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A lower semicontinuity result is obtained for the BV extension of an integral functional of the type

/ f(z,u(x), Vu(z)) dx,
Q

where the energy density f is not coercive and satisfies mild regularity assumptions.

1. Introduction

Since the celebrated paper [20] of Serrin appeared in 1961, many authors have contributed
to the study of the L!'-lower semicontinuity of a functional of the type

/Qf(m,u(a:),Vu(m)) dr , u € WhHH(Q), (1)

and of the corresponding extension (3) to BV (2), with the aim of understanding which
are the minimal assumptions on f that guarantee lower semicontinuity.

Here, the starting point is the result, proved in [20], stating that if the integrand f(z,u, &)
is a nonnegative, continuous function from Q x IR x IRY, convex in &, and such that the
(classical) derivatives V, f, V¢ f, V, Ve f exist and are continuous functions, then the inte-
gral functional (1) is lower semicontinuous in W (2), with respect to the L' convergence
in the open set €.

In 1983 De Giorgi, Buttazzo and Dal Maso (see [10]) showed that Serrin’s assumptions can
be substantially weakened when dealing with autonomous (i.e. f = f(u,&)) functionals of
the type (1). In this case they were able to prove the L!-lower semicontinuity without even
assuming f to be continuous in u for all ¢ € IRY. Their result is proved by approximating
the integrand f with a sequence of affine functions and then using a suitable version of
the chain rule in the Sobolev space W1(€) in order to get the lower semicontinuity of
the approximating functionals.
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On the other hand, things are more complicate if we allow f to depend explicitly on x,
since convexity in ¢ and continuity with respect to all variables (z, u, §) are not enough to
ensure the lower semicontinuity of functional (1), as shown by a well known example of
Aronszajin (see [19]). An even more surprising counterexample to lower semicontinuity
has been recently given by Gori, Maggi and Marcellini in [18] (see also [17]). In their
example, which is one dimensional, the integrand f is equal to |a(z,u){ — 1| and the
function a is Holder continuous in x, uniformly with respect to w.

These examples clearly show that in order to get lower semicontinuity we must retain, in
the spirit of Serrin’s theorem recalled above, some differentiability of f with respect to x.
This is done, for instance, by Gori, Maggi and Marcellini in [18]. They prove that if f is
continuous in (x,u,§), convex in £ and weakly differentiable in x and if for any open set
Q' cc Q and any bounded set B C IR x IRY there exists a constant L(€Y, B) such that

" (a:,u,f)‘ de < L(Q',B)  for every (u,§) € B, (2)

then the functional (1) is L'-lower semicontinuous. Also this result is proved by approxi-
mating the integrand f with a sequence of affine functions whose coefficients are explicitly
given in terms of f (see Lemma 2.1 below, proved in [9]).

The lower semicontinuity result by Gori, Maggi and Marcellini has been extended in a
later paper ([8]) by De Cicco and Leoni, who prove a fairly general version of the chain
rule for vectors fields with divergence in L!. Using this chain rule, they get the lower
semicontinuity of the functional (1) under the assumption that f is continuous in u and
convex in ¢ and that the distributional gradient V.f satisfies a suitable assumption.
Namely, they require that, for £!-a.e. u € R and L¥-a.e. £ € RY, Vef(-, u, &) is locally
summable in (2, its distributional divergence div,V¢f(z,u,§) is locally summable in
and div, Ve f(z,u, €) belongs to LL (2 x IR x IRY). These assumptions seem very close
to being necessary conditions for lower semicontinuity (see, for instance, [14], [16], [3] in
the BV setting, and [8] for a discussion on this subject).

In this paper, we prove a lower semicontinuity result for the functional

F(u,Q) /fxuVudx—i—/f d]Dcu|+/dHN 1/ (x,t,v,)dt,
(3)

where u € BV (Q), w is the approximate limit of u, 700 denotes the recession function of
f with respect to & and f(x,u, &) is a suitable Borel function, continuous in u, convex in
¢ and such that for any (u,¢) € R x RY the function f(-,u,£) coincides HN'-a.e. in Q
with the precise representative of f(-,u, &) (see the definition given in (5)). As usual, D
denotes the Cantor part of the measure Du, D/|D| is the derivative of the measure
Dcu with respect to its total variation |Du| and J, is the jump set of u (the definitions
of all these quantities are recalled in Section 2).

The functional F' is the natural extension of the functional (1) to the space BV (). In fact
(see, for instance, the paper [5] by Dal Maso), under standard continuity and coercivity
assumptions on f, F' coincides with the relared functional of (1), that is the greatest
L*-lower semicontinuous functional on BV (2) coinciding with (1) on W!().
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Therefore, the study of the lower semicontinuity of the functional F' is essentially parallel
to the Sobolev case, though occasionally things may turn out to be more difficult to prove
in the BV setting. Among the many papers devoted to the BV case we just mention here
the ones which are closer to our approach, such as [6], [7], [4], [12], [13] and [15], where
the lower semicontinuity result of [18] is extended to the functional F' under the extra
assumption that f is continuous.

Here we give a further improvement of the result of [15] by dropping the continuity of f
with respect to x. Namely we prove the following result.

Theorem 1.1. Let Q be an open subset of RY and f : Q@ x R x RY — [0,+00) a
locally bounded Carathéodory function, such that, for every (u,€) € R x IRY, the function
f( u, &) is weakly differentiable in 2. Let us assume that there exists a set Z C Q, with
LN(Z) =0, such that

(i) flz,u,-) is conver in RY for every (z,u) € (2\ Z) x R;
(i) f(x,-,€) is continuous in IR for every (x,&) € (Q\ Z) x RY

and that for any open set ' CC Q and any bounded set B C IR x RY the estimate
(2) holds. Then, the functional F' defined in (3) is lower semicontinuous in BV (Q2) with
respect to the L'(€)) convergence.

Beside the usual approximation from below of the integrand f by a sequence of affine
functions, the proof of the above theorem uses a localization argument which allows us
to prove separately the lower semicontinuity of the diffuse part and of the jump part of
the functional F'. However, the main technical tool used in the proof is provided by the
integration by parts formula stated below. This formula does not seem to be contained in
any of the similar results known in the literature and we think that could be of independent
interest.

Proposition 1.2. Letb: RY xIR — IR be a bounded Borel function with compact support
in RN x R, such that, for anyt € R, b(-,t) is weakly differentiable in RY . Assume that

(§)  there exists a set Z C RN, with LN(Z) = 0, such that for every x € Q\ Z the
function b(x,-) is continuous in IR;
(77) there exists a constant L such that for anyt € R

Jo

Then, for every u € BV (RY) and for every ¢ € CLH(IRY), we have

b

(:E,t)‘dxg L.

/]RNng(x)dx/O b(z, t)dt = — ]RNgb(x)dx/O 8_$(I7t) dt

— IPLNqﬁ(a:)b(x,u(a:))Vu(J(:)dx— RN(b(x)E(x,ﬂ(a:))chu

ut ()

— [ b(@)v(w)dH / b, 1)t
Ju u~ (x)

where b is defined as in (5).
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2. Definitions and preliminary results

In this section we recall a few preliminary results needed in the sequel and some basic
definitions of the theory of BV functions. We follow the notation used in [2] and we refer
to this book for all the properties of BV functions used here.

The first lemma is an approximation result due to De Giorgi (see [9]).

Lemma 2.1. There ezists a sequence &; in CO(IRN), with 6; > 0 and/ 9;(¢)d¢ =1,
IRN

with the property that, whenever f: Q x R x RY — [0, +00) is a Carathéodory function,
if we set, for any j € N and any x € Q, u € R, £ € RY,

a,j(x,u) = . f(z,u, Q) (N +1)6;(C) + (V;(¢), €)) dc
aw-(x,u):—/]RNf(x,u,C)gZ(C)dC, fori=1,...,N, (4)
N
9j(x,1,8) = ap(z,u) + Zai,j(xau)gia
i=1

then, for all (x,u) € Q x IR such that f(x,u,-) is convex, we have

f(z,u, &) = sup max{g;(z,u,&),0} for all € € RN .

JjeEN

Notice that if f is a Carathéodory (resp. Borel) function, then also the a; ; are Carathéodo-
ry (resp. Borel) functions in Q2 x IR and if f satisfies (2) then a similar estimate is also
satisfied by the functions a;; (locally uniformly with respect to u).

Let £ : Q x RY — IR be a locally bounded Carathéodory function. For any z € €,
z e RM, we set

k(x,z) = limsup ]{9 ( )k:(y,z) dy . (5)

r—0

Notice that k is a Borel function and that k(z,-) is a continuous function for any z € Q.

Let us recall that if » : RY — IR is a convex function, its recession function h*° : R — IR
is defined by setting

h*(€) = lim @ for any ¢ € RV . (6)

t——+o0

If h : V xIRY — IR is a any function, such that for any v in the set V, the function h(v,-)
is convex, we denote by h*>(v, &) the recession function of A(v,-). The following result is
an easy consequence of the definition (6) and of Lemma 2.1 (see also [2, Lemma 2.33]).

Lemma 2.2. Let f: Q x R x RY — [0,00) be a Carathéodory function, satisfying the
assumptions of Theorem 1.1. Then, for all (x,u,£) € Q x R x RY,

Too(x,u,f') = sup max{(a;(z,u),§),0},

JEN
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where for anyi=1,..., N,

(2, u) = /fchC) () dC . (7)

oG

An immediate consequence of this lemma is that the function (z,u,§) — foo(x, u,§) is a
Borel function. Thus, the functional F' in (3) is well defined.

The following result is contained in [2, Lemma 2.35].

Lemma 2.3. Let pu be a positive Radon measure in an open set Q@ C RY and let (TP
Q — [0,00], j € IN, be Borel functions. Then

/st}p% dMZSUP{Z/ Y; du}

jeJ

where the supremum ranges among all finite sets J C IN and all families {A;}jen of
pairwise disjoint open sets with compact closure in 2.

Let u be a function in L{ (). We say that u is approzimately continuous at the point
x € Q if there exists u(z) € IR such that

lim u(y) — u(z)|dy = 0;

r—0 B’V‘ (I)

the value u(z) is called the approzimate limit of u at z. In the sequel, whenever k :

QO xR™ — TR is a locally bounded Carathéodory function, we shall denote by E(x, u) the
approximate limit of k(-,u) at x, provided that this limit exists; in this case we have also

E(aj, z) = k(z, 2). The set C, of all points where u is approximately continuous is a Borel
set. We say that a point x € Q\ C, is an approximate jump point for u if there exist
ut(z),u”(z) € R and v,(z) € $¥ ! such that v~ (z) < u*(z) and

lim lu(y) —u'(2)|dy =0, lim u(y) —u™(2)|dy =0,

r—0 BiF (@ (2)) r—0 By (wivu(T))
where Bf(z;v,(x)) = {y € B.(z) : (y — x,1,(x)) > 0} and B, (z;v,(z)) is defined

analogously. Also the set J, C Q\ C, of all approximate jump points is a Borel set and
the function (u*(x),u" (), vu(z)) : J, — IR x R x $¥ ! is a Borel function.

Given a point x € C,, we say that u is approximately differentiable at x if there exists
Vu(r) € RY such that

1
im ey [ ) ) — (V). y )l dy = 0.

The vector Vu(z) is called the approzimate differential of u at x. The set of points in
C, where the approximate differential of u exists is a Borel set denoted by D,. It can be
easily verified that Vu : D, — IRY is a Borel map.
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A function u € L'() is called of bounded variation if its distributional gradient Du is an
IRY-vector valued measure and the total variation |Du| of Du is finite in Q. The space of
all functions of bounded variation in €2 is denoted by BV (2). If u € BV(2), we denote
by D% the absolutely continuous part of Du with respect to the Lebesgue measure £V.
The singular part D*u can be split in two more parts, the jump part D’u and the Cantor
part Du, defined by

Diu = D*ul_J,, Du = D%u — Dlu .
Furthermore,
Dy = VulN LD, Du = Dul(C, \ D,), Diu = (um —u ), HN LT,

where HY ! denotes the (N — 1)-dimensional Hausdorff measure in IR™ (see [2, Proposi-
tion 3.92]). We shall also use the following form of the coarea formula for BV functions
(see [11, Theorem 4.5.9])

+oo
/gdyDu\ :/ dt/ gdHN ™, (8)
Q —00 {u=<t<ut}

where g : Q — [0, 4+00] is a Borel function.
We conclude this section by proving the following lemma that will be useful in the sequel.

Lemma 2.4. Let f be a Carathéodory function satisfying the assumptions of Theorem
1.1. Let us denote by a; the functions obtained from f as in (5) and by «; those obtained
in the same way from f as in (7). Then, for any u € R, there exists a Borel set Z, C €,
with HN=1(Z,) = 0, such that for any j € IN,

a;(z,u) =a;(z,u) = oj(z,u) for all z € Q\ Z,, .

Proof. Let us fix v € IR. We claim that there exists a Borel set Z, C (), with
HN-Y(Z,) = 0, such that, for any z € Q\ Z, and any ¢ € IR", z is a point of approximate
continuity for the function f(-,u, &), hence in particular

Flz,u, &) = Flz,u,§) for any z € Q\ Z, and any ¢ € R" . 9)
To this aim, let us consider a sequence &, dense in IR, and recall that since the functions
f(-,u, &) are weakly integrable in €2, for any h there exists a Borel set B, C 2 such
that HN¥"Y(B,) = 0 and z is a point of approximate continuity for f(-,u,&,) for any
x € Q\ B, Let us set Z, = UpB,; and fix v € Q\ Z,, £ € RY. Let &k, be a
subsequence of &, converging to . Since f(-,u,-) is locally bounded and convex in & for
LN-a.e. € Q , then for any open set € cC © and any compact set K in IRY, there
exists a constant L such that

\f(y,u, &) — fly,u,&)| < L|E—¢| for LN-a.e. y € QO and any £,¢' € K .
From this inequality, we get that

lim sup ]i ( )If(y,u,f) - }v(fvu7§kh,)|dy

r—0

< limsup ]é .6 = F o8y + s ]é I 8) = T gl dy

r—0 r—0

C‘g - 5kh| ’

IA
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hence we easily deduce that the sequence f(z,u,&, ) converges to the approximate limit
of f(-,u,€) at = and thus that = is a point of approximate continuity for f(-, u, ).

To conclude the proof, we now show that x is a point of approximate continuity also for
the functions a;(-,u), thus obtaining that a;(x,u) = @;(z,u), and that indeed a;(z,u) =
aj(z,u). In fact, using (9) and Fubini’s theorem, we get

]ir(x)hj(y,w —aj(z,u)|dy < ]é,.(z) dy‘/]RN[f(y,u,g) — f(x,u,Q)]V;(C) dg‘

N ]{wx) dy’/m[f(y, u, Q) = f (@, u, Q)]V5;(C) dc‘

< / Vs, Olde 4 1fu¢) — Fle.u,O)l dy.
RN

B, (z)

Then, the assertion follows from the Lebesgue dominated convergence theorem since, for
N
any ( € R,

r—0 B’l‘ (1,)

3. Proof of the Theorem 1.1
In this section we give the proof of both Proposition 1.2 and Theorem 1.1.

Proof of Proposition 1.2. Let g.(z) = e No(x/e), € > 0, a family of mollifiers, where
0 is a nonnegative smooth function, with compact support in the unit ball By, such that

/ o(y)dy = 1. For any € > 0, (2,t) € RY x IR, we set
RN

be(z,t) = /]RN 0-(x — 2)b(2,t) dz, fe(z,t) = /0 be(z,7)dr .

We claim that f. € C} (IRY xIR). To this aim, let B be an open ball such that the support
of b is contained in B X (—R, R); then the support of f. is contained in Br,. X (—R, R)
and thus to prove the claim it is enough to show that f. € C'(Bg;. x IR). Let su fix
o > 0. Since b is a Carathéodory function in Bgis. X IR, by Scorza Dragoni’s theorem
there exists a compact set K such that LY (Bgrys \ K) < o and bkxr 1s continuous.
Moreover, let 6 € (0,0) be such that

(Z,t1>, (Z,tg) e K x ]R, ’tl — t2| <) = ’b(Z,tl) — b(Z,t2)| <o0.

Let us now fix (x1,t1), (z2,t2) € Brye X R such that |(xy,t1) — (22, t2)| < 0. Then, setting
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M = sup |b|, we have

0f- 0f-
‘—f(:vl,tl) — —f(xg,tg) = / 0:(x1 — 2)b(z,t1) dz — / 0:(x9 — 2)b(2,t2) dz
ot ot Be:(z1) Be(z2)
S/ lo-(z1 — 2) — 0:(x2 — 2)||b(z, t1)| dz + / 0:(x2 — 2)|b(2,t1)| dz
Be(z1) Be(21)\Be (z2)

+/ 0-(x2 — 2)|b(2,t2)| dz + / 0:(x2 — 2)|b(2,t1) — b(2,t2)| dz
BE(IQ)\Bg($1) Bg($1)ﬂBg(J}2)

< Me.|xy — x4 —|—/ 0e(T2 — 2)|b(2,t1) — b(z,t2)| dz

B (z1)NBe(z2)\K

+/ 0c(x2 — 2)|b(2,t1) — b(2,t2)| dz
Bg(l‘l)ﬂBg(Ig)ﬁK
< Me.|wy — 29| + 2Mc. LY (B.(x1) N Bo(z2) \ K) + 0 < 0(3Mec. + 1)

where c. is a constant depending only on p,e and N. Since, for any i =1,..., N,

3]‘2
/ - &r, (x — 2)b(z,7)dz,

the proof of the continuity of df./0x; is similar (actually simpler). Let us now set, for
any € > 0,

u()
ve(x) = / be(z,t) dt.
0

By applying the chain rule to the composition of the function f. € CJ(IR" x IR) with the
BV map x +— (x,u(z)) (see, for instance, [2, Theorem 3.96]), we get, for any ¢ € C3(IRY),

Vo(x)v.(x)dr = — ]RNgb(x)dx/O 8;; (x,t)dt — IRN(b(af)bg(a:, u(z))Vu(z) dx

ut (@)

- ]RNgzﬁ(x)be(x,ﬁ(x))chu -/ gb(x)uu(x)dHN_l/ be(z,t)dt.

u~ (x)

IRN

Using again Scorza Dragoni’s theorem one can easily prove (see, for instance the proof of
formula (42) in [18]) that there exists a set Z; € IRY, with £(Z;) = 0, such that

lim b.(z,t) = b(x,t) for any (r,t) € (RV\ Z;) x R..

e—0t

From this equality we immediately get that

lim d(x)be (2, u(x))Vudr = ]RNgzﬁ(x)b(rc, u(x))Vudz

e—0t RrY
and that
u(z)
lim Vo(x)v.(z)dx = Vo(x) d:v/ b(x,t)dt.
0

e—0t RrY RN
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b
Notice that, by assumption (jj), for any ¢ € IR the functions 8—8(, t) converge in L' (IR™)
T

b 0b. :
to %(~,t) and H%(,t)‘ LR < L for any € > 0 and t € IR. Therefore, denoting by

I(z) the interval (0,u(x)), if u(x) > 0, and the interval (u(x),0), otherwise, by Fubini’s
theorem and by the Lebesgue’s theorem of dominated convergence, we get

p @) op p P u@) 9 g
li = (2,t) dt — — (z,t) dt
msup) [ otods [ Fewae— [ otwyas [ P
0b. ob
< i == - = =0.
< Jim, /}R dt /IR ) XI(I)@)‘ )~ 5 (1) dr =0
Let us now prove that
lim ¢(x)be(z,u(x)) dDu = o(2)b(z,u(x)) dDu . (10)
e—=0 JpN RN
To this aim, let us use the coarea formula (8), thus getting
~ ~ Du
abe(e i) DM = [ Gl Tla) ) w) dlDu (1)
RY Cu\Du | Dul

= )b (x,u(x x%x N-1
=[] @) e, @) g )

DC
_ / it / (@b (2, 1) 2 () dHN
R J{u=t}n(Cu\Du) | Dul

Let us fix t € IR. Since HVN “lLae. z € RY is a point of approximate continuity for
b(-,t), bo(,t) converges to b(x,t) for HN !-a.e. x, hence b.(z,t) converges to b(x,t) for
HN~'a.e. . Moreover, since u € BV(IRN ), by the coarea formula we have

/_OOHNl ({7 = 1} N (Cy \ D)) dt = | Du|(C, \ D) < oo. (12)

Therefore, for £L!-a.e. t € R, we have

() dHY ! = / ()5(x, 1) ll;z" () dHY 1

{a=t}N(Cu\Du)

Dcu
lim d()b.(, t)
=0 J{a=t}n(Cu\Du) | Dul

From this equation, passing to the limit in (11) and using (12) and the dominated con-
vergence theorem, we immediately get (10).

Finally, let us consider the Radon measure y = |Du| x £! and define for any i, j € IN,

r—0

1
Gi’j:{(:v,t)E]RNx]R: limsup][ ]b(y,t)—qi|dy<3},
B, (z)

where ¢; is a dense sequence in IR. The set

G=nN32, Uz Gij
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is a Borel set and (z,t) € G if and only if x is a point of approximate continuity for
b(-,t). By assumption, the function b(-, ) is weakly differentiable, hence H¥~!({z € R :
(x,t) & G}) = 0. Therefore, the complement G° of G satisfies the equality

u(G) = /]Rdt/]RN Xge(z,t)d|Du| =0. (13)

Let us estimate

ut(x) ut(x)

b(z,t) dt — ’ o)y () dHN ! / o b(x,t)dt| (14)

[ etwmimy = |

~(2)

ut(z) _
<lolle [ dDul it t) T o

By (13) we have that

ut(z) _
lim |bo(x,t) — b(z,t)|dt =0 for |[Dul-a.e. z € J,

=0 Ju (@)
and from this equality we immediately get that the right hand side in (14) goes to zero,
as e — 0.
This concludes the proof. Il

Remark 3.1. From the above proof it is clear that the integration by parts formula stated
in Proposition 1.2 still holds if we replace b by any Borel function /3 : RY xR — IR such
that, for any t € R, b(z,t) = B(,t) for HN '-a.e. z € RY.

The proof of Theorem 1.1 is based on an argument introduced in [15].

Proof of Theorem 1.1.

Step 1. We treat separately the two terms depending on the diffuse part of Du, i.e.
D% + D¢u, and the jump term D7u. Let (u,) be a sequence in BV () converging in
L) to u € BV(Q). Let us fix an open set ' CC Q2 and a function n € C§(IR), with
0 <n(t) < 1. Let Ky, Ky be two compact sets such that

K, cQ'ndC,, Ky, c Y\ C, . (15)
Then, we may find two open sets €21, {5, contained in €', such that
QNQy =10, Ky C Oy, Ky, C Q. (16)
Finally, let us denote by g; the sequence of functions provided by Lemma 2.1. Since

liminf F'(u,, 2) > liminf F'(u,, ;) + lim inf F'(u,, Q) , (17)

n—oo n—oo n—oo

we are going to estimate separately the two terms on the right hand side of this inequality.

Step 2. Let us fix a finite family {A;},c; of disjoint open sets with the closure contained
in ;. Let (¢,)rew be a sequence in C}(£2;), with 0 < ¢, < 1 for all r, and, for any j € J,
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let (1;.5s)sew be a sequence in Cj(A4; x R), with 0 < n;; <1 for all j, s. Since by Lemmas
2.1 and 2.2

fa,0,6) > 3 giau, Onsle.w)e, (v)  for all (2,u,6) € (@) 2) x R x RY
jeJ
PR n,€) > 3y (a,u), Oy, e (@) for all (z,u,6) € 2 x R x RY,
jeJ

for any 7, s € IN, we have, by Proposition 1.2 and Remark 3.1,

F(u,, Q) > Z/ ao,; (2, upn)nj.s(x, up ) prda + Z{/ (aj(z, un)n;s(z, wn), Vup)prde
941

JjeJ jeJ

. Dcu, .
+ [0y o e e D
o D

1

ut ()
+ / %dHN_l/ (o (@, 1), vu())mys t)dt}
JuN

up ()

_Z/ ao.j (@, un)n;s(x, up)prde — {/ dw/ (a;(z,t), Vi (x))n;s(x, t)dt
Q1

—i—/ gon:L’/ divx(aj(a:,t)njjs(.r,t))dt}.
o 0

Passing to the limit in this inequality and using Proposition 1.2 and Remark 3.1 again,
we easily get

lim inf F'(u,, 1) >Z/ aoj(z, wnjs(z,w) + (a;(z, w)n;s(z,u), Vu) o, dz - (18)

n—oo
jedJ

Du
+3 [ doytoTpnate e). e diD

JjeJ

ut ()
[ ettt e] o are
jeJ QNJy LS u= ()

From Lusin’s theorem there exists a sequence ¢, € C}(Q;), with 0 < ¢,(z) < 1 such

that ¢.(z) — xc.na, (z) for |Dul-a.e. x € Q. Therefore passing to the limit as r — oo,
inequality (18) becomes

lim inf F'(u,,, >Z/ aoj(z, u)njs(z, u) + (a;(z, u)n;s(z, u), Vu)] do

n—oo ey
Dy .
T2 ol @)y W), ) dID ]
jeJ

Next, taking for any j € J, n;s(z,t) = v;s(2)n(t), with v;(z) converging to xp,(x) +
Xc;(z) for [Dul-a.e. x € Aj, where

D; ={zx € AjND,: gj(z,u(x), Vu(zr)) > 0}
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Oy = {r € 4,0 (CA\ DY) : (0w, i(x), %) >0},

we get immediately that

lim inf F'(u,,, 2 >Z/ w) max{g;(x,u(z), Vu(z)),0} dx

n—oo
Jj€J

+Z/ ) max <aj($7a($))a%,0)}d|Dcu| .

JjeJ

Therefore, by applying Lemma 2.3 with © = | Du| we obtain, by Lemmas 2.1 and 2.2,

Cc

—00 D -
liminf F(u,, ) > [ f(z,u, Vu)n(u) dz +/ f (x,u, —u)n(u) d| D¢yl .
o3 | Deul

n—oo Ql

Step 3. Let us fix a finite family {U,};e; of disjoint open sets with compact closure in
Qs x R. Let (¢,)rew be a sequence in Cj (), with 0 < ¢, < 1 for all r, and let (7;)sen
be a sequence in C}(U;), with 0 < 7, < 1 for all j,s. Arguing as in Step 2 and letting
() converge to xj,na, () for |Dul-a.e. x € Qy, we get by Fubini’s theorem

lim ian(um 92) > Z/ﬂ 1R<aj (Iv t)ﬁj,s(fa t)v VU($)>X[uf(x),u+(ac)] (t) d\ y
2 X

n—0o0 -
jeJ

where A denotes the product measure of the two o-finite measures HVY 'L J, and £'. Let
A,, be an increasing sequence of Borel sets such that U,, A,, = RY x R and AMA,,) < o0
for any m. Let us fix m and, for any 7 € J, let us apply Lusin’s theorem again to
get a sequence 7 (2, t) converging A-a.e. to 1(t)xs,na,,(z,t), where S; = {(z,t) € Uj; :
(aj(z,t), v (x)) > 0}. Thus, from the previous inequality we obtain

lim inf F(u,, 0) > 3 /U ) oyt oy () mac (2, 1), v (), 0} dA
m m

n—oo
jeJ

and letting m — oo

lim inf /' unaQQ > Z/ X[u (x) u*(w)}(t) maX{<aj(xat)aVu(x>>70}d/\ :

n—oo
jedJ

Therefore, by applying Lemma 2.3 with y = A = HY~'L J, x £! we obtain, by Lemma 2.2
and Fubini’s theorem,

whe)
liminf F'(u,, Q) > / [/ () (z,t, v, (x))dt| dHN L.
Qo u

nee ~(@)

Letting n(t) T 1 for any ¢ € IR, from this inequality and from (19), we obtain, recalling
(15), (16) and (17),

lim inf F'(uy,, Q) > F(u, K1) + F(u, K3) .
The result follows by letting first Ky T C, and then Ky T Q' \ C, and, finally, letting
Q1Q.
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