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We introduce stronger versions of the usual notions of martingale type p < 2 and cotype ¢ > 2 of a
Banach space X and show that these concepts are equivalent to uniform p-smoothness and g-convexity,
respectively. All these are metric concepts, so they depend on the particular norm in X.

These concepts allow us to get some more insight into the fine line between X being isomorphic to a
uniformly p-smooth space or being uniformly p-smooth itself.

Instead of looking at Banach spaces, we consider linear operators between Banach spaces right away. The
situation of a Banach space X can be rediscovered from this by considering the identity map of X.
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1. Introduction

In several recent papers Kato et al. [3, 6] introduced the concept of strong Rademacher
type and cotype and related those concepts to the uniform smoothness and convexity
properties of the underlying Banach space.

In particular for 1 < p < 2, a Banach space X has strong Rademacher type p if there is a
constant ¢ such that

Ly

n n 1/p
| > were| 2] < (ol + ¢ Jleul)
k=0 k=1

for all n € N and elements z,...,x, € X. Here rg,...,r, denotes the sequence of
Rademacher functions.

It turns out [6, Theorem 3| that X is uniformly p-smooth if and only if it has strong
Rademacher type p, moreover the constants involved coincide (see Section 2 for the defi-
nition of p-smoothness and ¢-convexity).

A dual result holds for strong Rademacher cotype ¢ and uniform g-convexity, where ¢ > 2.

Surely, strong Rademacher type p implies usual Rademacher type p and the same goes
for the respective cotype properties. Also, both convexity and smoothness as well as the
strong Rademacher type and cotype properties depend on the particular norm in X.

It is well known [4, 5], that X is uniformly p-smooth for some equivalent norm, if and
only if X has martingale type p. So the more natural notion connecting to uniform
p-smoothness would be something like strong martingale type p.
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In this paper, we define strong martingale type p and show, that it is equivalent (with
the same constants) to X being uniformly p-smooth. Again, strong martingale type p
implies usual martingale type p but now we also have a partial converse. It follows, that
one can renorm a Banach space with martingale type p so as to have strong martingale
type p in the new norm. This is not so if one only considers Rademacher type, since
there is an example, due to James [2] of a nonreflexive Banach space of Rademacher type
2. Since the space is non reflexive, it cannot be uniformly p-smooth for any p > 1 and
consequently not have strong Rademacher type p for any p > 1 in any equivalent norm.

All results have dual variants for strong martingale cotype ¢ and uniform g¢-convexity.

Hardly any of the results in this paper are really new, they are just old ones and gener-
alizations of old ones, put into the right perspective. Moreover, our direct proof for the
renorming result in the martingale type p case (Theorem 3.7) seems to be new.

2. Notation and concepts

For £k =0,1,..., the dyadic intervals

A](j) ::[i 1+ 1

?’2—k> Whereizo,...,2k—1,

generate the dyadic o-algebra denoted by Fy.

For a Banach space X, we consider dyadic martingales (fo,..., fn), defined on [0, 1),
taking values in X, and adapted to the dyadic filtration Fo C --- C F,,. Welet f_1 =0
and denote by dy := fi — fr_1 the differences or increments of this martingale.

By
L= ([ 1scnpae)”

we denote the L,-norm of a function f :[0,1) — X. Given another function f’:[0,1) —
X', we write

<ﬁf%=A<ﬂ&fﬁ»ﬁ

where (x,z’) is used to denote the duality between X and X'.

For ¢ > 2, an operator T': X — Y is uniformly q-convez if there is a constant ¢ such that

ﬁuq ()

for all z,,x_ € X. Equivalently, letting x = (r; —x_)/2 and ¢y = (4 + x_)/2, we can
rephrase the definition as

HT:E+ — T H < o Nzl + 2] Hw+ +a
2 = 2 2

&+ zoll* + fl& = o]l 1/a
~ lzoll”)

T<<
7o) < ¢ !

(1)

for all x,xg € X.
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The operator has strong martingale cotype q if there is a constant ¢ such that

1 & 1/q -
(ol + 5 Do ITdulZol?) ™ < || Y d Lo )
k=1 k=0
for all sequences of X-valued differences dy,dq,...,d, of dyadic martingales such that

doEx.

Note that following Pisier [5] an operator has martingale cotype q if there is a constant ¢

such that
1 — g 1/q -
(5 o Iralzg?) " < | e,
k=0 k=0

for all sequences of X-valued differences dy, . .., d, of dyadic martingales. So by ||T|| < ¢
strong martingale cotype ¢ implies martingale cotype q. We will see, that the reverse is
only true if one passes to an equivalent norm in X.

(3)

We now repeat the definitions above in the dual case. For 1 < p < 2, an operator
T : X =Y is uniformly p-smooth if there is a constant ¢ such that

ly + Tal|” + ly — T||” v
( ! ) < clel (@)

forallz € X and y € Y.

The operator has strong martingale type p if there is a constant ¢ such that

lv+ > ra| || < (1ol + > i, 17) (5)
k=1 k=1
for all sequences of X-valued differences dy, ..., d, of dyadic martingales and y € Y.

Note that following Pisier [5] an operator has martingale type p if there is a constant ¢

such that
| > rafn)| < (@S haizr) ™ (©
k=0 k=0

for all sequences of X-valued differences dy, ..., d, of dyadic martingales. So by letting
y = Tz and since ||T|| < ¢, strong martingale type p implies martingale type p. We will
see, that the reverse is only true if one passes to an equivalent norm in Y.

Ly

For 1 < p < o0, we denote by p' the dual index of p, given by 1/p+1/p' = 1.

3. Results

Theorem 3.1. An operator T is uniformly q-convex with constant c if and only if T has
strong martingale cotype q with the same constant c.

Proof. Assume first that 7" has strong martingale cotype ¢. Define a martingale dy + dy
by letting dy = x¢ and d; := z1r;. Applying (2) to this martingale yields

[0 + 21[| + [z — $1|’q>1/q

1 1/
(llzoll? + < 1T 7) ™ < (
cl 2
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The substitution x, := x¢ + z; and z_ := zy — x; then yields (1).

Conversely, if dy, ..., d, is any sequence of differences of a dyadic X-valued martingale
such that dy = z, write f;, = ZZ:O dp. Then fj_; is constant on the intervals Afjﬂl, while

the (constant) value that dj takes on the left half A,(fj) of A,(jzl is the negative of the
(constant) value that dj takes on the right half A,(fj ) of A,(Ql. Hence

/kal(t)+dk(t)uqczt— / | fre1(t) — di(2)]|7 dt

(9) (9)
A A

and we have
| Zal| = [[ frer + di| Lo | = [| s — da| Lq (7)
From (1°) we get

lfics) + SO+ Ufial®) = GOW 10

ITdu(t)] < et .

which, when integrated over t and using (7) gives

1Ty | Lol < (|l fil Lall” = Il fromr] Lqll)-
Take the sum over k = 1,...,n of these inequalities to get (2). ]

Theorem 3.2. An operator T is uniformly p-smooth with constant ¢ if and only if T has
strong martingale type p with the same constant c.

Proof. Assume first that T" has strong martingale type p. Define a martingale difference
by letting d; = xry. Applying (5) to this martingale yields

<I|y + Ta||P + [ly — T=||”

1/p 1
. )= Ul + )
which immediately yields (4).

Conversely, if dy,...,d, is any sequence of differences of a dyadic X-valued martingale,
write f = Zizl dp. Then y+T f,._1 is constant on the intervals A,(j_)l, while the (constant)

value that T'd, takes on the left half A,(fj ) of A,(Ql is the negative of the (constant) value
that T'd;, takes on the right half A,(fj ) of A/@r Hence

/IW+Th1@+dAMPﬁ=./Hy+Tﬁ1®—dAMPﬁ

A, A,
and we have

ly + T filLpll = ly + T frr + Td| Lyl = ly + Tfr1 — Tdi| Ly || (8)
From (4) we get

|y + Tfia(t) + Tdr@OI]” + [ly + Tfra(t) = TdpD|”
2

<y + Tfia DI + [l ()7
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which when integrated over ¢ and using (8) gives
1y + T ful Lpll” < Ny + T frea|Lpll” + || di| Lp |”-

Take the sum over k = 1,...,n of these inequalities to get (5). ]
Proposition 3.3. An operator T has strong martingale type p if and only if its dual T’

has strong martingale cotype p'. And an operator T has strong martingale cotype q if and
only if its dual T" has strong martingale type q'.

Proof. Assume that 71" is of strong martingale cotype p'.

Given a sequence dy, ..., d, of dyadic martinagle differences and y € Y, we find an F,-
measurable function g, with values in Y’ such that

Hy n En:Tdk L
k=1

_ <y—|— ZTdk,gn> and  [ga|Ly|| <1+ e.
k=1
Writing

er = E(gn|Fr) — E(gn|Fr-1),

we obtain another sequence of dyadic martingale differences and we have

(y+ D Tdi,gu) = (y,c0) + > _(Tdy, ex).
k=1 k=1

Consequently

Hy + 3 Td|L
k=1

Now applying the strong martingale cotype p’ property of 7" we get

leo||’ +—Z||T/ek|L P < Hzek

which proves that

Letting € — 0 proves that T" has strong martingale type p with the same constant.

/

” 1/p A AL/P
< (Il + & D Nl Zyl1?) ™ (lleol” + = > I Texl Ly 1)
k=1

k=1

—i—e)

1+e>(||y||p+cp2||dkw )"

To see the other implication, given a sequence of Y’-valued dyadic martingale differences
dy, . ..,d, such that dy = v/, let

o clly ||p' !

(Hde

1/p°
lly Hp)
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We find X’-valued dyadic martingale differences ey, ..., e, such that

(ZIIT'dleMI”’)l/p/ = (T'dy,e;) and (Z\Iele I ) <l+e
k=1

k=1

Moreover we find y € Y such that ||| = (v/,y) and ||y|| < 1+e.

We can then write

(Z ||T'dk|Lpf||p')1/p/ = <y’ + d A+ Y Tek> -y y)
k=1 k=1 k=1

k=0 k=1

Using the strong martingale type p property of T', we get

k=1

Our choice of A now ensures that

D e (x|

This proves that

(i) < || S ey
k=1
(1+¢) (szk

=AYl

i 1/p 1/
< (gl + ¢ ; lealLol?) ™ < (14 e (e + A7),

1 /
o /p N
Iyl + Ayl

)P(L+€) = Ally/|

1/p
lly Hp) Lyl

Letting e — 0 proves that 7" has strong martingale cotype with the same constant.

The second part follows analogously.

]

Proposition 3.4. An operator T is uniformly p-smooth if and only if its dual T" is uni-
formly p'-convex. An operator T is uniformly g-convex if and only if its dual T" is uni-

formly ¢'-smooth.

Proof. This was well known for Banach spaces, see Beauzamy [1, pp. 311-312] and has

been proved for linear operators in Pietsch/Wenzel [4, 7.9.6].

We have now an alternative proof of Theorem 3.2 using duality.

O

Proof of Theorem 3.2 (alternative version). If T' is uniformly p-smooth, then its
dual 7" is uniformly p’-convex, which by Theorem 3.1 happens if and only if 7" has
strong martingale cotype p’ and by Proposition 3.3 this is equivalent to 7" having strong

martingale type p.

]
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As our last project, we want to discuss the relation of martingale type/cotype and strong
martingale type/cotype. It is due to Pisier [5] that whenever 7" has martingale cotype
¢, then there exists an equivalent norm on X, such that 7" becomes uniformly ¢-convex
when considered as an operator from X equipped with this new norm into Y. From this
it then follows that 7" has strong martingale cotype ¢. By duality the same works in the
type case. However, we also want to give a direct argument similar to the one used for
cotype.

Since we think that our approach makes more clear, why the respective proofs work and
since we haven’t seen the direct proof for the type case in print yet, we want to include a
proof for both cases here.

We first provide a technical lemma, that allows us to define equivalent norms.

Lemma 3.5. Let ||| - ||| : [X,] - |]] = [0,00) be a continous, positively homogeneous
functional. Assume that for |||x<||| < 1 it follows that |||z + z_||| < 2. Then

Wy + 2 (I} < [[lz ] + [zl

forall zy € X.

Proof. Assume first that |||z+||] < 1. By assumption
A2y + (1 =AMzl <1 (9)

for A = 1/2. It follows by induction over n, that the same holds for all A = k/2", where
n=0,1,2,... and 0 < k < 2",

To see this, write

k k
L= o Ty + (1 — 2n_1)x_

and note that |||z||| < 1 by the induction hypothesis, and

1 1
Ay + (1= Nz_ = % + 5%

It now follows by continuity that (9) holds in fact for all A € [0, 1].
Finally, for arbitrary x4 let

Ml
Tz l11+ k2]

Then from (9) we get

Ty X
NSRS
m 1] 1]
which in turn implies the triangle inequality. O]

Theorem 3.6. If an operator T : X — Y has martingale cotype q then there exists an
equivalent norm on X, such that T considered as an operator from X equipped with the
new norm into Y s uniformly q-convew.
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Proof. Assume that (3) holds. Let

. n q 1 n 1/q
(o= int (o + Sl = 23 i)
k=1 k=1

where the infimum is taken over all sequences of X-valued differences d,...,d, of mar-
tingales adapted to the dyadic filtration F; C --- C F,,.

Letting dy = --- = d,, = 0 yields
{z} < ll=l].

Conversely, it follows from (3) that

1
o} 2 ~|T].

Trivially with this expression (which need not yet be a norm) we have

1 & 1/q -
()4 2 Yo ITdel L) ™ < |z + Y- il
k=1 k=1

which unfortunately is not yet strong martingale cotype ¢, since we would have to use
{-} also on the right hand side.

Therefore we next show that this expression satisfies (1). Given z; and x_ choose differ-
ences di,...,dF of dyadic martingales such that

s+ > a2,
k=1
Glueing together two differences as

G (1) = d;f (2t) if0<t<1/2,
PR N ase—1) if1/2<t <1,

q 1 —
5 Y ITEEAL | < fws} +e.
k=1

we get a new sequence of X-valued differences ds, . .., d,; of a dyadic martingale, which
however is now adapted to F, C --- C F,,11, so letting

IS f0<t<1/2
dl(t):{ 2 1 S < /7

me f1/2<t <1,

yields a sequence of differences of a dyadic martingale adapted to F; C --- C F, 1.

This is, by the way, the point, where we cannot just use Rademacher functions, since the
function equal to z; r(2¢t) for 0 <t < 1/2 and to z; ri(2t — 1) for 1/2 < ¢ < 1 will no
longer be a multiple of a Rademacher function, but at best a martingale difference as
soon as x; # ¥ .

Continuing with our considerations, we now have consequently

n+1 q 1 n+1
= ST
k=1

foy < o+ 3|y
k=1




J. Wenzel / Strong Martingale Type and Uniform Smoothness 167

for all # € X, in particular for (x, +z_)/2.

It is now clear that

‘ |7y | Lgll* + 1Ty | Lg |

| T'dy| Ly || T dga| Ll = 5 ,

¢_ )’T.T+—Tx_‘
2

and

q

L,

.+ n+1
+ —_
H—2 —i—;dk

q 1 i q 1 i
k=1 k=1

Therefore it follows from the definition of df that

{x+ +a_ }q < {1+ {z_}1 b 1 Tay —Ta_ e
2 2 cl 2
Letting € — 0 shows
{x+ +a_ }q < {e}+{z}* 1 Tay —Ta_ o (10)
2 2 & 2

However, as was mentioned earlier, the expression { - } need not be a norm on X. But it
is positively homogeneous and continous so from (10) it follows that Lemma 3.5 applies
and it also satisfies the triangle inequality. To get an equivalent norm, we define

][] = (llll" + {=}7)"".

Adding (10) to

Hﬂf+ | 78 el (C28

2 - 2
we finally get the uniform g-convexity for T considered as an operator from X equipped
with ||| - ||| to Y. m

Theorem 3.7. If an operator T' : X — Y has martingale type p then there exists an
equivalent norm on Y, such that T considered as an operator from X into Y equipped
with this new norm is uniformly p-smooth.

Proof. Assume that (6) holds. For x € X let

n » n 1/p
{z} :=sup (HTx + ZTdk Ly —¢ Z ||dk|Lp||p) ,
k=1 k=1
where the supremum is taken over all sequences of X-valued differences d,...,d, of
martingales adapted to the dyadic filtration 7, C --- C F,,.
Letting d; = --- = d,, = 0 yields
{} = ||T=|.

Conversely, it follows from (6) that

{z} < cflz].
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We next show, that the expression { -} satisfies

p

{x+ +a_ }p - {oi}P +{o} CpHx+ —x_
2 - 2 2

Given x, and z_ choose differences di, ..., d" of dyadic martingales such that

HTmi + S TdE|L|[ - @S LI 2 {as) e
k=1 k=1

Glueing together two differences as

doos (1) = d(2t) if0<t<1/2,
YT Y aret-1) it12<t <1,

we get a new sequence of X-valued differences ds, ..., d,; of a dyadic martingale, which
however is now adapted to F, C --- C F,11, so letting

L {7 oSt
BT e 12 <t <,

yields a sequence of differences of a dyadic martingale adapted to F; C --- C F, 4.

Consequently
n+1

(z}? > HTx+ZTdk L

n+1
— &Y [lde| Ly |17
k=1

for all x € X, in particular for (z, + x_)/2. It is now clear that

—x- dHLP + |do | Lo ||1P
ol = [Z 52 ezl = 1A ML
and
Tw, +Ta. T ) ) " o ,,
k=1

Therefore it follows from the definition of d,f that

{x++x_}P - {ep 3P +{z_}? _E_CPH:U+—:13_ p
2 - 2 2

Letting € — 0 shows

S

Finally defining
27L

ol = int (o 3 (e~ Tl + (7))

k=1
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where the infimum is taken over all decompositions of y as y = Zi; yr/2" and all
elements z;, € X, we we get an equivalent norm on Y for which 7" becomes uniformly
p-smooth. Indeed clearly ||| - ||| is positively homogeneous and choosing n = 0 and g = 0
we get

Iyl < lyll-

On the other hand

on

(5 3 (e — Tl + (23)) " (%Z (I — Taell + |1Tel?))

k=1
1 1/p
(2—2 20 (|l — Taell + [ Tall)”)

k=

2n
1 1/p B
> 27 (LS fuell?) " 2 2
k=1

whenever y = 2,2;1 /2", so
1yl = 27~y

Next, given y4 we choose y,f and xf € X such that

2" 27L

1
g 2 (i = TP+ (o)) <yl + ¢ and yi—gnZyk
k=1

Note that we can assume that for both y, and y_ the same n works, since if y = 2% Zi; Yk
then also

on on
Y= 2n1+1 (Zyk T Zy’f)
k=1 k=1

and moreover, for x1,..., T € X we have

<2”1+1 (i (“yk = T + {xk}p) + i (Hyk — Tzi||? + {xk}p)>> ;

k=1 k=1
1 2" 1/p
= (55 22 (o = Tl + {e}?))
k=1

It now follows that

on an
1 _
Y+ T Y- = Sura (Z(lej> + 2(2% ))
k=1 k=1
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hence
llys + w111
1 2" 2n
< o (D0 (2w = 2T |+ {2071) + > (2 — 275 | + {207 17) )
1“2" 1k;”
= 27137 (lid = Taf 1P + {2t YY) + 52 2 (i = Tai | + o))
k=1 k=1

< 227 (Il 1P+ ly-111P + 2e),

which proves that

mm +ym < <!Hy+|Hp+ IHy!H’”)””
2 = 2 '

It now follows from Lemma 3.5 that ||| - ||| is actually a norm.

To see the p-smoothness property of T' for this norm, given y € Y, choose y; and z, € X
such that

2n 2n
1

1
3 (g =Tl + {md?) < Nyl +€ and y= -3y
k=1 k=1

Then for x € X

277,
1
lly £ TallP < 5 3~ (lye = T = Tl £ )| + {ax £ 2)7)
k=1
1 &
= 5 2 (lve = Tael|? + {mi £ 2)7).
k=1

But by (11) we have for each k

{zp + 2} + {z), — 2P

< Az} + P |z|P

2
so that
27L
Wy + Ta||lP +[lly — Tf||? _ 1
5 < Q—szl(\lyk—kaH“r{mk}“rC”llxllp)
< Hyllf” + e+ ll]”

which proves the uniform p-smoothness of 7. m
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