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1. Introduction

In this paper we provide an extension of some well-known results which relate an element
of the viscosity subdifferential (or subjet) of the infimal convolution (regularisation) of
a lower—semicontinuous, prox—bounded function, to an element of the original function
at a perturbed base point (see [7, Appendix AJ, [19], [21]). This kind of result was
pivotal to the development of general conditions for the comparison principle for fully-
nonlinear elliptic partial differential equations. It has also found application in some areas
of nonsmooth analysis where it is used to provide C''! smooth approximations for the class
of “prox-regular” functions ([24], [28], [30], [26] and [11]). We recall that a function is
OY! when its gradient exists and this gradient is also Lipschitz continuous. Motivated in
part by the desire to study a C''! approximation for a very general class of functions we
consider the Lasry-Lions double—envelope and some related constructions, instead of the
infimal convolution. It is well documented that the Lasry-Lions double—envelope produces
a C'Ml-approximation of a prox-bounded function [22]. The effect this double-envelope
has on the second-order (sub-)differential information of the original function is not well
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understood. There have been some attempts to quantify this [8] but in this paper we
provide for the first time a full analysis of this problem.

There are some notable attempts to study limits of first-order (sub-)differentials provided
by a family of convergent functions. Most of these studies either consider the closed, con-
vex hull of the accumulation points provided by the first-order (sub—)derivatives of a
convergent family or restrict consideration to a special class of functions. In [13, 14] the
authors study locally Lipschitz functions on both Hilbert and Banach spaces, that are
globally minorised by a translation of a negative multiple of the norm squared (i.e. the
functions are prox-bounded). In a general Banach space the Clarke subdifferential is
shown to be generated by the weak* convex hull of a weak* upper limit of the Clarke
subdifferentials of the family of Lasry—Lions double envelopes. This work extended the
earlier work of [4, 5] which was based on an interesting geometric approach. In [6] prox-
regular, subdifferentially continuous functions on a Hilbert space are studied. A number
of results first established in finite dimensions in [24] are shown to hold in infinite di-
mensions. In the main these concern the C'! property of the infimal convolution of such
functions, the hypomonotonicity of the f-attentive, e-localization of the subdifferential
and the characterisation and single-valuedness of the associated prox-mapping. The work
of [20] is most similar to that embarked on here. The upper limit of the G—subdifferential
(introduced in [16, 17]), for a uniformly convergent family of functions, is shown to contain
the G—subdifferential of the limiting function. In the context of an Asplund space this
result is used to show that the limiting Fréchet subdifferential of a lower semi—continuous,
prox—bounded function may be characterised via limits of the Fréchet subdifferentials of
its infimal convolutions. Although we restrict attention to finite dimensions we study the
most general class of functions that is possible to consider: namely the class of lower semi—
continuous, prox-bounded functions and consider the differential information provided by
their Lasry—Lions approximations. We consider the most general result that is possible in
this context, namely: the characterisation of the basic subdifferential (resp. the limiting
subhessians) via sets of accumulation points of gradients (resp. Hessians) of the family of
Lasry—Lions double envelopes. In the context of finite dimensions the work in this paper
not only extends known results concerning the characterisation of the Clarke subdiffer-
ential using the Lasry—Lions approximation, to ones involving the characterisation of the
(basic) subdifferential but also extend the analysis to the second-order level.

A convenient way to understand the presence of the C'! property is to invoke a result
which was probably first noted by Hiriart—Urruty and Plazanet [15]. A function f : R" —
IR is locally para—convex around z if there exists r > 0 such that the function f(-)+Z%| [
is convex on some neighbourhood of z. Similarly a function is locally para—concave when
— f is locally para—convex. In [15] it is noted that a function is locally C'! precisely when
it is simultaneously locally para—convex and para—concave. Consider a prox—bounded
function f (i.e. a function globally minorized by some quadratic of the form a — 4|y — z||?
for some 7 > 0 and y € IR" and where the quantity r(f) is the infimum over all such
constants r). The infimal convolution

1
@)= imf {f(y) + 51l = ylI*}

is globally para—concave in that  — f\(x) — 55 [|z[|? is a continuous, concave function for
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0 < XA < r~L. Similarly the supremal deconvolution

B ) — 1 2
fH(x) = yseLﬁ%{ﬂy) ~ 5l =l

provides a para—convex function in that z — f*(z) + i”x”g is globally finite and convex
when — f is prox—bounded and p > 0 is sufficiently small. The combination of these two
operations results in an approximation which inherits both properties and hence becomes
CY1. One such object is the Lasry-Lions double-envelope: for 0 < p < A < 7(f)~! (where
the quantity 7(f) := max{0,r(f)} and 7(f)~"' is called the prox-threshold of f, see [30])
defined as

uae) =sup {int () + 5l = wlP) = 5= o}

In this paper we find it convenient to consider a related construction. The proximal hull
haf of a function f is given by hyf(z) = (f1)* () and corresponds to the supremum
of all quadratics of the form x — a — %Hx — w||? majorized by f. It is a proper lower
semi—continuous function when A < 7(f)™!. For 0 < g and 0 < A < 7(f)~! we define the
p—proximal hull of the infimal convolution fy by

I = hu(fx)-

This is well defined irrespective of the relative magnitude of the parameters A\, u > 0. A
number of equivalent formulas exist for this object and we refer the reader to [30] for a
discussion of these. In particular we have fy, = (fa4.)"* = fotu)u-

In [21], [19] and [7] versions of the following result was observed. Let 9%~ f(x) denote the
subjet of viscosity-solution theory which consists of the collection of all (V(x), VZ¢(z))
where ¢ € C*(IR") attains minger»(f(y) — ¢(y)) at 2. Under only the assumption of
f :IR" — IR being prox-bounded and lower semi-continuous we have (for 0 < A\ < 7(f)™!)
that (p,Q) € 0%~ f\(Z) implies

(0.Q) € P f(E D) and  f(E )= F(®) ~ 5ol 1)

When considering 9%~ fy,(z) this result is still useful when applied to the inner operation
of fau = (foagp)". First we are faced with the problem of considering the subjet of the
supremal deconvolution of a para—concave function fy;,. In this paper we give an explicit
formula which relates the subjet of the deconvolution of a para—concave function to the
subjet of an underlying para—concave function. We may then use these to extend (1) to
where we use fy, instead of the infimal convolution of the function. Care must be taken
when estimating the size of parameters used to obtained positive results. In particular
we require the use of matrices (3Q),, that satisfy

1 1 1
inf {(= — |y —z|*} = (= :
e ((5Q00) + -l = 2l) = (@)
These matrices only exist when /446 € int P(n), where P(n) denote the cone of positive-
semidefinite n X n matrices (and of course intP(n) corresponds to the positive-definite
forms).
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Amongst a number of other results we show the following: Let 0 < u, A where A+pu < F%f)

(7(f) the prox—threshold of f). Then, if (p, Q) € 8%~ fy(z) such that I + @ € int P(n),
then

1 _ _ A

( 2(50) ) € S —p) with fuu(e) = f(z = 2p) + Sl
o

This enables the proof of the following two very striking expressions, the first for the

(basic) subdifferential of nonsmooth analysis [30];

0f (@) = limsup { V1, (') | 2 = 2, fuu(a) = f(2) and (A, ) L (0,0), A >0}

and the second for the limiting subjet of viscosity-solution theory [7] and nonsmooth
analysis [23], [18] and [9];

& f(x) = limsup {(fom(x'), Q) | 2" € So(fau), 2" — x, fau(a’) — f(o);

Q <y V3 faule!) and (A, p) | (0,0), Agu >0},

where @) <p(,) A means A —Q € P(n) and Sy(f).) denotes the points of second-order
differentiability of fy,, (which according to a classical result of Aleksandrov is a set of full
Lebesgue measure).

2. Preliminaries

In this section we provide the relevant concepts and notation taken from variational and
nonsmooth analysis [30] that we require in this paper. Readers familiar with the book [30]
and the concept of viscosity subdifferentials [7], [18] and [23] may skip this section only
to return to consult definitions for relevant notation. As usual we denote the gradient of
a smooth function ¢ : R" — IR at a point by Vf(Z) and its Hessian at z by V2f(z).
When V f(x) exists for x € Q and z — V f(z) is Lipschitz continuous we will say f is C1!
on the set 2 (or f € CH1(Q)). Endow IR" with a norm || - || and denote the open ball at z
of radius § > 0 by Bs(z) :={y € R" | ||z — Z|| < 6}. We deal exclusively with extended—
real-valued functions f : R" — IR := IRU{+o00} on a space of finite dimension n. Denote
the vector space of all real symmetric matrices of dimension n x n by S(n) and endow
it with the Frobenius inner product (@, M) := trace M'Q for any Q,M € S(n). We
call matrices of the form xz! € S(n) rank-1 matrices and conveniently (Q, za') = x'Qux
which we refer to as quadratic forms. A matrix is positive—semidefinite when z'Qx > 0
for all  and we denote this conic subset of S(n) by P(n). Clearly int P(n) corresponds
to all positive-definite matrices. We will often have the need to consider certain special
convex subsets of S(n). Given a convex subset A C S(n) with A —P(n) C A we denote
the (symmetric) rank—1 support by ¢(A)(u) := sup{(Q,uu’) | @ € A}. The subset A
is a called a rank-1 representer when A = {Q € P(n) | (Q,uu’) < ¢(A)(u) for all u}.
There now exists an extensive literature regarding the properties of these sets [9], [10],
[11] and [12]. The class of functions ¢ : IR" — IR™ that are generated as rank-1 supports
as just described are characterized by the four properties (see [9]): properness (i.e. not
identically +o00 and never —oo), lower semi-continuity, evenness (i.e. ¢(u) = ¢(—u)) and
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positive homogeneity degree 2 (i.e. ¢(tu) = t?q(u) for t > 0). When these properties
hold there exists a rank—1 representer A C S(n) such that q(u) = ¢q(A)(u) for all u.
Any regularization operation that preserves these four properties (such as the infimal
convolution) can consequently be viewed as mapping rank—1 representers onto rank—1
representers. This fact is used frequently in this paper.

Definition 2.1. For a function f : R" — IR, we say x € Sy(f) if f(z) is finite and 3§ > 0
such that for all y € Bs(x)

F() = £@) + (T (@)oy = ) + 5 (T F @)y — ),y — ) +olly — 2]
where o(+) is the usual small-order notation.

As is usual for f : R* — IR := R U {+o0} we have epif := {(z,a) | f(z) < a}. By
r, = x we mean x, — x along with f(z,) — f(x).

Definition 2.2. Let €2 be an open subset of IR".
1. A function f: Q — IR is said to be twice sub-differentiable (or possess a subjet) at
x if f(zx) is finite and
0% f(x) = {(Vo(z), Vip(x)) : f — phas a local minimum at z
with ¢ € C*(IR™)} # 0.

We call the collection 0%~ f(z,p) :={Q € S(n) | (p,Q) € 3>~ f(z)} the subhessians

of f at (x,p).
Similarly f is said to be twice super-differentiable (or possess a superjet) at z if
f(z) is finite and

0% f(x) = {(Dy(z), D*p(x)) : f — ¢has a local maximum at
with ¢ € C*(IR™)} # 0.

We call the collection 0** f(z,p) = {Q € S(n) | (p,Q) € 0*Tf(x)} the super-
hessians of f at (z,p).
2. The limiting subjet (superjet) of f at z is defined to be respectively;

0?f(x) = limsup 0*~ f(u) and 52]”(3:) = lim sup 0> f(u).

Denote by 9°f(z,p) = {Q € S(n) | (p,Q) € &*f(x)} the limiting subhessians of f

and 52f(a:,p) ={Q eSn) | (p,Q) € 52f(a:)} are called limiting superhessians of
I

D'f(z.p) ={Q € S(n) | Q = lim V*f(x,) where {£,} C Su(f). 2, — @
and V f(z,) — p}.

The connection that the limiting subhessians have to limiting Hessians is important. The
classical Aleksandrov theorem plays an important role in that it connects the existence of
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the limiting Hessian to convexity/concavity properties (and hence to generalized convex-
ity). We state this theorem in the form provided by Rockafellar and Wets in [30, Theorem
13.51], (where we have used the equivalence between the so—called lower C* functions and
locally para—convex functions). Recall that a function is locally para—convex around Z
if there exists a neighbourhood Bs(z) and a constant A > 0 such that f(-) + 55| - [|? is
convex relative to Bs(T).

Theorem 2.3. Any locally para—convex function f on an open set O is twice differentiable
almost everywhere in the sense that there exists a set N of measure zero and at all T €
O N N¢ we have f differentiable at * and V f is differentiable at T relative to the domain
S1(f) of existence of V[ and there is a square symmetric matriz, denoted by V*f(T),
such that

Vi) = V@) + V(@) - 1) +olle —z|*) forz € Si(f).

Aleksandrov’s theorem was originally stated in terms of finite convex functions and the
existence of a quadratic (Taylor) expansion almost everywhere. This form is a consequence
of [30, Corollary 13.42] which, for completeness, we stated next in a form sufficient for our
purposes (recall that locally para—convex functions are examples of the so-called “prox—
regular” functions).

Proposition 2.4. If f : R" — R is differentiable at T and locally para—convex around
x, then the following properties are equivalent:

1. f is twice differentiable at T in the sense that there is a square symmetric matrix,
denoted by V*f(x), such that

V(@) = V@) + V(@) —7) +ollle = 2|*)  for all x € Si(f);

2. f has a quadratic (Taylor) expansion at T, in the sense that there exists a square
symmetric matriz, denoted by V2f(Z), such that

f@) = f(2) +(Vf(z), 2 —T) + %(w -2,V f(@)(x — 7)) + o]z — z]]*).

We now define some fundamental notions of first—order sub—differentiability used in non-
smooth analysis.

Definition 2.5.

1. A vector y € IR" is called a proximal sub-gradient to f at T if f(Z) is finite and for
some ¢ > 0

@) 2 f@) + (g, =7 = Sllo — 7

in a neighbourhood of . The set of all proximal sub-gradients to f at T is denoted
Opf ().
2. The limiting subdifferential is given by

Of(xz) = limsup 9, f(z') := {vllrgozv | 2y € Opf(y), Ty —f x}.

o' —fx

Denote by S,(f) = {z € R" | 9*~ f(z) # 0}.
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Definition 2.6. Let {f, f* : R" — IR, v € W} be a family of proper extended-real-
valued functions, where W is a neighbourhood of w (in some topological space). Then
the lower epi-limit e-li,_.,, f" is the function having as its epi-graph the outer limit of the
sequence of sets epi f":

epi (e-liy,y f¥) := lim sup(epif”).

v—w
The upper epi-limit e-Is,_.,, f¥ is the function having as its epigraph the inner limit of sets
epifv:
epi (e-18y—yw f) := lim inf(epi f").
v—w

When these two functions are equal, the epi-limit function e-lim,_.,, f¥ is said to exist. In
this case the sequence f* is said to epi-converge to f.

Clearly as e-li, ., f'(z) < e-18, ., f" () we have epi-convergence of f” to f occuring when
e-1sy—w fU(z) < f(x) and f(x) < e-li,—, f"(z) for all x. The upper and lower epi-limits of
the sequence f* may also be defined via composite limits (see [30]). In particular

e-1sywf’(x) = suplimsup inf fU(2'):=limsup inf f"(z')

§>0 w—w T'€Bs(x) vow T T
and e-li,_, f"(z) =supliminf inf fY(2') :=liminf inf f*(2')
§>0 v—w 2'€Bs(z) vow  x'—zx
— 13 : v /
= liminf f*(2')
' —z

Remark 2.7. In [9] it is shown that the subhessian is a rank—1 representer and rank—1
support to the subhessian could be characterized as a directional derivative i.e.

(0% £(@,p)) () = limint A (2,1, po) 1= £1(2, ), 2)
where Ay f(Z,,p, u) == &(f(T+tu)— f(Z)—t(p,u)). It also shown in [9] that f(Z,p,u) =
min{ f”(z, p,u), f’(z,p, —u)}, where

1z, pyu) = lirﬁ[i)angf(f, t,p,u’).

u' —u

We say {f"} is epi-lower semi—continuous at x with respect to f if e-li, ., f*(z) > f(x)
and epi—upper semi—continuous at x with respect to f if e-Is,_,f"(x) < f(x). For a
family of indicator functions {1cv },ew we have epi-lower (epi—upper) semi—continuity at
all z if and only if limsup,_,,, C* C C (liminf,_,, C* D C).

Remark 2.8. We may also define hypo f : = {(z,a) : a < f(x)} and
hypo (h-li, ., f*) := lim inf(hypo f*)

hypo (h-18y—y f*) := limsup(hypo f*)  etc.

Clearly

WSy f? = — (e-liymw(—f7))
and  Alipouf' = — (e1symu(—FY)).
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The next result may be found in [18] and will be used latter.

Proposition 2.9 ([18]). If f : R" — IR is proper and lower semi-continuous then we
have

D’ f(,p) — P(n) C &*f(7.p). (3)

If we assume in addition that f is continuous and para—concave around T then equality
holds in (3).

3. Some Basic Properties of the Infimal Convolutions

In this section we survey some basic properties of the infimal convolution which are used
repeatedly in the paper. A number of these properties are discussed in [30] to which we
refer the reader for proofs when it is possible to do so. Proofs are provided when a suitable
prior reference is lacking.

Definition 3.1. For any function f : R" — IR, the function f*:IR"™ — IR defined by

f*(u) = sup{(u, ) — f(z)}

T

is conjugate to f, while the function f** = (f*)* defined by

17 (@) = sup{{u,a) = ()}

Denote the infimal convolution (or regularization) of f by

A= int (7004 gglle =) = gollelP = (50 + 551-12) )

where ||z|| denotes the Euclidean norm on IR". Also define
: 1 2
Py(a) = argmin { () + 5o~

We will drive A — 0 to approximate f, unlike other studies which use a kernel 3|2 — u||?
while driving A — o0. In recent years the infimal convolution has been applied to the
study of the differentiability of convex and nonconvex functions. This may be found in

the work of Poliquin and Rockafellar [24], [25], Penot [23], Eberhard, Nyblom and Ralph,
[9], [10] and many other authors.

In [30] the concept of “prox-bounded” is used which is equivalent to f + %|| - [|* being
bounded below. This is clearly the same as the assumption of f being quadratically
minorized (by a quadratic of the form av—%||-||*). Thus a sufficient condition for f) > —oo
is A < (max{0,7})~! (and hence Py(z) # 0). The infimal of all such r is denoted by r(f).
It is possible for r(f) < 0 and so we place 7(f) := max{r(f),0} interpreting 1/0 = 400
and A; := (7(f))"! is called the proximal threshold for f. Thus when r(f) < 0 we have

fr> —oc for all A > 0.

We say a sequence { f"},en of functions on IR" is eventually prox-bounded if there exists
A > 0 such that liminf, f}(z) > —oo for some . We can define the threshold of eventual
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prox—boundedness as Afo where s is the supremum of all A such that liminf, f}(z) > —oo
for some z. Similarly we may place 7({f"}) = (Ap) "L

In [7] the following was observed. Under only the assumption of f : IR” — IR being
quadratically minorized and lower semi-continuous (see [9] for this version of the result)
we have (for 0 < A < ?1]() = Ay the prox—threshold of f)

(p, Q) € 0> fr() implies both (p, Q) € &*~ f(z — \p)
A
and (2 = Ap) = [r(@) = S pl*. (4)

We now consider the effect of adding a linear and a quadratic function before taking the
infimal convolution. We provide a proof as we are lacking a prior reference.

Lemma 3.2. For any function
A
(F = D) (2) = Ao+ 2p) = (o) = S lIpl* ()

Thus f(z) + (A/2)|plI* = fa(@ + Ap) implies (f — (p,)), () = f(Z) — (p,T), in turn

Proof. By direct calculation

(=N = it ) = o)+ gl ol

w

_ igf{f(w) + % (Ipl* = 20w, w — ) + [|w — xH2)}

Alpl?

(p, ) Hé’”
— A lpl?
igf{f(w) + %Hw —(z+ /\p)||2} — (p,x) — —Hé)”

_A
2

= flz+ ) — (p.x)— = |pl>.

Now suppose f(Z) + (A\/2)||p]|? = fa(T + A\p). We deduce from (5) that

AEEAD) = (F— 5y @)+ (5.3)+ 5 ol
= 7@+ 02l

and so (f — (p,-)), () = f(Z) — (p,z). By the definition of the infimal convolution we
have then

F(@) — {9, 2) < )~ () + 5 |7 — v

1
2\

and so p € 0,f(Z). O

or f(w) = f(z) + (p,w - 1) |7 — w®
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We now consider the effect of adding a quadratic. We provide a proof as we are lacking
a prior reference.

Proposition 3.3. Suppose f : R" — IR be lower semi—continuous and proz—bounded
with proz-threshold (r(f))~*.

1. Ifr>r(f) then hy(z) := f(x) + 5||x — Z||* has r(h,) <0, h,(Z) = f(Z) and
Q€ f(@,0) implics Q+rI € (f+ 1| —2|)(,0).
2. We have
(FO+351-=2l?) (@

x4+ Arx 1 1 r
— - - )\*2_ 2 - 72'
fﬁ»(1+Ar> 2A(1+xﬂx+ ] |MH)+2MH

3. Ifr(f) > 0 we may take r = r(f) in part 1.

Proof. First take r > r(f) and 0 < ¢ < r —r(f). Asr —e > r(f) there exists 3 such
that f(z) > 8 — 5=||«||* for all z. Let a:= 3+ (g — %) |z]|* then consider

oS-l = o=@l - ]l +r(e,7) - 5]l
< (a=ZlalP) = = lall? + lall (rlizl = Slall) . (7)
If 2|z < ||z| then (r||Z]| — £[|z]|) < 0 and we may drop the last term in (7). When
T || 5 = r2 || =
loll < Z)@| we have [la]| (rilz]| - $llzl)) < 2*|12]1%. Thus
212 - -
o= gllo —alP < (o= FlalP + 2 el ) - 5ol = 5 - "5 el < fto)

for all . Then it follows that
r _
m@»=ﬂ@+§w—xW2w

Thus for all » > r(f) we have (h,), > —oo for all A > 0. Thus r(h,) < 0. The other
statements in 1 follow easily from definitions.

(7645 =al+ 550-12) ()

= sup{(w, 3} + (w,r7) = () - 50+ PP} - Hol?

Consider

= supflw. 5 ) = (Gl + £ )3 - Flal?
= supffw, ) - (%(%)Hw\ﬁ +f(w))>}— 3 lal?

11 R g=n
- <§< ; )||-||2+f(-)> (”—W)—gnmn? 0
1+7rA 1+Ar
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Thus we have
T+ AT\ 1 T+ AT, 1 5 R
f<1ﬁM>(1+Ar> B 225 )H 1+ Mr | (f(”?(lﬁ»)” H) <1+)\7“)
1
S22
+i||x||2 (s L =alr+ =1 17) (5) - el
2\ 2 2\ A 2

1 1 T
_ VEl2 — 2\ _ Tyap2
» <1+M|Isc+ 7| Hxn) el

() + 5] - =2 (). (9)

e 4 A - HxH?)

From (9) we see that (f(-) + 2| - —z||?)(z) > —oo whenever fiao (HAE) > —oo
which only occurs when m < 7(f)~'. But when r(f) = 7(f) > 0 this is equivalently
expressed as ﬁ < ﬁ which holds for all A > 0 thus 7(h,(s)) < 0 and h, () is well
defined. O

The supremal deconvolution is defined by
Pe) = supy f(w) — ol —
w 2\
_ 1 2 T 1 2
= (g 1P-1) Ot = gl (10)

The proximal hull hyf of a function f is given by hyf(z) = (f1)* (z) and corresponds to
the supremum of all quadratics of the form 2 — « — 3|l — w||* majorized by f. It is a
proper lower semi-continuous function when A < X := #(f)~!,

Definition 3.4.
1. The Lasry-Lions double-envelope for 0 < u < A < A = #(f)~! (the prox-threshold
of f) is defined by

hae) = sup { Aw) = oo~ ul?

1 1
= sup {inr {0+ g = P - oo — )

2. For0 < pand 0 < A< A= 7(f)"! the y—proximal hull h,(fy) of the infimal
convolution fy is denoted by fy,.

We now turn our attention to the epi-convergence of the Lasry—Lions double envelope.

Proposition 3.5 ([30]). Let f : R" — R be proper, lower—semicontinuous and prox-
bounded with threshold X := 7#(f)~'. Then for every X € (0, \) the set Pyf(x) is nonempty
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and compact, while the value fy(x) is finite and depends continuously on (A, x), with

@) T f(x) forallz as X | 0.

In fact, fyw(2¥) — f(z) whenever z¥ — T and N\’ | 0 in (0,)) in such a way that the
sequence {||z¥ — Z|| /N }oen is bounded.

Furthermore, if w’ € Py f(z) , 2¥ — & and \¥ — X € (0, \), then the sequence {w"},ex
is bounded and all its cluster points lie in Py f(Z).

The following results show the connection between the Lasry-Lions double envelope and
the infimal convolution of proximal hull and the intermediacy property of the Lasry—Lions
double envelope.

Proposition 3.6 ([30]). Let f: R" — R be proper, lower semi—continuous and proz—
bounded with 0 < p < A < A=7(f)"'. Then

Lo fap= )y =P (o) = fomu
2. H<hu<hou<f

The following epi-limit property appears as Proposition 7.4 in [30].

Proposition 3.7. Let f : R" — R be lower semicontinuous and proper. The following
property holds for any sequence {f"},en of functions on R". If f{ < f* < f¥ with
fi = f and fy —° f, then f¥ —° f.

The Lasry-Lions double—envelopes then have fy , —¢ fasA | Oand | O with 0 < p < A,
because of the sandwiching fi < f, < fa, that was recalled in Propositions 3.6 and
3.7.

Lemma 3.8. Suppose f¥ : IR" — R is eventually prox—bounded and epi-converges to f
asv —w and p < X < 7({f°})"! (the eventual uniform proz-threshold for the f*). Then
the family {fy ,} converges continuously to fx, (i.e. [y ,(x") — fou(x) for all x* — x ).

Proof. First note that by Theorem 7.37 of [30] we have f{ — f\ uniformly on bounded
sets for A < 7({f*})~". Let p < i < X <7({f"})~". Take 3 and b such that f}  (b) < S
for all v and hence for all y

1
fﬂw§ﬁ+§ﬁw—Mﬁ

Let ¥ — x (and so {||z"| }, is uniformly bounded) and choose p so that p > max, ||b—z"|.
Now as fy — 55| - [|* is concave and we may bound above

1 , 1 1
v . v < . b - 2 = v 2
N ZMHx ylI© < B+ 2/]” yl| 2’u||55 yll

1 ﬁ_ﬂ) 2 1
< B—z|—— ) lly=0b|"+=—|ll=" = bl (ly = b|| + ||z" — y
5 ( L I Clly = ol + ] I

1 u—u) 5, P
< ﬁ——(— y—0b||* +— (2|ly — b]| + p) := h(y).
5 (5 Iy =0l + 22 2l = b+ ) = )
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As h has bounded upper level-sets we have argmax(fy(-) — i”x” —|I*) # 0 for all
v and as both f{ and —ﬁ”m” — +||* uniformly converge on bounded sets we have that

INOE= i”x” — +||* hypo-converges to fi(-) — i”x —+||* as v — w, since ¥ — x. Hence

1

max{fX(y) - EHI” ="}t = (") = faul2),

verifying continuous convergence. L

4. Subhessians of the Infimal Convolution

In recent years the infimal convolution has been applied to the study of the differentiability
of convex and nonconvex functions. This may be found in the work of Poliquin and
Rockafellar [24], [25], Penot [23], Eberhard, Nyblom and Ralph, [9], [10] and many other
authors. One of the main motivations for their work stems from the following observation
which was probably first observed by Hiriart—Urruty and Plazanet in [15] (an alternative
proof of this result is provided in [11]).

Lemma 4.1. A function f : IR™ — R is locally CY' around T if and only if it is simul-
taneously locally para-conver and para-concave around T, and finite valued.

The infimal convolution produces a para—concave function and the supremal deconvolution
results in a para—convex function. The Lasry—Lions double-envelope combines both in a
way that is designed to produce a C*'(IR") function.

Definition 4.2. Suppose that f : IR" — R is a lower semi-continuous function.

L Let gu(A)(u) = infuer{a(A)(w) + &l — ]2} and
Ay = {Q € S(n) | (Q,uut) < 2qA(%A)(u) for all u € R"), (11)

where ¢(A)(w) := supge4{w, Q).
2. Denote 0y~ f(x,p) == (0> f(z,p)),.

Such smoothing may be alternatively viewed in terms of infimal convolution smoothings
of the associated quadratic forms rather than the smoothing of the rank-1 support. This
follows from the observation that the form gg(u) := (Q,uu’) has an infimal convolution
characterised as follows (the star denotes the convex conjugate)

1
(40)5 (h) = S IPII® = Ad74arq(h) where (12)
—00 if I +2XQ ¢ P(n)
o) =4 1) +(h) i I4+2XQ € P(n)\ (int P(n)), h € Im (I +2)XQ)
ArvaxQ\M) = qr4220)-1(h) if T4+ 2XQ € int P(n)

o0 if b ¢ Tm (I + 2)Q)

and Im (I 4+ 2)\Q) denotes the image or range and (I 4+ 2\Q)* the Moore-Penrose inverse.
For A > 0 sufficiently small the minimum in min,{(Qn,n) + 55 ||h — n|I°} is achieved at a
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unique point 1 and is the solution to the equation 2Qn + %(n — h) = 0. That is a unique
minimum occurs at n = (I + 2AQ)~*h if and only if I + 2AQ is invertible which occurs if
and only if 7 4+ 2XQ € int P(n). Thus I 4+ 2AQ € int P(n) is also a sufficient condition for
(90)r = qo,- When this occurs we will (loosely) say that Qy is a quadratic form.

The next result first appeared in a looser form in [9, Proposition 8] (i.e. the result does
not state how small A must be to obtain the inclusions). As we require explicit bounds
on how small A must be taken in order to obtain certain results we provide a proof in an
appendix.

Proposition 4.3. Suppose that f : R" — R is a lower semi-continuous function which
has a global minimum at T.

1. Suppose I + A\Q € int P(n). If (0,Q) € 8>~ f() then there exists p € C*(R") with
o(-) < f(+) in a neighbourhood of T and with () = f(Z). In addition (0,Q) =
(V(2), V2(#)) and (0,2(5Q)s) = (Vioa(2), V2ioa(2).

2. Also we may write for all h € IR" and A > 0 with I + \Q € int P(n)

<v2g0>\((z’)h,h> == <Q)\,hht>
1 1 1
= 2f{(50Qnm) + 5y Ih = nl*y = 25Q hh)x < (Q, hi')

which monotonically decreases as \ increases.
3. Also, for A > 0 with I +\Q € int P(n) we have 2(3Q)x € 0> fr(x,0) C 9>~ f(z,0).

Addition of a quadratic may be made to simplify the proof since we may relate the subjet
of the resultant function to that for the original function.

Proposition 4.4. Suppose f : R™ — IR be lower semi—continuous and prox—bounded

with proz—threshold (7(f))™*. For r > 7(f) and 0 < p < 1 place X = i Then

2 (%(Q + 7”])))\ is a quadratic form if and only if 2(%Q>u is a quadratic form. Then

25Q+ D)y (fO)+ 2] —al?) (2.0) & 25Qu € f(z0).  (13)

Proof. First note that A = {# if and only if n = ﬁ We have 2 (%(Q—I—r]))A a

quadratic form if and only if I + A(Q + 1) € int P(n) which is equivalent to I + $£-1 +
Q= ——(I 4+ pQ) € intP(n) or (I +pQ) € intP(n), a condition necessary and

sufficient for I + u@ to be as quadratic form. Note next that

T+ A\rx
14+ Ar

= (1 —pur)x+ purz.
Applying (6) we find

(O +351-=21?) (@)

A
1—ru

= fu((Q = pr)z+rpz) —

(=10 = e vl )

= Ju((l = pr)z +ryuz) (I = pr)z + rpz)® = (1= pr)||=]?) .

1
21
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Now observe that

V. { g (10 = o rpalP = (1= )lel?) | = =r(1 =)o = 2

(which is zero at z) and so
1 _
v2 {5 (10 = o vl = (1= lel) | = =+ = T
Place h(z) := f, ((1 — pr)x + ruz) and note that (1 —ru)?M € 9>~ h(z,0) when

h(z) = M@) = S((1 = rp)*M(z - 7), (v — 7)) + o||lz — Z]*)

N —

which may be rewritten with y := (1 — ru)x +ruz (or y — & = (1 —ru)(z — )) as

(M(y — ), (y — 7)) + o|ly — z[|*).

DO | —

fuly) = fu(@) =

Thus it follows that (1 — ru)?M € 9*h(z,0) if and only if M € 0%~ f,(z,0) and hence
2,— r —112 — 202, — _
P (FO+ 51 =?) (@.0) = (1= pr)0 fu(@.0) +r(L—r)l.  (14)

Next note that 2(3(Q + 1)), corresponds to the quadratic form 2((3Q, za") + %||z||*)x
and so we may apply (6) with £ = 0 to obtain

Q, (1 =rpx)((1 = rp)a)), — i(”(l —rp)z|* = (1 w)llx|l2)>

= 2(- Qe - = el - ol

24
— 2 Qa1 — (1 — ol
— @EQLO P (1= )T,

As this holds for all x we have

QL= r)* + (1= r)l. (15)

2b@+ i =2

On comparing (14) and (15) find that 2(3(Q +r1))x € 0>~ (f + 3| - —z[*) (2,0) if and
only if 2(1Q), € 0% f.(z,0). O

We may now remove the assumption that f take a global minimum at x when obtaining
a result similar to Proposition 4.3.
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Corollary 4.5. Suppose that f : R" — R is lower semi-continuous and proz—bounded
with a proz—threshold of (F(f))~t. Let Q € 0%~ f(z,0) # 0. Then

1. there exists an r > 7(f) such that
flz) > f(z) - ng —Z|?  for all z and (16)

2. forp>0 with I +pQ € nt P(n) and 0 < p < + we have 2(3Q), € 8* f,(z,0).

Proof. By a translation we may place T = 0. Take a fixed X € 0>~ f(0,0) # 0 then by |9,
Proposition 6] for all M,y > 0 there exists a function € : IRy — IR such that lim; g e(t) =
0 = ¢(0) and a function p : y — &(||y|])||y||* € C*(IR™) satisfying (Vp(0), VZp(0)) = (0,0)
along with (||y||) = ¢ := 7(f) + max{max{0, —k} | k is an eigenvalue of X'} for all
y ¢ By (0) and

(X =L yy") —e(llylIyll*.

N | —

fly) = f(0) >
Thus we may take

r:= max{max{0, —k} | k is an eigenvalue of X} + 2 max{c,sup{e(y) |y € By (0)}} + .

Take r to be the smallest such positive number that satisfies (16). Define the function
r 112
() = (&) + L e

Note that h, has a global minimum at Z and so 7(h,) = 0 and (h,), is defined for all A > 0.
Take Q € 0>~ f(z,0) and so by Proposition 3.3 we have Q + rI € 9>~ (h,)(z,0). Now
apply Proposition 4.3 assuming I +A\(Q +rI) € int P(n) and deduce that 2(%(@—#7“[)))\ €
9%~ (h,)A(z,0). Now apply Proposition 4.4 to obtain that 2(3Q), € 0% f.(z,0), where
= ﬁ Next note that

I+ XQ+rl)eintP(n) < I+ uQ €intP(n)

since [ + pu@) = W As A > 0 the only restriction on p is that implied by A =
1—_%>0Whichgiveso<u<%. O

Remark 4.6. Having established that a value of r for which (16) holds we could take
the smallest r and denote this number by 7(f,z) ( > 7(f) by definition). This number is
a property of the function f at  and not dependent on the choice of Q).

The following result is very useful in subsequent proofs (see [9, Proposition 12]). Note that
the condition I + AQ € P(n) is necessary and sufficient to ensure 2(3Q), is a quadratic
form. Once again minor changes are required to that in [9, Proposition 12] so we provide
a proof in the appendix.

Proposition 4.7. Suppose that A is a rank-one representer with —P(n) C 07 A. Then
for X\ > 0 such that Ay # () we have

Ay = 01{2(%Q),\ | Q € A and 2(%@),\ is a quadratic form} — P(n).
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The following result shows that the infimal smoothing of a function corresponds exactly
to an infimal convolution smoothing of its subjets.

Proposition 4.8 ([9]). Suppose that f : R" — IR is lower semi-continuous and proz—
bounded.

1. Then for all X > 0 such that X\ < 7(f,z)~".
9>~ fa(x,0) = 87~ f(,0).
2. For the limiting subhessians

& f(x,p) = limsupd*(f — (p,))r(z,0)

AL0
= limsup 83 f(z,p) = limsup 0 fr(z + Ap,p). (17)
AL0 AL0

Proof. We prove 1. only as it is a slight variation of [9, Corollary 3] but contains a
quantitative bound for the size of A required. The inequality

22

2]‘1;’(1‘, 07 ))/\(h) Z (f)\);/(xv O’ h)

is proved in [9, Corollary 3| for all A > 0. As this holds for all A we have by the properties
of rank—1 support functions that

%~ fr(x,0) C 05 f(x,0).

Now take H € 8?’7 f(z,0) and hence by Proposition 4.7 we have the existence of a
sequence {Q}ren such that 2(3Qx)x — P + H where P € P(n), 2(3Qx)\ € 9y~ f(x,0)
for all k and Q; € 0%~ f(x,0). In particular since 2(%Qk),\ is a quadratic form we have
I+ \Qy € int P(n) for all k. Applying Corollary 4.5 we have 2(%Qk),\ € 0%~ fa(z,0) for
all k. As 0%~ fy(z,0) is closed we have H + P € 0%~ f\(z,0) implying H=H +P — P €
82’_f)\($, 0) ]

The assumption that p = 0 is finally removed. First note that » > 7#(f — (p,-), x) if and
only if » > 0 and for all y we have

) = (@) = (py =) + Slly — 2l

Denote the smallest of these positive constants by 7(f, z,p) :== 7(f — (p,-), x).

Lemma 4.9. Suppose f : R" — IR is lower semi—continuous, pror—bounded and (p, Q) €
0%~ f(x). Then for all X > 0 such that X\ < 7(f,z,p)~! and I + \Q € int P(n) we have

1

(p,Q)ed flx) = (b, 2(5Q)) € > falz + Ap)

and  (f — (p. ), (2) = f(2) — {p,).



664 A. Eberhard, R. Sivakumaran, R. Wenczel / On the Variational Behaviour of the ...

Proof. First note that (0,Q) € 9>~ (f — (p,-))(x). Using Proposition 4.8 we have

0P (f = (0. )x (2,0) = 07 (f = (p,)) (2,0)

and so for A such that I + AQ € int P(n) we have 2(3Q), € 07~ (f — (p,-)) (,0) and so
2(3Q)x € 0>~ (f — (p, ")), (#,0). Now we use Lemma 3.2 which establishes that for any

y we have (f — (p,)), (¥) = f(y + A p) — (p,y) — 3 [|p||*. This yields

02500 € o (AC+ - ) - 1) @
= 0" falz +Ap) — (p,0)

%@)A) € 0% fy(z + \p).

To prove the final part we note that there exists a ¢ € C%(IR") such that Vip(x) = 0 and
Vip(z) = 2(3Q), with

(f =@ Da W) = (y) = (F = () (2) = ()

for all y. This implies

and so  (p, 2(

1+ 20) — (o) — 5 bl — o) > file+20) = (0,2} — 5 ol — o(a)
o B9 () + ) 2 A9 — (2 + ()

where V (¢(-) + (p,)) (z) = p and V2 (¢(-) + (p, ")) (z) = 2(3Q)x-
Finally apply (4) to (p,2(2Q)) € 0%~ fi(z + Ap) to get (p,2(3Q),) € 0> f(x) and

F(&) = fle+ 0 =) = ile+20) — 5ol

and so

(= @) = Bt ) — i)~ 5 ol
= J@) ~ {p.2)

5. The Subhessian of the Supremal Deconvolution

In this section we discuss the problem of relating the subhessians of the supremal de-
convolution of a function to the elements of the subhessian of the function. A complete
comparison is only possible when we are dealing with para—concave functions. Fortu-
nately this is the situation that arises naturally in the analysis of the Lasry—Lions double
envelope which is the subject of the next section.

From time to time we will use the Hilbert identity

—Hw nl®+ 2 Hw val|”

C1C2

2
ST
2(C1+Cz)”y1 y2||

¢ +c
: 2) Hw - (c1y1 + c2yo)

2

1+ ¢
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For future use we also note that (18) gives

(f2), (x) = inf{igf{f(v) + % lw — ) + % o — $|’2}}

w

\ 2
1
= i{}f{f(v) + m”v - $||2} = faen(2).

We shall require the following result which due to Penot [23]. It motivates the desire to
study the sub/super—jet of the convex conjugate of certain functions.

Proposition 5.1. Let f: IR" — R U {+oo} with f(T) < 4o0.

1. Suppose A is a positive semi—definite superjet of f at (z,z*). If A is invertible and
[*(x*) < +oo then A™! is a subjet of f* at (T*,7).

2. Suppose we assume f is proper, lower semi-continuous, conver and suppose that
for some T* € Of(x) we have A a positive semi—definite subjet at (z,z*). If A is
invertible then A is a superjet of f* at (T*,T).

We are going to connect this result to the subhessians of a general class of functions.

Lemma 5.2. Let f : IR" — R. Assume I — AB € P(n). Then

1. Bed f(x,0) if and only if A:= 51 — B € &*T (- |I* — f) (#,A\"'z) and

2. Al=(3I- B)_1 € 0% (&l 1> = )" (A "'z, 2) if and only if B+AB? (I — AB) ™!
€ 0>~ fX(x,0)

Proof. First note that when A € 9T (5[ - ||* — f) (#, \"'z) then by definition we have
for all y that

Sl = F0) < oellall = F() + 3,y — )+ (Al — ),y — )+ olly — )

2\
which is equivalent to
1 1 1
S o2 2 -t R _ _ 2
F) = @)+ sl = Sllel? = 7y = 2) = S — ),y — 2) + ollly — «l?)
1 2 1 2
= @)+ o5 lly = ol (AW = o), — ) +ollly — 2]

1,/1
= 1)+ (5= 4) = b= ) +ollly - alP)
which in turn is equivalent to B := %] — A € 9% f(x,0). This establishes the first part.

Next consider A" € 0% (&[> = f)" (A'z, 2) then by definition this means (
— )" (\"'z) finite, and for all y that

(1P =1) 079 = (= 1) 070 + A - 2)

sl - 17

F5 ANy = 0 Ay — ) +olIA Ty — A P)
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which becomes on the use of (10)

1
P 2 P+ ey -2+ o

1 2 1 2
= (g5I01? - 550e?)

(AT —2), (y — @) + o(A?[ly — =)

= @)+ oA = 2, (= ) — oy — 2l + oy — o)
= P (A7 = 51) =) =) + ofly = ol

which is equivalent to (0, 5471 — 1) € 0% fA(x).

Now using the fact A = %I — B we will show
1 1

EA— — X[ — B+ AB%(I —AB)"" when (I — AB)™! exists.

Indeed, I = I can be written as

I = I—-)AB+)\B—\B*+\B?

(I +AB)(I — AB) + \*B?

= (I+AB)(I - A\B)+ \B*(I —\B)"'(I — \B)
(I + AB+ XN*B*(I — AB) ™ ")(I — AB)

which implies that
(I =AB)™' =1+AB+NB*I—-\B)"!

and so we get

1
pA —XI_B+)\B2(I AB)™!

This completes the proof.

The next result exploits the ability to rewrite the supremal deconvolution as a formula

involving the convex conjugate of the function 55| - [|? —

Theorem 5.3. Let f: IR™ — IR be proz—bounded and proper.

1. Then B € 9* f(x,0) implies B+\B?(I — AB)™" € 9> f*(2,0) if0 < A < =1 7 (the
proz—threshold for f) is such that \™'I — B is positive definite (or [—\B € mt 73( )

and if fA(x) < +oo.
2. Assume further that f is para—concave and A < % (the prox—threshold for f)

is such that both I — AB is positive definite and f — 55| - ||* is concave. Then
B+ AB%(I — AB)™" € 9> fMx,0) implies B € 8>~ f(x,0). Also, we have f*(x) =

f(z).

Proof. Part 1. Clearly if B € 0%~ f(z,0) then f is finite at x. Now by Lemma 5.2

we have A = %I—B = 82’+(1

axll - 12

— f) (x,A\7'z) and when A is positive definite
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by Proposition 5.1 (part 1.) we have (since (5| - [|>— f) (%) < +oo as follows from
fMx) < +o00 by using (10))

GI - B) B € 9P (%ll 7 - f>* (A 'z, 2). (19)

On applying Lemma 5.2 we arrive at B+ AB2 (I — AB) ™! € 0%~ fM(x,0) as desired.

Part 2. Assume now that A > 0 such that I — AB > 0, f — ||
B+ AB%(I — AB)™' € 8> fMx,0) (so f*(z) < +oo by definition). Then

-||? concave, and that

AT = (5T = B €@ (ool I? — £)°(5,2) by Lemma 5.2 (part 2)

(/\
with (55| - [ — f)*(%) finite.

Place ¢ := (55| - > — f)*. It is convex and lower semi-continuous. Also ¢(%) finite, and
Y(x*) > —oo for all z* from the prox—bound on f (indeed, |- [ — f < (55 +¢)|| - [|? — o
for some ¢ > 0, @ € R, so ¢¥(z*) = (55| - |2 = /) (2*) = (G5 + O - IP)* (") + a > —o0).
Hence 1 is also proper, and we may apply Proposition 5.1 (part 2.) to ). Now Al =
(31— B)™ € 9> ¢(%,2) and A7 > 0 (since £ — B > 0so (£ — B)™' > 0 also). By the
subjet property,

<
|
15

), A~ (y—x)>+0(||y——|| )

locally near §. By positive-definiteness of A™", there is ¢ > 0 such that ((y — £), A~ (y —
£)) = ¢lly—%||* for all y and so, in a small neighbourhood of £, ¥ (y) > ¥(§)+(z, y—%) for
all y near § (and hence globally, since ¢ convex). Thus x € 9¥ (%) (convex subdifferential),
and Proposition 5.1 (part 2.) yields A € 0*T¢*(x, £). Note that ¢* = (5| - |2 — f)*
is also proper convex, lower semi- continuous and so ¢¥* = cl(5| - ||*> = f). From the
prox-bound on f, we know that | - [|*> — f(-) < 400 always. From the finiteness of

¥(5) and the Fenchel inequality, ( #) (£,2%) — (%) < P (x*) < Hllat]]* = fz*)
for all z* and so =| - ||*> — f is ﬁnitefvalued, implying continuity (since convex). Thus

X
v = Al =) = B — f. Hence A'€ 0] - 2 — £)(z; $), and finall; from
Lemma 5.2 (part 1.) B € 9%~ f(x,0).

For the claim that fy(x) = f(z), note that we have (19) holding. Now when f —

is concave by (19) we have z € 9 (55| - ||

axll -l
2%
— f)>k (A~'z) # 0 and via the Fenchel equality

that
1 1 * 1
(351 1= £) @+ (55012 = 1) 7)== Ll
1 * 1
o (G5l 1= 1) Ot = Slel? = 1)
Applying (10) we have f2(x) = f(z). O

Next lemma allows the assumption that p = 0 to be removed.
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Lemma 5.4. Let f:IR" — IR. Then for any x and p we have
A
(f = () (@) = P2 = 2p) = (Bw) + SIpl* (20)
In particular when (f — (p, ")) (z) = f(x) — (p, ) we have f>(x — \p) + 21B)1? = f(=).

Proof. By definition

=@ @) = (G == ) ) - gl

= s () = o) = (Grll? = £w) ) = 5rll?

w

= swp (o= g~ (gl - £w)) ) = llel?

_ (Lyoe T a1 2o Ao
= (g5l =) 0= 20 = gxle = 29l = () + S
A — — A _12
= fie =) = o)+ Sl
The last statement follows immediately. O

The previous results may be extended using the fact that
0>~ f(z,p) = 0*~ (f — (p.) (7,0).
Corollary 5.5. Let f : R" — IR be proz—bounded and proper.

1. Then B € 8 f(&,p) implies B+ AB? (I — AB) ™" € 8>~ fA(Z — AP, p) whenever X is
chosen such that 0 < X\ < ﬁ, (A" — B) is positive definite and fA(z —\p) < +o0.
In particular we have that p € 0,f(x) implies p € 9, (T — \p).

2. Assume further that f is para—concave and X\ is such that both I — AB 1is positive
definite and f — || - |2 is concave. Then B+ AB?*(I — AB)™" € 9>~ fNz — A\p, D)
implies B € 0% f(z,p) and f*(z — Ap) + 3||p||* = f(x). In particular we have that
P € O, fNT — \p) implies p € 0, f(T).

Proof. The proof is immediate from Theorem 5.3 and Lemma 5.4. O]

The expression for the matrices may be expressed in a more compact form by using the
next result.

Proposition 5.6. Given Q € S(n) denote by qo(h) = (Qh, h) and (qo)*(h) = sup, {(Qn.1)
— L k= nl*} for all h € R™.

1. Let X\ > 0 be such that I — 2\Q € int P(n) then (qq)* is a quadratic form. More
precisely (qo)* = qor with

Q= QU -22Q) " = (1 -2Q) Q= (1 -22Q) " ~ )
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2. Given P € §(n) then when I + 2\P € int P(n) we have
P, =P(I + 2)\P)71 =(I+ 2)\P)71P € S(n)

if and only if (P,\))‘ =P.
Indeed I —2XQ € int P(n) is a necessary and sufficient condition for (qg)* to be the
quadratic form qox(h) = (Q*h, h) .

Proof. Note that when / — 2X\Q € int P(n) then the max,{(Qn,n) — 55 [[h — n|I’} has
a unique solution at 7 which satisfies the equation 2Qn — A\~'(np — h) = 0. That is
n= (I —2XQ) 'h. Thus

(Q.hh) = (Q,(I—22Q)7'hh'(I - 22Q)7") (I = (I =2XQ) A

_ i“
2\

= ((1=20Q)7QU = 20Q)™ — 5o (= (1= 22Q) . hi') = (@, hh).

Next we verify the other identities. Noting that (I — (I —2XQ)™!) = 2AQ(I —2AQ) ™! we
find that
Q= (1-22Q)QU - 2Q) — A - 2Q) QT - 2Q) !
— I-22Q) (- 2Q)QU ~22Q) ! = QU -22Q) .

The last identity Q* = (1—2AQ)~'Q follows from the symmetry of Q. Clearly if [ —2)\Q ¢
int P(n) we cannot find (I —2X\Q)~'.

One can verify that Q = P(I + 2AP)~! solves the equation P = Q* for any ) i.e.

P=Q(I—2)Q)™
implies
Q= (I-22Q)P
and so P =2 \QP+Q =Q (I +2\P)
or Q=P(I+2\P)"".
The identity P(I 4+ 2AP)~! = (I + 2\P)~' P follows from symmetry again. O

The following related result was proved in [9].

Proposition 5.7 ([9]). Given Q € S(n) denote by qo(n) the quadratic form (Qn,n) and
by (ag)a(h) the form inf,{(Qn,n) + 35 | —nl*}.

1. Let X\ > 0. The condition that I + 2XQ € int P(n) is necessary and sufficient for
(gg)x to be a quadratic form. More precisely (qg)x = qq, with

Qx = % (I-(I+22Q)7) =QU +22Q)™ = (I +2)Q)7'Q.
2. If for a given P € S(n) we have Q5 = P, then I —2\P € int P(n) and Q = P*

where P* := L ((I —2AP)™' —I) = P (I — 2AP)"" € S(n).
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Remark 5.8. Assume I — 2\P is invertible. I = I may be written as
I = I —2)\P+2\P —4)\*P? 4+ 4)\*P?
= (I +2\P)(I —2\P) +4)\*P?
= (I +2X\P)(I —2)\P) +4)X*P*(I — 2\P)™'(I — 2\P)
[[ +2\P + 4)\*P?(I — 2\P)~Y(I — 2\P)
This implies that
(I —2AP)™' = T4 2\P +4)\*P*(I — 2)\P)™*

and so we get

1
—[(I —2\P)™* —I] = P* (by Proposition 5.7)

P+ 2 P*(I —2\P) ! = N

and so
L) ! (B+AB*(I—AB)™)
2
1\
and so 2 (53) = (B+AB*(I - AB)™") € 9> fz — \p, D)

for all A sufficiently small so that I — AB € int P(n) (under the conditions of Corollary
5.5).

Rewording Corollary 5.5 we obtain the main result of this section.

Theorem 5.9. Let f : R" — IR be proz—bounded and para—concave, and suppose A < ?1]0)
(the proz—threshold for f) is such that both X\™'I — B is positive definite and f — 55| - ||?
is concave. Then (whenever fA(Z — \p) < +oo)

A
2 (%B) € 0> fNz — A\p,p) if and only if B € 0>~ f(z,p)

in which case we have fA(z — Ap) + 3||p||*> = f(Z). In particular we have p € 0,f(Z) if
and only if p € O, f(T — \p).

6. Subhessians of the Lasry—Lions Double Envelope

In this section we will provide a full analysis of the subjet and the associated subhessians
of the Lasry—Lions double envelope. The following Lemma will be used in the proof of
the next main theorem of the paper.

Lemma 6.1. Let [ be proz—bounded with prox—threshold #(f)~*

1. For any positive A such that A\ < &= (f) we have [y proxfbounded with A < ﬁ (the
pro:z:—threshold of fx). That is 27(f) > 7(fx) for all 0 < X < 5

2. Ifo< A<
0<A<

(f)

2 (f* then 0 < A < W (i.e. 2F(f,Z,p) > 7(fr, T + Ap, p) for all

2T(fw p))
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Proof. Let A < 57— so there is r > 27(f,z,p) such that A < 1 < MT Assume
_ — r — e =
F&) 2 F@) + o,y —7) — Slly = 7P a5 > 27(F,7,p).
This implies

faw) = wi{7) + g5lle — o)

_ r _
> f(@) +inf{o~ ||56—y||2 + .y —2) —5lly —2°} (21)
In (21), the minimum occurs when §(y — ) —r(y — Z) = —p and simple calculations give
Yy = %@m. We have
—A(rz +p) |2 r—Arz+p) 7“H$—)\(m"+p) H2
ﬁHI 1—Ar =P, 1—Ar =3 1—Ar v

1

= ||( 7)1 @— @+ )

(5

= L@ @+ ) (f;r) &

() wam @ -5 (1) le- @
= Sl (25 ) o @)

(A Vo () o= D) () e @ e
(=) () o-5) (=)

= S0l r = @) = (15 ) o= @

1
p,l’ J: p A e xXr p

2 \1
Noting that by Lemma 3.2 and the fact that A < 1 < 3 (f oy implies (p,—I) € 0> f(x)
we have

_ A

AE +2p) = f@) + Sl
Thus
_ A o r 1 9
@) = (f@)+ b7 ) + 2 = @+ ) — 5 | 7= ) le = @+ )|

=A@+ - (@A) — ( )||x—x+Ap||2

> @+ p)+ (pox— (T +Ap) —rlle—(z+Ap) |?

: 1 1
(since A < > and hence (1 — )\7“) < 2)

r
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Since we may allow r — 7, we obtain F(fa) < 5 If
‘(f ) for all A > 0. If
7 > 0, observe that a sufficient condition for \ < m is that \ < 1 7;\7", which requires
2MF < 1 or A < 5. Thus, for A < &, get A < 1220 < f(fxl,i,p)‘
by the same argument with 3 replacing f(z) and p = 0. O
Remark 6.2. Since fy,(z) = (Hrop)"(z) > frpu(x) we find that if 0 < A+ p < 5

2r(f)
then 0 < A+ pu <

for all z whence 7(fy) < 5.

7 =0, then 7(f\,Z,p) = 0 also (for all A > 0). So trivially, A <

The first assertion follows

1
'F(f—/\\u) etc.

Theorem 6.3. Suppose f : R" — R is a lower semi-continuous, proz—bounded and
proper function and 0 < X < X = (7(f))~" (the prox threshold of f). Then hyf + 55| - ||*
s proper, convez and for all n > 0 the following function is also conver and finite—valued:

(a4 351 1) @)= )y () + 5l

In particular we have (h/\f)(;Jr;
AT
for all0 < p < X and fy, for all 0 < p, A, are C** (R"™) along with

Dn < fap = hu () = (hoguf)y = () S HSF (22)

In particular {f>\|#}0<#<x epiconverges (monotonically upwards) to fx as pu | 0. The

following hold:

1. Let 0 < p, A where A+ pu < 5 (pr and (p,Q) € 0%~ f(x). If also I + (A + p)Q €
int P(n), then

)t Pare-convez and hence CY* for allm > 0. Hence [y,

(12(50) ) €0 fuute+ 20 and ful+ ) = £ + 51l
A

2. Let0 < u, A\ where A+ pu < #(f) (r(f) the proz—threshold of f). Then, if (p,Q) €
0%~ fau(x) such that I + p@ € int P(n), then

( ,2 (%Q)#) € 0* flx — \p)

A
with — fuu(@) = @ = Xp) + Zlpll”

3. LetO < p, Nwith A\ +p < 5 Then, if (p, Q) € 0 fru(x) with I +uQ € int P(n),

then

f .

( 2 (%Q)) € 0 f(x— )

A
with — fyu(x) = f(x — Ap) + §Hp||2-
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4.
0f (@) =timsup {V fuu(e') | &' = 2, fuu(a) = f(x) and
(A #) L (0,0), Agu >0}
and  9*f(z) = limsup {(fom(f)a Q) | 2" € So(fau), ' — x, fau(a’) — flx);

Q <p@m) Vfau(a') and (A, 1) | (0,0), A > 0}-

Proof. Note that (hyf+3-||*)y is uniformly bounded below by infy (A f+55]-[|?) > —oo
for all 7, and never takes the value 400 from properness of h)f < f # +o0o so that
(haf + 551 - [1*)5(2) is finite for all z and all > 0. It is well known that (see page 495 of
[30])

*k 1
it = £+ 551 17) @)= gl

Thus hy f(x) + 55| 2||* is convex being equal to the second convex conjugate of f+ 55| [|%.
Therefore it is bounded below, since f+ 55 || - ||* bounded below from the assumption of f.
It is well known that the infimal convolution of a proper, convex function is also proper
convex and finite as 0 < A < A = 7(f)~" (7(f) is the prox-threshold of f). Let us now
explicitly calculate this infimal convolution with parameter 7 , utilizing (18) with ¢; =

1
0
cgziandylzo,ygzx

(17 551 1#) @ = ime{ st + o3l + e~ i

1 A
= inf} Ay f(w) + —————|jw — (—) a‘:H2
v 2(4+1) At

(A )
= D)ot o) gy el
- VMG T Ny (>\+77)
As (haf + 5|l - ||2)77 is convex it follows that z +— (h‘)\f)(l+l)71 (x) is para—convex and

hence simultaneously para—convex and para—concave as well as finite-valued. By Lemma
-1
4.1 it must be CH'. We may place (% + %) = A — p and solve to obtain n = 23=#) - DA

for all 4 < A. In this case we have (hyf),_, = fr, being C'. Indeed this is true if we
replace A by A 4+ p and obtain

Prin < (ae)” = (Paguf )y = hu (A) S A< f
and so (22) follows as h, (fr) == fiju-
Part 1. Forany¢{ < 1 = m, recall that (f—(p, -))¢ is para—concave (with (f—(p, ))e—

2—1€H -||? concave), prox—bounded and finite-valued. Now use Lemma 3.2 which establishes
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that for any y we have (f — (p,-))¢ (v) = fe(y+&p) —(p,y) —5 |p||>. Consequently we have

E< T ngp) for all ¢ < 5= (as observed in Lemma 6.1) along with fe(- + &p) — ﬁ” |

concave, prox—bounded and finite-valued.

Let \,u > 0 such that A + pu < &=. If (p,Q) € 0> f(z) and I + (A + p)Q > 0 then

2r
I + MA@ > 0 and there follows from Lemma 4.9 that

B .= 2(%@)““ € 0* fruu(z + (N + p)p, p)
with — (f = (p, ))atu(z) = f(2) — (D, 2) (23)

We seek now to apply Theorem 5.9 to the function z — fyi,(z + (A + p)p) using a
“parameter” p. Note that

20\ +p) 2p(A + p)

and hence is concave. Also (fayu)" = fy, has already been shown to be finite-valued.
Further,

I 1

Pl Ot ) = oI = {fw(- Ot ) -

I—uB = I—2,u<%@) =1 —puQUI+M\+pwQ)"
Atp

= T+A+0)Q—pQ)I+A+pQ) =T +X2Q)IT+A+pQ) .

So, I — puB > 0 since I +AQ > 0 and (I + (A4 p)Q)~" > 0. Also, from Lemma 6.1,

p<p+A< e +1(/\ el Thus, the conditions of Theorem 5.9 are satisfied, giving

2 (EQ) — 2(13)“ e P ()" (@+ N+ pwp — pp,p)
A

= 0" faulz +Ap,p)

along with

Panl@ +20) = frsule + O+ 1)p) = Slipl1?

)\+,u
—lpll* + IIPH2

= f)\—w(x + A+ p)p) —
= (f =P )i (@) + (p.2) + §||P||2 from Lemma 3.2

A
= f(z)+ §HpH2 from (23) above.
Part 2. Place B :=2 (%Q)# so 2 (%B)“ = () as may be easily shown. Then 2 (%B)” €

0%~ (foyp)" (z). Noting that I — uB = (I +pQ)~' > 0, we may, as we did for part 1,
apply Theorem 5.9 to fyy, and parameter u, to obtain

1
2 (5@) =B e 82’7f)\+u(37 + /’Lpup>
i

with  fuu(@) + Slpl? = farule + pp)
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From (4) applied to f (and parameter A 4+ p) which is permitted since A\ + p < ﬁ, we

obtain

B € f(z+pup— A+ pp.p) = 0% f(z — Ap,p)

_ A+
with  f(z — Ap) = foyu(z + pup) — T'u”sza

( ,2 (%Q)) € 0* flx — \p)

ay
2

yielding

and  fyu(z) = fiou(z+pp) — Sl

A
= flz=2n)+ Sl

Part 3. 3(pm Qn) — (1. Q) With (b, Q) € 0 (), T — 7 (and fyu(m) —
M), As I+ p@Q > 0, have I + @, > 0 for all large m, so by Part 2,

< m72 (%Qm) > € a27_f(£m - )‘pm>
and (o) = Fem — 2om) + 5 ol 24)

By continuity of the inversion operation A — A~! in int P(n), we have 2 (%Qm)u —

2 <%Q)u as m — o0o. Since T, — Ap,, — T — Ap, we may let m — oo in (24) to obtain

Fale) = T — o) + Gl (25)

m—00

> f(z—Ap)+ g||p||2 as f is Ls.c.
However,
funl@) = (he) (@) = ((5),) @) = Bl £)(@) < i)
= i (7(w)+ gl = wlP) < e = 39)+ g lle— )P
= Ja )+ Sl

Combining with the inequality in (25) gives f(z—Ap)+3||pl|* = fru(z) and limy, oo f (20—
Apm) = f(z — Ap). Thus

p2(50) ) =t (2 (50n) JEMm sy 356 =21l
27/, m 2 m F@)—f(z—Ap)
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Part 4. For (p,Q) € 9%~ f(x), observe that as A | 0 with A, u > 0 we obtain from Part 1
that

A
faule +20) = F2) + 2 pl?
and (p,2(3Q)\) — (p,Q) when A | 0 with A > p > 0. Thus

limsup {0~ fuu(a') | 2" — 2, fau(2’) — f(z) and (A, 1) | (0,0), Ap >0} 2 0% f(a).
(26)
We may also use Proposition 2.9 (as fy|, is continuous and para—concave) to deduce that

5QfMu(l“/, V(@) = P(n) = 0% fru(@, V(@) 2 0% fuu@, V(). (27)

Thus it follows from (26) and (27) via a sequence diagonalization argument that

lim sup {(Vf,\m(a:’),Q) | 2" € Sa(fa), v — x, fau(z’) — fla);

Q <pw) V2 fu(a’) and (A, ) | (0,0), A >0} 2 9% f(x).

As the left hand side of this containment is invariant with respect to upper limits in
x' —; o we conclude that it also contains 9° ().

We now show the reverse containment. Suppose there exists a sequence z,, € Sa(fx,|u.)
with =, — 2, fa,ju.(2n) — f(z) as A, | 0 and A, > p, > 0 along with (p,, Qn) =
(Vf)\n|un($n)u v2f/\n\un (xn)) - (p, Q) Since

P = () = P Ur) = Frsiins

(pna QTL) € 62’7f‘)\'n|/$n (xn) = 8277 (f)\n‘i‘ll‘n)'un (wn) a’nd f)\n‘f’/ﬁn 1S pal"a*COHCave we ma‘y a‘pply
Theorem 5.9 to deduce that

" Hn
(f)\n‘i’lin)’u ((Zn + ftnPn) = tnpn) + 7”2%”2 = fantun (25 + tnpn) (28)

and

1
2 (EQn) c azﬁf)\n—&-,un ('rn + ann7pn)' (29)
Hn

HUn
Theorem 5.9 is applicable provided that 2 <<%Q”)u ) = Qn, I -2, (%Q")u € int P(n)
and fr, 1, — 2“LHH - |I* is concave. The last of these conditions is always satisfied for

Ao+ i < (F(f)) ™' the prox—threshold of f since fy, 4, — mﬂ - ||? is concave and
thus so is
1 2 _ 1 2 An 2
P = gl I = { B = 5o P} = g P

Also, fi,+u, is prox-bounded if A, + p, < % (by Lemma 6.1) and is continuous. The
first two conditions are satisfied as follows. Place B,, := 2 (%Q”>u = Qn(1+ Q)" the

last equality following for all large n since I + p,Q, — I as n — oo from boundedness
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of the @,. Note also that (I + ,unQn)_l — I by continuity of the mapping A — A~! on
int P(n). We have @, = 2 (%Bn)“n and to apply Theorem 5.9, we need to check that
I — ppB, > 0 eventually — indeed, I — 1, B, = I — p,Qun(I — 11, Q)" — I as p,, — 0.

Having established (29) we may now couple it with (4) (for n so large that A, + 1, < 1)
to obtain

<pm 2 GQn) ) € 0% f(xn+ pinpn — Mo+ tin)Dn)
L

= 0" f(zn — A\upn) (30)
An + n
and f(@n ~ M) = Furpn o 1) — O 2
Using (28) we have
Mn O‘n + :un)
f@n = Anpn) = s (2n) + 7HPnH2 - THPnHZ
An

It follows that when fy, |, (zn) — f(2) as (An, 1) | (0,0), An, pty > 0 and (ppn, Qn) —
(p, Q) we have f(z, — \upn) — f(x) and hence (since 2 (%Qn)#n — Q)

(p,Q) € limsup {0*” f(a') | 2" — =, f(z') — f(a)} C &*f(a).
This has shown that
lim sup {(v Fa(@), V2 (@) | 2 € Salfp) 2 — =,

Panla’) = f@); ) 1(0,0), A > 0} € 2 f(@).

This implies

lim sup {(Vf)\|u($,)7vzf>\|u($,)) | 2" € So(fa), ¥ — @, fau(@) — f(@); (A ) L (0,0);
A > o} —0xP(n) C & f(x) as — (0 x P(n)) C recf (),

for all z.

Now fix Z and take limits = — Z, f(z) — f(Z) and note that

lim sup & () = 2 (7).

z—fz

Then

lim sup { lim sup {(VfMu(x'), V2 (@) | 2 € So( fru), @ — =,

r—fz

Pan(@) = F@); o) L (0,00 Ao >0} =0 x P(n)} € 82 (@). (32)
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Now the left hand side of (32) contains all sequences of the form

(Vf)\nlﬂn(xn)’ Qn) with Qn <79 v f)\ |un(l‘n)

for z, € So(fanlun)s Tn = Ty Fanjun(@n) — f(T) as (An, ptn) | (0,0) with A, g, > 0 and
hence all accumulation points of such sequences. This implies equality in (32). ]

As is usual we will require the characterization of superjets and so define

fw(x) = (—f)xm'

As 0*T f(z) = —0*~(—f)(z) the following is immediate from Theorem 6.3.

Theorem 6.4. Suppose f : R" — R is an upper semi—continuous proper function (i.e. f
is nowhere 400 and not identically —0o0) and 0 < A < A = (F(—f))~" (F(—f)~" is the
proz-threshold of —f). Then A are C' (IR™) for all 0 < p < A\ along with

A Alp A A
ez = () = = f (33)
In particular {f’\‘“}0<u<)\ hypoconverges (monotonically) to f* as u | 0. The following

hold:

1. Let 0 < pi, A where X + p < 3
int P(n), Then

( = Let (p,Q) € *Ff(x). Ifalso I — (A + p)Q €

<p,2<§Q>A>ea“fwa:—xp) and P —p) = f(x) 2ol

2. Let 0 < p, N where A + pp < 5 (where (F(—f))~" is the prox—threshold of —f).
Then, if (p, Q) € 0> fAH(z ) such that I — u@Q € int P(n), then

<p, 2 (%Q) M> € 0> f(z + A\p)

A
with  fYP(z) = f(z + \p) — S llplf*.

8. LetO<p, N: A+ p < gs (where (F(—f))~' proz—threshold of —f). Then
(p,Q) € 52]”)"“(35) and I —pu@Q >0 — ( .2 (%Q)ﬂ) € 52f(:1:+)\p)

and (4 3p) = P(a) + ol

2

& f(z) = limsup {(v e, Q) | ' € Sa(fM), 2’ —

PG = F@); Q 2pey VEP(') and (A, ) L (0,0); A i > 0}
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We conclude this section with a definition of a quantity which is suggested by these
formula but we will leave its analysis to a later paper. The motivation for defining this
quantity is to remove some of the negative semi—definite recession directions that occur
in the limiting subhessian.

Definition 6.5. Suppose f : R — IR is a lower semi-continuous, prox-bounded and
proper function.

1. The generalized subhessians of f at = for p € df(z) are denoted by:

0% f(x,p) = limsup {V2f>\|u(:p’) | 2" € So(fru)s @ — z, fryu(@) — f(2);

Y fu(a’) = p and (A, ) | (0,0), At > 0}.

2. The singular generalized subhessians of f at z for p € df(z) are denoted by:

82700]0(1"]7) = lim sup {’YVQf,\W(lE/) | v’ € SQ(f/\\u)7 v’ — f)\\u(x,) - f(I)v

Y fu(e') = p; 0 < 7 < max{A, g} and (A, ) | (0,0), Age > 0}.
Of course a generalized super—hessian could be defined along similar lines.

7. Appendix

The proof of Proposition 4.3 is provided in this appendix. It is modeled on that given
in [9, Proposition 8]. Throughout the proof it is assumed that 7(f) = 0 (as f has a
global minimum at z) and for a given Q € 9%~ f(7,0) we have chosen A > 0 to satisfy
I+ )Q € int P(n).

Proof of Proposition 4.3. Without loss of generality we may assume that £ = 0 and
f(0) =0 since (f(- — ) — f(0)r(z) = falx — ) — £(0). Now take any (0,Q) € 9>~ f(0).
As f > f(0) has a global minimum at 0, by Lemma 4.1 of [12] there exists a function
¢ : Ry — IR such that limg () = 0 = £(0) and a function r : y — £(||y||)|Jy||* € C*(IR")
satisfying (Vr(0), V2r(0)) = (0,0) and

(@.yy') — EllyIDlyll*. (34)

N | —

fly) >

Next note that
0 <14 Amin{u | pis an eigenvalue of Q} < I+ \Q € intP(n) .
Now fix A > 0 such that I + A\Q € int P(n). Place

max £(||n]]) = G(d) < oo
n€Bs(0)

which is finite as r +— £(r) is continuous and G(§) — 0 as 6 — 0. If necessary reduce ¢ so
that
0 <1+ A(min{p | p is an eigenvalue of Q} — 2G(9)). (35)
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Let b(-) be a C*-smooth bump function with b(z) = 1 for z € Bg(()) and b(x) = 0 for
x ¢ Bs(0). Place

e(x) = b(x)é(x) + (1 - b(x))G(9)

and  o(y) = - (Q,yy") — e(lyDllyll*.

1
2
Then clearly p € C*(IR"), f(y) > ¢(y) for y € Bs(0) and f — ¢ takes a minimum over
Bs(0) at = 0 with p(0) = f(0) =0, Vi(0) = 0 and VZ¢(0) = Q.

Let us now recall that by the results of [2] the infimal convolution is locally Lipschitz in
that

) = fa@) < A hlly — =

where an explicit expression for k, is given by

B Ltdagh, o 2) 2
—(IIy ol + |l + _4@@“1])

when f(-) + apl| - [?+a; > 0and 0 < A < 7. In our case we may take oy = 0,

4dag
a; = f(0) =0, z = 0 and so write o = ||y|| to obtain
Faly) = FHA0) < A7yl (36)

for all A > 0. Now consider n € Py(y). Then we have since x = 0 is a global minimum
we have f,(0) = f(0) and

1 1
Ay) = fn) + 3xlly =nl* = £(0) + 55 lly — nll”

implying  /2A(fa(y) — f(0)) = [ly — n]|.

Using (36) we obtain the bound for n € Py(y) to be v/2||y|| > ||[n—y|| and so for y € BL\[ (0)
2V2

we have || — y|| < % and hence n € B;(0).
This implies (as ¢ < f on B;(0))

1 1
Fm) + 55 lly = nl* > e(n) + o v = nlI*  for all n € Px(y) € Bs(0)
giving  fu(y) 2 way) forally € B_s (0).

In order for ¢y to be finite valued we require A < 7#(p)~!. It is easily seen that 7(p) =
max{—p | p is an eigenvalue of Q}+2G(6), since $(Q—(2G(6)+7)I, yy') locally minorizes
¢ for all v > 0. In particular A < 7(¢)~! is equivalent to demanding (35). Thus 0 =
f0) > f1(0) = ¢a(0) = inf,{o(n) + 55 In]|*} > —oco. We now show that we have
©A(0) = 0. Now

plr) = %<Qx7w> — e(llll) 1l (37)

implying  ox(2) = inf{5(@n, ) — el Il + 55 1 = 0l
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We claim that 1 — 1(Qn,n) — (|[n])) InlI* + 2|In|” has a minimum at = 0 implying

¢a(0) = 0.
By the definition of € on Bs(0) we have ¢ minorized by

() = 5{Qn.n) + (55 — G0) Il

which by (35) is a positive, positive-definite form. Outside Bs(0) we have p = ¢. Thus
2@Qn,m)—e(|Inl) 171>+ 3 [[n]| is bounded below by a positive function p with a minimum
of 0 at n = 0. Thus ,(0) = f1(0) = 0 and so fy — ¢, has a local minimum (over B 5 )

2v2

at 0. Thus (Va(0), VZp(0)) € 9%~ f1(0). Also (using the variable substitution ¢n for n)
oa(th 1Y . 1
A (3 ittt + 55 en — i)

t
_ (tn) B ( n) N
= f{ +—2tA I II}-—l-f{ + 53 Hh n)*}
and using
1
ptn) = #(0) + (Vip(0), tn) + S (V2 (0)(tn), tm) + (¢ In]))¢* In]®
1
= (5(@n,m) + (¢ nl) In]1%)
we get
oa(th )
IR — yint (2 (@) + <(t Il Il + o 1~ P (39
Thus for the given A we have
. gO)\(th) . . l . i _ 2
lim2==o— = 2lim { 55 Jinf{e(n) + S - {lth —ll"}

- 2t () igf{§<@<tn>,<tn>>+a<tunu>umn i)

= 2t (ie(gQn ) + < hD Il + 55 M- al} ). 39

There is a compact set C' = Bg(0) such that for all ¢t > 0 sufficiently small we have

infyec g:(n) = inf, g:(n) where gi(n) = {5(Qn,n) + (¢ |nll) Inll* + 35 1A — nl*}. To see
this note that

max &([[tn]]) = max e([|n]]) = G(3)
neB  5y(0) neBs(0)
()
as before. Outside E(é) (0) the function (||tn||) is constant and so we have £(]|tn||) = G(9).
Thus

Vv

<an%+dﬂmmHMI+ UMW (h,n))

(h,m) = k().

<an%+dﬂWWHMI+ < 1h =l

vV
|

p(n) — N
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As k(n) = p(n) — 3 (h,n) we have k coercive. Thus levag; = {g: < a} C lev,k C Bg(0)
for all t > 0 sufficiently small and some fixed K > 0.

Now as ¢ | 0 we have g,(n) converging to g(n) = 2(Qn,n) + 55 [|h — n|I> uniformly on
bounded sets. It follows that {g:(-)}+=0 epi-converges to g(-). Using Proposition 3.36 of
[29] we have the marginal mapping ¢ — inf, g;(n) continuous at ¢ = 0.

From this we are first able to deduce by (38) that Vi, (0) = 0. Using the continuity of
the marginal mapping ¢ — inf, g;(n) at ¢ = 0 we have

2 _ _@a(th)

= Qigfﬂ Q@n, 77>+—Hh— "y = <( Q) hh')

= 2lim inf g:(n) = inf g(n)

mplying  (Vea(O)h, ) = inf{(Qn )+ 5 I1h = nl1*} < (Q,hhY).

Since this is true for all h it follows that VQQOA(O> = ). Finally we see that if \; <
Ay we have {(Qn,n) + £ [lh —nlI*} = {(Qn,n) + & [Ih — [} implying (Q, hh'),, >
<Q7 hht>)\2' L

We will now provide a proof of Proposition 4.7 but require the following results in the
proof. Once again for completeness we provide a proof that gives an explicit bound on

A>0. Let E(A,u) :={Q € A| (53Qu,u) = q(3.4)(uv)}.
Proposition 7.1 ([12, Proposition 3.2]). Suppose A is a non—empty rank-1 represen-

ter. If Q@ € E(A,u) then when I + \Q € intP(n) we have Qx € E(A\, hy) where
ha= (I +AQ)u—u as A — 0 and ¢(Ax)(hr) = q(A)(u) + A|Qu]|*.

Proof. When I + AQ € int P(n) we have Q) well defined. Since (3Q, hh') < ¢(3.4)(h)
for all h, application of the infimal convolution to both sides of this inequality provides
(2(3Q)x, wu') < 2¢((3.A))(u) for all u. Thus @ € A,. The matrix (3Q, nn")+(2X)*{|n|?
is positive definite and so the problem inf, {(3Q,nn") + 3|/ — n||*} has a unique solution
at n = (I + )\Q)_l h. In particular, for any fixed h € R", we have hy := (I + AQ) h has
h = (I+XQ) " hy. Thus

1

2@y = 2 (At + 5l — hl?)

= QAN+ I (T = (T4 AQ)) K = (Q,hi') + A Qh[*
When @ € E(A, h) we have q(A)(h) = (Q, hh') and so
(Qx, hahy) = (Q,hh") + A|QA|?

= 2 (A B+ gl — 17 = a(A) ),

which implies Q) € E(Ax, hy). ]
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We may now provide a proof of Proposition 4.7. Recall that when —P(n) C 07 A we
must have int A # (.

Proof of Proposition 4.7. When (Q,hh')y = (Qx, hh') is a quadratic form using
(Q,uuy < q(A)(u) for all u we have

1

(S ) = 2(3Q, W) < 253 A)(B) = a(A)(B)

implying 2(3Q), € A, and so 2(3Q), — P(n) C A,. We thus arrive at
. 1 1. , !
Ay =(A)) 2 {2(562),\ | Q@ € Aand 2(§Q)A is a quadratic form} — P(n)

D) 01{2(%Q),\ | Q € A and 2(%@))\ is a quadratic form} — P(n)

as A, is closed.

Now suppose there exists a P € A, such that 2(3A4), = P for some A and P ¢ {2(2Q), |
Q € A and 2(3Q), is a quadratic form}. Then by definition A ¢ A. That is there exists
a u such that (A, uu') > ¢(A)(u). Place h = (I + AA) u then

@A) =2 (A, + 5l = ulP) > g A)w) + 1~ ul?
=2 (a5 + 5510l ) = 20s (A = (AN

implying the contradiction 2(3A), = P ¢ A,. Hence when P € A, is such that 2(3A4), =
P for some A we have A € A.

Finally we note that if P € int Ay then (P, uu’) — (20) 7 |u[[* < 2¢x(5.A4) (u) — (2XA) 7H|ul|?
:= h(u) where the dominating function A is concave. As h(0) = 0 we have (P, uu') —
(2A) M ul|* < h(u) <0 for all w and so P <pg,y A (in that I — AP € int P(n)). Thus
we have A = 2(2P)* such that 2(34), = P and so A = 2(3P)* € A by the previous
argument. Then

int A, C {2(%@),\ | Q@ € A and 2(%@),\ is a quadratic form} — P(n) (40)

1

1 1
implying A, = (int A,)" C ({2(§Q)>\ | Q € A and 2(§Q)Ais a quadratic form} — P(n)>
and as clint A, = A, by convexity and the fact that
1 1
01{2(§Q),\ | @ € Aand 2(§Q),\ is a quadratic form} — P(n)

is closed (since 07 cl {2(3Q)x | @ € A and 2(3Q), is a quadratic form} NP(n) = {0}) the
second equality follows. O
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