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In this paper we consider issues related to averaging of singularly perturbed control systems (SPCS) in
the viability context. We introduce a notion of near viability of SPCS and relate it to the viability of a
specially constructed averaged differential inclusion.

1. Introduction

In this paper we consider issues related to averaging of singularly perturbed control sys-
tems (SPCS) in the viability context. Despite of the fact that the averaging techniques
for SPCS have been studied very intensively (see [1]-[5], [8], [9], [13], [18], [19], [22], [23],
[25], [29] for most recent developments and also for references to earlier results in the
area), this topic, to the best of the author’s knowledge, has not been considered in the
literature.

The paper is organized as follows. In Section 2 we introduce a notion of near viability of
SPCS and relate it to the viability of a specially constructed averaged differential inclusion
(Theorems 2.1 and 2.2). In Section 3 we establish a result that can be interpreted as a
generalization of Tichonov’s theorem (Proposition 3.1), and we use this result to justify a
relaxation of control systems with mixed control-state constraints proposed by J.-P. Aubin
(Proposition 3.2). In Section 4 we consider some readily verifiable conditions which ensure
the validity of the Assumptions of Theorems 2.1 and 2.2. In Section 5 the proofs of
Theorems 2.1 and 2.2 are given.

2. Averaging over viable fast motions and controls

Let us consider a singularly perturbed control system defined by the equations

ey(t) = flu(t), y(t), 2(2)), (1)
2(t) = g(u(t), y(t), 2(1)), (2)
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where ¢ > 0 is a small parameter; f:U X R x R* —- R", g : U X R"x R" — R"
are continuous vector functions satisfying Lipschitz conditions in z and y; U is a compact
metric space and the controls are measurable functions satisfying the inclusion u(t) € U.

Let Z C R"™ be a compact set and let Y(z) : N(Z) — 28" be a point-to-set compact
valued map defined in some (sufficiently large) neighborhood N(Z) of Z. Assume that
Y'(2) is uniformly continuous, that is, there exists a monotone decreasing function «(-) :
[0,00) — [0, 00), limg_., k(#) = 0, such that

du(Y(2),Y (")) < k(l[z' =2"|) V22" € N(2), (3)

where, here and in what follows, dg(-,-) is the Hausdorff metric defined on the bounded
subsets of a finite dimensional space by the Euclidean norm.

Define the set D C R™ x R™ by the equation
DE{(y,2):yeY(z), z€ Z}. (4)

Definition. A solution (y**(¢), 2°P(t)) of the SPCS (1)-(2) is called near viable in D on
the interval [0, T if

ma dist((y7" (1), 27(1)). D) < vi (9 (5)

for some vy (€) tending to zero as € tends to 0; it is called near viable in D if

sup dist((y"(t), 22 (1)), D) < w(e), (6)

te[0,00)

for some v(e) tending to zero as € tends to zero, where dist(-,-) stands for the distance
between a point and a set.

For the sake of brevity (and at the expense of some abuse of terminology) we refer to
(y2P(t), z2P(t)) as to a solution of the SPCS (1)-(2) instead of referring to it as to a
parameterized by € family of solutions.

Along with (1)-(2), let us consider the associated system
y(7) = f(u(7),y(7),2), z = const. (7)

in which the controls are measurable functions satisfying the inclusion u(7) € U. Note

that (7) can be formally obtained from the "fast subsystem" of the SPCS (1) by changing
the time scale: 7 = E and replacing z(-) by a vector of constant parameters z.

Assumption 1.

(i) For any z € N(Z) and any y € Y(z) there exists a control such that the solution
y(7) of the associated system (7), obtained with this control and the initial conditions
y(0) = y, does not leave Y (2); that is, the viability kernel of Y (2) is equal to Y (2)
(sufficient and necessary conditions for this to be satisfied can be found in [6], [7]).

(ii) For any ¢ > 0 small enough, any z € N(Z) and any y € Y(z) + 0B (B is a closed
unit ball in R™ ), there exists a control such that the solution y(7) of the associated
system (7) obtained with this control and the initial conditions y(0) = y reaches Y'(2)
at some moment 7 € [0,a] (a > 0 is a given constant), that is y(7) € Y(z), and

dist(y(1),Y (2)) < ¢(8) V7 €0,7], (8)
with lims_o ¢(6) = 0.
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Definition. A pair (u(7),y(7)) will be referred to as admissible or -admissible for the
associated system (7) on the interval [0,S] if u(7) is a control, y(7) is the corresponding
solution of the equation (7) and y(7) € Y(z) or, respectively, y(7) € Y(z) + 0B, Vr €
0,.5].

Define V(z,S,y), V(z,S5) as the sets of the time averages

Ve sy {%/Osg(u(f),y(f),z)m},
(u(), y() ()
Viz, 8= Uz){V(z,S,y)},

yeY(

where the first union is over all admissible pairs of the associated system (7) which satisfy
the initial conditions

y(0) =y, (10)
and the second union is over the initial conditions from Y (z). Define also V°(z, S, y),
V(z,S) as

Vo(z,8,y) = U {%/Osg(u‘s(r),y‘s(r),z)dT},
(w0, v°0)) an
Vi 9= {v%, S, y)},

y€Y (2)+0B

where, in contrast to (9), the first union is over all §-admissible pairs satisfying the initial
conditions (10) and the second is over the initial conditions from Y'(z) + d B. Note that,
in accordance with these definitions,

V(z,S,y) C V‘S(zgS, y), V(z95)C V‘S(z, S). (12)

Assumption II.

(i) The following estimate is valid
dg(V°(2,9),V(z,8)) <1 (S,6) Vze N(Z) (13)

for some v4(S,0) such that limg_o 50 v1(S,6) = 0.
(ii) For any z € N(Z), there exists a convex and compact set V' (z) such that

dyu(V(z,5,y),V(z)) <1n(S) VYyeY(z),Vze N(Z) (14)

for some 15(5), limg_,o 12(S) = 0.

Note that (14) implies that dg(V (z,S5),V(2)) < 1»(S) and, hence, from (13) it follows
that
du(Vo(2,8),V(2)) <11(S,6) +1(S) Vze N(2). (15)

In Section 4 below we discuss some readily verifiable assumptions that lead to the fulfill-
ment of the Assumptions I and II.
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Define the averaged differential inclusion (ADI) by the equation
2(t) € V(2(1)). (16)

Remark. For any z € N(Z), let P(U x Y(z)) be the space of probability measures
defined on the Borel subsets of U x Y (z) and let W(z) be the subset of P(U x Y(2))
defined by the equation

W(2) = {7:7 € PUXY(2)): / G 2y ) =0, =12, (1)

where ¢.(-) stands for the gradient of ¢;(-), with {¢;(-), ¢ = 1,2,...} being a sequence
of continuously differentiable functions such that an arbitrary continuously differentiable
function ¢(-) and its gradient ¢'(-) are simultaneously approximated on compact sets
by linear combinations of functions from {¢;(-), ¢ = 1,2,...} and their corresponding
gradients (an example of such approximating sequence of functions is the sequence of
monomials yi'...yim | iy, ...,im = 0,1, ..., where y; stands for the jth component of y; see
[21]). From results in [13] it follows that the limit set V(z), the existence of which is
postulated in Assumption II(ii), can be parameterized in the form

Viz) ={¢: ¢ =3(7,2), v € W(2)}, (18)

where

def

gy, 2) = /U Yg(u,y, 2)y(du,dy) Vy € P(UxY).

Hence, the ADI (16) is equivalent to the system

(t) = g(y(t), 2(1)), (19)

in which the controls are Lebesgue measurable functions y(+) : [0,7] — P(UxY') satisfying
the inclusion

(t) € W(z(1)). (20)

In this paper, we will be using the averaged system in the form of the differential inclusion
(16) and not in the parameterized form (19)- (20).

Following [6] and [7], let us define the viability of the ADI (16) in Z.

Definition. A solution z(t) of the ADI (16) is called viable in Z on [0, T if z(t) € Z ¥Vt €
[0, T]; it is called viable in Z if z(t) € Z Vt € [0, 0).

Theorem 2.1. Let Assumptions 1 and 11 be valid and let the map V(z) : N(Z) — 28"
satisfy Lipschitz conditions on N(Z), that is,

dg(V(2"), V(") < L||Z = 2"|| V2" e N(2), (21)

where L is a constant. Let, also, the set of viable in Z on [0,T] solutions of the ADI (16)
be not empty. Then:
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(i)  For any solution (yP(t),zP(t)) of the SPCS (1)-(2) which is near viable in D on
the interval [0, T, there exists a solution z2(t) of the ADI (16) which is viable in Z
on [0,T] and satisfies the inequality

a _.SD <
Jax [|20(t) = 2 (] < pr(e), (22)
where lim._,o pr(€) = 0 (ur(e) is the same for all solutions of the SPCS (1)-(2)
which satisfy (5) with the same function vy (e)).
(i)  For any solution z°(t) of the ADI (16) which is viable in Z on [0,T] and has the

mitial conditions
def

24(0) =Go (23)
and for any
Yo € Y (Go), (24)

there exists a solution (y*F(t), z2P(t)) of the SPCS (1)-(2) which is near viable in D,
has the initial conditions

(57(0), 227(0)) = (yo, Co) (25)
and satisfies the inequality
max [|22F(t) — 2°(t)[| < pr(e), (26)
t€[0,T]

with pr(e) tending to zero as € tends to zero (same for all z*(t) as above).

Proof of Theorem 2.1 is in Section 5.

To extend the statements of Theorem 2.1 to the infinite time horizon let us introduce the
following assumption.

Assumption III.
Corresponding to any solution z{(t) of the ADI (16) such that z{(t) € N(Z) and corre-
sponding to any z € N(Z), there exists a solution z§(t) € N(Z) of the ADI (16) such
that 25(0) = z and

125(t) = 21 (1) < ae™[]25(0) — 24 (0)]| ¥t >0, (27)
where a and b are some positive constants.
Similarly to Lemma A.2 in [15], it can be shown that Assumption III is satisfied if there

exist positive definite matrices C' and D such that, for any o' € V(2'), 2/ € N(Z) and
any 2" € N(Z), there exists v” € V(2") such that

(UI o UH)C<2/ . Z”) S —(Z/ o ZH)TD(Z/ o Z”). (28)

For any two continuous functions 2'(+), 2/(+) : [0,00) — N(Z), let

o0

p(() 2" () E D02 max () = 2 (0] (29)
1=0 ’

Note that p(-,-) is a metric on the space of continuous bounded functions defined on the
interval [0, 00) the convergence in which is equivalent to the uniform convergence on any
finite time interval.
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Theorem 2.2. Let the conditions of Theorem 2.1 and Assumption 111 be satisfied. Let,
also, the set of viable in Z solutions of the ADI (16) be not empty. Then:

(i)  For any solution (y*F(t),zP(t)) of the SPCS (1)-(2) which is near viable in D,

there ezists a solution z2(t) of the ADI (16) which is viable in Z and satisfies the
inequality
p(zE (), 2()) < ule), (30)

where lim,_o p(€) = 0 (u(e) is the same for all solutions of the SPCS (1)-(2) which
satisfy (6) with the same function v(e)).

(i) For any solution z*(t) of the ADI (16) which is viable in Z and has the initial
conditions (23) and for any yo satisfying (24), there exists a solution (y*(t), z:P(t))
of the SPCS (1)-(2), having the initial conditions (25), which is near viable in D
and satisfies the inequality

p(zF (), 2()) < ple), (31)

with p(e) tending to zero as € tends to zero (same for all ((t)).
Proof of Theorem 2.2 is in Section 5.

3. A generalization of Tichonov’s theorem and Aubin’s relaxation

By formally taking ¢ = 0 in (1)-(2), one obtains the system
0= f(u(®), y(t), 2(1)), (32)
2(t) = g(u(t),y(t), 2(t)). (33)

Under the additional assumption that, for any z € N(z), the equation f(u,y,z) = 0 has
a unique root y = ¥ (u, z) on U x Y (z), that is,

the system (32)-(33) becomes equivalent to the system

(t) = g(ult), ¥(u(t), 2(1)), 2(t)), (35)

in which the controls are measurable functions u(t) € U. This is a so called reduced
system. Results establishing a possibility to approximate the z-components of solutions
of the SPCS by the solutions of the reduced system (35) are commonly referred to as gen-
eralizations of Tichonov’s theorem (see, e.g., [10], [20], [26], [28]; the original Tichonov’s
theorem was established for the uncontrolled dynamics in [27]).

Below we introduce conditions, under which the ADI (16) becomes equivalent to the sys-
tem (32)-(33) and, thus, the solutions of the latter approximate (in the sense of Theorems
2.1-2.2) the near viable solutions of the SPCS (1)-(2). Note that the assumption that the
equation f(u,y,z) = 0 has a unique root on U X Y(z) is not needed for the validity of
this result.

Let z € N(Z) and (u,y) € U x Y(2) be such that f(u,y,2) =0. Then

def

n=9(u,y,2) €V(z57y VS>0 = neV(z),
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where V(2) is introduced in Assumption II(ii). Following the terminology of [12], let us
call the defined above 7 as a stationary regime point of V(z). Denote by V*(2) the set
of all stationary regime points of V' (2):

V)= (|0 =g(uy.2), 0= fluy.2), (wy) €UXY(2)} CV(z).  (30)
Proposition 3.1. Let Assumptions 1 and 11 be satisfied. Let also the set

def

q(U,Y(2),2) ={n [ n=q(u,y,2), (u,y) €U xY(2)} (37)
be convez for any z € N(Z), where q(u,y, z) déf(f(u,y, 2),9(u,y,2)). Then
V(z)=V*(z) Vze N(Z). (38)

Proof of the proposition is given in the end of this section.

From Proposition 3.1 it follows that the viable in D solutions of the ADI (16) coincide
with the viable solutions of the differential inclusion

(1) € VI(2(1)), (39)
which is equivalent to the system (32)-(33).

Let us demonstrate one application of this result. Consider the system

2(t) = g(y(t), 2(t)), (40)

in which y(-) are controls (and not state variables as above). That is, y(-) in (40) are
Lebesgue measurable functions that are assumed to satisfy the state constraint

y(t) € Y(=()). (41)

J.-P. Aubin conjectured that this constraint can be relaxed in the sense that the viable
solutions of (40)-(41) (that is, the solutions such that z(t) € Z) can be approximated by
the z-components of the near viable solutions of the SPCS

ey(t) = ult), (42)
(t) = gly(t), (1)) (43)

In this system, y(-) are state variables and controls are functions u(-) which are measur-
def

able and satisfy the inclusion u(t) € U = B (the closed unit ball in R™). The following
propositions can serve as a justification of such a relaxation.

Proposition 3.2. Let g(-,-) : R™ x R* — R™ satisfy Lipschitz conditions and let the
map Y () : N(Z) — 28" be conver and compact valued, and satisfy Lipschitz conditions
(that is, (3) is valid with k(0) = LO, L = const). Assume that there exists r > 0 such that

rBCY(z) VzeN(2), (44)

where, as above, B is the closed unit ball in R™ and assume that the set

g(Y(2),2) Z{v | v=g(y,2), y € Y(2)} (45)
is convex for any z € N(Z). Then, corresponding to any near viable in D on [0,T]
solution (yeP(t), zP(t)) of the SPCS (42)-(43), there exists a pair (y2(t), z¢(t)) satisfying
(40)-(41) such that z%(t) is viable in Z on [0,T] and such that (22) is valid. Conversely,
corresponding to any pair (y*(t), 2*(t)) satisfying (40)-(41), with z*(t) being viable in Z
on [0,T], there ezists a near viable solution of the SPCS (42)-(43) such that (26) is valid.
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Proof of Proposition 3.2. First note that (44) and the convexity of Y (z) imply the

validity of Assumptions I and II (see Corollary 4.4 below). Also, from the convexity of

the set (45) it follows that the set (37), which, for the system (42)-(43), has the form
qU,Y(2),2) =U x g(Y(2), 2),

is convex. Hence, the conditions of Proposition 3.1 are satisfied and

V(z) =V*(z) = g(Y (2), 2). (46)

That is, the ADI (16) is equivalent to the system (40)-(41). The validity of the proposition
follows now from Theorem 2.1. ]

In conclusion of this section, let us prove Proposition 3.1.
Proof of Proposition 3.1. By (36), it is enough to prove that V(z) C V*(2). Denote:
def ]_ o
[ACNANE 5 [ a(u(r),y(7),2)dr o,
0
(u(). w0))

where, as in (9), the union is over all admissible pairs of the associated system (7), which
satisfy the initial conditions (10). Due to the convexity of ¢(U, Y (2), 2)

Vi(z,Sy) CqU,Y(2),z) VS >O0.

Also, by (7),

S S clz
I [ fatmv. 2l = g [ ol = gllns) - vl < 42,

where ¢(z) = max{||y' — || | v/, y" € Y(2)}. Hence,

(2)

g ; (7717772) € C](U,Y(Z),Z)}
= limsup V,(z,S,y) C{(m,m2) € R" <X R" | m =0, (m,n2) € ¢(U,Y(2),2)}

S—o0

Vo(2,S,y) C{(n,m2) € R™ x R | [|m]] <

It follows that

V(z) CH{n2 | (m,m2) € lirsn sup Vy(z, S,y)}

def

Co{mlm=0, (m,n) € qUY(2),2)} =V(z).

This completes the proof. Il

Note that the proof above is similar to that of Proposition 3.2 in [12] that was proved
under more restrictive conditions.
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4. Verification of the assumptions.
In this section we consider some conditions, the fulfillment of which allows one to verify

the validity of Assumptions I and II.

Exponential stability (ES) condition.
Any two solutions, y'(7) and y*(7), of the associated system (7) obtained with the same
control, possess the following convergence property:

ly'(7) = y*(7)l] < ae™[ly"(0) = y*(0)]|  ¥7 20, (47)
where a and [ are positive constants (same for all z € N(Z2)).

If the ES condition is satisfied, then the system (7) has a forward invariant set which, also,
is a global attractor for all of its solutions (Theorem 3.1(ii) in [12]). More specifically,
there exists a compact set Y*(z) such that

Y(z,7,y) CY*(2) VYyeY*(z), 7>0 (48)

du(Y(z,7,9),Y*(2)) < aye ™ dist(y,Y*(2)) Vy € R™, >0, (49)

where a; = const and Y (z,7,y) C R™ is the reachability set of (7), that is, the set of
points which can be reached at the moment 7 by the trajectories of (7) obtained with all
controls and the initial conditions y(0) = y.

Proposition 4.1. Let the ES condition be satisfied and there exists r > 0 such that
y+rBCY*(z) VzeN(2) (50)

for some y € Y*(z), with B being the closed unit ball in R™. Then Assumptions 1 and 11
will be satisfied if Y (z) is such that: (i) it contains Y*(z) for any z € N(Z) and (it) for
every y € Y (z), there exists an admissible pair (u(7),y(T)) satisfying the relationships:

y(0) =y, y(T) €Y' (2) (51)

for some T € [0,b] (b> 0 is a given constant).

Proof of this proposition is given in the end of this section.

Remarks. (i) Note that the set V(z) will be the same for all Y(2) containing Y*(z), and,
thus, the same will be the ADI (16) the solutions of which approximate the z-components
of the near viable solutions of the SPCS (1)-(2). Note also that the assumption about the
validity of (50) is not required if Y (2) = Y*(2).

(ii) It is easy to verify (see e.g. [14]) that the ES condition will be satisfied if there exist
positive definite matrices C and D such that, for any ', 4> € R™ and any u € U, 2z € N(z),

(flu,y',2) — fu,y?,2) O — ) < —(y' —*)"D(y' — ).

The fulfillment of the latter condition can be guaranteed if, e.g., f(u,y,2) is linear in
(u, y):
flu,y,2) = F(z)y + G(2)u, (52)
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Y (2)-strong controllability condition (Y (z)-SC).

For any v, y” € Y(z), there exists an admissible pair (u(7),y(7)) of the system (7) such
that y(0) = v and y(7) = y” for some 7 € [0,b] (b > 0 is a given constant). That is, any
two points of Y (z) can be connected by an admissible solution of (7) within a uniformly
bounded interval of time.

It is obvious that the Y (2)-SC condition implies the validity of Assumption I(i). The
following statement establishes that it also implies the validity of Assumption II(ii).

Proposition 4.2. If the Y (2)-SC condition is satisfied, then Assumption 11(ii) is valid.

Proof. Using the Y (2)-SC condition, one can verify that, for some constant ¢ > 0,

dg(V(2,5,9),V(z,5,9")) < vy y" € Y(z), S>b. (53)

c
S
The validity of Assumption II(ii) can be proved on the basis of (53) by following exactly
the same steps as those in the proof of the corresponding result in [11] or as those in the

proof of Proposition 3.2 in [17], where a similar statement was established for the case
when Y(z) is forward invariant for the system (7). O

Let us now consider two sets of conditions leading to the fulfillment of Assumption I1(i).

Set A.
(i) Y(z) is convex and compact valued and there exists » > 0 such that
rBCY(z) VzeN(Z);

(ii) U is a compact subset of a Banach space and there exists «g, 1 > ag > 0, such that
aU C U, Ya € |y, 1];
(iii) The function f(u,y, z) satisfies the following “homogeneouity" condition in y and wu:

Bf(uy,z) = f(B%u, By, z) VB3>0,
where k is a positive constant.

Set B.

(i) Y(z) is convex and compact valued;

(ii) U is a convex and compact subset of a Banach space;

(iii) The function f(u,y, 2z) has the form (52) (that is, it is linear in u and y) and there
exists r > 0 such that, for any z € N(Z),

y+rBeY(z) (54)
for some g € Y (z) which, along with some @ € U, satisfy the equation

F(z)y+ G(z)u = 0. (55)

Proposition 4.3. Assumption I1(1) is valid if the conditions from the set A or conditions
from the set B are satisfied.
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Proof. Assume, first, that the conditions from the set A are satisfied. From A(i) it
follows that

A=) +0B) = (1-2v()+ (1208

= (=Y + 1= OB (1= Y () + ) B) (56)
c -+ O v,

where it is assumed that § is such that ¢ € (0,1).

Let (u’(7),4°(7)) be an arbitrary d-admissible pair for (7) on the interval [0,S] and let
u(r)=(1 - 8)mu® (1) and y(r) =1 — 8)y?(7). From the inclusions above and A(ii) it

follows that (u(7),y(7)) € U x Y (z) for 6 small enough. Also, by A(iii),

§(r) = (1= 25y = (L= D)5 (1), (1)) = Flulr),y(r)), 7 € 0, 5],

r r
Hence, the pair (u(7),y(7)) is admissible for the system (7).
Define the function ¥(6) by the equation

V(O)= sup {lla(w’ ¢/, 2) = g(u”, y", 2]

[l —u[|+][u —u"||<O

| v u" eU, o,y €Y(z)+ 0B, 2 € N(Z)},
where ¢y is a fixed positive number. In accordance with this definition, for 6 € [0, ],

lo(7), (7). 2) = gl(u(r), y(7), )|
< W) = @]+ Iy (7) ~ (ol 657

O, 0 det 7
< G0 - 0= 2 mallll+ ) max gl 900)
Note that, due to the continuity of g(u,y, z), the function ¥ (0) tends to zero as 6 tends
to zero and, hence, the function 1)(8) (introduced above) tends to zero as ¢ tends to
zero. Since (u°(7),y°(7)) is an arbitrary d-admissible pair, the inequality obtained above
implies that

V3(2,8) Cc V(z,S) +0(6)B,

where B’ is the closed unit ball in R™. This and (12) imply the validity of Assumption

11(i) with 14(S,8) = ¢(6) in (13).
Assume now that the conditions from the set B are satisfied. By (54), rB C Y(z) — ¥.
Hence, similarly to (56), one can obtain

J

(1-— ;)(Y(z) —y+6B)CY(z)—y = (1- g)(Y(z) +0B) + gy CY(z) (58)

Let (u®(7),y°(7)) be an arbitrary §-admissible pair for (7) on the interval [0, S] and let

R T L A O R R
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By the condition B(ii) and (58), (u(7),y(7)) € U x Y (z) for § such that £ € (0,1). Also,
by (52) and (55),

J

() = (1= D)if(7) = (1= SYFEW () + G () + 2 (F(2)y + Gl)a)

— F(2)y(r) + G()u(r).
That is, the pair (u(7),y(7)) is admissible for the system (7). Similarly to (57),
lg(u’(7),5°(7),2) = g((u(r),y(r),2)| < &(|[u’(r) —w(r)]| + [ly’(T) = y(7)I])
< v@maxllull = maxlgl) # 60) = VA(E8) C V() + o8,

y€Y (2)+6B,zEN
This and (12) imply the validity of Assumption II(i) with v (S, d) = ¢(4) in (13). O

Corollary 4.4. Assume that the map Y (z) is conver and compact valued and that (44)
is satisfied. Assume also that f(u,y) = u, g(u,y, z) = g(u,y), and that U = B (as in the
SPCS (42)-(43)). Then Assumptions 1 and 11 are valid.

Proof. Under the assumptions made, (52) is true with F(z) = 0, G(z) = I (identity
matrix) and the conditions from the set B are satisfied with @ = 0 and § = 0. Also the
Y (2)-SC condition is satisfied. Hence, by Propositions 4.2 and 4.3, Assumption II is valid.
The verification of Assumption I is obvious. Il

Proof of Proposition 4.1. The existence of the admissible pair satisfying (51) and the
fact that Y*(z) is forward invariant imply that Assumption I(i) is satisfied. The validity
of Assumptions I(ii) readily follows from (49), (50).

To establish the validity of Assumption II, let us introduce the following set of time
averages

‘A/(,Z,S,y)d:ef U {%/ g(u(T),y(T),z)dT} (59)
(u(), v0)) "

where, in contrast to (9) or (11), the union is over all (not only over admissible or ¢-
admissible) controls and corresponding solutions of (7) which satisfy (10). Note that

Vi(z,8,y) c V(2 8y) cV(z,8y) VyeY(z) (60)

and that )
V(2,8,y) =V°(z,8,y) =V(z,8y) VyeY(z), (61)

the latter being valid since Y*(z) is forward invariant. It is easy to verify that from
the validity of (47) and the Lipschitz continuity of g(u,y, 2z) in y it follows that, for any
compact set (), there exists a constant ¢ such that

dg(V(z,8,4),V (2, S8.y")) Vo' y" €@, S >0. (62)

c
< —
- S
This, in turns, implies (see Theorem 3.1(i) in [12], Proposition 3.2 in [17] and earlier
results in [11]) that there exists a convex and compact set V(z) and a constant ¢ such
that

dy(V(z,8,y),V(2)) < VyeqQ, S>1. (63)
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Hence, by (60),

CI‘)|Q>>

V(z,S,y) CV(z)+ —B VyeY(z), S>1, (64)

1
2
where B’ is the closed unit ball in R" and ¢ = const. Note that, due to the uniformity of

the estimate (62) with respect to z € N(Z), the constant ¢ can be chosen to be the same
for all z € N(Z).

Let now y € Y (2) and let (u(7), y(7)) be an admissible pair which has the initial conditions
7(0) = y and which satisfies the inclusion g(7) € Y*(z). Using the definition of the set
V(z,S,y), one can establish that the following inclusion is valid

5 [ 900502 + 5TV S < R glP) € VS, (63
Using (63), one can obtain that
I S—7F _ c 1
dulg [ 0(atr)50)2) + S5 VS =55, VE) £ = 0(gp)

V() C = /OTg(u(T), 7))+ 22TV (s~ 29(7) + OB

Since, by (61), V(2,5 — 7, 5(7)) = V(2,5 — 7, §(7)), from (65) it follows that

Y|

V(z) C V(= S,y) + 0(%)3' Wy € Y(2). (66)

This, along with (64), lead to the validity of Assumption I1(ii), with 15(S) = O(
(14). Note that the latter implies, in particular, that

du(V(z,5),V(2)) = O(Z7)

N (67)

1
2

1

1
2

= V(2) cV(z,8) +0(—)B c V°(z,8) + O(—)B'.

From (60) and (63) it follows, on the other hand, that

1

1
2

V9 c | {V(z,s,y)}cv<z)+0( )B'.

yeyY?(2)
Hence, dg(V° ), V(2)) = O(SL%) This and (67) establish the validity of Assumption

(2,8
I1(i), with 14(S,9) = O(SL%) in (13). The proof is completed. O
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5. Proofs of Theorems 2.1, 2.2

Proof of Theorem 2.1(i). Let us rewrite the system (1)-(2) in the “stretched" time

scale T = ﬁ

y(r) = f(u(r),y(7), 2(7)), (68)
(1) = eg(u(r),y(7), (7)), (69)
where the controls are measurable functions satisfying the inclusion u(7) € U.

In this time scale, the inequality (5) defining the near viability of the SPCS on the interval
[0, T is replaced by
max dist((y*?(1),2°%(1)), D) < vr(e). (70)

€0, L]

Note that here (and everywhere else in the proof of Theorem 2.1) we write (y*?(7), 2°7(7))

instead of (yP(7), 22P(7)) and, similarly, we will write z*(¢) instead of 2Z(¢) (thus omitting

the subscript € from our notations).

Let (y*"(7),2°"(7)) be a solution of (68)-(69) which satisfies (70). To prove Theorem
2.1(7), one needs to establish that there exists a solution z%(t) of the ADI (16) which is
viable in Z on [0, 7] and satisfies the inequality

max |[2*(7) — 2%(e7)|| < pr(e). (71)

€0, L]

We will do it in two stages. First, we will construct a solution 2%(¢) of the ADI (16) (not
necessarily viable in Z) such that

max |[z*(7) — 2*(e7)|| < py(e), (72)
TE[O,%]

where lim,_o p/-(e) = 0. Secondly, we will show that there exists a solution z%(¢) of the
ADI (16) which is viable in Z on [0, 7] and satisfies the inequality

a __ za < "
e [129(t) = Z2*(0)]] < pp(e), (73)

where lim_q z/-(¢) = 0. This will establish (71) with gz (€) = 1 (€) + 1l (e).
Let us partition the interval [0, £] by the points

€ © T
T d:flSG I = 07 1a ey K67 TKe+1 de?’ (74)

where S, is a function of € such that

lim S, = oo, liII(l) eSe =0

e—0

and K. is the integer part of % (Tk, = Tr.4+1 if % is integer).

Denote by (y°P(1), 2*?(7)) € D the projection of (y*P(7), 2*?(7)) onto D. By (70),

mex (P (7), 2 (7)) = (7 (), 27 (7)) < vr(e)
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Hence,

|27(r) — 2*()l| < vele)  Wre [0, 7] (75)

and

dist(y* (), Y (2°(7)) < [[y™(7) = P (T)|| < wrle) V7 e[0, %]- (76)

Note that from (75) it follows that, V7 € |7, 7141],
[12%(7) = 2P ()| < [[2°(7) = 2P ()| + |27 (m) — 2P (n)|| < MeSe +vr(e)  (77)

for sufficiently small €, with

def

M = max{||g(u,y, 2)|| | u € U, (y,2) € D}, (78)

and D being a sufficiently large compact subset of R™ x R"™ which, in particular, contains
D in its interior. Note also that (75)-(77) together with (3) imply that, V7 € |7, 741,

dist(y™ (1), Y (2 (7))
< dist(y™(7), Y (2%(7))) + du (Y (2°7(7)), Y (z*(7)))) + du (Y (z*(7)), Y (2*(1))) (79)

< vp(e) + k(vp(e)) + k(MeS. + vp(e)) = w(e).

Denote by y;(7) the solution of the associated system (7) considered on the interval |7, 71 1]
with the control u(7) (the same as the one used to obtain (y**(7), 2°(7))), with the initial
conditions y,(7;) = y*(;), and with z = z°(7;). One has

ly (1) — w(7)]] < / 1 Cus), 977(5), 27(5)) — Fuls),m(s), 22(m))ds
n (80)
<L / 1y (s) — ()] + |27 (s) — 27 (m)||)ds

Tl

where L is a Lipschitz constant. Using (77), one can obtain from here that
|y (1) = ()| < LS[MeSe + vr(e)] + L/ 1y (s) — wi(s)llds,
T

whereas, by Gronwall-Bellman lemma, it follows that

ly™?(7) = ()| < LS[MeSe + vr(e)le™™ V7 € [, 7.

Assuming (without loss of generality) that vp(e) > € and taking S, = 5-In——, one

vr(e)’
obtains now that, for sufficiently small ¢, !

1y (7) = wi()l] < [LMSE + 1]wr(e) <vie) Vr€lmmal. (81)

The latter inequality and (79) imply that

w(r) €Y (2*(n)) +6(e)B V7 € [m, 7], (82)
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with d(e) dzefw(E) + Vii(‘?)-
By definition (see(11)),

1 Ti+1
o [ ot ulm) 2wy € VIO, S,), (53)
€ Tl
Hence, by (15), there exists v, € V(z*(7;)) such that

||— /Tz+1 g(U(T)a yl(7'>7 ZSP(Tl»dT — Ul|| < 1/1(56, 5(6)) + 1/2(5'6) d:efwl(e)_ (84)

Tl

Let (o = 2°2(7p) and
CH—l :Cl_‘_eseﬁl; [ :Oala-";Ke_ 17 (85)

where 0 is the projection of v; onto V((;). Note that from (21) and (75) it follows that

loe = ail| = dist(v, V(G)) < du(V(2(1)), V(Q)) < LI[2" (1) = Gl

86
< L=(n) - Gl + Lur (o). (%)
Subtracting (85) from the equation
Ti+1
() = 2(m) ke [ glulr).y ()2 ()dr (87)

Tl

and taking into account (77), (84), (86), one obtains
12 (7141) — G

12°(m) = Gl + € /nﬂ g (u(r), 4 (1), 2 (7)) = g(u(r), y™(7), 2 (n))||d7

IN

1
+€SE||§

€

TI+1
/ g(u(r),y™ (1), 27 (m))dT — vi|| + €Sc|[vi — |

Tl

< |[2*(m) — Ql| + eSeL(MeSe + vr(e)) + eSews (€) + eSeL(]|2* (1) — G|
tup(e)), 1=0,1,..K.,

where L is a Lipschitz constant. Using the last inequality and applying Proposition 5.1
from [12], one can obtain that

[|12°P(m) — G| Swz2(e) VI=0,1,..K, (88)
for some ws(€) tending to zero as € tends to zero.

Similarly to the proof of Lemma 2.1 in [12], define the piece-wise linear function ((t) :
[0,7] — R"™ by the equations:

def

C(t) = Q + (t — tl>Q~Jl YVt € [tl,tl+1), [ = 0, 1, LK — 2, (89)

and C(t) = Cx_y + (t — tg.—1)0k,—1 Vt € [tx.—1,T], where t; = er. By (21), for any ¢ €
(t, tig),

dist(C(1), V(C(1))) = dist(v, V(C(1))) < dist(t, V(G)) +du(V(G), V(C()))
< LG = ¢ < LMeS,
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where M is as in (78) and it is taken into account that
sup{|[nl| | n € V(2),2 € N(2)} < M. (90)

Using Filippov’s theorem (see e.g. [7], p. 401), one can conclude now that there exists a
solution 2(t) of the ADI (16) such that

max ||2%(t) — C(t)|| < ceSe, ¢ = const, (91)
t€[0,T]

which leads to (see (88))
12 () = 2%(en)| < |[z*(m) = Gl + |G = 2*(t)]] < wa(€) +ceSe VI=0,1, .. Ke.
The latter implies (72) with p/.(€) = wa(€) + O(eS,) since
|12(7) = 2P(n)|| < MeSe, VT € [, T144], (92)

[|24(e7) — 2%(em)|| < MeS. V7 € |1, Ti41]- (93)

Let us now establish that there exists a solution z*(¢) of the ADI (16) which is viable in Z
on [0, 7] and satisfies (73). Let My stand for the set of all solutions of the ADI (16) which
are viable in Z on [0, T]. Note that from the fact V'(z) is convex and compact valued (see

Assumption II(ii)), it follows that My is compact in the metric of uniform convergence
def

pr(2/ (), 2 () 2 maxieiom [12/(0) — 2" Let ph(e) ™ minzenty pr(z'(), 22(). The
required statement will be established if one shows that lim. o p7.(€) = 0. Assume it is
not true, then there exist a positive number 5 > 0 and a sequence ¢; — 0 such that
: !/ ~a .
z/(Té?ATpT(z (),Z() =B Vvi=12,..,

where Z¢(-) stands for z%(-) with € = ¢;. Again using the fact that V'(z) is convex and
compact valued, one may assume (without loss of generality) that Z¢(-) converges to a
solution Z¢(-) of the ADI (16) (lim; . pr(Z(-),2%(-)) = 0). This "limit" solution will
satisfy the inequality

min pr(2(-), 2()) = 5. (94)

Z()EMy

On the other hand, by (70) and (72), one can write down

max dist(Z{(t), Z) < vr(e) + pp(e;) = max dist(22(t),Z2) =0 = Zzi(-) € Mgz.
te[0,7) te[0,1]

The latter inclusion contradicts (94) and, hence, proves (73). O

Proof of Theorem 2.1(ii). Let z%(t) be a solution of the ADI (16) which is viable in Z
on [0, 7] and has the initial conditions (23). The required statement will be proved if one
shows that there exists a solution (y*?(7), 2°P(7)) of (68)-(69) having the initial conditions
(25) and satisfying (70) such that the inequality (71) is valid.

Let us again partition the interval [0, £] by the points (74), this time with

1 1
Se= 5rin(), (95)



346 V. Gaitsgory / Averaging and Near Viability of Singularly Perturbed Control ...

where L is a Lipschitz constant of the function f(u,y,2) (with respect to y and z). On
the interval [ry,71), define a control u(7) in such a way that the corresponding to this
control solution y(7) of the associated system (7), obtained with z = {, and the initial
conditions y(0) = yo, satisfies the relationships:

yo(1) € Y(¢o) V7 € [0, 7], (96)

Hi/ﬂﬂwﬂmﬁﬂmm—%HSM&L (97)

70

where vy is the projection of - [ 29(¢)dt onto V/((y). As in the proof of Theorem 2.1(7),

eSe Jitg
here and in what follows, 4= e VI = 0,1,..., K. + 1. The fact that the control u(T)
ensuring the validity of (96)-(97) exists, follows from Assumption II(ii) (see (14)). Let
(y*P(7),2°P(7)) be the solution of (68)-(69) having the initial conditions (23), which is
obtained with the given control u(7) on the interval [m9, 71]. Note that, similarly to (80),
one obtains that

l57(0) =l L [ (157() = (o)l + 1276) = zalds. (99

70

Since ||2°P(s) — 2zo|| < MeSe Vs € |19, 71], one can now apply Gronwall-Bellman lemma to

obtain 1
1y (1) — yo(7)|| < LSE(MGSE)GLSe <e€r VT E 10,71 (99)

where the validity of the last inequality (for e small enough) follows from (95).

Assume that the control u(7) has been defined on the intervals [rg, ), ..., [-1,71) (I =
0,1,..., K.—1) and that the solution (y*?(7), 2°?(7)) of (68)-(69) obtained with this control
satisfies the inequalities

dist(y*?(1;),Y (2(7,))) < €1 + w(MeS,), i=0,1,..,1 (100)
and

max dist(y*F (1), Y (z*7(7))) < €+ K(MeS,) + ¢(e% + k(MeS,)), i=1,..,1 (101)

’7’6[7’1'_1,7'1‘]

where k(+), ¢(-) and M are as in (3), (8) and (78) respectively. Let us extend the definition
of the control to the interval |7, 7111).
Let ©; be the projection of % t:l“ 2%(t)dt onto V(2%(t;)) and v, be the projection of 7

onto V(2*2(7;)). Denote by y,(7) the solution of the associated system (7) considered
on the interval |7, 77,1] with z = 2°P(7;) and with the initial conditions (1) = y**(7).
Define the control u(7) on the interval [7, 741) in such a way that y;(7) has the following
properties:

y(m+a) € Y(2"(n)), (102)

dist(y,(7), Y (2*P(1))) < gb(e% + k(MeS,)) V7€ [n,m+ a (103)

for some a; € [0, a] and

u(r) €Y (2*(n) V7€ [n+a, Tl (104)
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1 Ti+1
l / g(u(r), (), 27 (m))dr — ]| < va(S. — ). (105)
Se— T+ay

The fact that a control u(7) which ensures the validity of (102)-(103) and (104)-(105)

exists follows from Assumption I(ii) and Assumption I1(ii) respectively.

The extension of the solution (y*?(7), 2°P(7)) of (68)-(69) to the interval [r, 7141] obtained
with this control satisfies the inequalities (92) and

1y (1) — (|| < et V7 € [m, ), (106)

the validity of the latter being established similarly to (99). Using (106), (104), (92), as
well as (3), one obtains

dist(y* (n+1), Y (2% (1141)))
< My (rin) = ()l + dist(yu(ri41), Y (2°7(1))) + du (Y (27(7)), Y (2 (1141))) (107)
< it k(MeS.),

which extends the validity of (100) to i = [ + 1. Similarly, using (103),

dist(y™(7),Y (2*(7)))
< |y (1) = ()l + dist(yu(7), Y (2 (1)) + du(Y (2 (7)), Y (27(7))) (108)
< et + k(MeS.) + ¢(ei + k(MeS,)) V7 € [, 7).

This implies the validity of (101) for ¢ = [ 4 1.

Proceeding as above, one defines the control u(7) and the corresponding solution (y*(7),
2°P(1)) of (68)-(69) so that (105), (108) are satisfied on each interval [7,711), | =
0,1,...K. — 1 (with (97) being interpreted as (105) with [ = 0 and ag=0). On the
"last" interval [Tk, Tk, +1] the controls is chosen so that just (108) with | = K is satisfied.

Subtract now the equation

€T1+1

2%(emy1) = 2%(em) + / 24(t)dt (109)

€T

from the equation (87) and obtain the inequality

12 (T141) — 2 (€4 )|
< |z%(n) = 2%(en)l|

s [ lgtur). (). 27 0) - glulr) ur), () e

o (110)
+656H§/ g(u(T), (1), 2 (1))dT — v|| + €Sc||vi — T|| + €S|t

€

1 €T|+1 )
- / 2(t)dt|].

€Ty

By (92) and (106),

; / T lgu(r), g (7). 27 () — glulr), (), 2P (m)ldr < S LMeS, + ¢b). (1)

Tl
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By (105),

||Si€ /T:HI 9(u(r), yu(7), 2 (1) )dT — ]

< HS%/mlg(u(f)wz(f),zsp(n))df— Sial /TZHg(U(T),yl(T),zSp(Tl))dTH (112)

T “+a;

L[ oM
+ HSE —a /TH-az g(u(7),yi (1), 2°P(m))dT — ]| < S _aa + 15(S. — a),

where it is taken into account that a; < a and it is assumed (without loss of generality)
that v5(S. — a;) < va(Se — a). Taking into account (21) and the fact that, by definition,
vy is the projection of o, € V(2%(em;)) onto V(2°F(7;)), one can obtain that

lloe — || = dist(vy, V(2P(1)) < dug(V(2%(em), V(2°P (1)) < L||z°F (1) — 2%(em)|]. (113)

To evaluate the last term in the right hand side of (110), let us note that, by (21) and
(93), for almost all 7 € |1, 741],

24(t) e V(24(t)) c V(2*(em)) + (LMeS.) B’

1 €TI41
= = / 24(t)dt € V(2%(em)) + (LMeS.) B,
€0¢

€Ty

where B’ is the closed unit ball in R™. Since o is the projection of % I :l“ 2%(t)dt onto
V' (z%(em)), it follows that

€T]+1 €TI+1
[ ;/ a(8)dt|| = dist( ;/ 2(8)dt, V(2%(en))) < LMeS..  (114)
€ € € €

Substituting (111)-(114) into (110), one can obtain that, for { =0, 1,...K, — 1,
12 (1) = 2% (emp)|| < [127(n) = 2%(em)|| + LeSe|[z*(n) — 2%(en)]| + eSey(e), (115)

Tl ¢ Jer,

where v(€) = L(MeS, + 1) + ;A/f‘; +15(Se — a) + LMeS, tends to zero as € tends to zero.

By virtue of Proposition 5.1 from [12], the validity of (115) implies that
[|2°P(11) — z2%(emn)|| < e1v(e) 1 =0,1,..., K., ¢1 = const, (116)

which, in turn, by (92)-(93), implies the validity of (71) with ur(€) = ¢1v(e) + O(eSe). To
complete the proof, one needs to verify that (y*(7), 2°(7)) satisfies (70). Note that from
the fact that (108) is valid for I = 0,1, ..., K, it follows that

def

dist(y*(1),Y (z*7(7))) < €1 + k(MeS.) + ¢(ei + r(MeS.)) Zws(e)  Vr € [0, %}. (117)

Using this and (71), one obtains

dist((y*™(7), 2 (7)), D)

min{]|y*(7) = y[| + [|2°(7) = 2[| | y € Y(2), 2 € Z}
min{]|y*(7) —y[| + [|2°(7) — 2%(eT)[| | y € Y (2"(e7))}

dist(y* (), Y (2(e7))) + [[z°(7) — 2*(e7)|| < wale) + pr(e) V€0, %],

VANRVAN

which establishes (70) with vp(e) = ws(e) + pr(e) O
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Proof of Theorem 2.2(i). Let us choose Tj in such a way that
—bTp 2ef
ae” 0=y < 1 (118)

a and let (y*P(t),z:P(t)) be a solution of (1)-(2) such that the estimate (6) is valid. By
Theorem 2.1, there exists a viable in Z on [0, T solution z%(t) of the ADI (16) such that

122(8) = 2P ()] < py(€) Yt € [0, To]. (119)

Using Theorem 2.1 again, one can establish that there exists a solution ZZ(¢) of the ADI
(16) viable in Z on the interval [T}, 2Tp] such that

[12(8) = 2P ()] < pmy(€) Yt € [To, 2T0]. (120)

By Assumption III, the solution zZ(¢) of the ADI (16) used in (119) can be extended to
the interval [Ty, 275] in such a way that, for any ¢ € [T, 275),

[122(t) = 2 (@)]] < ae™ T[22 (To) — 22(To) | (121)
This along with (119)-(120) allow us to establish that, for any ¢ € [T, 2Ty],

12(8) = 22D < Hia() Z @Ol + 1122 () = 22 @)l
< tTO[H ¢ (To) = 2 (To)l| + |22 (To) = ZX(To)[| ] + py (€)
< ae” T |2(To) — 2 (To)l| + pemy ()] + by ().

Continuing in a similar fashion, one can define a solution z%(t) of the ADI (16) on the
interval [0, c0) (not necessarily viable in Z) such that the inequalities

[122(t) = 22Ol < ae™™ [ ]22(1T0) — 22 (ITo)|] + pmy (€)] + pry (€) (122)
are satisfied for all ¢ € [ITo, (I +1)To), 1 =0,1,... . It follows (see (118)) that

|12 ((+ 1) To) — 222 ((+ DTo)| < ol |2 (1T0) — 22 (ITo)[[ + pary (€)] + poy (€)

= Iz DT) = 22+ DT < T o)

These and (122) imply that

1—|—(50 2a

a4 (0) = (O 5 + D E o). (123)

sup [[22(6) = 2270 < pry () 4t
t€[0,00) ]

Denote by M the set of all solutions of the ADI (16) which are viable in Z. According
to the conditions of the theorem, M is not empty and it can be also shown that it is
compact in the metric p(-,-) defined in (29). Let fi(e) = mlnz( yem P(ZE(+), 2(+)). Theorem
2.2(i) will be established if one shows that lim. o fi(¢) = 0. Assume it is not true. Then
there exist a positive number 3 and a sequence ¢; — 0 such that

L P, () 26 i=12
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Using the fact that the map V/(z) is convex and compact valued, one can show that there
exist subsequences {e;,} C {e;, ,}, | = 1,2,..., with {&,}< {&}, such that, for each I,
z% (+) converges (in the uniform metric on [0,[]) to a solution the ADI (16). That is,

Gil

I 73(-) — 2(-))|| = 0.
Jim, masc [|22() = 2 ()]

Applying now the diagonalization argument, one can come to the conclusion that there
exists a subsequence {e;} C {¢;} and a solution z%(-) of the ADI (16) defined on [0, c0)
such that

lim (= (). () =0 = _inf p(E().2() 2 6 (124)

From (6) and (123) it follows, however, that

sup dist(zZZ, (t),2) <wv(ey)+jp(ey) = 2 (t)e ZVte[0,00) = ZzZ)eM
t€(0,00) !

The latter contradicts (124) and thus proves the required statement. O

Proof of Theorem 2.2(ii). Let 2%(t) be a viable in D solution of the ADI (16). Choose
To to satisfy (118). By Theorem 2.1(i7), there exists a solution (y°*(t), z*P(t)) of the SPCS
(1)-(2) which is near viable in D on [0, Tp], has the initial conditions z*(0) = 2*(0) and
yeP(0) € Y(2%(0)), and which satisfies the inequality

2P (t) = 2*(DI] < py (€)Yt € [0, To] - (125)
Construct a solution Z%(t) of the ADI (16) such that
[122(8) = 2] < ae™™NZH(To) = 2%(To)l| - Yt € [To,2T],  2(To) = 227 (To). (126)

The existence of such a solution is implied by Assumption III. Note that Z%(¢) is not
necessarily viable in D, but, still, using reasoning similar to that in the proof of Theorem
2.1(7), one can extend the solution (y(t), z*P(t)) of the SPCS (1)-(2) to the interval
[Ty, 2T5] in such a way that

|27(t) = 22O < pry(e) Vi € [To, 2T0] (127)

and
dist(yeP(t), Y (2(1))) < pmy () Vit € [To, 2T (128)

By (126) and (127),

[22P(t) — 2()|] < ||22P(t) — 28 ()[] + || 22 (t) — 2 (1)]]
< gy (€) + ae P2 (Ty) — 2%(Ty)|| Wt € [To, 2T).

Continuing in a similar way, one constructs a solution (y(t), z2P(t)) of the SPCS (1)-(2)
on the interval [0, 00) in such a way that the relationships

[[27(t) = 2*(D)]] < pmy (€) + ae™ |22 (1Ty) — 2*(1T)| (129)

and
dist(y? (1), Y (22°(1))) < pry (€) (130)
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are satisfied for t € [ITp, (I + 1)Tp], { =0,1,... . From (118) and (129) it follows that
|22 ((+ D)To) — 2*((L+ 1)To)|| < pmy (€) 4 do] |27 (1T0) — = (ITp) |

= |rz:p(lTo)—za<ZTo>|ys‘1‘To—(§>, I—0.1....
— 00

The latter and (129) implies that

sup [[227(t) — 2 ()] < (1 + )y (€) = p(e)

t€[0,00) 1-— 50

which, in turn, implies the validity of (31). Taking into account (3) and (130), one obtains
now that

dist((yeP (1), 27 (1)), D) < min[[y(t) —yl[ + [[22(1) = 2O [ y € Y(z*(1))}
< dist(yP (1), Y (2*(1)) + p(e)
< dist(y(t), Y (22°(8) + k(p(e) + nle)
< pry(€) + R(ple)) + ple) Vi€ [0,00).

Hence, (yP(t), 22P(t)) satisfies (6) with v(e) = pr,(€) + r(p(e)) + p(e), that is, it is near
viable in D. This completes the proof. Il
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