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We survey a large bunch of results on metric regularity of multifunctions that appeared during the last
25 years. The tools used for this survey rely on a new variational method introduced in [9]' and further
developped in [10] and independently in [35, 36] which provides a characterization of metric regularity. It
allows us to give a unified point of view both for primal results (based on some notion of tangent cones)
and dual ones (based on some notion of normal cones). For most known results on metric regularity, a
simple proof is given along with some slight improvements for some of them.

1. Introduction

The theory of metric regularity, whose origin dates back to [44] and [28], for mappings
and further for multimappings is one of the cornerstones of nonsmooth analysis. A de-
cisive step has been done in this theory by the systematic use of Ekeland’s variational
principle. However, there are some cases such as the Ursescu-Robinson Theorem and
the finite dimensional case in which one can give metric regularity results without using
the variational principle. We refer to [36] for its accurate bibliographical and historical
comments. The first time in which these kinds of techniques has been used for metric
regularity of mappings and multimappings seems to be [31] and [1]. Another important
contribution is [33] in which the use of the Ekeland principle leads to sufficient conditions
for metric regularity based both on tangent and normal cones. Recently, the use in [9] of
the so-called strong slope of De Giorgi, Marino and Tosques opened the way to a unified
theory of metric regularity involving both criteria invoking tangent and normal cones.
This unified theory which is purely metric was developped in [10] and independently in
the deep and complete survey [36]. The powerfullness of this unifying theory lies in the
fact that it provides a purely metric characterization of metric regularity which allows
loffe to write in [36] ... the theory of metric reqularity and the parallel Lipschitz the-
ory of set-valued maps do not need anything like subdifferentials, directional derivatives,
coderivatives and tangent cones’. The common feeling of mathematicians is that the met-
ric regularity problem is linked to the error bounds one. In fact these two problems are
equivalent (see [9, 10]) and the obtained characterization of metric regularity is a con-
sequence of the characterizations of local and global error bounds obtained for the first
time in [9, Remark 3.2] and in [8, Theorem 2.4|. The paper is organized as follows. After
recalling in Sections 2 and 3 the characterization of metric regularity in complete metric

!The paper [9] appeared in 2002 but the corresponding preprint dates back to 1998-99 and was quoted
and used in [35, 36].
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spaces, we review in Section 4 a large sample of results on metric regularity among those
which appeared during the last 25 years.

Let us begin with some notations that will be used throughout this paper. We let X
be a metric space endowed with the metric d, and f : X — R U {+o0} be a lower
semicontinuous function. For U C X and r € (0, +00] (resp., r € (0,400[), we denote by
B,.(U) (resp., B,(U)) the open (resp., closed) r-neighborhood of U:

B.(U):={z € X: d(z,U)<r}, B.U):={reX: d,U)<r},

where

d(z,U) :=inf{d(z,y) : ye U},

with the convention that d(z,)) = +oc (according to the general convention inf() = +o0).

.0
If U = {x}, we simply write B,(x), B.(x) and Bx = B;(0), Bx = B;(0). For a € R and
g e RU{+o0}, we let

[f<a]={reX: flr)<a}, [f<pl:={reX: f(z)<p}

denote respectively the closed and open sublevel sets of f, and if a < (3, we further let
la<f<fB] = [f<BI\[f<a]
denote the “slice” between av and . If § = 400, we shall rather write:
[f>a] == [a<f<4o0], dom f:=[f<+o0],

and say, as usual, that f is proper if dom f # (). Given a subset C' of a metric space
(X,d), we further denote by do(z) or d(z,C) the distance from x to C' that is do(z) =
inf.ccd(x,z) and by e(C, D) the Hausdorfl-Pompeiu excess of C' into D defined by
e(C, D) = sup,ccd(z, D) with the conventions e(), D) = 0 and e(C,0) = +oo when-
ever C' # (). We shall further denote by ig the indicatior function of a subset S C X

0 ifxesS
defined by is(x) —
efined by is(z) {+oo iteds.

2. The strong slope

In this section we shall give a characterization of metric regularity of multifunctions in
the complete metric space setting. This characteristic conditions will be given in terms
of the strong slope of De Giorgi, Marino and Tosques introduced in [20]. The first issue
in which strong slope is used aimed at error bounds and metric regularity results seems
do be [9]. The method initated in the quoted paper was further used and developped in
[35, 36, 10]. We stress the fact that the strong slope allows a complete characterization
of metric regularity. As we recall in this section, the strong slope can be estimated both
in terms of suitable abstract subdifferential or directional derivatives. When applied to
metric regularity, we shall also check in Section 4 that our abstract results encompass
most of the results on this topic.

2.1. The strong slope

The notion of strong slope was introduced by De Giorgi, Marino, and Tosques in [20]
aimed at finding solutions of abstract evolution equations in metric spaces.
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2.1.1. Defining the slope

Definition 2.1. Let f : X — R U {400} be a lower semicontinuous function, and let
x € dom f. Set:

0 if £ is a local minimum of f,

IV fl(x) =

lim sup otherwise.

#
Yy

For x ¢ dom f, let |V f|(x) := +00. The nonnegative extended real number |V f|(x) is
called the strong slope of f at x.

The main tool which is needed for our purposes is, of course, Ekeland’s variational princi-
ple [24], of which we now recall an appropriate version, as well as an essential consequence
in terms of the strong slope.

Theorem 2.2. Let X be complete, f: X — RU {+o0} be a (proper) lower semicontin-
uwous function, and let x € X, 0 > 0, and r > 0, be such that:

f(z) < igl(ff+ar.

Then, there exists © € B,(%) such that f(z) < f(Z) and

f(x) < f(y) + od(z,y) for everyy € X \ {z}. (1)

Corollary 2.3. Let X be complete, f : X — R U {+o0} be a lower semicontinuous
function, and let x € X, 0 > 0, and r > 0, be such that:

z)< inf f+or.
f@) < jnt 1

Then, there exists x € B,.(Z) such that f(z) < f(Z) and |V f|(z) < 0.
Proof. Let 0 < ¢’ < o and 0 < r’ < r be such that

z) < inf f+o'r.
)< jnt 1

Applying Theorem 2.2 with X := B,(z), we find z € B.(Z) C B.(z) with f(z) < f(z)
and |V fig @ |(x) = |V f|(z) <0’ <o, as follows from (1) and the definition of the strong
slope. Il

The next simple proposition illustrates the role played by the strong slope in existence
results.

Proposition 2.4. Let X be complete, f : X — R U {+o0} be a lower semicontinuous
function, U be a subset of X, a € R, and o,p > 0. Assume that UN[f<a+op] # 0 and
that:

inf Vfl>o.

By(U)N[a< f<atop]

Then, [f<a] # 0.
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Proof. Assume, for a contradiction, that [f<a] =0, and let T € U N [a<f<a+op]. We
have:

f(a_c)<04—|—0p§i§1(ff—|—op,

and, according to Corollary 2.3, we find z € B,(z) C B,(U) with a < f(z) < f(z) <
a+ op and |V f|(z) < o, contradicting our assumption. O

2.1.2. Computing the slope

In this subsection, we consider a Banach space X endowed with a norm ||-||, with topolog-
ical dual X*, d, denoting the metric associated with the norm of X*. In the case where
the function f is Fréchet differentiable at x, it is readily seen that

V() = I1Df ()] (2)

We further consider an “abstract” subdifferential operator 0, which associates to any lower
semicontinuous function f : X — RU {400}, and any point € X, a subset df(x) of the
(topological) dual X* of X, in such a way that df(z) = 0 if z ¢ dom f, and the following
two properties are satisfied:

(P1) if f is convex, then

Of(z) c{€e X" : f(y) = f(x) +({§,y — =) for all y € X}; (3)

(P2) whenever = € dom f is a local minimum point of f + g + h where f is lower semi-
continuous and g, h are Lipschitz continuous near z with h convex then, for every
e > 0 there exist z, y, z € X, £ € 0f(x), and ¢ € dg(y), x € Oh(z) such that

le—zl<e, ly—zl<e, =2 <e, flx) <[f(Z)+e, and [[E+(+x[. <e.
It follows that if the subdifferential satisisfies (P1) and if the Banach space X is 0-

trustworthy in the sense of IToffe, then (P2) is satisfied on X.

Given a subdifferential 0, one is also interested in the associated limiting subdifferen-
tial Of (x) defined as the set of ¢ € X* for which there exist sequences (z,)neny With
((n, f(xn)) = (z, f(z)) and (&,)neny € X* *-weakly converging to € such that &, € df(z,)
for all n € N. It is clear that O satisfies (P2) on X whenever it is the case for 0.

Example 2.5. Let us list some basic subdifferential. Each of them clearly satisfies (P1).

1. The Clarke-Rockafellar subdifferential satisfies (P2) on every Banach space as easily
shown by its definition. Let us recall that the Clarke-Rockafellar subdifferential
JOf(z) at x € dom f of a lower semicontinuous function f : X — R U {400} is the
set of £ € X* such that (£, u) < fT(z;u) for all u € X where

f'(z;u) = sup inf sup inf ¢ '(f(z+tv) — f(2)).
e>0 120 (2, f(2) t)€ By (x) x By (f (x)) x (0,17) vEB= ()

2. The Dini subdifferential 0~ is defined at xq € dom f by

O flxg) ={£ € X" : (& u) < fl(xp;u) for all w € X}, (4)
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S o+ tv) — f(xo)
t

where f'(zg;u) = liminf . This subdifferential satisfies (P2)
t10

v—U

on every finite dimensional X (see e.g. [32, Theorem 2]).
The Fréchet subdifferential 0f(x), that is the set of £ € X* such that

fiminf 2 — | (/(2) = /(@) = (6,2 =) > 0

satisfies (P2) on every Asplund space (see [25]). It follows that when X is asplund,
the Mordukhovich subdifferential which in that case is the limiting Fréchet subdif-
ferential, also satisfies (P2). One also uses, for € > 0, the e-Fréchet subdifferential
& f(z) defined as the set of £ € X* such that

liminf ||z — 2" (f(2) - £(x) — (6,7 — 2)) > —e.
Then it is noteworthy that
0 € ¢ f(x) if and only if |V f|(z) <e. (5)

The Ioffe subdifferential 04 satisfies (P2) on every Banach space (see e.g. [36, The-
orem 1]). It is defined for Lipschitz functions by

Oaf(xg) = m Limsup 0 f(x) (6)

LeF ximo
where F is the family of finite dimensional subspaces of X,

O fr(xe) ={£ € X*: (§,u) < f'(xo;u) for all w € L},

the Limsup being taken with respect to the weak* topology and x EN o Mmeans
(z, f(x)) — (xq, f(x0)). If fis lower semicontinuous and xg € dom f, this definition
extends to

Oaf(wo) ={€€ X" :({,-1) € U Oadepi (0, f(x))}-

L>0

A bornology ( is a collection of bounded convex symmetric subsets of X which is
closed under multiplication by scalars and is such that X = |Jp, 5 B and such that
the union of two elements of 3 is contained in some element of 5. A function f
is said to be 3-differentiable at zy whenever there is V7 f(zy) € X* such that for
any B € 3, we have lim; .ot 1(f(x + tu) — f(zo) — (VP f(x0),u)) = 0 uniformly
for v € B. We say that the function f is S-smooth at x, whenever VA f exists
near ry and the mapping V?f is continuous when X* is endowed with the uniform
convergence on elements of the bornology . Then the § subdifferential dsf (o) is
the set of & € X™ such that for all € > 0 and for all B € 3, there exists n > 0 such
that ¢t (f(zo + tu) — f(x0)) — (&, u) > —e for all t € (0,n) and for all u € B. This
subdifferential satisfies (P2) whenever there exists a (-differentiable Lipschitz bump
function, that is a Lipschitz function ¢ with values on [0, 1] with ¢(0) = 1 whose
support is contained in B and such that each maximizing sequence converges to 0
(see e.g. [36, 2, Theorem 1]).
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6. Given a bornology on X, the 3-viscosity subdifferential D” f () of a lower semicon-
tinuous function f : X — R U {400} at 2y € dom f is the set of £ € X* for which
there exists a locally Lipschitz function g which is f-smooth at xy and such that
f — g attains a local minimum at x( along with Vg (zy) = £. Such a subdifferential
satifies (P2) whenever X admits an equivalent norm which is f-smooth away from
0 (see e.g. [13, Theorem 2.9]).

7. If0<s<1,afunction g : X — R is of class C1* if it is (Gateaux-)differentiable
on X and its differential Dg is s-Holder continuous, i.e., there is a constant C' > 0
such that

1Dg(x) — Dg(y)|| < Cllz —y||* for all 2,y € X

The Banach space X has a s+ 1-power modulus of smoothness if X has an equivalent
differentiable norm ||-|| for which the function g := —=<||-[|**! is of class C"»*. The
Banach spaces with a power modulus of smoothness are the superreflexive spaces.
Equipped with their natural norm, Hilbert spaces have a power modulus of smooth-
ness t2, and LP spaces, p > 1, have a power modulus of smoothness {72} Then
the s-Holder smooth subdifferential is of f at € dom f is the set 0°f(z) of £ € X*
such that there exists 7, o > 0 such that

fy) = flx) > &y —x) —olly — 2| for all y € B,(x).
In other words

9 @) = {ee X lminf LW S@ = &y=n)

y—e |y — || +s

and the associated viscosity subdifferential is the set 0% f () of those Dy(x) such that
¢ is of class C* and x is a local minimum of f — . It is clear that 9% f(z) C 9° f(x).
It is easily seen, by using [22, Lemma 1.2.5], that the viscosity subdifferential 9° f ()
satisfies (P2) whenever X has a power modulus of smoothness ¢*7!. When s = 1
and X is Hilbert, then 0° coincides with Rockafellar’s proximal subdifferential 0™
[55].

The two following propositions provide useful information for estimating the slope from
below.

Proposition 2.6. Let X be a Banach space and 0 be a subdifferential operator which
satisfies (P1) and (P2) on X. Then, for every lower semicontinuous function h : X —
R U {+o0}, for every function g Lipschitz continuous near x € dom f, we have, setting
f=g+h:

Vil(z) > lim inf d.(0,0g(z) + Oh .
’ fl( ) (z:9:,f(2),f(y) = (z.2,f(2),f (%)) ( g() (y))

Proof. Let z € X. We may assume that x is not a local minimum point of f (for,
otherwise, the result readily follows from (P2)), and that |V f|(z) < +oo (so that z €
dom f). Given ¢ > |V f|(x) and € > 0, let > 0 be such that

fx) < f(y) + olly — || for every y € B,(z),

so that the function h + g + o|| - —z|| attains a finite local minimum at x. From property
(P2), we find y, z u € X and & € Oh(y), ¢ € O(c|| - —z||)(u) and x € Jg(z) such that

ly =zl <e, hly) <h(z)+e, and [[§+x+ (| <e.
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From property (P1), |||« < o, so that || + x|/« < ¢+ ¢, and the conclusion follows since
e > 0 is arbitrary, taking into account the lower semicontinuity of f. ]

Applying the previous proposition with ¢ = 0 we get:
Proposition 2.7. Let X be a Banach space and O be a subdifferential operator such
that properties (P1) and (P2) are satisfied on X. Then, for every lower semicontinuous
function f: X — RU{+oo} and every x € X, we have:

IVfl(x) > liminf  d.(0,0f(y)).

(W, f(y))— (2. f(2))

Proposition 2.7 tells us that if inf,cq d.(0,0f(y)) > 7 where € is an open subset of X for
some 7 > 0, then inf,eq |V f|(z) > 7.

The strong slope can also be estimated, just using the definitions, with various notions of
directional derivative. For example, for € dom f, let us consider

F'(x; ) o= lim ing L T =S (@)

£\,0 t

v—u

the contingent derivative.

Proposition 2.8. Let f : X — R U {+oc} be a proper lower semicontinuous function
defined on a Banach space X and let x € dom f. We have

IVfI(z) > sup (= f'(z;u)). (7)

flull<1
Moreover, if X is finite dimensional, we have

IV fl(z) = max (—f'(z;u)). (8)

[[ul|<1

Proof. Assuming that z is a local minimum, then f'(x;u) > 0 for all v € X, thus
IV fl(x) = supy <1 (—f'(z;u). Otherwise, fix u € X\ {0} with [Jul < 1. If —f'(z;u) <0,
the inequality — f'(z;u) < |V f|(x) is obvious. Suppose that —f'(x;u) > 0 and choose
sequences t, | 0 and v,, — wu such that

—f'(z;u) == lim G ft(.r + tntn) > 0.
Then
Plaru) < tim LB @) @) = T )
’ T n—oo thUH n—00 thUnH
yielding
~fau) < limsup LI g gy
P

from which we get (7). Assume now that X is finite dimensional. If x is a local minimum,
then |V f|(z) = 0 = —f/(x;0). Otherwise, let (z,),eny be a sequence converging to x
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with x, # x such that |V f|(z) = limsup M

n—oo -

[
u, =t Y(z, — z), there exists a subsequence, still denoted by (u,),en converging to some
u € X with ||lul]| = 1. Thus we get

|V £l() = limind 1 (£ + tyu,) — F(2)) > £z, u),

hence (8). O

Setting t, = ||z, — z|| and

Estimates from above of the slope are also available in some special cases. These estimates
will be useful when aimed at seeking for necessary conditions for metric regularity of
multifunctions.

Proposition 2.9. Let f : X — R U {+o0} be a closed proper function defined on a
Banach space X and let x € dom f. We have

a)  d.(0,0f(x)) > |V f|(x), where  denotes the Fréchet subdifferential;

b)  d(0,0°f(x)) > |V f|(z) whenever 0° denotes the s-Holder smooth subdifferential.

¢)  di(0,0" f(x)) > |V f|(x) whenever X is finite dimensional and 0~ denotes the Dini
subdifferential.

Proof. a) We may assume that = is not a local minimum, since in that case the right
member of the inequality in a) is equal to 0. Let & € df(z) and let € > 0. We can find
r > 0 such that f(y) — f(z) > ({,y — x) — ¢|ly — z|| for all y € B,(x), yielding

f@) = 1) €]l + € for all y € B, (),
ly — ||
and then lim sup W < ||€||+ for all € € df(x), from which we get
) _
yhu

d.(0,0f(z)) = |V f(2).
b) follows from a) since 9 f(z) C df ().

¢) From Proposition 2.8, putting 7 := |V f|(z), we can find a unit vector u € X such
that f'(z;u) = —7. Thus if £ € 0~ f(z), we have —7 = f'(x;u) > (&, u), so that
€]l = (& —u) = 7. O

Remark 2.10. If f: X — R U {400} is a closed proper convex function defined on a
Banach space X, then

IV fl(x) = d.(0,0f(x)) for all z € dom f. 9)

Indeed, we get from part a) of Proposition 2.9 that d.(0,0f(z)) > |V f|(x). Now if
0 <o <d.(0,0f(x)), then, z is not a minimum point of the function z — f(z)+o|lx — 2|
for, otherwise, from standard convex calculus, we have 0 € df(z)+0B,, where B, denotes
the closed unit ball of X*, contradicting the choice of o. Let thus z € X be such that
f(z) + 0|z —z| < f(x), so that for every A €]0,1]:

f(x) =[x+ Az — 7))
Az — =]

showing that |V f|(x) > o, whence |V f|(z) > d.(0,0f(z)).

>0,
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2.1.3. Parametric error bounds

When dealing with parametric family of multifunctions, a parametric error bound result
may be useful. Let us begin with a result of [10] which is of independant interest.

Theorem 2.11. Let X be complete, f : X — R U {+oc} be a lower semicontinuous
function, U be a subset of X, a« € R, and o,p > 0. Assume that UN[f<a+op] # 0 and
that

inf IVfl>o.

By(U)n[a<f<a+ap)

Then, [f<a] # 0, and the following local error bound holds
od(z,[f<a]) < (f(z) — )t forallz e UN|[f<a+ op].

Proof. The fact that [f<a] # 0 is established in Proposition 2.4. We may now assume
that U N [a<f<a + op] # 0. Assume further, for a contradiction, that for some z €
UnNla<f<a+ op] we have:

f(z) —a<od(z,[f<a]).
Let 0 < 7 := min{d(z, [f<a]), p}, and g := (f — @)™, so that

g(z) < inf g+ or.
B, (z)

Applying Corollary 2.3, we find z € B,(Z) with g(z) < ¢(Z) and |Vg|(z) < o. Then,
z e B,(U)Nja<f<a+op] and |V f|(x) = |Vg|(x) < o: a contradiction. O

The following definition is classical.

Definition 2.12. Let X be a complete metric space, let P be a topological space and let
f: X xP— RU{400}. We say that f is epi-upper semicontinuous at (zq, pg) if

(e-lim sup fp)("EU) < Jo (o)

p—po

where
e-limsu To) =sup inf sup inf x),
( HDopfp)( 0) g>gN€N(po)p€]I\)/xeBs(wo)fp( )

denoting by N (py) the family of neighborhoods of py and by f, = f(-,p).

Observing that (e-limsup, ., f,)(20) < limsup, ., f,(zo), it follows that f is epi-upper
semicontinuous at (o, po) whenever the function p — f,(x¢) is upper semicontinuous at
po- In the case f(z,p) = ic,(v), where (Cp),cp is a family of subsets of X, the function
f is epi-upper semicontinuous at (xg, pp) with z¢ € C,, if and only if ¢ € Liminf, ., C,.
Such a condition is clearly weaker than the requirement limsup,, . f,(70) < fp,(20) which
amounts to zo € C, for p close to py. Let us recall that the closed set Liminf,_,,, C, is
the set of those x € X such that for each neighborhood V' of x, the set of p € P such
that V' N C, # 0 is a neighborhood of pg. In other words x € Liminf,_,,  C, if and only if
there exists a mapping p — =z, defined near x with values in X such that lim, ., z, = x
and x, € C), near py.
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Theorem 2.13. Let X be a complete metric space, let P be a topological space and let
f: X xP—RU{+o0} and (zg,py) € X x P. Assume that

) fpo (330) <0;
fp s lower semicontinuous for all p near py;

S

b

)
c)  f is epi-upper semicontinuous at (g, po);
d)  there exist neighborhoods Uy of xo, Ny of po and 7 > 0

such that
inf |V fol(z) > 7.
{(%,p) € UO X NO
f(x,p) >0

Then there exist neighborhoods V' of xo and N of py such that [f,<0] # 0 for allp € N,
and for all v >0,

Td(z, [f,<7]) < (fplx) =)" for all (v,p) € V x N.

Proof. Let p > 0 be such that By,(z) C Up. From assumption ¢), we can find N € N (py)
such that N C Ny and sup,¢y infoep, (o) fp(7) < 7p. Setting U = B,(r0), we get, for all
p € N that U N [f,<7p| # 0 and

i > 7 for all p € N.
meBp(U)ﬁo<fp<Tp]|pr|($>_7‘ or all p €

Thus we obtain from Theorem 2.11 that for all p € N we have [f,<0] # 0 and
rd(x, [f,<0]) < fo(z)" for all z € U N [f,<7p] and p € N,

yielding [f,<0] N By,(zo) # 0 for all p € N.

Now we claim that 7 d(z, [f,<v]) < (fp(x) =)t forallz € V := B,(x) for all p € N and
for all v > 0. If not, we can find x € B,(x¢), p € N and v > 0 such that 0 < f,(z) —7 <
Td(z,[f,<7]). Setting r = d(z,[f,<7]), we get 0 < r < 3p and g(x) < infg g + 77
where g = (f,—7)". From Corollary 2.3, there exists y € B, () such that |Vg|(y) < 7. As

dly, 7) < d(, [f,<7]), we get fo(y) > 7, so that [V £,|(y) = [Vgl(y) < 7 and y € Buy(ao).
a contradiction. O

Remark 2.14. Theorem 2.13 fails to be true without epi-upper semicontinuity of f at
(20, po) as shown by the following example. Let f: R x R — R be defined by

_Jet ifp#0
f(x7p> - {$+ 1fp:07

so that f is lower semicontinuous on R x R and f(0,0) = 0. For all p € R and for all
z € [f,>0] N (=1,1), we derive from (2) that |V f,|(z) > r with » = e~!. Thus we get

from (5) that for all p € R and for all z € [f,>0] N (=1,1) we have 0 ¢ & f,(x) for all

e € (0,7) where &°f,(z) is the e-Fréchet subdifferential of f, at z. However [f,<0] = 0
for all p # 0 and then f provides a counterexample to [15, Theorem 2].
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In the previous theorem, we saw that the fact for the slope to be bounded away from 0 on
the complement of a level set in a neighborhood of some point yields a local error bound
result for all greater level sets. The powerfulness of the strong slope lies in the fact that
the converse is true as shown in the following proposition which is [9, Remark 3.2].

Proposition 2.15. Let f: X — RU {400} be a function defined on a metric space X,
U be a subset of X, and a € R, € RU {400} with o < 3. Assume that, for some T > 0
we have

Td(z, [f<Y]) < (f(x) — )" for ally > a and for all z € U N [f<0)].

Then

inf |Vf]| >
UNfa< f<g]

Proof. Let 0 € (0,7), let x € U N [a<f<f], and set v, := f(x) — 1/n for n € N large
enough so that v, > a. Foreachn € N, let x,, € [f<7,] besuch that f(x)—y, > od(x,x,).
Then, we have:

fl@) =

d <
0<d(xz,z,) < -

— 0 asn — o0,

so that x is not a local minimum of f, and

f(x) — f(zn)
d(x,x,)

f(x)_/)/n >

>
— d(x,x,) T %

showing that |V f|(xz) > o, and the conclusion follows by letting ¢ increase to 7. O

3. Metric regularity in complete metric spaces

We further consider a multifunction F' C X x Y identified to its graph: for x € X and
y € Y we respectively set:

Flz)={yeY: (z,y) e F}, F'y)={zecX: (z,y) € F}.
For z € Y, we define a function f, : X x Y — RU {400} by:

d(z,y) if (z,y) € F
400 otherwise,

fZ('%Z/) = d(Z,y) +iF($,y) = {

so that f, is lower semicontinuous if (and only if) F'is closed (F is a closed-graph multi-
function). Moreover, for every v > 0, we have:

<= U (F'w) x {w}) (10)
Y€ B, (2)

(where, of course, F~!(y) x {y} =0 if F~(y) = 0).

As usual, we say that the multifunction F' is metrically regular near (xg,yo) € F' if there
exist 7 > 0 and a neighborhood W of (zy, yo) such that

rd(z, F~(y)) < d(y, F(z)) for all (z,y) € W. (11)

We shall need the following definition
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Definition 3.1. For z € X, let d, : X — R be defined by d,(z) := d(z,z). We say that
the metric space X is coherent at z € X if

|Vd.|(z) =1 for every x # z.

If this is true for every z € X, we just say that X is coherent.

Clearly, if X is a convex subset of a normed vector space, then X (with the metric
associated with the norm) is coherent. In general, since d, is 1-Lipschitzian, so that
|Vd,| <1, the fact that a complete metric space X is coherent at z is equivalent to:

(d(z,2) — )" > d(x, B,(2)) for all z € X and for all v >0, (12)

according to [8, Theorem 2.4].

We now consider two metric spaces X and Y (we shall use the same notation d for both
metrics), and, for § > 0, the product space X x Y as endowed with the metric:

ds((,y), (2, y)) := max{d(z, "), 6d(y, y')}

Accordingly, if f: X xY — RU {400} is a lower semicontinuous function, we shall let
|Vs f| denote the strong slope of f with respect to the metric ds. The next theorem is a
slight variant of [10, Theorem 5.3].

Theorem 3.2. Let X and Y be complete metric spaces, ' C X XY be a closed multi-
function, (zo,y0) € F, let Z be a subset of Y, let V' and W be neighborhoods of x¢ and
Yo, respectively, o >0, and 0 < 6 < 1/0.

(a) Assume that:
|Vsf|(z,y) > o forall (z,y,2) e VXWX Z, y#z,
where f,(z,y) = d(z,y) + ip(z,y). Then, there exists € > 0 such that:
d(z, F(z)) > od(x, F~1(2)) for all (z,z) € B.(xo) X (B-(y0) N Z),

(in particular B:(yo) N Z C F(X)).

(b)  Conversely, assume that'Y is coherent and that:
d(z, F(z)) > od(x, F~'(2)) for all (x,2) €V x W . (13)
Then, there exists r > 0 such that
Vsf:l(x,y) = o for all (z,y,2) € B(x0) X Br(yo) X Br(yo), y # 2.

Proof. (a) Let p > 0 be such that By,(zo,y0) C V x W, and let z € B,,(yo) N Z C W.
Applying Theorem 2.11 to f, with U := B,(xo, yo), o := 0, and the given o and p, since
(z0,90) € UN|[f.<op| and |Vsf.|(z,y) > o for every (z,y) € [f.>0] N B,(U), we obtain
that, for all z € By,(yo) N Z C W:

f(x,y) > ods((z,y), [f.<0]) for all (x,y) € [f.<op| N B,(xo, o) - (14)
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Let 0 < r < p be such that B,(xg,yo) N F C [f.<op| for every z € B,.(yo). Then, taking
the definitions of f, and of ds, the fact that 0§ < 1, and (10), into account, (14) yields:

d(z,y) > od(z, F~'(2)) for all (z,y) € B,(z0,5) N F, for all 2 € By (yo) N Z, (15)
and in particular:
d(z,y0) > od(zo, F(2)) for all z € By,(y0) N Z. (16)

Assume now that the conclusion does not hold. Then, there exist sequences (z,, y,,) C F
and (z,) C Z such that d(z,,z¢) — 0, d(2,,y0) — 0, and:

d(2n, Yn) < 0d(xn, F(2,)) . (17)
Taking (16) into account yields:
d(yn7 yO) - d(zm yO) < O'd(l'n, xO) + O'd(Q?O’ Fﬁl(zn)) < O'd(xn: 330) + d(Zn, yO) )

which shows that d(y,,yo) — 0, so that (17) contradicts (15) for large n.

(b) Let > 0 be such that B,(x¢) C V and Bs.(yo) C W. Let z € B,(yo) be fixed, let
then v > 0 and (z,y) € F N (B.(z0) X Br(y0)) N [f->7], so that v < d(z,y) < 2r. Then,
for every v € B,(z) C V, we have:

d(y',y) > od(z, F'(y))

(in particular, F~(y') # 0 for every such y/), hence:

d(y',y) = ods((x,y), F () < {y'})

and finally, since y' is arbitrary in B, (z2):

d(y. B,(2)) = ads((x,y), [[.<7]) -
According to (12), we have:
fozy) =~ 2 ads((z,y), [f-<7])

Letting U := B,(x¢) X B,(yo), we thus have:

. g [z, y) —

>0 ,
>0 (zy)evnif.>] ds((2, y), [f-<7]) —

and the conclusion follows from Proposition 2.15 applied to f, with « := 0 and g := 400,
since z is arbitrary in B, (yp). O

4. Metric regularity in Banach spaces

In this section we survey a large selection of results on metric regularity and we show how
they enter in the general framework described in Section 3. The following result is the
well-known Ursescu-Robinson Theorem ([57, 54]).
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4.1. The Ursescu-Robinson Theorem

Let us recall that the core of a convex set C' C X is the set core(C') of those x € C' such
that X = (0, +00)(C — x).

Theorem 4.1. Let F' C X XY be a closed convex multifunction where X, Y are Banach
spaces. Assume that yo € core F(X), then F is metrically reqular near any (xo,yo) € F.

Proof. Let us consider, for z € Y, the closed convex function f, : X X Y —— R U {400}
defined by f.(z,y) = ||z — y|| + ir(z,y) . As yo € core F(X), Baire’s Theorem yields 71,
ry > 0 such that B, (yo) C cl (F(B,(70)). Let 0 < o < r1/rg, let § = ry/r; < 1/0 and
let e = (14 0) Y(ry —re0) € (0,71). Let (x,y) € [f.>0] N (B(z0) X B:(yo)) N F and let
(€,¢) € f.(z,y) so that (£,¢) = (§2,C1 + C2) with [|Gi][« = 1 and (&2, (2) € Np(x,y). As
By, —-(y) C By, (yo) we can find, for any v € (1 —e) By, a sequence ((Zn, Yn))nen C F such
that (y,)nen converges to y — v and (z,)nen C By, (20). Now we get, endowing X x Y
with the norm ||(u,v)||s = max(||ul,d||v]]),

||(:L’ — Tn, Y — yn)H(SH(&C)H* > <§2,:E —l’n> + <C17y - yn) + <C27y - yn> > <Clyy - yn>7
r — €&
To + €

= ¢. Thus we derive from

yielding (G, v) < (r2 +€)||(§, ¢)|l« and then [(, )« =

(9) that, for all z € Y,
inf ) |v5.fz’ > g,

[f=>0]N(Be(z0) X Be (zo0

and then the conclusion of the theorem follows from Theorem 3.2 (a) applied with Z =
Y. O

4.2. Normal conditions

Given a multifunction ¥ C X x Y and a subdifferential operator 0, the coderivative
D*F(x,y) at a point (z,y) € F is the multifunction D*F(z,y) C Y* x X* defined by
D*F(z,y) = {((,¢) € Y*x X*: (§,—() € Np(z,y)} where Np(z,y) = Oip(z,y) is the
normal cone associated to the subdifferential operator 0. We shall further denote by Sy«
the unit sphere in Y*. Given a metrix space Z, a subset S C Z and zy € cl .S, the notation

s : .
2z — 2o will mean z goes to zp in S.

4.2.1. Characterization using coderivatives

The following basic result is a mixing of the main results of [33, Section 6] and [47].

Theorem 4.2. Let X, Y be Banach spaces, let O be a subdifferential satisfying (P1) and
(P2)on X xY and let F C X XY be a closed multifunction. Assume that

lirglinf d.(0, D*F(x,y)(Sy«)) > 7 >0.

(z,y)=(x0,0)
Then there ezists a neighborhood W of (xo,vo) such that
Td(w, F~(y)) < d(y, F(x)) for all (x,y) € W. (18)
Conversely, assuming that (18) holds true, then
liminf d,(0, D*F(z,y)(Sy+)) > T,

(@,9) 5 (20,y0)
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whenever 0 is the Fréchet subdifferential or the s-Holder-smooth subdifferential or the Dini
subdifferential where X and'Y are finite dimensional.

Proof. Let us set as usual f.(z,y) = ||z—y|+ir(z,y) = g(z,y)+ir(z,y) and let us endow
X x Y with the norm ||(z,y)|| = max(||z||,77!||y||) whose dual norm is ||(&, {)|l. = [|€]|« +
7]/¢]|«. We can find an open neighborhood Wy of (z9, yo) such that d.(0, D*F(x, y)(Sy+)) >
7 for all (z,y) € WoNF. Let z € Y and (x,y) € Wo N F N [f,>0] and let (x1,11),
(xe,y2) € Wo N F, & € 0g(x1,y1), (&2,() € Np(xa,y2). Assume that (z1,y;) is close
enough to (z,y) in order that ||z — y1]| > 0. We have & = (0,¢;) with ||¢1]]« = 1 so that

100, ¢1) + (&2, Q) I« = [I€2lle + 7lIC + Gl = [|E2lls = TllGafl +7 =7

since & € D*F(x2,y2)(—(2). Thus we derive from Proposition 2.6 that |V f,|(z,y) > 7
for all (x,y) € WoN[f.>0] and then the conclusion of the theorem follows from Theorem
3.2.

Assume now that (18) holds true. We derive from Theorem 3.2 that there exists r > 0
such that |Vsf.|(x,y) > 7 for all (z,y, z) € B.(z0) X B-(yo) X B, (yo) such that f,(z,y) > 0
with § = 1/7. For any of the three subdifferentials involved, we have dg(z, y)+0ir(z,y) C
df.(x,y). Now let (z,y) € F N (B,(xg) X B.(yo)), let ¢ € Sy« and let £ € D*F(x,y)((),
so that (¢,—() € Np(z,y). Given € > 0, we can find by the Bishop-Phelps Theorem
(see e.g. [19, Theorem 7.2]) x € Sy~ and v € Sy = {w € Y : ||lw|| = 1} such that
IC—x|l+ < 77'e and (x,v) = 1. Let ¢t > 0 small enough in order that z = y —tv € B,(yo)-
We have (0,x) € dg(x,y) so that (£, x — () € df.(x,y) and then, by Proposition 2.9,

1€ x = Ol = [I€lls +7lix = ¢l = [Vafal(z,y) = 7,

from which we get ||€]|« > 7 — ¢ and then |||« > 7 by letting € go to 0. O

4.2.2. The Borwein-Zhu sufficient condition

Given a metric space X, a subset A C X and a mapping h defined near xq € A with values
in a metric space space Y, we say that (h, A) is metrically regular near xo whenever there
exist 7 > 0 and neighborhoods V of g and W of yo = h(xg) such that 7 d(z, ! (y)NA) <
d(y, h(z)) for all (z,y) € (VN A) x W. This amounts to say that the multifunction
{(z,h(x)) : x € A} is metrically regular near (zo, yo).

Lemma 4.3. Let X be a Banach space, let A C X be a closed set and let h be a continuous
mapping defined near xo € A with values in a normed space Y. Then (h, A) is metrically
reqular near xq if and only if there exist neighborhoods V' of xq and W of yo such that

inf IV f,|(z) > 0, (19)
{(:B,y) e(VNA) xW

h(z) #y
where f,(x) = [[h(x) — yl| +ia(z).

Proof. Observing that [f,<0] = h~!(y)NA and that f(x,-) is continuous for all z € X, we
derive from Theorem 2.13 that (h, A) is metrically regular near xy. Conversely, assume
that (h, A) is metrically regular near zp, so that we can find » > 0, p > 0 such that
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Td(x,h  (y) N A) < ||h(z) —y| all (z,y) € (Br(x0) N A) X Bay(yo). Let V C B,(x0) and
W C Bs,(yo) be such that ||h(z)—y|| < pforall (x,y) € VxW andlet (z,y) € (VNA)xW
be such that h(zx) # y. Setting v, = f,(x) —n~', we get v, > 0, f,(x) > 7, and
7 —n~! > 0 eventually. Thus there exist 6,, € (0,1) and z, € Y such that ||z, — y|| = 7
and z, =y + 0,(h(z) —y), from which we get 2z, € Ba,(yo). As h(x) # z,, we can find
T, € h™(z,) N A such that

(1= n" e = all < 2w — h(@)ll = (1 = Oa)[IR(2) — yll = fy(2) = fy(@n) = fy (@) = Y.

It follows that (z,)nen converges to x and that

7 < lim sup fy( ) fy(xn)

< [V/yl(),

yielding the conclusion of the lemma. O

Theorem 4.4. Let X, Y be Banach spaces with (3-smooth norms, let A C X be a closed
set, and let h be defined and continuous near xo € A. Assume that h is strictly differen-
tiable at xo and that (h, A) is not metrically reqular near xo. Then

liminf d, (0, A*(Sy-) + N%(z)) = 0 (20)

A
50
where A = Dh(zo) and where Sy~ = {¢ € Y* : |||« = 1} is the unit sphere in Y*.

Proof. Let ¢ > 0, 0 > 0 and let 0 < n < J such that h — A is e-Lipschitzian on
By, (z9). From Lemma 4.3, we can find € B,(x9) N AN [f,>0] and y € B,(yo) such
that |V f,|(z) < €, so that the function f,(-) + €|ly — -|| admits a local minimum at .
Setting ¢(z,y) = ||h(z) — y|| and applying [13, Theorem 2.9], we can find z; € B,(zo),
zy € By(zo) N A and & € DPg,(xy), & € Ni(xzy) such that ||A(z1) — y|| > 0 and
€1 + &||« < e. Let u € Bx so that we can find ¢, > 0 such that

1 (|h(zy + tuw) —y|| — ||h(z1) —yl|) > (&, u) —e > —(&,u) — 2¢ for all t € (0,t,).

Let us set ¢;(u) = V(|| ||) (h(z1 +tu) —y) which is well defined for all £ > 0 small enough.
As ||G:(u)]]« = 1, we have for all ¢ > 0 small enough

(Ce(u), 7 (A(z1 +tu) —y — (h(z1) —y)) — Au)) <e,

hence ¢ ([[(A(z1 + tu) — yll = (I(h(z1) = yll) < (G(u), Alu)) + € for all £ € (0,t,). As
Ci(u) weakly converges to ¢ = VP(|| - ||)(h(z1) — y), we get (A*(C) —|— &, u) > —3¢ for all
u € By yielding |[A*(¢) + &l. < 3¢ and then d, (0, A*(Sy-) + N%(z5)) < 3¢, so that
liminf 4 d.(0,A"(Sy-) + Ni(x)) = 0. O

Remark 4.5. In [13, Theorem 4.3] the preceding result is obtained with (20) replaced
by liminf 4 d, (0, A*(Sy-) + N(x)) = 0 with N?(z) = Urao L DPda(x). As Ni(z) c

N%(x), Theorem 4.4 extends the quoted result.
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4.2.3. Pointwise criteria

Given a subdifferential operator 0 and a multifunction F' C X x Y, we say that F' is O-
codirectionally compact at (xg,yo) € F whenever for any sequence ((Z,, Yn))neny C F' con-
verging to (xg, yo) and for any sequence ((&,, () )neny C X* XY™ with &, € D*F(xp, yn)((n)
such that (&,)nen converges to 0, then ((,)nen converges to 0 whenever it *-weakly con-
verges to 0. It is clear that any closed multifunction is 0-codirectionally compact at each
(x0,y0) € F for any subdifferential operator whenever Y is finite dimensional. The next
theorem captures the main results of [46, 48, 53].

Theorem 4.6. Let X, Y be Banach spaces and let FF C X XY be a closed multifunction
which is O-codirectionally compact at (xg,yo) € F where O is the Fréchet subdifferential.

a)  Assume that X and Y are Asplund and that
Ker D" F(xo,y0) = {0},
where D*F(xo,v0) 1s the Mordukhovich (limiting Fréchet) coderivative and
Ker D" F(xo,y0) ={C € Y™ : 0. € D"F(x0,50)(¢)}-

Then F' is metrically reqular near (xq, yo)-

b) Conversely, if X is finite dimensional and if F is metrically reqular near (xq,yo),
then Ker D*F(z9,y0) = {0}.

Proof. a) We claim that liminf(m D5 o yo)d (0, D*F(z,y)(Sy-)) > 0 where D*F(x,y)

stands for the Fréchet coderivative, which will give the conclusion of the theorem by
Theorem 4.2. Indeed, if not, we can find sequences ((z,,¥n))nen C F converging to
(0, 90) and ((€n, Ca))nen C X* X Y* with (Co)nen C Sy=, & € D*F(2y, yn)((a) such that
(&n)nen converges to 0. Denoting also by ((,)nen a subsequence that s-weakly converges
to some ¢ € Y*, we get ¢ € Ker D*F(xq, o) thus ¢ = 0. It follows that ((,),en converges
to 0 contradicting the fact that ||(,||. = 1.

b) Conversely, assume that Ker D*F(xg, yo) # {0}, so that there exists ¢ € Sy~ such that
(0,¢) € Np(xo,y0). Thus we can find sequences ((Z,, Yn))nen C F converging to (xq, yo)
and ((£,,Cn))nen € X* x Y* such that (&,)nen converges to 0 and (¢, )nen *- weakly con-
verges to (. Considering a subsequence still denoted by ((&,, ¢n))nen such that ([[Cul[+)nen
gonverges to some ¢ > 0, we derive that (&,,C,) € Np(2,,yn) where &, = 1Gall '€ and

= |Gall 7 ¢ € Sy~. As (£,)en converges to 0, we get lim mf ) B @0.30) d.(0, D*F(x,y)
(SY*)) 0 thus F is not metrically regular near (xq,yo) by applying again Theorem
4.2. ]

As a consequence, we derive the nice characterization given by Mordukhovich in [46].

Theorem 4.7. Let X, Y be finite dimensional spaces and let F C X XY be a closed
multifunction. Then F' is metrically reqular near (xg,yo) € F if and only if

Ker D" F(zo,y0) = {0},
where D*F(xg,Yo) is the Mordukhovich (limiting Fréchet) coderivative.
Proof. Follows immediately from Theorem 4.6 since finite dimensional spaces are As-

plund and each closed multifunction F© C X X Y is 0-codirectionally compact at each
(xo,Y0) € F for any subdifferential operator. O]
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4.3. Tangencial conditions

Let us list the definitions of the tangent cones and directional derivatives we shall use
in this section. Given a subset C' C X of a normed space and ¢ > 0, the e-contingent
cone to C at zp € cl(C) is the set T (o) of those u € X such that there exist sequences
(tn)nen C B(u,ellul]) and (t,)nen C (0,+00) converging to 0 such that ¢ + t,u, € C
for all n € N. We also need a notion of e-directional derivative namely, given f : X —
RU {400}, >0, 29 € dom f and u € X:

fixo;u) = lim inf( inf fao +tv) — f(%))_

to \veB(ugelull) t

Observe that these two notions depend on the norm and that (ic).(7o; ) = 47z (2,)- Then,
it is clear that

(L +e)ull[VFI(zo) = —fi(zo; ). (21)

Moreover, it is also clear that
fe(woyu) < g'(zo; u) + Kellull + bl (2o; u) (22)

whenever f = g+ h with g : X — R convex and Lipschitz continuous of rank K near x;.

The contingent cone (or Bouligand cone, see [16, p. 32]) to C' at zy € cl(C) is the set
Te(xg) of u € X for which there exist sequences (u,)nen converging to u and (t,)pen C
(0, +00) converging to 0 such that zq + t,u, € C for all n € N. In other words T (o) =

t —
Nes0 IT6(x0) and we have iy (xo; -) = i1, (my) Where f'(z;u) := liminf Jlo+ Ut) f(x)
t\0

v—u

Given a subset C' C X of a normed space, the Clarke tangent cone to C' at o € cl (C) is
the closed convex cone T})(zo) defined by

Th(zo) ={ue X : lim ¢ 'd(x + tu, C) = 0}.
xr g o
t]o0
4.3.1. The Borwein-Aubin-Frankowska Theorem

The next theorem which is [3, Theorem 2.3] is also a consequence of [11, Theorem 3.1].

Theorem 4.8. Let X, Y be Banach spaces such that Y is finite dimensional, let F' C
X XY be a closed multifunction, and let (xo,y0) € F. Assume that T} (zo,v0)(X) =Y.
Then F' is metrically regular near (o, yo)-

Proof. Let us endow Y with a norm such that By = co (vy,---,vy) for some N € N and
some vy, -+ ,vy € Y. From our assumption, we can find 7 > 0 and uy,--- ,uy € X such
that (us,v;) € Thh(xo,y0) and |jug|| < 77Y|vil|, i = 1,---,N. Let us endow X x Y with
the norm ||(x,y)|| = max(||z||,77||y||) and let us set

N

K =pos ((ug,v1), -+, (un,vn)) = ZRJr(Uz‘a vi)

i=1
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so that K is a closed convex cone contained in T}(xo,yo) and 7By C K(By). Given
e € (0,1), we can find, by Ascoli’s Theorem and by the definition of the Clarke tangent
cone, a neighborhood W of (x¢,y) and n > 0 such that d((u,v),t " (F — (x,y)) < ¢ for
all (u,v) € K N Bxxy, for all (z,y) € FNW and for all t € (0,n). For z € Y, let us
define a lower semicontinuous function f, : X X Y — R U {400} by

z—y
; ! PEE
we can find v € By such that (u,v) € K N Bxyy. Thus there exists, for all ¢t € (0,7) a
vector (uy,v;) € X x Y such that (z,y) + t(u;, ) € F and [[(we, v) — (u,v)|| < e, so that

and let z € Y and let (z,y) € FNW be such that f.(z,y) > 0. Setting v =7

fo((@y) + t(ug, ) = fo(2,y) < ly — 2+ ol = [ly — 2l + tre < —t7 + t7e,

yielding (1 + ¢)|Vf.|(x,y) > 7(1 — ¢). Thus the conclusion of the theorem follows from
Theorem 3.2 applied with Z =Y. ]

In fact the Borwein-Aubin-Frankowska Theorem can be deduced from a more general
result exposed in the next subsection.

4.3.2. Equi-circatangency
The results of this subsection are taken from [6].

Definition 4.9. Let X be a Banach space and let C' C X be a subset of X. We say that
a cone K is equi-circatangent to C' at xy € cl (C) whenever

. _ C—-z
lim e(KmBX, t )_0.
T — To
s

Thus if K is equi-circatangent to C' at 2, we have K C T}(z).

Theorem 4.10. Let X, Y be Banach spaces, let FF' C X XY be a closed multifunction,
and let (zo,y0) € F. Assume that there exists a cone K C X XY such that K is equi-
circatangent to F' at (xg,yo) and there exists T > 0 such that T By C K(BX). Then for
all 0 € (0,7), there exists a neighborhood W of (x¢,vo) such that

od(z, F'(y)) < d(y, F(z)) for all (x,y) € W.

Proof. For z € Y, let us define a lower semicontinuous function f, : X XY — RU{+o0}
by
Let us endow X x Y with the norm ||(z,y)|| = max(||z|,77!|y||) and let € € (0,1) be

1 —
such that o < 7'1 c

d((“? U)a t_l(F o (.T,
let z € Y and let (x

. We can find a neighborhood W of (z¢,yo) and n > 0 such that

€
y))) < e for all (u,v) € KNBxyy, (r,y) € FNW and t € (0,7n). Now
,y) € FNW be such that f,(x,y) > 0. Setting v = 7|y — z||"*(z — v),
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we can find u € By such that (u,v) € K. As (u,v) € Bxxy, there exists, for all t € (0,7)
a vector (ug,v;) € X x Y such that (x,y) + t(us, ve) € F and ||(ug,v) — (u,v)|| < €, so
that

fo((@,y) + t(u, ) = fo(2,y) < ly — 2+ ol = [ly — 2| + tre < —t7 + t7e,

yielding (1 + ¢)|V f.|(z,y) > 7(1 — €) and then |V f.|(x,y) > 0. Thus the conclusion of
the theorem follows from Theorem 3.2 applied with Z =Y. O]

Remark 4.11. a) By the Ursescu-Robinson theorem, the assumptions of Theorem 4.10
are fulfilled whenever the equi-circatangent cone K is closed and convex and satisfies
K(X)=Y.

b) In [5], Aubin and Frankowska define a closed set C' to be uniformly sleek at zo € A if
lim o e(Te(zo) N Bx,Te(z)) = 0. In that case the contingent and the Clarke tangent

cone at xo do coincide. One easily checks (see [6, Proposition 2.4]) that, assuming C' to
be uniformly sleek at xg, the Clarke tangent cone Té(azo) is then equi-circatangent to C'
at xo. Nevertheless, there exist (see [6]) closed sets C' 5 xy whose Clarke tangent cone is
equi-circatangent to C' at xg which are not uniformly sleek at x(. It follows that Theorem
4.10 extends the results of [5] based on uniform sleekness.

4.3.3. e-Contingent cone
The next theorem is a slight improvement of [7, Theorem 3.2].

Theorem 4.12. Let X, Y be Banach spaces, let FF' C X XY be a closed multifunction,
and let (xg,yo) € F. Assume that there exist € > 0, 7 > 0, a neighborhood Wy of (xq, yo)
and v > 0 such that T — vy —e(T +7) > 0 and

7By C Ti(x,y)(Bx) + By for all (z,y) € WoN F. (23)
Then there ezists a neighborhood W of (o, yo) such that
od(z, F~'(y)) < d(y, F(x)) for all (x,y) € W,

T—y—e(t+7)

(T+e)(1+771) =0

where o =

Proof. Let us endow X x Y with the norm ||(z,y)|| = max(||ul|,7||v||), and let us
define, for z € Y a lower semicontinuous function f, : X x Y — RU{+oc} by f.(z,y) =
|z —y|| +ir(x,y). Now let z € Y and let (z,y) € Wy N F such that f.(z,y) > 0. Setting
v=r"l|ly— 2| (2 — y), we can find (u,w) € T&(x,y) such that |Jul| <1 and [Jw —v| < 7.
Relying on (22) and observing that (z,y) — ||z — y|| is 7-Lipschitzian, we get

(f2)e((z, y), (u, w))

Ay = zw) + re(ll(w, w)| + (p)z((2, y), (u, w))
Ay o)+ +Te(L+ 77y,

thus (f.).((x,y), (u,w)) < —7+y+e(T+7), from which we get by (21) that |V f,|(z,y) >
0. Thus the conclusion of the theorem follows from Theorem 3.2 applied with Z =Y. 0O

A very slight modification of the proof of Theorem 4.12 yields [2, Theorem 2]:
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Theorem 4.13. Let X, Y be Banach spaces, let FF' C X XY be a closed multifunction,
and let (zo,yo) € F. Assume that there exist T > 0, a neighborhood Wy of (xg,y0) and
v € [0,7) such that

7By C Tr(z,y)(Bx) +vBy for all (x,y) € WoN F. (24)

Then there ezists a neighborhood W of (xo,y0) such that

T A F7 ) < dly, F(@) for all (e,y) € W,

Proof. For all € € (0, u), and for all z € Y we have (23) with W, independent of ¢.
T

For all (z,y) € Wy N [f.>0], we know from the proof of Theorem 4.12 that |V f,|(z,y) >
Ty —elr+9) . Letting ¢ decrease to 0, we derive that |V f,|(z,y) > ;fyl, hence
Y

(1+e)(1+71y) 147
the conclusion of the theorem follows by applying Theorem 3.2 with Z =Y. O

Remark 4.14. a) One can have v = 0 in (24). It follows that if, for some 7 > 0 and
some neighborhood Wy of (¢, yo) we have

7By C Tr(x,y)(Bx) for all (z,y) € Wy N F. (25)

Then there exists a neighborhood W of (zg,yo) such that 7d(z, F~'(y)) < d(y, F(z))
for all (z,y) € W. Conversely, assuming that F' is metrically regular near (zg,yo), then
there exists 7 > 0, n > 0 and neighborhoods U of zy and V of yy such that for all
(z,y) € (UxV)NF,v € By and for all t € (0,7), we have y + 7tv € F(z + tu;) for some

uy € By, from which we get

By C (] t(F(z+1tBx) —y) for all (x,y) € (Ux V)N F. (26)

te(0,m)

Then for all (z,y) € (UxV)NF,v € 7B and for t > 0 small enough, there exists u; € B
such that (x + tu,, y +tv) € F. It follows that assuming Y to be finite dimensional, there
exists (u,v) € Tr(x,y) with ||ul| < 1, thus condition (25) is in fact a characterization of
metric regularity of F' near (xg, yo).

b) Assume that assumption (25) is replaced by the weaker one: there exists some 7 > 0
and some neighborhood Wy of (xg,y) such that

7By C (o Tp(x,y))(Bx) for all (z,y) € Wy N F. (27)

Then, it is shown in [23] that F' is metrically regular near (xo, yo) whenever X and Y are
finite dimensional. In fact this conclusion still holds under the weaker condition that X
and Y are Asplund spaces. Indeed it is easily shown (see e.g. [53, Lemma 3.1]) that (27)
leads to ||€]|« > 7|C]|« for all (¢,() € Tr(z,y)~ and for all (x,y) € Wy where Tr(x,y)”
denotes the negative polar cone of Tr(z,y). As the Fréchet normal cone Np(z,y) is
contained in Tr(z,y)~, it then follows from Theorem 4.2 that, assuming X and Y to be
Asplund spaces, then the multifunction F' is metrically regular near (xg, 3o).
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c) Assume that there exist 7 > 0 and a neighborhood W of (x¢, yo) such that

_ F(z +tBx) —
7By C Limsup (z+tBx) —y for all (z,y) € W N F, (28)

t10 t

where Lim supy o S; = (1,5 cl <Ut€(0m St>. Let us endow X x Y with the norm ||(u, v)|| =

max(||u||, 77!|v]|) and let us set, for any z € Y, f.(z,y) = ||z — y|| + ir(x,y). For any
(x,y) € [f.>0]NW, we can find sequences (t,)nen C (0,4+00) converging to 0, (uy,)nen C
Iz =yl
all n € N. Tt then follows, for n large enough (so that 1 —t,7|[z — y[|~! > 0)

Bx and (v, )neny C Y converging to v = 7 such that (z + t,up,y + tyv,) € F for
fz(m + tnun)y + tnvn) S Hy + tnv - ZH + thUn - UH S fz(x>y) - tnT + tn”vn - UH

thus, for n large enough in order that v, # 0,

fz(x>y) _ fz((xay) + tn(ufhvn))
tnl (tn, vn) |

max(L, 7 [[va]]) > 7 = [[on = 0|

yielding |V f,|(z,y) > 7. Thus we get from Theorem 3.2 applied with Z = Y that F is
metrically regular near (xg,yp), this is [27, Theorem 6.1]. In fact (26) shows that (28) is
a characterization of metric regularity.

d) In fact Theorem 4.10 follows from Theorem 4.12. Indeed, we know from [6, Proposition
2.3] that a cone K is equi-circatangent to a set C' C X, X Banach, at xy € clC if and
only if, for all € > 0, there exists a neighborhood V' of zy such that K C (,cyne T6().

4.3.4. The Ursescu Theorem

Theorem 4.15. Let X, Y be Banach spaces and let F C X XY be a closed multifunction.
Assume that there exists an open neighborhood W of (xg,yo) € F and T > 0 such that

By NTr(z,y)(X) C cl(Tr(z,y)(Bx)) for all (x,y) € WNF.
Then there exists neighborhoods U of xog and V' of yo such that
rd(z, F~Y(y)) < d(y, F(x)) for all (z,y) € U x (VN Z).

where Z = ﬂ (y +cl(Tp(z,y)(X))).

(z,y) EWNF

Proof. Let us endow X x Y with the norm ||(z,y)|| = max(||z|, 7 '[|y||) and let us
consider, for any z € Z, the function f, : X x Y — R U {+o0} defined by f,(z,y) =
|z =yl +ir(z,y). Let (z,y) € FNW and z € Z be such that (x,y) € [f.>0]. Given
e € (0,7) and setting v = (7 —¢)|ly — || 7} (z — y), we can find w’ € Tr(z,y)(X) such that
|w — || < eand u € By, w € Y such that (u,w) € Tp(x,y) and ||w’ — w|| < e. Given
sequences (t,)nen C (0,400) converging to 0 and ((un, wy,))neny C X X Y converging to
(u, w) such that (x,y) + t,(u,, w,) € F, we have

f(,y) — fo(x + thun, y + thw,) ly — z|| = [ly + tov — 2|
tn tn

— Jw, —w|| — 2¢

v

T — 3¢,
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yielding [|(u, w)|||V f.|(z,y) > 7 — 3¢ and then, by letting € go to 0, |V f.|(x,y) > 7. Thus
the conclusion of the theorem follows from Theorem 3.2. O

Remark 4.16. In [58, Theorem 2] Ursescu proves a partial converse to Theorem 4.15.
Namely, assuming that X is finite dimensional and that, for some subset Z C Y, there
exist neighborhoods U of x5 and V' of yy such that

rd(z, F~(y)) < d(y, F(z)) for all (z,y) € U x (VN Z),
then it follows from the quoted theorem that, for any o € (0, 7),
0By NTy(y) C Tp(x,y)(Bx) for all (z,y) € FN(U x V).

In particular, if X is finite dimensional and if F is metrically regular near (z¢,yo) (which
corresponds to the case Z =Y), then 0By C Tr(z,y)(Bx) for all ¢ € (0,7) and for all
(x,y) e FN(U x V).

4.4. Parametric results
4.4.1. Tangencial results

Given Banach spaces X, Y and a metric space P, we say that a mapping h(-,-) defined
in a neighborhood of (z¢,pg) € X x P with values in Y is partially strictly differentiable
in = at (xg, po) whenever there exists a linear continuous mapping ¢ € L(X,Y') such that
for all € > 0, there exist neighborhoods Vj of xq and Uy of py such that

1h (2, p) = h(2,p) = ¢(z = 2)|| < el — ]| for all (z,z,p) € Vo x Vo x Up.

Observe that we then have ¢ = Dh,, (zo) where h,(-) = h(-,p). The following theorem is
[11, Theorem 4.1].

Theorem 4.17. Let X, Y be Banach spaces, let P be a topological space, let A C X be
a closed convex set, and let h be defined and continuous near (xg,py) € A X P with values
inY. Assume that h is partially strictly differentiable in x at (xq,po) and that

0 € core (Dhy,(z0)(A — z9)). (29)

Then there exist T > 0 and neighborhoods U of xo, V' of yo = h(xg,po) and N of py such
that
Td(z, h, ' (y) NA) < ||hy(x) =yl for all (z,y,p) € (ANU) x V x N.

Proof. From assumption (29), we can find 7 > 0 and an open neighborhood Uy of zo such
that 7By C cl (¢((A — z) N Bx)) for all « € Uy where ¢ = Dhy, (). Given € € (0,7/2),

we can find open neighborhoods Ug of zy and Ny of py such that
|h(z, p) — h(z,p) — d(x — 2)|| < elja — 2| for all (z,z,p) € Uy x Uy x Np.

Let us set Wo = UyNUp and f,,(z) = ||k(z, p) —y|| +ia(z), so that [f,,<0] = hyt(y)NA.
y—Nap)
1Az, p) =yl

Let (p,y) € No x Y and z € [f,,>0] N ANW,. Setting & =7 we can find
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w €Y and v € By such that ||w — | <&, w = ¢(v) and v € (A — 2) N Bx. We then
have, for all £ > 0 small enough

|h(a + to,p) =yl < 1h(e,p) — y + ] + 2t < |[h(z,p) - yl| — tr + 2te.

Thus we have |V f,, ,|(x) > 7—2¢ for all (p,y) € NoxY and = € [f,,>0]NW, and then the
conclusion of the theorem follows from Theorem 2.13 applied with the parameter space
P x Y, observing that the function (p,y) — f,,(x0) is continuous. O

A multifunction F' C P x X between topological spaces is said to be lower semicontinuous
at (po,xo) € F whenever oy € Liminf, ,,, F(p). This is equivalent to the fact that the
function f : X x P — RU {400} defined by f(x,p) = ir(p,x) = irp)(zr) is epi-upper
semicontinuous at (g, po).

In [9, Corollary 5.5], one can find a parametric metric regularity result involving a condi-
tion based on the e-contingent derivative of the multifunctions.

Theorem 4.18. Let X, Y be Banach spaces, P a metric space, and let
FCPx(XxY)

be a closed-valued multifunction which is lower semicontinuous at (po, (zo,y0)) € F. As-
sume that there exist € > 0, T > 0, neighborhoods Wy of (xo,yo), Uy of po and v > 0 such
that 7 —~v —e(T+ ) > 0 and

7By C T;p(x,y)(éx) + By for all (x,y) € Wo N F and for all p € Uy. (30)

Then there exists neighborhoods U of xo, W of yo, N of po such that Fp_l(z) # 0 for all
(p,z) € N x W and such that

O’d(IL’,Fp_l(Z)) < d(z, F,(x)) for all (z,z,p) € U x W x N,

T—y—¢e(t+7)
(I+e)1+771)

where o =

Proof. For (p,z) € P x Y, let us define f,, : X xY — RU {400} by f,.(z,y) =
|z — yl| +ip,(x,y). Observe that the functions f,. are lower semicontinuous, that
frowo(Zo,%0) = 0 and that the function f(z,y),(p,2)) = f.(x,y) is epi-upper semi-
continuous at ((zo, o), (Po, o)) due to the lower semicontinuity of F' at (po, (xo,v0))
and to the Lipschitz continuity of the norm. Let us endow X x Y with the norm
| (u,v)|| = sup(JJull, 7" ||v||) and let (p,2) € Uy x Y and (z,y) € Wy N F, be such that
fpz(z,y) > 0. From the proof of Theorem 4.12, we obtain that |V f,.|(z,y) > 0. Apply-

ing Theorem 2.13 yields the existence of neighborhoods N of Do, W,V of Yo and U of zg
such that [f, .<0] # 0 for all (p, z) € N x W and such that o d((z,y), [f,.<0]) < fp.(x,y)

for all ((x,y), (p,2)) € U x V x N x W from which we get
od(z,F, ' (2)) < ||z —yl| for all (p, (z,y)) € F N (NxUxV)and ze W. (31)

Assume now that the conclusion of the theorem fails, so that there exists a sequence
((ny Zns Pn) Jnen converging to (zo, yo, po) and y, € F, (x,) such that d(z,,y,) < o d(z,,
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F,1(2)). Considering a mapping p — (2, y,) such that (z,,y,) € F, and lim,, ., (), yp) =

(w0, 10), we have
AYns Yp,) — A 20, Yp,,) < 0d(Tp, p,) + 0 d(x),,, Fp_nl(zn)) < od(xn, zp,) + 0 d(2n, Yp, ),

so that (y,)nen converges to yo contradicting (31). ]

4.4.2. Normal conditions
The next result is [9, Corollary 5.7].

Theorem 4.19. Let X, Y be Banach spaces, let P be a topological space, let O be a
subdifferential satisfying (P1) and (P2) on X XY and let FF C P x (X xY) be a closed
valued multifunction which is lower semicontinuous at some (po, (xo,%0)) € F. Assume
that

hmmf d.(0, D*F,(x,y)(Sy+)) >7>0.

(p@y) > (po,0,y0)

Then there ezist neighborhoods W of (zo,yo) and N of py such that
Td(x, F, ' (y) < d(y, Fy()) for all ((x,y),p) € W x N.

Proof. Let us introduce the closed proper function f: (X xY) x (P xY) — RU{+o00}
defined by f((z,y),(p,2)) = [ (x.y) = |z =yl +ir,(z,y) = 9(z,y) + ir,(z,y) and
let us endow X x Y with the norm ||(z,y)|| = max(||z||,7 !|y||) whose dual norm is
1O = [IE]l« + Tl[¢]]«. We can find open neighborhoods Uy of xq, Vg of yo and Ny
of py such that d.(0, D*F,(x,y)(Sy~)) > 7 for all (p,z,y) € (No x Uy x Vo) N F. Let
p € Ny, z€Y and (z,y) € (Up x Vo) N [[f,.>0] N F,. Let (p,2) € No x Y and let (xy,y1),
(w2,12) € (Up x Vo) N E,, & € 0g(x1,11), (&2,C2) € Np,(22,12). Assume that (z1,11) is
close to (z,y) in order that ||z — y1]| > 0. We have & = (0,¢;) with ||¢1]]« = 1 so that

100, G1) + (&2, Q)Is = [I€2ll +7lIG1 + Gl = (|2l = TlICll2 +7 = 7

since ||&|[« > 7||C]|2. Thus we derive from Proposition 2.6 that |V f,.(z,y) > 7 for all
(p,z) € Ng x Y and for all (x,y) € [f,.>0] N (U x V). As F is lower semicontinuous at
(po, (%0, o)) and as the norm is Lipschitzian, it follows that f is epi-upper semicontinuous
at ((2o,90), (o, ¥o)). Applying Theorem 2.13, there exists neighborhoods U of o, vV, W
of yo and N of py such that 7 d(z, Fl(z)) < Hz —y|| for all (p, (z,y)) € FN (N xU x V)

and for all z € W from which one easily gets the conclusion of the theorem as in Theorem
4.18. O

Remark 4.20. Parametric results based on coderivatives can be found in a less general
setting in [43, 49] under a coderivative condition which seems to be difficult to check.
Our condition seems to be more natural since it a uniform version, with respect to the
parameter, of the condition used for a single multifunction. Moreover, our condition turns
out to be necessary when using one of the subdifferentials of Proposition 2.9.

As a concluding remark, let us observe that some metric regularity results do not enter
in the framework developped in this article. This is the case for the results based on

the Brouwer’s fixed point theorem, or equivalently the invariance of the domain, such as
29, 40, 41].
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