Proposition 3.1. Let ¢ € M and d :=d,. Then

(1) pa(z,&) < p(x, &) for LN-a.e. x € Q and for every & € RN . In particular Ag(z) <
Sup|¢—; ¢(,§) for LN-a.e. 1 €Q;

(i) if p(z,8) == a(z)|¢] with a : Q — [a, 8] lower semicontinuous, then oq(x,&) >
a(z)[€| for every (z,€) € Q x RN, In particular a(z) = Ag(x) for LN -a.e. z € Q.

Remark 3.2. If a and b are two continuous isotropic metrics which give rise to the same
distance function d through (2), then a(x) = b(z) for every x in Q. In fact, by claim
(ii) of Proposition 3.1, we have that the previous equality holds almost everywhere, and
therefore everywhere by the continuity of the metrics. In particular, this shows that the
functional (1) is well defined.

Proposition 3.1 is essentially known (cf. [9, Section 6]). For the reader’s convenience, we
provide here a proof.

Proof. (i) In view of Remark 2.7 it is enough to prove the claim in the case 2 := R¥.
Let us fix a vector £ € RY and, for every zy € €, let us define the curve v,,(s) := zo + s&.
Let ¢ be a Lebesgue point for the map s — ¢ (74, (s),&). For h > 0 we have

t+h . o) )
%L/t QD(’ny(S),f)dS: %/0 @(on(t—f—hT)’hg)dTZ (7 (t) ’Yh (t)+ 6),

so, by taking the limsup as h — 07, we get ©a(Veo(1),€) < 0(7a(t),€). Since Ll-ae.
t € R is a Lebegue point for ¢(7.,(:),&) and zy was arbitrarily chosen in 2, Fubini’s
Theorem implies that pg(x,€) < o(x,€) for LV-a.e. x € Q. Then we can take a dense
sequence (&, )ney in RY and repeat the previous argument for each &,. Recalling that the
functions p4(z, -) and ¢(z, ) are continuous for almost every x € ), we eventually get, by
the density of (&,)nen, that pa(z,€) < @(z,€) for LY-a.e. € Q and for every ¢ € RY.
In particular we get

Aq(z) < sup p(z,§) LY-a.e. in Q. (12)
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(ii) Let now ¢(z, ) := a(z)|¢] with a lower semicontinuous. Arguing as in Remark 2.7, one
can assume the function a to be defined on the whole RY and still lower semicontinuous.
By lower semicontinuity, we have that for every fixed z € Q and for every ¢ > 0 there
exists 7. > 0 such that a(y) > a(z) — ¢ for every y € B,_(r). Let us fix £ € SV!
and take 0 < t < f5. Choose a d-minimizing sequence (Vn)nen C Lip, .4 such that
Lo(vn) < d(z,x + t&) + ar. /2 for every n. If ¢y is small enough, the curves =, lie within
B,_(z). Then we have for every n € N

La(7) = / a(y) il dr = (al) — ) / Al dr > (a(z) — o)t

and letting n go to infinity we obtain

d(z, x +t&)

; > a(x) —e. (13)

By taking the limsup in (13) as ¢ — 0% and since ¢ > 0, z € Q and ¢ € SV~ were
arbitrary we obtain

wa(x, &) > a(x) for every (x,&) € Q x SV1 (14)

and the claim follows by the 1-homogeneity of ¢4(x,-). In particular, by taking the
supremum of the left-hand side of (14) over all ¢ € S¥~! and by using (12) we get that
Ag(z) = a(z) for LN-ae. z € Q. O

Remark 3.3. If d := d, and ¢(x,€) := a(z)|¢| with a : Q — [, 3] lower semicontinuous,
by the previous Lemma we have that for every curve v the following holds:

pa(y(1),4(1)) Z aly(O)F (1] for Ll-ae. t € 1.

This inequality, coupled with (11) and Proposition 2.3, implies that L,(v) = L4(y) for
every curve 7.

The key idea used in the proof of the density result is stated in the following lemma. The
proof is immediate in view of Theorem 2.6 and is omitted.

Lemma 3.4. Let (d,), .y be a sequence contained in D which converges pointwise to some

d € D on a dense subset of Q x Q. Then d,, 2.4

The next result shows that the monotone convergence of metrics implies the convergence
of the induced distances.

Lemma 3.5. Let ¢ and ¢, belong to M for all n € N. Then d,, de i one of the
following cases:

(1) wnl®,8) == an(x)[§] converge increasingly to p(z,§) for every (z,§) € Q x RN, with
a, lower semicontinuous in €);
(ii)  on(x, &) converge decreasingly to o(x,€) for every (x,€) € Q x RV,

Proof. To simplify the notations, we will write d and d,, in place of d, and d, respec-
tively.
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(i) First we observe that, by the dominated convergence theorem, the functionals L,
converge pointwise to IL,, (i.e. L, (y) converges to L, () for every curve ). Moreover, by
Remark 3.3, we have that Ly, (7) = L,, () for all curves «y. Since the length functionals
Lg, are lower semicontinuous by Proposition 2.5, we can apply [7, Remark 5.5] to deduce
that Ly, I-converge to Ly on Lip(I, Q) with respect to the uniform convergence of paths.
The claim then follows by Theorem 2.6.

(ii) By Lemma 3.4 it is sufficient to prove that d,,(x,y) converges to d(x,y) for every fixed
(z,y) € Q x Q. Then, let (z,y) € Q x Q. By monotonicity we get d(xz,y) < inf, d,(x,y).
To show the reverse inequality, take a curve v € Lip, ,. By the monotone convergence
theorem and by the definition of d,(z,y) we have

Ly(y) =infL,, (v) > infd,(z,y),
and the claim easily follows by taking the infimum over all curves in Lip, . O

We end this section with the proof of two lemmas which will be useful in the sequel.

Lemma 3.6. Let {(z;,y:)|i € N} be a countable collection of points in Q x Q. Then it
is possible to find a family of curves {v;|v; € Lip,,,,, i € N} such that

(i)  Lg(vi) = d(x;,y;) and ~; is injective for every i € N;
() v(I)Nvy;(I) is a (possibly void) disjoint finite union of closed arcs for everyi,j € N.

Proof. First we remark that for every ¢ € N the set

R; := argmin{Lq(7) |7 € Lip,, ,, }-

is non-void by Proposition 2.5. Moreover, any curve in R; is injective by minimality,
hence it satisfies point (i) of the claim. In order to prove the Lemma, it will be enough
to show that the following holds for every n € N:

Claim: Let {v;|v; € Lip,,,,, i < n — 1} be a collection of curves satisfying conditions
(i)-(ii) above. Then it is possible to find v, € Lip, , such that the curves {v;|i < n}
still satisfy conditions (i)-(ii).

For n = 1 the claim is satisfied by choosing a v; which belongs to R;. Let then n > 1 and
choose a curve o in R,,. For every j < n —1, let us set t; := min{t € I |o(t) € v;({) }
and T; := max{t € I|o(t) € 7;(I)} (we agree that t; = T; = +oo if such minimum
does not exist), and J :={j <n —1|t; <T; < +oo}. If J is void, the claim is proved
by setting v, := o. Otherwise, we can suppose, up to reordering the curves ;, that
t; = min{t;[j € J}. Then we define 7, € Lip, , to be the curve obtained by moving
from o(0) to o(t;) along o, from o(t;) to o(T}) along v; and from o(77) to o(1) along
o again. Remark that, by minimality, 7; is a path which connects o(¢;) to o(7}) in
the shortest way and so we have not increased the length, i.e. Ly(7) < Lg4(o), hence
71 € R,. Moreover 7([0,71]) N ~;(I) is a disjoint finite union of closed arcs for every
1<i<n-—1. Then weset o := 7 |[T171] and we repeat the above argument to obtain a

curve 7y : [T}, 1] — Q. By iterating this procedure, we eventually find a finite number of
curves {7, |1 < h < M} for some M < n. Then we define

Bl (t) if ¢ c [0, Tl]
"yn(t) = Th(t) ift e [Th—lyTh] and 1< h< M
() i 1€ [Taa, 1].
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By what previously observed, we have that -, still belongs to R,, and is therefore injective
by minimality. Moreover, it is such that ~, (1) N v;(1) is a disjoint finite union of closed
arcs for every ¢ < n — 1 by construction. The claim is thus proved. Il

Lemma 3.7. Let y be an injective Lipschitz curve, T :=~v((0,1)) C Q and a : Q — [a, ]
a Borel function. Then there exists a sequence of continuous functions oy, : I' — |[a, (]
such that oy(x) converge to a(z) for H'-a.e. © € T. Moreover, for every ¢ > 0 there
exists a Borel subset B. C T such that H'(T'\ B.) < € and o} converge uniformly to a on
B..

Proof. The function aoy : (0,1) — [o, 8] is Borel measurable, therefore there exists a
sequence (fx)ren of continuous functions fi : (0,1) — [a, ] such that fi(¢) converges
to aoy(t) for a.e. t € (0,1). Moreover, by Severini-Egoroff’s theorem [11, Section 1.2,
Theorem 3], for every € > 0 there exist an infinitesimal sequence (Jx)reny and a Borel set
E= such that H'((0,1) \ Ez) < £ and |fx(t) — aoy(t)| < d, for every t € Ez. The claim
then follows by choosing & := ¢/Lip(7) and setting o4 (z) := fr(y"'(x)), Bz :=vy(Fz). O

4. Main results

Our main result is stated as follows.

Theorem 4.1. Let F be the functional defined on T by (1), where F : Q x [, B] — Ry
is a continuous function satisfying conditions (6) and € is an open connected subset of
RN enjoying condition (). Then its relazed functional (4) has the following integral
representation:

F(d) = / F(z,Ay(z)) da (15)
Q
for all d € D. In particular, F(d) = F(d) for alld € T.

The proof of the previous theorem is based on the following two results which we state
separately.

Theorem 4.2. If d, —>d, then liminf/ F(z,Ag,(x))dx > / F(z,Ay(x)) de.
Q

n—-+o0o Q

Theorem 4.3. Let Q be an open connected subset of RN which satisfies condition (£2).
Then the family T of distances induced by continuous and isotropic Riemannian metrics
on Q) is dense in D. Moreover, for every d € D we can choose a sequence (dy)neny C Z

such that d, 2. d and

lim sup /Q Fla, Ay (2)) dz < / F(z, Au(z)) da. (16)

n—-400 (9]

Remark 4.4. The class of distances induced by smooth isotropic Riemannian metrics is
dense in Z. Therefore, by the theorem just stated, smooth isotropic Riemannian metrics
are dense in the class of Finsler metrics. In fact, let us take a distance d in Z. Then
d = d, for some continuous metric a : Q — [, 5]. By Tietze’s Lemma, we may extend a
continuously to the whole RY in such a way that o < a(z) < 3 for all z € RY. Then, by
taking a sequence of convolution kernels p,, we define the sequence of smooth isotropic



A. Davini / Functionals Defined on Riemannian Distances 123

metrics a, : Q — [a, 8] by regularization, i.e. a,(z) := p, * a(r), and we call d, the
induced distances. Since the functions a, converge to a uniformly on compact subset of
QxQ, it can be easily shown that the length functionals L,, I'-converge to L, on Lip(/, Q)
with respect to the uniform convergence of curves. Then, by Remark 3.3 and Theorem

2.6, we have that d, 2, d, as claimed.

Once Theorem 4.2 and Theorem 4.3 are proven, Theorem 4.1 will trivially follow. In
fact, Theorem 4.2 gives that the functional (15) is lower semicontinuous with respect to
the uniform convergence of distances, and Theorem 4.3 implies it is the greatest lower
semicontinuous functional defined on D which is bounded from above by F on Z. Indeed,
let G be another competitor and let d € D. Choose a sequence (d,)neny C Z as in the
statement of Theorem 4.3. We have

n—-—+00 n—-+o0o n—-+o00

G(d) < liminfG(d,) < liminf F(d,) < limsup F(d,) < / F(z,Ay(z))de,
Q

hence the claim. The last statement in the claim of Theorem 4.1 is an immediate conse-
quence of Proposition 3.1.

Let us then start by proving Theorem 4.2.

Proof of Theorem 4.2. The proof will be just sketched, since it is essentially an
adaptation of the arguments described in [5, Section 3|, where the case F(x,s) := s was
considered.

Let d,,, d be as in the statement of the theorem. We recall that the function F' : Q x
la, B] — R, is continuous and fulfills conditions (6). The first result we state is the
following:

e  Claim: for every bounded Borel set w CC Q and every ¢ € SV, we have

n—-+

/F(a:, wa(z,§))de < liminf/ F(z,¢q,(z,§))dx . (17)

The previous statement is the analogous of [5, Proposition 9] and can be proved similarly.
Inequality (17) immediately gives the following:

sup/F(a:, wa(z,§))de < liminf/F(x,Adn(x))dx, (18)

lel=1 notee
where we have also used the monotonicity assumption (6)-(i) made on F. In order to
conclude, it will be therefore enough to prove the following:

o Claim: Let ¢ € M and assume there exists a sequence (i), of positive Radon
measures on {2 such that the following property holds:

sup / F(z,po(x,&))dx < limlnfun (w) for every Borel set w CC (. (19)
|§|:1 w n—-1+00
Then
/ F(z, sup ¢(z,€))dz < liminf p, (). (20)
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Indeed, in view of (18), the claim of the theorem would follow by applying the previous
statement with ¢ := g and p,(w) == [ F (z,Aq, (x)) dz.

Let us prove (20). First, we reduce to consider the case of a bounded domain 2. Indeed,
if this is not the case, we take a sequence (£;);en of bounded and connected open sets
well contained in  such that Q; C 41 and Q = UZGN ), and we notice that it is enough
to prove that (20) holds for Q := ), for each [ € N.

Let us then assume that Q is bounded and set A,(z) := sup¢_; ¢(7,§) for all z € €.
Following the proof of [5, Proposition 12], we consider three cases:

(1) let ¢ be continuous. Then (20) easily follows from the following lemma, which is
analogous to [5, Lemma 10] and may be proved similarly.

Lemma 4.5. Let 2 be a bounded open set and o € M be a continuous Finsler
metric. Then, for every e > 0, there exists 6 > 0 such that

/ F(x,Ay(z))dzx < sup/ [F (z,0(x,€)) +¢]dz for alli € 7V,
Dj ;

lgl=1J/ D7

where we have set DY := QN §(2i +[~1,1)").

In fact, fix € > 0 and take 6 > 0 given by Lemma 4.5. We have:

/Q F(z, ))dx = Z/ ))dx < ZSUP/D?[F(:C’QD(SU’@)+5]dx-

icZN ieZN [€1=1

By assumption we get

/ F(x, dz < Z lhm inf 1, (DY) + / 5dx] < liminf p,, (Q) + £ (Q)
Q D?

N n—-+o00 n—-+o0o
1€

and (20) follows since € was arbitrary.

(2) Let ¢ be lower semicontinuous and ¢(z,-) convex for every x € . Thanks to
Lemma 2.2.3 in [4], we can find an increasing sequence of continuous Finsler metrics
(¢r)ken C M such that ¢(x, &) = supgey r(z, €) for all (2, &) € Q@ x RY. Each metric
¢ 1s continuous and still satisfies condition (19), so we can use the previous step to
infer

sup/ F(z,Ap, (x))dr < liminfu, (Q).
Q

keN n—+oo

The claim then follows as, by the monotone convergence theorem, we have:

sup/ F(z, Ay (x))dax = / sup F (z, Ay, (2))dr = / F(z,Ay(x))dz.

keN JQ Q keN Q

(3) We now make no additional regularity hypothesis on ¢: we only assume it belongs to
M. First, notice that it is not restrictive to assume that ¢(z,-) is convex for every
x € Q0 it is actually sufficient to redefine the metric ¢ by setting o(z, €) := B|¢| on
a negligible Borel subset of Q which contains all the points where the metric is not
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convex. We can then apply [5, Lemma 11]: for every ¢ > 0 there exists a compact
set K. C Q such that LV(Q\ K.) < ¢ and ¢|k_ g~ is continuous. We define

6 - p(z, &) ifxe K.,
o @0 = B¢ otherwise.

Notice that ¢° is lower semicontinuous, so we can apply the previous step with ,
replaced by fi, 1= pn + F(2, )Xoy . (%) dCN to get

/QF(x,A@(:U))dx < /QF(x,ASDE(x))dxghminfﬁn Q)

n—-4o0o

= liminfpu, (2) + / F(z, ) dx.
O\K.

n—-4o0o

As F(z,3) is summable over € (condition (6)-(ii)), the integral appearing in the most
right-hand side of the above inequality goes to 0 as ¢ — 0%. The claim hence follows
as € was arbitrarily chosen. O

Remark 4.6. The above proof still works for slightly more general functionals. Indeed,
it is sufficient that there exists a sequence of continuous functions Fy : Q x [o, 8] — Ry
which satisfy conditions (6) and such that F(x,£) = sup, Fy(z, &) for LV-a.e. x € Q and
for every ¢ € RY. In fact, one can apply the above argument to each F}, to get

n—oo

/ Fy (z,Ay(z))dz < lim inf/ F(z,Aq, (x))dx,
Q Q

and the claim immediately follows by taking the supremum over k of the left-hand side
term and by the monotone convergence theorem.

We now come to the proof of Theorem 4.3: for any fixed d € D, we want to find a sequence
(dy)nen C I which converges to d and enjoys (16). As pointed out in Lemma 3.4, in the
approximating procedure one only needs to control convergence of distances on a dense
subset of Q x Q. To this aim, we set S := QN N Q. Obviously S x S is countable and
dense in Q x Q, so we write S x S := {(z;,:) |7 € N}.

As a preliminary step, we first approximate d € D with distances induced by a sequence
of Borel measurable and isotropic Riemannian metrics.

Theorem 4.7. Let d € D. Then there exists a decreasing sequence of Borel measurable
isotropic metrics a,, : Q — |o, 8] such that

(Z) dan (xia yz) = d(%ayz) fO’I" each i S n;
(i1)  an(z) = Ag(x) for LN-a.e. z € Q.

In particular d,, L. d. Moreover, if we set a(x) := inf,enyan(x), we have that d, =
d on Q) x §, that is every Finsler distance is induced by a Borel measurable, isotropic
Riemannian metric.

Proof. For each (7;,y;) € S x S let 7; € Lip,, . be a path of minimal d-length, i.e.
La(vi) = d(z;,v;). Such family of curves {v;|i € N} can be chosen in such a way to
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satisfy conditions (i) and (ii) of Lemma 3.6 (this assumption is not really needed here,
but will be important in the proof of Theorem 4.3). By condition (ii), each non-empty
set (1) N~;(I) is a disjoint finite union of closed arcs. Let us fix n € N and denote by
T,, the finite set given by the extreme points of such arcs for every 1 < i < 7 < n. Set
N, == Uj<,%i(I) and let 3, be a Borel H!-negligible subset of N,, such that

s e e (0 ) s}

Observe that, in view of Remark 2.10, such a set X, always exists. Then we define the
function a, : Q@ — |«, (] by

5 if € 00\ N,
Aa(z) if € Q\ N,
an(z) =< « iteeT,UX, (21)
o () o

It can be easily checked that a, is well defined and Borel measurable. Moreover it is clear
that a,, satisfies point (ii) of the claim. Let d,, be the distance generated by the metric
defined by a, for each n € N. We want to prove point (i) of the claim. Let us fix an
7 < n. Then we have

1 1
da, (T3, yi) < / an (i) |3l dt = / wa(vi, Yi) dt = d(s,y;).
0 0

To prove the reverse inequality, choose a curve o € Lip,, ,. and, for every 1 < j < n, set
[j+1 = {t € I\Uhgj Ih | O'(t) € 7j+1<]>}7 Il = {t el | O'(t) € ’)/1([)} and IO = [\Uj§n1j~
We remark that the vector &(t) is tangent to v;(I) at o(t) for L'-a.e. t € I;, and so
an(0)|o| = pa(o, ) L'-a.e. on I;. Therefore we have

1 n
L, (o) — / an(o)]cﬂdt:Z/an(a)]d\dt—i-/ an(0)|5] dt
0 = Io
> 3 / palo,6) dt + / a0, ) dt > d(zi, i),
=L Io

where we have used the fact that a,(0)|d6| > ¢4(o,d) on Iy. By passing to the infimum
over all possible curves o € Lip,, , we get the claim.

Notice that N,, C N,,1, and we may as well suppose that ¥,, C ¥,,,; (otherwise, replace
Yy with 3, UX, 1), therefore (a,)nen is a decreasing sequence of functions. If we set

a(z) := inf,ena,(z), by applying Lemma 3.5 we get that d,, 2. d,. In particular we
have

da(‘ria yz) = hI_P dan (ZEZ‘, yl) = d<$27y2)
for every i € N. Therefore d, = d on a dense subset of Q x Q and hence d, coincides with
d by continuity. That concludes the proof of the claim. n
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The metrics (a,)nen above defined will be now used to construct the required approxi-
mating sequence of distances.

Proof of Theorem 4.3. The proof is organized in two steps.

Step 1. We first remark that the closure of Z contains the family of distances generated
by lower semicontinuous isotropic Riemannian metrics. In fact, let b : Q — [a, 3] be
a lower semicontinuous metric. It is well known that b(z) = sup,cyan(x) for suitable
continuous functions @, (and we may as well suppose that « < a, < by possibly
replacing the function @, with a, V «). Setting a,(x) := sup,., @;(z), we have that

da, 2. d, by Lemma 3.5. Moreover, by Proposition 3.1 we have that Ay, (z) = b(z) and
A4, () = a,(x) almost everywhere on € and therefore, by the monotonicity assumption
(6)-(i) made on F', we obviously have

limsup/QF(x,Adan(x))de/F(x,Ab(:E))da:.

n—-+4oo Q

To prove the theorem, it is then sufficient to find a sequence of lower semicontinuous
metrics b, : © — [o, 3] such that the generated distances dp, satisfy the claim of the
theorem. Indeed, by combining the idea just described with a diagonal argument, the
conclusion would follow at once.

Step 2. To get the desired approximation of the distance d € D via lower semicontinuous
isotropic metrics, it is enough to prove that, for every fixed n € N, there exists a sequence
of lower semicontinuous isotropic metrics by, : @ — [, ] such that

(i) kklfm dy, (i, y;) = d(x;,y;) for every i < n;

(i) lim sup /Q Flz, by(z)) dz < / F(z, ay(x)) do

k—4o00 Q
where a,, are the Borel isotropic metrics defined in the proof of Theorem 4.7.

In fact the desired sequence of lower semicontinuous metrics is then obtained via a diagonal
argument and taking into account that a, () = Ag4(x) almost everywhere on 2 by Theorem
4.7.

Let us then fix n € N and let a, be the Borel metric defined by (21). Keeping the
notations used in the proof of Theorem 4.7, we observe that the set N, \ T, is a finite,
disjoint union of open arcs. Therefore, by applying Lemma 3.7 to each arc, we can find
a sequence of continuous functions oy : N,, \ T, — [a, 3] which converge to a, H'-a.e.
on N, \ T,,. Let us set A := {x € Q|dist(z,N,) < 1/k}. Let (Q)ren be a sequence
of bounded open sets well contained in  such that Q C Qp1 and = U,geN Q. By

Lusin’s theorem we may find a sequence of closed set K, C ﬁk_\ Ay such that a, |k, is
continuous and LN ((Qx \ Ax) \ Ki) < 1/k. Then we define b : Q — [a, 3] by

or(z) ifxe N, \T,
o ifxel,
ap(x) ifze Ky

I} elsewhere.

bk(.l') =
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Notice that by is lower semicontinuous. Moreover we have

lim sup /Q F(z, by(x)) do = limsup < /K (e, on(@) do + /

k—+o0 k—+o00 O\ K,

F(z,p) dx) . (22)

Recalling that F'(z, ) is summable over §2 (condition (6)-(ii)), we have that the second
integral at the right-hand side of (22) goes to zero. In fact

/ F(z,p)dx = / F(z,[) dx—i—/ F(z,p)dz, (23)
O\K}, O\ Q\K,

and the first and second term of the right-hand side of (23) go to zero by the dominated
convergence theorem and the absolute continuity of the integral respectively. Therefore

limsup/QF(:z:,bk(x))de/F(x,an(x)) dz,

k—+o0 Q

so point (ii) of the claim is satisfied.
Let us show now that (i) holds. For ¢ < n we have by definition

1
%WWSMMz/%MM%
0

therefore by the dominated convergence theorem we get

1 1
hmwww»smW/mmwm/%mma
0 0

k——+o0 k——+o0
1
= / @a(vi, ¥i) dt = d(zi, y;). (24)
0
Now, let us take for every k € N a curve 7, € Lip,, . such that

Loy, (k) = dy, (i, s)- (25)

Notice that such a curve exists in view of Proposition 2.5 and Remark 3.3. Once again, we
remark that, by Lemma 3.6, it is not restrictive to suppose that such curves are injective.
Since « [ Y| dt < Ly, (3%), by (25) and (24) we get that lim sup, [; %% dt < 4o00. Let
us choose an € > 0. By applying Lemma 3.7 to each open arc of N, \ T,, we can
find a Borel set B. C N,, \ T,, and an infinitesimal sequence of positive numbers (0 )ren
such that H'(N,, \ B.) < € and |ox(x) — a,(z)| < 6 for every x € B.. Let us set
]k = {t c Iﬁ/k(t) S Nn \ Ba} Then bk('?k) 2 an(%) - 5k Ll—a.e. on [ \ ]k Let us write

Lbkﬁk):/ bk(%)|%|dt+/ br (3 |k |dt.

I NI,

We remark that, as Jx(Ilx) C N, \ B: for every k € N, by the Area-formula we have

x| dt = H' (kL)) < H'(N, \ B:) < e.

Iy,
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Taking this remark into account we get

/ b Feldt = / (Gl dt + / (s () — an (30t

I I I

> / 0w (i) sl — (8 — )e.

Iy,

Then we have

v

1
Lo, (51) / an (i) il dt — 6 /M Bl dt — (6 — a)e

1
> d (21 1) — O / Al dE — (8 — a)e
0

and therefore, as fol |%%| dt goes to zero when k — o0, we obtain

liminfdy, (z;,y;) > UminflLy, (%) > da, (25, y:) — (B — a)e.

k—4o00 k—+4o00
Since & was arbitrary, the above inequality coupled with (24) gives the claim. O]

Remark 4.8. It should be noticed that the proof of Theorem 4.3 holds under very gen-
eral assumptions on the function F, namely it is sufficient to take an F which is Borel
measurable and satisfies assumption (ii) of (6), and such that the function F(z,-) is non-
decreasing for £N-a.e. x € Q. This consideration, together with Remark 4.6, enables us
to conclude that our relaxation result, namely Theorem 4.1, holds under the following
milder conditions on F : Q X [, f] — Ry

(i)  there exists a sequence of continuous functions Fj :  x [a, 3] — R satisfying
conditions (6) and such that F(z,£) = supyey Fi(z, ) for LV-ae. x € Q, for every
£ eRY,;

(i) [, F(z,B)de < +o0.
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