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In this paper we study the homogenization of the linear equation

ou,
ot

R(e'x) —div(a(e™'2) - Vu.) = f,

with appropriate initial/final conditions, where R is a measurable bounded periodic function and «a is a
bounded uniformly elliptic matrix, whose coefficients a;; are measurable periodic functions.

Since we admit that R may vanish and change sign, the usual compactness of the solutions in L? may
not hold if the mean value of R is zero.

1. Introduction

In this paper we will state a homogenization result for the problem

( Ra(x)%(x,t) — div(a.(2)Vue(z, 1) = f(z.t) i Qx(0,T),
us(z,t) =0 on 092 x (0,T), (1)
us(z,0) = p(z) on €y .,
us(z,T) = ¢(x) on _c;

\

i.e., we will characterize the asymptotic limit, for ¢ — 0%, of the sequence of the solu-
tions {u.}. Here,  is an open bounded subset of R" with smooth boundary, 7' > 0,
f e L*0,T; H (), o, € L* (), a-(z) = a(e~'x), where a = a;; is a measurable
bounded periodic matrix which is uniformly elliptic, R.(z) = R(¢~'z), where R : R® — R
is a measurable bounded periodic function which may vanish and change sign, Q. (re-
spectively, £2_ ) is the subset of Q where R. > 0 (respectively, R. < 0).

ISSN 0944-6532 / $ 2.50 (© Heldermann Verlag



222 M. Amar, A. Dall’Aglio, F. Paronetto / Homogenization of Changing-Type ...

In the case R > 0, the homogenization of problem (1) has been studied in [16], [18]. Some
recent existence results can be found in [19] and, for an interesting survey of physical
applications, see also [6].

In the case where R changes sign, particular cases of the equation in (1), for fixed ¢ = 1,
arise in the kinetic theory (see, for instance, [7]) and have been already considered in
[3], [11], [4] and [13]. Problem (1), in its general setting, is studied in [15] and [17], in
connection with existence and uniqueness results and, in some particular situations, in
[1], in connection with the homogenization.

We point out that in (1) the initial datum is only prescribed in the region where R, > 0,
i.e. where the equation is “forward parabolic”, the final datum only where R, < 0, i.e.
where the equation is “backward parabolic”, while no datum is given in the region where
R. =0, i.e. where the equation is “elliptic” in the variable x, with ¢ as a parameter.

Setting R the mean value of the function R (which can be positive, negative or null), by
standard a-priori estimates, it is not difficult to see that, up to a subsequence, the solutions
u. converge, weakly in L?(0,T; H3(€2)), to a function uy which we will characterize as the

weak solution, in the sense of distributions, of the equation

—ou

R0
ot

with ug(z,t) = 0 on 052, in the sense of traces, for a.e. t € (0,7) and proper initial/final
conditions. Here, a* is the homogenized matrix given in (21) below. Note that in the case
R = 0, we have a parametric elliptic equation.

(z,t) — div(a*Vug(z, 1)) = f(z,1) in Q% (0,7), (2)

The main difference with respect to the results in [18] is the lack of compactness of the
sequence {u.} in the space of continuous functions, which is crucial to pass to the limit
in the initial/final data.

In the case R # 0, the previous problem was solved by the authors in [1] for the case of
Laplace operator, even with an appropriate nonlinear reaction term in the right side.

In that paper, we obtained that, in the case R > 0, the limit uy € L%(0,T; H}(?)) is
uniquely determined by (2), with the appropriate limit data given by the original initial
datum and no final datum is prescribed; in the case R < 0, the limit wu, satisfies the final
condition, while the initial condition is lost. The crucial tool is a compactness result in
L*(2 x (0,7)) for the sequence {u.}, which does not hold true, in general, if we admit
that R can also be null.

In the present paper, we overcome this difficulty, obtaining the homogenization result for
any R (and for a general operator), using a different compactness property (see Lemma
3.4), which leads to a new and (at least for the linear case) more general proof. Never-
theless, the starting point is the usual asymptotic expansion of the operator and of the
solutions, introduced in [5] (see Section 3).

In the case R > 0, our main result is that the whole sequence {u.} converges strongly in
L3(2 x (0,T)) to the solution ug € L*(0,T; Hj(2)) of the problem

E%(w,t) — div(a*Vug(z,t)) = f(z,t)  inQx(0,T),
up(z,t) =0 on 092 x (0,7, (3)

uo(,0) = p(x) on
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where a* is the usual constant homogenized matrix (see Theorem 3.3). Analogous results
are obtained for R < 0 and for R = 0 (see Theorems 3.5 and 3.6): in the first case
only the final condition passes to the limit; in the second one no initial/final condition
passes to the limit. We remark that in all these cases there is no interaction between the
homogenization of the two operators R, and a..

Finally, we recall that our result solves an open problem suggested by A. Pankov in one
of his books (see [14], open problems - 10).

The paper is organized as follows: in Section 2 we set our notations and recall some
preliminary results on the existence and uniqueness of the solution of (1). In Section 3
the homogenization theorems, i.e. the main results of the paper, are stated and proved
(see Theorems 3.3, 3.5 and 3.6). Moreover, in that section we give a compactness result
(see Lemma 3.4) for a temporal mean average of the sequence of the solutions {u.}.

2. Notations and preliminary results
2.1. Notations

Let _A C R", n > 1, be a given open set, with smooth boundary, for simplicity. We denote
by A the closure of A and by 0A the boundary of A.

For any integer k, C¥(A) (resp. C*(A)) is the set of all real functions defined on A,
which admit continuous partial derivatives up to order k (resp. having continuous partial
derivatives of any order). In particular, C¥(A), is the subset of those functions belonging
to C*(A), with compact support in A. For simplicity, C°(A) (resp. C°(A)) is also denoted
by C(A) (resp. C.(A)).

We denote by LP(A) and W*P(A), 1 < p < oo, k € N, (resp. LP _(A) and W;P(A))
the standard Lebesgue and Sobolev spaces. In particular, we set H'(A) := W?(A) and
denote by H}(A) the subset of H'(A) of those functions having null trace on 9A. As

usual, H~'(A) is the topological dual space of H}(A).

Let Y = (0,1)" be the unit cell in R". A function defined on R" is said to be Y-periodic
if it is periodic of period 1 with respect to each variable x;, with 1 < i < n. We denote by
L% (Y) and Wi’p(Y), 1 < p < oo, k €N, the space of functions in L? (R™) or WEP(R™),
respectively, which are Y-periodic. As usual, Hy(Y) := W#Q(Y).

Let I be a real interval and X a Banach space. We denote by LP(I; X), 1 < p < oo, the
space of measurable functions h : I — X, such that

/Hh(t)H§< dt <+oo if1<p<+oo, ess—sup ||h(t)]|x < 4+oo if p=+o0.
1 tel

Throughout this paper, €2 is an open bounded subset of R" with smooth boundary (for

simplicity assume 02 of class C*°) and T is a positive number; we set Qp = Q x (0,7).
If it is not otherwise specified, we adopt the convention that repeated indices indicate
summation. Finally, the letter C' denotes a strictly positive constant which may vary
from line to line.
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2.2. Mixed type evolution equations

In the rest of this section we want to present an existence result for evolution equations
of mixed type, i.e. which may be partially elliptic and partially parabolic, both forward
and backward. To this purpose, let us introduce the following class of matrices.

Definition 2.1. Fix \, A € R with 0 < A < A. We denote by Mq (A, A) the set of n x n
matrices a = (a;;(x)); j=1,.n € L>(£2; R"Q) such that

aij(iU) & fj > A’£|2
la(z) - §] < Af¢]

(4)

for every ¢ € R™ and for a.e. x € ().

Given a matrix a € Mq(\, A), we consider the operator A : H}(Q) — H~1(2) defined by
Au = —div(aVu). Let R(z) be a given function in L**(Q2). We set

Oy ={r€Q|R@) >0}, Q={reQ|Rx)=0}, Q ={zecQ|Rx) <0}, (5

and assume that €., {0y have Lipschitz boundaries.

Our first step is to define a solution for the following problem

( ou

R(x)a(x,t) — div(a(z)Vu(z,t)) = f(z,t)  inQx(0,7T),

u(z,t) =0 on 092 x (0,7, (6)
u(,0) = () on 0,

u(z, T) = Y(z) on Q_,

\

where f: Qr - R, ¢ : Q, — R, ¢ : Q_ — R are the data of the problem, for which
appropriate regularity assumptions will be required.
In order to achieve this goal, we consider the space

W = {ue L*(0,T; Hy()) | (Ru)' € L*(0,T; H ()} (7)

(where (Ru)’ is the distributional derivative of Ru with respect to t), endowed with the
natural norm

[Jullw = HUHLQ(O,T;H(}(Q)) + ||(RU)/HL2(0,T;H*1(Q)) . (8)
Following [15] and [17], we give the definition below.

Definition 2.2. Let f € L?(0,T; H Y(Q)), ¢ € L*(Q), v € L*(Q_). We say that a
function u € W is a solution of the problem (6), if

(Ru)'(t) + Au(t) = f(t) for almost every ¢t € (0,T)

and
u(z,0) = p(x) forae ze€Qy, u(x,T)=1(z) forae ze_.
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Note that Rtu?, R~u? € C°([0,T]; L*(Q2)) (see [15] and [17]); therefore, the initial /final
conditions make sense. Observe also that, denoting by ((-,-)) the duality pairing between
L0, T; H1(Q2)) and L?(0,T; H}(2)) and by ((+,-)) the scalar product in L?(0, T’; L*(Q)),

we have
({((Ru),0)) = —((Ru, ")) = —/0 /QR(x)u(Lt)%(x,t)dxdt Vo € CHQr).

We have the following result, proved in [17] (see also [3], [13] and [4]).

Theorem 2.3. Let f, ¢, v and R as before. Then, problem (6) admits a unique solution
(in the sense of Definition 2.2). Moreover, the following estimate holds:

ullw < ClIIfllz2mm-1@) + ol RIY? (| 2@y + 19IR[Y?] 20| -
where C' = C(A\, A, n, Q).

3. Homogenization

The aim of this paper is to study the homogenization of the problem (6), in the case when
R and a;; are periodic functions. To this purpose, let a € My (A, A) be a Y-periodic matrix
(i-e. a;; are Y-periodic functions), and R € LF(Y’) be a given function. We assume that
the regions {x € R" : R(z) > 0}, {r e R" : R(x) <0} and {z € R" : R(z) = 0} have
Lipschitz boundaries. For every ¢ > 0, we set R.(z) = R(¢™'z) and a.(z) = a(e7'z). As
done in (5), we denote by Q. (resp. _. or € .) the subset of 2 where R. > 0 (resp.
R. <0or R. =0).

Let us fix f € L*0,T; HY()), p,v € L*(Q), and, for ¢ > 0, consider the family of
problems

( Rg(x)%(x,t) —div(a.(z)Vue(z,t)) = f(z,t)  inQx(0,7T),
us(x,t) =0 on 002 x (0,7, (9)
uE(I7 0) = QO(Z)S) on Q+,6a

| ue(z,T) = 9(x) on _ ..

Note that we consider as Cauchy conditions the restrictions of the functions ¢ and ¥
respectively to €24 . and Q_ ..
By Theorem 2.3, for every € > 0, problem (9) has a unique solution

u. € W. = {u e L*(0,T; Hy()) | (Reu)' € L*(0,T; H ()} .

Moreover,
laclbw. < €I lezorm-son + el @) + 1] (10)

where C' > 0 does not depend on €. Hence, we can assume that there exist a function
uw e L*0,T; H(Q)) and a subsequence, which we still denote by {u.}, such that

u. —u  weakly in L*(0,T; Hy(9)) . (11)
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It is our purpose to characterize the asymptotic limit u of the solutions u., when ¢ — 0%,

The homogenization of problem (9) in the case R = 0 or R > C' > 0 (equivalently,
R < C <0),ie. in the elliptic case or the standard parabolic case, is by now a classical
matter (see e.g. [2], [5], [9]). A non classical homogenization result, in the case R > 0,
is given in [16] and [18]. In the case of a coefficient R with non constant sign, a first
homogenization result, for the Laplace operator and under the constraint [, R(y) dy # 0,
can be found in [1], where a compactness result of Aubin’s type is used for bounded
sequences in W.. This result is false in the case where [, R(y) dy = 0 (see Remark 2.4
in [1]). Moreover, since in that case the principal part of the operators is the Laplacean,
the sequence {Vu.} converges strongly at least for compact subsets of (0,7).

When we deal with a more general coercive operator and with no constraint on the mean
value of R, as in the present situation, the homogenization of (9) can formally be done
as usual, but the main difference will be in the error estimate (see Theorems 3.3, 3.5, 3.6
and Lemma 3.4, below).

In this approach, the solution u. is assumed to admit the following ansatz (or asymptotic
expansion)

u.(z) = ug(, g,t) + euq (x, g,t) + 2uy(z, g,t) + e3us(z, g,t) +... (12)

where each function w;(z,y,t) is Y-periodic with respect to the fast variable y = x/e.
Substituting this into the first equation of (9) and identifying different powers of ¢, we
obtain a cascade of equations. Defining the operator A. by A.u = —div(a.Vu), we may
write A, = e72Ag + 1A, + Ay, where

0 0
Ay = —— [ az;(y)—
0 ayl <a J <y> ay])
0 0 0 0
A =— i) =— ] — =— | aj(y) =— 13
0 0]
Ay = — () =— .
2 o (CL’LJ (y) axj)
The two space variables z and y are taken as independent, and only at the end of the

computation y is replaced by . The first equation in (9) is therefore equivalent to the
following system

(

A()UO =0

A0u1 + A1u0 =0

R% -+ Ao'LLQ -+ A1u1 —+ AQUO = f (14>
0
R% + AoUg + A1U2 + A2u1 =0

the solutions of which are easily computed. To this aim, the following well known result
will be useful (see, for instance, [5] and [8]).
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Proposition 3.1. Consider the periodic problem

Apw =g —div G mnyY,
(15)
ve Hy(Y),

where Aq is the operator defined by the first equality in (13), g € Li(Y) and G €
L%(Y;RY). Then problem (15) admits a weak solution if and only if

/Yg(y) dy =0.

Moreover, in this case, the solution is unique up to an additive constant.

The first equation in (14) implies that ug(x,y,t) = uo(x,t) does not depend on y. The
second equation in (14) gives the value of u; in terms of wy, i.e.

T - x Oug .
2t = 3 (2) 2 (a, t t 16
ul(xvga ) X(E)axj(x7 )+u1(x, ) ( )
where each x’(y), j = 1,...,n, is the unique solution in H#(Y), with zero average, of the
cell problem
AOXj = —% n Y,
4 Yi | (17)
/ X (y)dy =0 y — x’(y)Y-periodic ;
1%

and u; is a non-oscillating function, which is by now not determined.

The third equation in (14) gives uy in terms of g, i.e.

x . Oug x. 0%uy x . Oty

20 =G0+ g )~ X QG ) (D) (18)

UQ(ﬁ,

where X° € H 7}7£(Y) is the unique solution, with zero average, of the cell problem

A= [ Rpday-R  inY:
Y
(19)
/ X’ (y)dy =0 y — X°(y) Y-periodic;
1%
and x7 € HL(Y), for i,j = 1,...,n, are the unique solutions, with zero average, of
another family of cell problems (see [5], (2.42) and (2.39))
Agx = by — / bij(y) dy inY;
Y
(20)

/ X7 (y)dy =0 y — x"(y) Y-periodic;
Y
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with i 5
) = a0 — an (N D (A
b'U (y) a’U (y) a’bk(y) ayk ayk (akl(y)x ) )
o’

bij(y) = ai;(y) — aw(y) 7,
W) = a5(0) - a5
and s is another non-oscillating function, which is by now not determined.

The homogenized equation for ug is obtained by writing the compatibility condition (or
Fredholm alternative) for the third equation in (14). If we define

R= [ R dy,

this gives
—(9u0 . %
Rﬁ(x,t) — div(a*Vug(z,t)) = f(z,t),
where the homogenized matrix a* is defined by its constant entries a;; given by
ay = | bii(y) dy = | lai(y) — ai(y) 5 ~(y)] dy. (21)
Y Y Yk

Remark 3.2. Note that, so far, the functions @, in (16) and @ in (18) are non-oscillating
functions that are not determined. This implies, as pointed out in [5], that if we stop
expansion (12) at the first order (i.e. if we do not look at higher order equations in
(14)), the function @; (and a fortiori @y) does not play any role, and so we may choose
’&1 = ﬂg = 0.

As far as the boundary conditions are concerned, we will show that three different sit-
uations may occur, depending on the sign of the average R. We first examine the case
where R > 0. The following Theorem will prove that the limit function « in (11), actually
coincides with the function wug, solution of (22) below, and that the whole sequence (not
only a subsequence) converges strongly to ug in L*(Q2 x (0,7)).

Theorem 3.3. For each ¢ > 0, let u. be the unique solutions of (9). Assume that R > 0,
and let ug be the unique solution of problem

E%(aj,t) — div(a*Vug(z,t)) = f(z,1) in Qx (0,7),
up(x,t) =0 on 082 x (0,7, (22)
uo(z,0) = ¢(x) on ().

Assume, in addition, that ug satisfies the following reqularity assumptions:

00 3,00 8U0 o] 2,00 82U0 e’}
ug € L (O,T,W’ (Q)), EEL (O,T,W’ (Q)), WEL (QT) (23)

Let uy be defined by (16), with @, = 0. Then, for every T € (0,T), we have
[ue —uo — ewrll 20 Fprgyy — 0 for e =07, (24)

Moreover, |ue — uo||r2.) — 0, fore — 0%,
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Note that problem (22) is well-posed in L?(0,T; Hy(f2)) since it is easily seen that a* is
bounded and coercive (see [5], Remark 2.6).

In order to prove this theorem, we need the following lemma.

Lemma 3.4. For every e > 0, let u. € L*(0,T; H}(Q)) be the unique solution of (9) and
let v e L*(0,T; H} () be a given function. Then, for every s,t € [0,T], s < t, there exist
a subsequence (still denoted by {u.}) and a non-negative function ¢» € L*(Q) such that

¢
/ |ue — v|? dr — 1 strongly in L*(Q).
Proof. We set

t
= / luc(x, 7) —v(x, 7)]* dr for a.e. z € Q.

Clearly, {¢.} € W, (Q) and moreover, by the estimate (10),

t
/ V| de < 2// lue —v| [Vue — Vo| dr dx
Q QJs

S 2Hu€ - U“LQ(QT) HVUE V/U”L2 Qr RN S C’

where C' is a positive constant independent on e. Hence, {¢.} is bounded in W, (Q2) and

then it is compact in L'(£2), which proves the claim. O

In particular, the previous lemma implies that, for ¢ — 0T,

// Y — P dxdT—/ U |u€—v|2d7'] da:—>R/¢

since, by periodicity, R. — R *weakly in L>(12).

Proof of Theorem 3.3. Let us introduce a cut-off function 6, : 2 — R, such that 6, €
C®(Q), 0<0.(x) <1 Ve, O.(x)=0ontheset Q. ={zeQ : dist(x,00) > e},
0-.(x) =1 on 012, |VO.| < C/e. Note that, by the regularity assumption on 02, the region
where 6. # 0 has Lebesgue measure smaller than C'e.

Let us define the error function r. of the asymptotic expansion by

re(x,y,t) = u(x,t) — [ug(z,t) + cur(z,y, 1) (1 — 0(2)) + 2ug(z, y, 1) (1 — 0.(z))]

where u; and uy are defined respectively in (16) and (18) and we choose 4; = Uy = 0 as
explained in Remark 3.2.

It follows that r.(z, Z,t) solves
or.

— diV(CLEVTE) = f. in Qx (0,7),
re =0 on 092 x (0,7,

7‘5< ; O) Ve <x, g) on {2y ., (25)
e

T) Ve <Jc, g) on Q_ .,
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where

pe(r,y) = (@) —[uo(w,0) + cus(x,y,0)(1 = 0-()) + euz(w,y,0)(1 — 0. (x))]
= —[eui(z,y,0)(1 = 0-(2)) + e*uz(w,,0)(1 — 0. ()]
¢6($7y) = ¢($) - [UO('T7T) + €U1($,y, T)(l - 0€(x)) + 62’&2(1‘, Ys T)(l - 96<x))]

and

%(% t) — div(a(y)vuo(% t))

ou.

Fo(st) = RO 2 (1) — div(a(y) Vs (a,1)) — [R<y>
e | R ) = divlat) V(o 0)|

2[R0 G 0.0~ div(at) V(o)

e | 7 2 1) v ) V) 10|
+e? {R(y)a(g&)(%yﬁ - diV(a(y)V(wGe)(m,y,t))} ,

which can be rewritten as

let) = Flast) = Bp) 20,0 = 2 Avio — A

U 1
_&?R(Q)E(Iaya t) — ngul — Ajuy — eAsuy

—52R(y)%(3:, y,t) — Agugy — eAjug — 2 Aguy
8u1
—i—sR(y)E(:p, Y, t)0-(x) + e A (u10e)

0
+eR(y) 2 (0,4, 08:(x) + 2Ac(uatl)

Since, by (14),

ou
f(z,t) — R(?J)a—;(ﬂfi) + Apus + Ajuy + Asug| =0

and

Al'LLQ + A0u1 =0
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it follows that

flest) =~ [RGI(1 — 0:0) D) + Agus + v
—{—5R(y)(1 — 94@)%(:& y, 1) + €A2U2]

+e A (u10.) + 2 A (ugb,) .
Then it is easy to check that
fo (2, 5,8) =ceg(a,t) —e2divG.(x,t)
—ediv (a (%) V(uib,) (z,£,t)) —e?div (a (£) V(usb,) (z,%,1)),
where

T azuo

slent) = R(Z) =0’ (2) g

39

0 (5 (2) gttt

by (£) 50 (2) gt

+ i (9 aaik @) 6mglio8xk (z,%)

e () - (£) 2y

—er (2) (- oo (£) g o),
N o R G

s ()04 () gt o)

Let us now remark that, in view of Stampacchia’s and Meyers’ regularity theorems (see
[12] and, for instance, [10], Chap. 8), the functions x’(y), x°(y) and x“(y) defined by
(17), (19) and (20), respectively, satisfy the following properties:

X)) e LE(Y), Vyl(y)eLZ7(Y), foreveryj=0,...,n, (26)

X7 (y) € W;’HU(Y) : for every i,7 =1,...,n, (27)

for some o > 0. It follows in particular that, under the regularity assumptions (23) on
Up,

g-(z,t) is bounded in L>(0,T; L*T°(Q)), (28)
G.(z,t) is bounded in L>(0,T; L**7(Q; R")) . (29)
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Fix ¢ such that 0 < § < T, and let 75(¢) : [0,7] — R be the function defined by

if t € 0,7 —¢],

. (30)
(T —t) it t e (T—6T).

ns(t) =

| ==

We multiply the first equation in (25) by r.(z, Z,t)ns(t) and integrate over Q7. It follows
that

T or.
/0 (REE(t), re(O)ns(t)) 1) m1 () At —i—/ a:Vr:Vrens de dt

Qr

= 5/ gersn6d$dt+52/ G.-Vr.nsdxdt
QT QT

+€/ aEV(ules)Vrgngdxdt—i-EQ/ a:V(uz0:)Vrensdx dt.
Qr Q

T
Since
Ore d |1 9 1 9,
(RGO OO oo = G |3 [, Rertioda] = 5 [ Rt o

for a.e. ¢t € [0,7], using the ellipticity and boundedness condition (4), Poincaré’s and
Young’s inequalities, and recalling that 75(0) = 1, n5(7") = 0, one obtains

A
)\/ IVr P nsdodt < —/ (Vr|*ns dz dt + C(\,n, Q) 52/ g2ns dx dt
Or 2 Jar Or
+C(N) 64/

Qr

+C@A)&/

Qr
1 9 x
+§/QRE(.T)T8 <$,g,0> dx .

Using the definition of uy, us, the regularity statements (26) and (27), recalling that
0<6.<1,|Vl.| <CJe, and that 0. is different from zero on a set which has measure of
order ¢, it is easy to check that

\GEIQU(; dr dt + C(A\A) 52/ |V(u1¢95)\2775 dx dt

Qr

1
IV (u20.)|*ns d dt + 3 / R.r?nf dx dt

Qr

8/|meﬁmﬁg0m$, (31)
Qr

Vb drd < Cesier,
Qr

with o > 0. Moreover

1 1
é/QRE(x)rz (x, g,O) dx 5 /m,e R.(x)r? (;E, g,()) dx

52

= S Rl (1 - 6) + eus(1 - 0P (w,
2 Q+,E

Ce?.

IN

E,O) dx
€

IN
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Therefore, using also (28), (29) and possibly passing to a subsequence, we conclude that

e—0t e—0t

T
= ¢ lim [ R. [/ r? dt} dx
0 =0+ Jq T-5

C_
_ —gR/Qw) dz <0,

limsup/ |Vr|®ns de dt < Clim sup/ Ror?nj dx dt
QT QT

where, by Lemma 3.4, with v replaced by ug, we have
T T

= L1 —up|* dt = L*—1i 2 dt.
¢<x) 811514' T*(S |UE UO| al)IOH+ T*(S TE

This implies that

lim |Vre*ns do dt =0,
Qr

e—0t

(32)
T
/w(x) dr = lim/ /]ug—uo\Q dr dt =0.
Q e=0" Jr—s Ja
Since 0 is arbitrary, it follows that, for every T e (0,7,
lim |Vr.|? dov dt =0,
e=0" Jax(0,7)
and, taking into account (31) and the estimate
/ NV (un(1 — 0.))? du dt < C=2,
Qx(0,T)
we also have
e —uo — 5u1||L2(07T;H1(Q)) —0,
and therefore
lim lue — up|® dx dt = 0. (33)

e=0% Jax(0,7)
By (33) and (32), it follows

lim lue — upl? dw dt = 0.
e—0t Qr

Finally, since wug is uniquely determined by (22), it follows that the result holds for the
whole sequence, and not only for a subsequence. O]

We obtain analogous results in the other two cases, i.e. R < 0or R =0. If R < 0, the
limit equation is backward-parabolic, and it is the final condition for ¢ = T which passes
to the limit, as stated in the following theorem.
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Theorem 3.5. Assume the same hypotheses of Theorem 3.3, but suppose that R < 0.
Let ug be the unique solution of

R%(LE, t) — div(a*Vug(z,t)) = f(z,1) in Qx(0,7),
up(z,t) =0 on 092 x (0,T), (34)
uo(z,T) = ¢(x) on (1,

and assume that it satisfies (23). Then, for every T € (0,T),
e — uo — 5U1HL2(T,T;H1(9)) — 0 for e —0".
Moreover, ||us — uol|r2(0;) — 0, for e — 0%,

The proof is not very different from that of Theorem 3.3, if we replace the function 7
defined in (30) by

t/d if t € [0, 9],
t) =
s(1) {1 itte (51
Similarly, taking
t/o if t € [0,4],
ns(t) =<1 ifte (6,7 —9),
(T —1)/6 ifte[T—0,T],

one can prove the borderline case:

Theorem 3.6. Assume the same hypotheses of Theorem 3.3, but suppose that R = 0.
Let ug(+,t) be the unique solution of the following family of elliptic problems

(35)

—div(a*Vug(z,t)) = f(z,t) in Q, for a.e. te (0,T),
uo(x,t) =0 on 09, for a.e. t € (0,T),

and assume that it satisfies (23). Then, for every T, Ty € (0,7, T, < Ty, we have
||u€ — Up — €u1||L2(T1,T2;H1(Q)) — 0 fOT e — O+ .

Moreover, ||ue — ugl|2(0p) — 0, for e — 0.

Remark 3.7. In the particular case of constant matrix a (the model case is the Laplace
operator), the cell functions x? and x%“, i,j = 1,...,n, are identically equal to zero, so
that the first corrector u; can be choosen equal to zero. This implies that, when R > 0,
for every T € (0,T),

||VU5 — VUOHLQ(QX(O,T)) — 0 for e — O—i_7

i.e. we have the strong convergence of the gradients in L(Q x (0,7)) (clearly, the same
property holds in the other two cases, if we replace L2(Q x (0,T)) by L2(Q x (T, T)) or
L3(Q2 x (T 1, TQ)), respectively). Note that, for R # 0, this result was previously obtained
in [1], by means of a different technique.
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If up does not satisfy the regularity assumptions (23), one can proceed by approximation
with smoother data. We will only state the result in the case where R > 0, since the
analogous results for R < 0 can be stated and proved with almost no difference.

Corollary 3.8. Assume that R > 0, and that u. and ug are the solutions of problems (9)
and (22), respectively. Then

HUE - uO”LZ(QT) - O fOT € — 0+ ) (36>

and, for every T € (0,T),
%) Ouo

HVuE — Vuy — V! (g B
J

—0  for e—0", (37)
LY(Qx(0,T);R")
where X7 (y), 7 =1,...,n, are the functions defined in (17). Moreover, if Vx’(y) belongs

to LYY, for some q € [2,00], then one can replace the norm L' with the norm L™ in
(37), where

Proof. Let {f®} C C®(Qr) and {p®} C C3°(22) be sequences of smooth functions such
that

f® — f strongly in L2(0,T; H-*(Q)) for § — 0T,

©® — o strongly in L?(Q) for 6 — 0.

Then, we define u@, ugs) to be the solutions of problems (9) and (22), respectively, where

the data f and ¢ have been replaced by f©® ¢ It is clear that u((fs) € C=(Qr). Then,
by Theorem 3.3, for every fixed § > 0, one has

[|ul® — u(()é)HLz(QT) — 0 for € — 0T, (38)
5 5
[0 — g — euV o gy — 0 for e — 0", (39)
where )
(‘”< Et):—j(§>8u0 t 40
Uy €, E’ X c a'L‘j (1‘7 ) ( )
Moreover, by (10) and the linearity of the problem, it follows
Slip s - uE|’L2(O,T;H3(Q)) =0 for 407, (41)
5
||u(()) - uOHH(o,T;H&(Q)) — 0 for 6 —0%. (42)

Then, writing

_ _ ) @) _,,© (6) _
HU’E U/OHLQ(QT) S Hu5 uE HLQ(QT) + HuE uO ”LZ(QT) + Huo uOHLZ(QT) Y

one immediately obtains (36). Similarly,

8u0

Oz

(6)
i (T) (Quo _ 9ug
VX (E) ((%zzj 8xj>

< HVu8 — Vug‘s)H + HVUO — Vugs)H
LY(Qx(0,T);R™)

HVUE — Vug — Vy’ <§>

_|_

+ HVug‘s) - Vu((f) - 5Vu§5)H +e

v (@]
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By (41) and (42), the first three terms of the right-hand side are small, uniformly with
respect to ¢, if ¢ is small. Once ¢ has been fixed, the other terms go to zero as ¢ — 0%.
This proves (37). Note that the restriction to the L'-norm comes from the term

(4)
i (T Qw0 _ Ouy_
'VX (6) (835] 0xj

Therefore, if V/ is more regular, the last assertion of the corollary follows from Holder’s
inequality applied to this term. n

L1(Qx(0,T);R")
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