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In this paper we extend the standard bundle proximal method for finding the minimum of a convex not
necessarily differentiable function on the nonnegative orthant. The strategy consists in approximating the
objective function by a piecewise linear convex function and using distance—like functions based on second
order homogeneous kernels. First we prove the convergence of this new bundle interior proximal method
under the same assumptions as for the standard bundle method and then we report some preliminary
numerical experiences for a particular distance function.

1. Introduction

In this paper we consider the convex minimization problem

(P) { minimize f(z) (1)

subject to x € X,

where f: IRP — IR U {400} is a closed proper convex function and X is a closed convex
subset of IRP (see, e.g., [7] and [14] for all the definitions concerning Convex Analysis).
When X = IRP, a very well-known method, called the proximal method, has been intro-
duced by Martinet [12] and Rockafellar [15]. This method generates a sequence {z*} via
the scheme

2"t = arg min{f(x)+%\|x—xk||2 :x € IRP}, (2)

k

where {\;} is a sequence of positive numbers. Applied to the dual of a convex mathe-
matical programming problem, this method gives rise to the classical multiplier method.
When X # IRP, several authors have proposed to replace the quadratic term |z — z*||?
in (2) by another distance between x and z*. The aim is that the new unconstrained
minimization problem (2) yields automatically a feasible solution. This avoids to solving
constrained subproblems. Among the distances recently proposed in the literature, let
us mention two classes of distances. The first class is based on Bregman functions (see,
e.g., Burachik and Tusem [5] and Kiwiel [9]) and the second class on logarithmic—entropy
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functions (see, e.g., Auslender and Haddou [1], Ben—Tal and Zibulesky [4] and Tseng and
Bertsekas [16] and the references therein). When X = RY = {z € R} : © > 0}, a
distance-like function corresponding to the second class has the form

dy(z,y) = Zy 0 (y—) | 3)

where © = (21, ...,x,) € RY, y = (Y1,....,yp) € RY, and ¢ is a strictly convex function.
With this distance, the scheme (2) becomes

idcp(gzr,xk) cx € R} (4)

2" = arg min{ f(z) +
Ak

Moreover, by choosing ¢ in an appropriate class of functions, all the iterates z* belong to
IR ={x € R? : x > 0}. Hence the name "interior proximal method”. However, when
applied within the dual framework, the corresponding primal sequence can be shown to
converge only in an ergodic sense to an optimal solution of the primal problem. The same
difficulties are encountered with methods based on Bregman functions (see Kiwiel [9] for
more details). To avoid these drawbacks, Auslender, Teboulle and Ben-Tiba [2], proposed
to modify the distance-function (3) as follows

dy,y) = Zw (y—) | 5)

They proved the global convergence of the corresponding scheme (4) - (5) and although
they also consider inexact versions of this scheme, their algorithms remain conceptual. In
a remark ([2], Remark 2.1), they suggest to extend a bundle type algorithm as developed
for the classical proximal algorithm (see, e.g., Correa and Lemaréchal [6]) to the class of
interior proximal methods. Motivated by this remark, we propose in this paper a new
approximate interior proximal method to make implementable the scheme (4) - (5). We
prove the convergence of the new algorithm and we examine its behavior on some test—
functions. Let us mention that such an extension has already been done in [10] but for
the distance—like functions based on Bregman functions.

The paper is organized as follows: in Section 2, we define the class of functions ¢ we
will use in our approximate interior proximal method and we display its main properties.
Then we briefly recall the convergence results obtained in [2] for the interior proximal
method. In Section 3 we present our bundle proximal method for solving a constrained
convex minimization problem. The nonsmooth convex function is approximated by a
piecewise linear convex function and conditions on this approximation are given to ensure
the convergence of the method. Finally in the last section, we examine how to implement
the method and we report some preliminary numerical experiences using the Matlab
environment. For a very comprehensive survey on the standard proximal bundle methods,
we refer the reader to the book by Hiriart—Urruty and Lemaréchal ([7]).

2. Interior Proximal Method

Let f: IRP — IRU {400} be a closed proper convex function such that IR" C int dom f.
The problem is to find the minimum of f on IR}. For solving this problem, we use the
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proximal-like scheme defined by (4) where {\;} is a sequence of positive real numbers and
dy(z,y) is the distance—function (5) based on a function ¢. In order to define it properly,
we first consider a class of functions denoted by ®. This class ® contains all the closed,
proper and convex functions ¢ : IR — IR U {400} that satisfy the following properties:

) dom ¢ C [0, +00);

ii) ¢ is twice continuously differentiable on int(domg) = (0, +00);

1 _ .
IV)tlr(gsO() 0;

) (1) =¢/(1) = 0 and ¢"(1) > 0.
Let ¢ € ®. Then the distance d, is defined by

p
€T
j=1 Yi

(i
(
(iii) ¢ is strictly convex on its domain;
(
(v

It is easy to see that the function d, has the following basic properties:

e d, is an homogeneous function of order 2, i.e.,
dy(ax, ay) = o? dy(z,y), Va >0, Va,y € R,
o dy(r,y)>0,Ve,ye R
e d,(r,y)=0if and only if x = y.
The function ¢ being differentiable and convex on (0, +00), the function d,(-,y) is differ-

entiable and convex on IR" , for any y € IR" . Hence z* is a minimum of the function
f+dy(-, 2% if and only if

1

0€of(z" )+Ak\lf( z*h),

where df denotes the subdifferential of f and

U(a,b) = (61 o <b1> by (Zz) by (%)) Va,be IR".,. (6)
p

With these definitions, the basic iteration scheme (BIS) introduced by Auslender and al.
for finding the minimum of f on IRY can be expressed as

Given o € ®, 2° € R, e > 0, \x > 0, generate the sequences {z*} C IRY ., and {g*}
satisfying

O, f(2*) and M\g* + V(2" 2F1) =0, (7)
where 0., f(x*) denotes the e —subdifferential of f at z*.

From (7), we have that

0€d,f(x )—l—;k\I/( )

This means that z* is an e;-minimum of the function f + dy(-,z*71).
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Our aim is to present a bundle version of this algorithm and to study its convergence. In
that purpose, we need to introduce a subclass of ® defined by

1
Oy={hed:n"(1)(1- ¥> < K(t) <h'(1)(t—1),Vt > 0}, (8)
and to consider a specific choice for the functions ¢ we will use, namely,
v 2
p(t) = ph(t) + 5t = 1) (9)

where > 0, v > 0 and h € .

The kernel h is used to enforce the iterates to stay in the interior of the nonnegative orthant
while the quadratic term (£ —1)? gives rise to the usual term used in "regularization” (see,
e.g., [13]). It is easy to see that the following functions belong to ®:

hi(t) =tlogt —t+1, domhy =]0,+00);
ha(t)
hs(t)

—logt+t—1, domhy = (0,+00);
2(vt —1)2, dom hz = [0, 4+00).

When the functions ¢ are defined by (9) with h € &y and v > ph”(1) > 0, Auslender
and al. ([2], Theorem 3.2) proved that the sequence {z*} generated by the BIS algorithm
converges to a minimum of f on IRY provided that )~ Ay = 400 and Y Ay < +o0.

3. Bundle Interior Proximal Method

Let f : IR? — IR be a convex function. Since f can be nondifferentiable, we observe
that finding =" by using (4) is often as difficult as finding the minimum of f over IR..
So the strategy to get an implementable algorithm, is to approximate f at iteration k
by a simpler convex function in such a way that the resulting problem is easy to solve.
The same strategy has been used for the classical proximal method. First we recall the
corresponding algorithm for the sake of completeness.

Approximate Proximal Algorithm

Let o € (0,1) be a tolerance and {A;}ren be a sequence of positive numbers. Choose a
starting point 2° and set y° = 2%,k = 0 and i = 1.

Step 1. Choose a convex function ]?Z : IRP — IR and solve the problem

- 1
(SP) min{P(y) + 5y lly — |}

to get the unique optimal solution y* as well as the aggregate subgradient

. 1 . ~ .
V=@ =) € af ().
k
Step 2. Compute f(y%). If f(z*) — f(y*) > o[f(z*) — f’(yz)], then set z**! = 4 and
increase k by 1.




N.T.T. Van, V. H. Nguyen, J.-J. Stodiot / A Bundle Interior Prorimal Method ... 99

Step 3. Increase ¢ by 1 and go to Step 1.
If we consider (4) instead of (2), this algorithm becomes

Approximate Interior Proximal Method

Let o € (0,1) be a tolerance and {A;}rev be a sequence of positive numbers. Choose a
starting point 2° € IR} | and set y° = 2% k=0 and i = 1.

Step 1. Choose a convex function J?’ :IRP — IR, J?’ < f. Solve

minimize f*(y) + A—lkd@(y, k)
subject to y € R |

to get y* € R, as well as the aggregate subgradient

. 1 ) ~ .
,Yz — _)\_\Ij(yz’xk) c afz(yz)
k

Step 2. Compute f(y%). If f(z*) — f(y) > o[f(z*) — f’(yl)], then set z**! = 4 and
increase k by 1.

Step 3. Increase ¢ by 1 and go to Step 1.

When the reduction on f is sufficient, i.e., when f(z¥) — f(y') > o[f(z¥) — Fi(y))], we

say that a serious step is done; otherwise, the step is called a null step and a new fi“
is chosen to improve the approximation ft of f. The way to choose the approximate
functions f* is crucial to get an implementable algorithm. So, for instance, if f* has the
following form

Fi(y) = T , P
f (y> 1I§nja§);:n{aj y + bj}? vy € R )
then the subproblem in Step 1 is equivalent to the linearly constrained problem

minimize v+ idcp(y, k)
subject to a]Ty+bj§U, j=1,....,m.
We will discuss the way for solving this problem in the next section.

In order to give rules for choosing f", we need to define the function

-~

I'RP — IR I'(y) = f'(y) + (', y—vy") Vyec IR
This function satisfies I' < f'. Indeed, since 7' € dfi(y'), we have, for all y, that

Fily) > Fiy) + (g — o) = 1iy).

As usual in the bundle methods, we impose the following assumption on the function f:
(A) At each x € IRP, one subgradient of f at z can be computed (this subgradient is
denoted by s(z) in the sequel).

This assumption is realistic because computing the whole subdifferential is often very
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expensive or impossible while obtaining one subgradient is often easy. This situation
occurs, for instance, if the function f is the dual function associated with a mathematical
programming problem.

Now to obtain the convergence of the bundle method, we impose the following conditions
on the sequence {f*},

(A1) fi<f foralli=1,2,...
(A2) If the i** iteration gives rise to a null-step, then
@ r<p
(i) S+ (s(y), —y') < f*,

where s(y’) denotes the subgradient of f available at y’. These conditions have already
been used in [6] for the standard proximal method.

Here are some examples of functions fi satisfying conditions (A1) and (A2). In the first
example, we suppose that all the subgradients collected at the previous iterates are kept
in mind. So, for i = 0,1,..., we define

Fr(y) = max{ f(y7) + (s(y').y — ') | =0,...,3 }.

Conditions (A1) and (A2)(ii) are obviously satisfied by f*+!. Moreover, since I! < fi <
Fi+1, condition (A2)(i) is also satisfied. In the second example, we only keep the function
[ and the latest subgradient s(y") to have

FH(y) = max {I'(y), f(y") + (s("),y —v)}. (10)
Conditions (A1) and (A2) are obviously satisfied.
Remark 3.1. Observe that the reduction predicted by the model fi, namely f(z¥) —
fi(y") is nonnegative. Indeed, since f > f* and 7 € df'(y*), we have
fa) = Fily) = Fiah) = Fity) = (v ab — o)
= =5 (U(y',2h), 2" —y) = 0.

To prove the convergence of the bundle interior proximal method, we also need to intro-
duce the following notations

(y) = U (y) + A dy(y, 2,

Fily) = Fy) + 2\ do(y, 25).

Then we have

~. ~ ~. . ~.

fi(ah) = fi(@*) and I'(y") = f'(y"). (11)
Indeed, d,(z*, z*) = 0 and
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Lemma 3.2. There exists 3 > 0 such that, for all i,

. -3 -
[ > [yt — 2.
(y) > (y)+2AkHy Yyl

Proof. By definition of I*, we have

Fy) —T(y') = 1(y)+ A doly, o) = T(y') = A\ dy(y', 2)

, : ‘ (12)
= (7, y =)+ A [dy(y, 2%) — dy (', 2") ).
p T
Since d(z, z*) = E (2§)*p(=) and ¢ is strongly convex on {t € R|t > 0}, the function
"
i=1 i

d,, is itself strongly convex on IR" |, i.e., there exists § > 0 such that, for all y € R},

i i i, B i
Using this inequality in (12) and noting that ¥(y!, 2*) = —\z7?, we obtain

N >£

'(y) —I'(y") > ol - y'|I%.

]

Proposition 3.3. Suppose that after z* has been obtained in the bundle interior prozimal
algorithm, the test of sufficient reduction is suppressed : only null-steps are made. If the
sequence { '} satisfies conditions (A1) and (A2), then

(1) f) = F) =0,
(2) ¥ — y* = argmingo{f(z) + A\, 'd(z,2%)}.

Proof
(1) We use three steps to prove this part.

(i) I(y") is convergent and 3! — 3" — 0.

Fori=1,..., we have
flah) = friah) by (A1)
= [+ (a) by (11)
> fitl(yith by definition of y**!
_ [i+1(yi+1) by (11>
> Iy by (A2)(i)
> I(y) + %Hy“rl —y'||*> by Lemma 3.2 with y = 3.

From these relations, we have for all 7,

lz(yz) < l~i+1(yi+1) and iz(yz) < f(l‘k)
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Hence the sequence {iz(y’)} is convergent in IR. Moreover, by Lemma 3.2, we have

Zi-&-l(yi-i-l) _ [’(yl) > B

it 12 > 0.
_QAkHy y'l)c >

Hence ™! — ¢ — 0.

(ii) The sequence {y'} is bounded.
We have (for y fixed)

F) + 5=do(y, ") = JUy) + kdy(y,a") by (A1) )
= f“(y) by definition of fi*!
> U'(y) by (A2)
> I"(y') + %Hy —¥'|* by Lemma 3.2.

Since the sequence {I'(3%)} is convergent, it is bounded and thus also the sequences {||y —
y'lI?} and {y'}.

(it)) f(y™") = F(y 1) = 0.
By definition of s(y"™'), we have
(), y ™ =o'y < T = F) < Y = F) < (s, = ).

Since the subdifferential df is bounded on bounded subsets of IR% , and the sequence {y'}
is bounded, then the sequence {s(y")} is also bounded. Taking the limit of the opposite
sides of the previous inequalities, we obtain

(s(),y —y) =0 and (s(y'*), 4" —y") =0,

and hence N
FY™) = fy') =0 and f(y"™) = f(y') — 0.
So
PG = PP = FGT = ) + £ - PR = o,
(2) We also use three steps to prove this part.

(i) Any limit point y of {y'} is such that y; >0, Vj=1,...,p.
Let {y'}icx be a subsequence of {5} converging to i and suppose, to get a contradiction
that J := {j|y; = 0} is nonempty. By definition of 7, we can write

7 =N ab) € OF (y).
Then, since f > ﬁ, we have

Vye R* f(y) > f'(y) > F'W')+ 0y —y),

ie.,

Vye R f(y) = f'(y") = A\, 2",y — o). (13)
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On the other hand

; Y1 v o (Y5 k
v My = Lake (L)L
(y y &L ) (l’lgO (-Tl) ’ 7‘1.]@ (I’;) ) ,l'ng

Then it is easy to see that for all j € J, we have

2~ 0" and ¢ (i/i> — —oo (by property (iv) of ¢) (14)
j J

Y y
¥ (_> Ly <_> <R (15)
T T

Choose y = (1,...,1)T. Then, for all i, we deduce from (13) that

F) > ') = F) + — A b ( > L—yh) = A1 D ah ’(2) (1—-y;).

jeJ Ji¢J

while, for j ¢ J, we obtain

Taking the limit as ¢ — +o00, using part (1), the continuity of f, (14) and (15), we obtain

f(y) > +oo.
This is impossible, so .J is empty.
(ii) Any limit point 7 of {y'} is a solution of

minimize f(x) + Ay 'd,(z, z%),
subject to x > 0.

Let y* — 3,1 € K C IN. By part 2(i), y; > 0 for all j = 1,...,p. To obtain that y is a
minimum of f + A, 'd, (-, 2*), we have to prove that 0 € 9f(7) + A, ' ¥ (7, 2¥), i.e

vy e B f(y) = £(7) — A (U (@.2%),y — 7). (16)
Let then y € IRP. By definition of v € df(y') and since f > fi, we have

F) = F) = Fo) = N )y =),
i.e.7 ~ . . . . .
F) = F1 ) = fy) + fy) = N (R ah),y — o).
Taking the limit as i — +oo, using part (1)(iii), the continuity of f and W¥(-,z*), we
obtain the required inequality (16).

(iil) y* — y* = arg min{ f(z) + A, 'd,(z,2*)} when i — +o0.
By part 2(ii), any limit point of {y’} is a solution of the problem

minimize  f(z) + A, 'd,(z, 2")
subject to x > 0.
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However, this problem has exactly one solution because d, (-, z*) is strongly convex. So,
all the limit points of {y'} coincide and thus the whole sequence {y'} converges to y*. O

Now we can apply these results to prove the convergence of the bundle interior proximal
method. But first we need a lemma.

Lemma 3.4. If 2F = argmin{f(z) + A\, 'd,(z,2%)/z > 0} then z* is a minimum of f on
R" .

Proof. By optimality of 2%, we have
0 € Of (%) + A\ 10 (2", 2").

Since ¥ (z*, 2%) = 0 by definition of ¢, we obtain 0 € df(x*) and, since z¥ > 0, z* is a
minimum of f over IR". O
Theorem 3.5. Let p(t) = ph(t)+ (v/2)(t—1)%, with h € &y, p >0 and v > ph"(1) > 0.
Then in the bundle interior prozimal algorithm, there are two possibilities

(1) The index k remains fived, i.e., only null steps are made from x*. In this case, x* is

a minimum of f on IRY.
(2) The index k — +o00. Then

+oo
° Z/\k = to00 = f(2%) = f:= inf f(x).

—1 zelRY.

. If, in addition, {\} is bounded, then x* — x*, minimum of f (if there exists some
minimum).

Proof.

(1) Let i}, be the iteration index that has produced x*. Since only null-steps are made

from z*, we have

Vi f(a®) = fy) < olf(a*) — Fily))]. (17)

By Proposition 3.3, we have y' — y* = arg min{f(z)+ A, d,(z, z%)} and f(y')— fi(y’) —
0. Taking the limit in (17), we obtain

f@®) = fly*) <olf (@) — fFy)],
because fi(y') = fi(y') — f(y') + f(y') — f(y*) and f is continuous. Hence
(1 =o)[f(=") = fly)] < 0.
Since 1 — o > 0, we have f(z*) < f(y*), or again by definition of d,(., %),
F@®) + N (aF,2%) = f(2*) < fy*) < Fy) + Aoy, 2").

Since the solution y* is unique, we deduce that z¥ = y* and by Lemma 3.4, z* is a
minimum of f on IR".

k k+1

(2) Denote by i(k) the iteration index where 2* is updated. Then we have 3'(®) = gh+1,
Let us also define ~* = (%) ¢ 3]3(’“) ("), We know that

,.)/k _ _)\Izl\Il(karl’xk).



N.T.T. Van, V. H. Nguyen, J.-J. Stodiot / A Bundle Interior Proximal Method ... 105

With these notations, we prove the following assertions.

a. {f(z*)} is nonincreasing.
Since

Jla®) = f@h) 2 o[ f (") = FO )] (18)

and since, by Remark 3.1, the reduction f(z*) — ]?i(k) (2F+1) predicted by the model is
nonnegative, it follows that {f(z*)} is nonincreasing. In the sequel, we suppose that
{f(2%)} is bounded from below (otherwise f(z*) — —oo and the proof is finished).

b. v* € 0., f(2F) with
er = f(a*) = POE) + AT (M ah), ot - ),
By definition of v*, we observe immediately that
e = f(xk) B ﬁ(k)(xk+1) _ <7k,$k _ $k+1>_
Moreover, since [ > J/‘"\i("“) and v* € aﬁ(’“) (2¥+1), we have for all y, that

Fy) > FB(y) > FO M) 4 (yF gy — 2k, (19)

In particular, for y = 2*

that

, we obtain that e, > 0. Now, from (19), we also have for all y,

Fy) = (=) + FE @A) — f(@F) + (3F,y — ab) + (3F, b — 2P,
ie., v* € 0., f(zh).

+oo

c. Z{sk — AT 2R 2R — 2P < oo
k=1

By (18) we have

e = fla) = @) + AT (U, ab), ab - )

< o) = FE] (W o), 2 - k).

Thus

n

zn:{ek A < U 2Ry b — M S < ot Z[f(xk) — f(z"™)]
k=1 =1

= o ' [f@@") = fla" )]

o

Since f is bounded from below, then

+oo
Z{ek — AN (2 2R, b — 2P < 40
k=1

d. f(2*) — f=inf{f(z)]|x > 0}.

Since the sequence {f(z*)} is nonincreasing, it converges to some f. Suppose now, to get
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a contradiction, that f > f* := inf,>¢ f(x). Then there exist y € IR: and ¢ > 0 such

that, for all k, f(y) + 8 < f(z*). Since
ep — A\ (W (2" ), oF — 2P — 0,

there exists ko such that, for k > ko,

e — )\,;1<\If<l'k+l,l'k),xk _ xk+1> <

N | >

Using Lemma 3.4 of [2] with a = 2% b = 2**! and ¢ = y, we obtain

ly — "2 = lly — 2*)* < =0y — 2", W (2™, o))

== 9<y - xkv \Il(xk+17xk>> o 9<xk o karla \I,(karl’ xk»?

where 6 = [(v + ph”(1))/2]7%
By (20), we have immediately

—0(2" — " W (T 2F)) < A0 (g — 6k> .

(20)

(21)

(22)

On the other hand, by definition of v* = —\'W(z**+! 2*) € 9., f(2*), and by part b., we

have successively
_9<y - mk7 \Il(xk+l7 xk)> - /\k9<’yk7 Yy— xk>

and
F@h) =0> fly) = f@") + (' y — o) — e
Combining (23) and (24) yields

—0(y — 2F W (2T 2F)) < A\O[—5 + €]

Finally we obtain, from (21), (22) and (25), that

4]
ly = 2 < lly = M2 + MLS — e — 6+ ] = fly — 2H)F — M.

Summing up, we obtain, for all k£ > k,

k—1
00
k 2 k 2
0% It =yl < o = = 5 X
=Fo

—+00

J

(23)

(24)

(25)

Taking the limit as k& — +o00, we have Z e < 207167 2™ — y||? < 400 which contra-

k=ko
+oo
dicts the assumption Z A = +00.
k=1

Now suppose that f has a minimum Z on IR% and that the sequence {\;} is bounded.
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e. {2*} is bounded.
Using inequality (21) with y = Z, we obtain

[ = 2| < 2 = 7]* - 0T — 2*, Tt 2h)) — 0t — 2 T (M 2h)).
By definition of v* = =\ 'W(z*+ 2*) € 4., f(2*), we have

—0(z — 2, (2P 2k)) = N\O(YF, T — 2F)
< NO[f(z) = f(@*) +en] < Mbey.
S0
2" = 2|2 < fla® = Z]* + Aeflen — N (@, 2b), 2" — 2HH). (26)

Since {\;} is bounded (by assumption) and since, by part c., we have
+oo
Z MOer — AL N (2 2F), 2b — 2] < 4o0.
k=1

Using Lemma 3.1 of [2], we deduce that the sequence {||z* — x|}, is convergent. Thus
{z*} is bounded.

f. Any limit point z* of {*} is a minimum of f on IR} and z* — z*.

Let 2™ — z*. By continuity of f, we have f(z™) — f(x*). By part d., f(2¥) — f =
inf,> f(z). So f(z™) — f and, by the uniqueness of the limit, f(z*) = f. Since 2* € IR%,
then 2* is a minimum of f on IRY. Using (26) with z* instead of Z, we obtain

ka‘—i-l . I*HQ S ka o :L’*||2 +5k,

where
O = MBler — A (W (2P 2F) 2h — 2R ).

+oo

Since Z 0 < +00, it follows from Proposition 1.3 of [6] that the whole sequence {z*}
k=1

converges to x*. U

4. Numerical Results

To obtain that the approximate interior proximal algorithm is implementable, it remains
to explain how to solve the subproblem

minimize f'(y) + A_l,gdso(?/v )
subject toy € IRY..

Since fi(y) = max{f(y?) + (s(y’),y —y’)| j =0,...,i— 1}, this problem is equivalent to
minimize v+ /\—lkdw(y, ")

(SP)k,i subject to v > f(y/) + (s(y/),y —v/) j=0,...,i—1
ye RE .
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Observe that if (3, v") is a solution of this problem, then

vt = maxl{f(yj) + (s(y’),y — ')}

0<j<i—
so that the stopping criterion for the inner iterations is
f@®) = fy') = ol f(a*) —vT].

Since p(t) = ph(t) + 5(t — 1)?, the objective function of (SP)y; is highly nonlinear and
finding the solution of (SP)y; can be very hard. However, if we observe that

p
Ey _ k\2 Ym
) = Dk (),
then the objective function is separable and one way of solving such a problem is to solve
its dual. Setting 2, = %= for all m = 1,...,p and 2z = (2,,), problem (SP);; can be
expressed as

p
minimize v—i-g A (2m)
m=1

subject to (s7,2) —v<b; j=0,...,i—1,

(MSP)y,

where o, = A\ H(2F)2, 80, = s(y)mak, m = 1,...,p and b; = (s(y’),y?) — f(y)),) =

0,...,i— 1. Then the Lagrangian function associated with (M SP)y,; is

P i—1
L(v,z,\) = v+ Zamgp(zm) + Z)\j [(s7,2) — v —b;]
m=1 =0
and the dual function
d(A) =infL(v,z,\)
P i-1
B infv+2amg0(zm)+2)\j[<sj,z>—U—bj] if Z)\jzl,
m=1 7=0
—00 otherwise.

So the dual problem is

5 maximize d(\)
( subject to Z)\jzl Aj>0,7=0,...,1—1,

where

i—1 i—1

dN) = dn(X) =Y Ajb; with  dy(N) = inf{a, ¢ (2m) + > Ajshzm}-

m=1 §=0 =0

Moreover, each function d,, is differentiable and

P
Vd(\) = (Z s;;zm> — b,
m=1 0<j<i—1



N.T.T. Van, V. H. Nguyen, J.-J. Stodiot / A Bundle Interior Proximal Method ... 109

i—1
where, for each m, Z,, = argmin,, {a,p(zm,) + Z Nis? 2}
=0

Since (D) is a smooth problem whose objective function is easily evaluated, we can use any
classical method for solving it. Let A* be the solution of (D). Then the vector z* = (z)
where, for each m,

i—1

zr = arg min {a, ¢(z,) + Z NSt}
=0

and the scalar
i—1 i—1
— <Z )\;sj, 2"y — Z A%b;
§=0 §=0

are solutions of problem (SP)y ;. Indeed by the complementarity conditions

SN[, 27 — vt —b] =0,

i—1
i.e., since E A=1,
J=0

s
H

) i—1
vt = Z}%J*—E:yq
j=0

<.
Il
o

The computational results presented here are obtained by using the MATLAB environ-
ment. The function f used in the tests, is defined on IR'® and is the maximum of five

quadratic functions: ' '
¢j(z) =2"Clx — 'z, j=1,...,5,

where C7 is a 10 x 10 symmetric matrix defined by

Cl = exp(%)cos(ik) sing, i <k and CJ = L | sinj | + E | CY
n
ik

and @ is a vector in IR' whose components are d? = exp(i/k)sin(ij). This function f is
well-known in nonsmooth optimization ([11], Test problem 1: Maxquad, p.151).

The parameters of the method and the function h are chosen as follows: v = 2, u = 1,
Ar = 0.1 for all k and h(t) = —logt + ¢ — 1 for all ¢ > 0 so that the function ¢ becomes

o(t) =h(t)+ (t—1)*>=t*—t —logt Vt>D0.

The stopping criterion for the outer iterations is ||z¥*! — z*|| < e where ¢ = 1073, Two
values for the parameter o are used in the numerical experiences, ¢ = 0.1 and o = 0.05.
The results are reported in Table 1 where for each outer iteration (denoted by k), the
number of subproblems to be solved is mentioned. As in nonsmooth convex optimization,
let us mention that it is possible to limit the size of the bundle, i.e., the number of



110 N.T.T. Van, V. H. Nguyen, J.-J. Stodiot / A Bundle Interior Proximal Method ...

k 12 3 45 6 7 8 9 10 11 12 13 14 15 16 17 18 19

c=1 |41 312 3 45 5 6 6 10 8 12 9 10 15 12 49

c=05(3 1 2 112 2 3 2 4 5 6 7 8 13 8 10 16 26

Table 4.1: The bundle interior proximal method. Number of inner iterations (for o = 1
and o = 0.5) for each outer iteration denoted by k.

constraints in the subproblems, by using aggregation ([8]). Although our convergence
theorems allow us to use this technique (see (10)), we have not applied it to illustrate the
behavior of our method given the small size of the test problems.

From this table, we can observe that the number of subproblems per outer iteration is
relatively small. Furthermore, for fixed k, each subproblem is the previous one with an
additional linear inequality constraint. So, these problems can be solved very efficiently
if the solution of a subproblem is the starting point of the next one. We also observe
that the number of subproblems become smaller when the value of the parameter o is
reduced. The smaller is the value of o, the faster is the stopping criterion satisfied for
inner iterations. Contrary to the standard proximal methods, the subproblems are no
more quadratic and the way to solve them is crucial for the rate of convergence of the
algorithm. The preliminary results are encouraging but more efforts should be devoted
to design appropriate numerical methods for solving them. This could be the subject of
a future research.
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