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For the Gateaux derivative of a C1! function defined on a reflexive Banach space with Kadec norm
| - ||, we use Moreau-Yosida regularization to show that Clarke’s subdifferential of second-order can be
weak* —approximated from below. Moreover, in the convex case we can strengthen the inclusion to an
equality in the limit.

In another approach for C*! functions, we establish a weak* stability result for second-order subdifferen-
tials of Clarke’s type. We apply the latter result to the continuous behaviour of the Lagrange multipliers
in second-order necessary optimality conditions under epi-convergent perturbations and to stability of
second-order subdifferentials of Clarke’s type of integral functionals and also of the standard type of
functionals in calculus of variations.

Since in optimization one frequently has to consider perturbed problems, stability theory
is a very important topic [6]. One of the first investigations in this area is due to Mosco.
In [13] he uses his concept of set convergence for the analysis of stability of variational
inequalities. More recently this stability theory has been extended to a broader class of
variational inequalities in [10]. There various applications, including distributed market
equilibria and elliptic unilateral boundary value problems are treated. Further in [14]
Salvadori has shown that Mosco convergence is inherited to integral functionals from the
associated convex normal integrands.

In [16], Zolezzi is concerned with the weak*— upper convergence of the graphs of Clarke’s
generalized gradients. We are motivated by this paper to investigate the weak*— up-
per convergence of the second-order subdifferentials of Clarke’s type of C'! functions
introduced by P. Georgiev and N. Zlateva in [8].

In Section 3, we consider a sequence f, of Cb! functions defined on a reflexive Banach
space X endowed with Kadec norm, which Gateaux derivatives for fixed element h € X,
(f!(x), h), are epi-convergent to (f’(z), h) and possess an uniform minorization property.
We apply Moreau-Yosida regularization to the functions (f/(z), h) and under these con-
ditions we obtain Theorem 3.1, which provides a weak*—approximation of the Clarke’s

*This research is supported by DFG (German Research Organization) under grant GW 5/2-1.

ISSN 0944-6532 / $ 2.50 (© Heldermann Verlag



414 N. Ovwcharova, J. Gwinner / On Moreau-Yosida Approzimation and on Stability ...

subdifferential 9(f’(x), h) from below. To prove this result we use essentially Theorem
2.1 (Section 2). This latter result summarizes some results obtained by Correa, Jofré and
Thibault in [4]. Also in our analysis we use some approximation results due to Attouch
and Azé [2] and some generalized differentiability results due to Borwein and Strojwas
[3]. In the convex case we can strengthen the inclusion of Theorem 3.1 to an equality by
regularization and monotonicity arguments from Attouch [1].

Another approach of this paper (Section 4) introduces conditions on the functions f,, f
that guarantee weak*—upper convergence of the second-order subdifferentials of Clarke’s
type. In comparison to the work of T. Zolezzi [16], we consider a sequence f,,, f of C1!
functions defined on an arbitrary Banach space, which Gateaux derivatives for fixed h,
(fr(x), h), are locally convergent with respect to the Lipschitz seminorm to (f'(z), h). For
such functions we extend the main result of Zolezzi [16] to the second-order subdifferentials
of Clarke’s type.

Further we apply this result not only to the continuous behaviour of the Lagrange multi-
pliers in the second-order necessary optimality conditions but also to the relevant second-
order subdifferentials of Clarke’s type under epi-convergent perturbations (Section 5).
Here, we deal with the second-order necessary optimality conditions for constrained min-
imization problems with C'! data obtained by P. Georgiev and N. Zlateva in [8]. As
another application we establish the convergence of the second-order subdifferentials of
Clarke’s type of integral functionals and we show how this result can be extended to the
standard type of functionals in calculus of variations (Section 6).

1. Notations and definitions

Let E be a real Banach space with dual E*. E is said to have a Kadec norm if for any
sequence x,, which converges weakly to = (denoted by z,, ~= x) with ||2,|| — ||z||, then
x,, converges strongly to x (denoted by z,, — x). Analogously, w* — lim denotes the limit
with respect to the weak® topology. Further ¢o*A is the convex topological closure of a
set A C E* with respect to the weak® topology.

Throughout the paper we use the definition of epi-convergence: A sequence f,, is called

epi-convergent to f (writting f, °p} f)iff z, % x in E implies liminf f,(z,) > f(x) and
for every y € E there exists a sequence y,, — y such that limsup f,, (y,)< f(y).

We shall denote the value of a linear functional x* € E for an element h € E either by
x*[h] or by (x*, h) and the value of a bilinear functional L : E x E — R for a pair of
elements hy, ho € E by Llhy, hs).

Let L(E x FE) be the Banach space of all bilinear continuous functionals L : £ x £ — R
with the norm

ILI| = sup {|L[h1, ho]| = [[Pa]l =1, [[hof| = 1} .
In the sequel we shall use the duality map H : E — 2" defined by
H(z)={2" € E" : [|o"|| = [|z|| and (2%, 2) = ||2]|"}

for each x € E. It is known that H(x) is nonempty for every x € E and also it is the
subdifferential of ¢(z) = 3||z||%. If E* is strictly convex, H(-) is single valued. From the
renorming theorem of Troyanski ([15], [11]) every reflexive Banach space can be renormed
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by an equivalent norm such that both the space and its dual are locally uniformly convex
and since locally uniformly convex implies strictly convex, we can assume in the sequel
that H(-) is a single valued map.

Let G be an open subset of E. Consider the class C*(G) of all functions f : G — R,
whose first Gateaux derivatives f' : x € G — f'(z) € E* is continuous and locally
Lipschitz. We also have that f’ is Gateaux differentiable on a dense subset G(f) of G
(see [8]), hence f has a twice Gateaux derivative f”(z) at = € G(f).

For such functions f € CY(G) we consider the Clarke subdifferential 9(f’(x), h) C E* of
the function (f’(-), h) with respect to z € G and any fixed h € E. Further we recall the
following definition.

Definition 1.1. For every x € G, hy, hy € E we define

£z s hy) = Tim sup LY Holhe] = () [ha]

v t
= ('(-), h2)° (w; ),
O2f(z) == {L € L(E x E) : L[h1, ho] < fOx; hy, ha), Y(hi, ha) € E x E}. (1)
This gives rise to the image set
Oz f(x)h = {(Lh,") € E*: L € 0;f()}. (2)

and to the multivalued map h € E — 92f(x)h C E*. In [8] it has been proven that in a
real Banach space with separable dual, for every = € F, the set 0 f(z) as given by (1) is
nonempty convex and w*— compact. Also by [8], the multivalued mapping 92 f is upper
semicontinuous on G and locally norm bounded in £(F x E). In [7] all these properties of
02 f(z) are extended to arbitrary Banach spaces. In ([7], Theorem 3), it has been shown
that if £ is an Asplund space, then for every hi,hy € E and z € G

SO, ha,y hy) = Léralg%f}éx)l/[hl’ ha). (3)

2. Some properties of Moreau-Yosida approximations

In what follows X is a reflexive Banach space. We assume that X is endowed with a
Kadec norm such that X and X* are locally uniformly convex.

Let f : X — R = RU{+o0} be a proper function, i.e. dom f = {z € X : f(z) < oo} # 0.
Recall that the Frechet subdifferential of f at x € dom f is the set

e e F@ B~ f(5) — (@ h)
P flzx)={z"e X .IHhHHOf A > 0}.

Note that due to ([3], Theorem 6.2) any lower semicontinuous function on a reflexive
Banach space is densely Frechet subdifferentiable on its domain.

It is easy to see that for a locally Lipschitz function f, we have 0 f(z) C df(x) for every
x, where 0f stands for the Clarke subdifferential of f.
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For any proper f : X — R, the Moreau-Yosida regularization of the index A > 0 of f is
defined by

@) = g7 () + o5 lle = ol

Assume that f satisfies the growth condition, i.e., there exists a nonnegative constant ¢
such that for all x € X

—S (14 [l (4)

f@) 2 =3

Then (see [2], Proposition 1.1), provided A € (0,1) the function f) is a finitely valued
function which is Lipschitz continuous on each bounded subset of X. Moreover, the proof
of ([2], Proposition 1.2 a)) shows that for z € domf, for each A € (0,1) and for each
p > p, where

2f(x) + c(2f|=[]* + 1)]1/2

p="0(x, f,Ac) = [\ o

we have

xr) = inf r —yl|*}.
fla)= it (1) + 55lle = oll)
We now summarize some of the results obtained by Correa, Jofré and Thibault in [4] in
the following theorem.

Theorem 2.1. Let f : X — R be a lower semicontinuous, proper function that satisfies
the growth condition (4). Consider its Moreau-Yosida regqularization f\ for fized A €
(0,5). Then there holds:

(A)  For each point xy € X from the dense subset where fy is Frechet subdifferentiable,
i.e., OF fa(xo) # O there exists a xy € X such that

f,\(xo) = f(xx)

w0 — 2a|[*.

2)\|

Moreover, for any xx € argmingex{f(y) + 5x|lxo — y||*} there holds:

(B) 0" fa(wo) = {3H (w0 — z2)}.
(C) 0" fa(xo) C 0" f(x»).

Proof. For the proof of (A) see the proof of Lemma 3.7 in [4]. Parts (B) and (C') follow
immediately from

1

5F—|| [1*(z0 = 22) = {S H(wo — 22)}
and from ([4], Lemma 3.6) which gives
0" fa(wo) C 9" f(wx) M O" —|| [1* (w0 — 2).
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3. An approach by Moreau-Yosida approximation

Let h € X be fixed. We consider the Moreau-Yosida approximations (f(-), h)x, (f'(-), h)x
of the functions (f/(-),h), (f'(:), h) respectively.

Theorem 3.1. Let X be a reflexive Banach space with Kadec norm. Given f: X — R
and the sequence, f,: X — R, (n € IN), we posit the following assumptions:

(A1) f and every f, is CY' on X;
(A2) For every h € X there exists r > 0 such that for everyn € IN and v € X
(fula), k) > —r (1 + [[z]]*);

(A3) For every h € X,

Then for every h € X and x € X,

co* w* — limsup [co*{w* — limsup ([, (u), h)»}] C I{f'(x), h).
ot "o

Proof. We need several lemmas, as follows. In each lemma, the assumptions of Theorem
3.1 are in force.

Let G and G% be dense subsets, where (f'(-), h)» and (f}(-), h)» are Frechet subdifferen-
tiable.

Since f € C! there exists a bounded neighbourhood V' (z) of z, on which (f'(-),h) is
Lipschitz and bounded by the Lipschitz constant L.

Lemma 3.2. For every \ € (O,ﬁ), y € Gy, h € X and for every y, € GY such that
Yn — Y, it follows that

- . , 1
Hy)\ € argmlnzeX{<fn(Z>7h> + ﬁ“z - yn||2}

and X

39 € argmin,ex{(f'(2), h) + ﬁHz — |’}
such that
(a) 9% —9;
(b)  H(yn—9%) — H(y —19); and
(¢) $H(y—u)€d"(f'(y), hx

Proof. (a) Since y,, € G%, by Theorem 2.1(A) there exists a g% € X such that

(o) T = CFaCR), 1) + 5118~ il o)

and by (B) and (C)

SH( — 53) € 07 (). B © O (L), B) € LR ).
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Let us take some v € V(z). By assumption (43%), Jv,, — v such that limsup(f! (v,), h) <
(f'(v), h) and from (5),

1

Combining (A2) and (6), we calculate

1
2>\||Un yn||2 (6)

1 1
—r(1 ~n||2 i I Py 2 < (7). h i I Py 2
r(L R + 5 198 = wall™ < {fa(GR), 2) + 531195 = all

< (Falon). 1)+ 55w =l

Consequently,
1 9 1
s < ! h 2 1 ~n |2
193 = Unll” < (fo(vn) B) + oy llon = yal [+ (1 +{[531F),
which clearly implies that the sequence g} is bounded since A € (0, ﬁ) The space X

. . ~ [FVN
being reflexive, we can extract a weakly convergent subsequence y%¥ — 4.

Let us take an arbitrary z € X. By (A3), there exists a sequence z, — z such that
limsup(f/(z,),h) < (f'(z),h). From the inequality

LGB + 15—yl < (2 (20) 1) +

2
N ||

—|lzn —

2
we get

1
lim inf(f,,(73), i) + 11mmf—||yA ynl|” < limsup(f(zn), h) + 51z =yl

Using (A3) and the lower semicontinuity of the norm for the weak topology, it follows for
every z € X,

(P01 + 5515 =l < (FE) R + o5 lle = il

that .
j € argminex {(/(2), B) + 5112 =yl

In order to obtain the strong convergence of the sequence gy, we prove ||g¥|| — ||y||- By
(A3), there exists a sequence ¢, — ¢ such that

limsup (f, (4n), h) < (f'(9), h).
Hence,

1 1
! [ ~n s 2 < ! ([~ e 2
(fn(Tx), h) + 2Any Ynl|* < (S (), B) + 2AHyn Ynll,

letting n — oo leads to

timsup o< (175~ yll? < Timsup (—(72(58), 5)) + limsup (). b
+hm%||gn_yn||2
< —timinf (7 (38),h) + (F(). 5 + 55119 I
1
< PGB+ PR + ol — ol
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We finally arrive at

limsup |[g3 — yal[* < 1|7 — I
and at the strong convergence of the sequence g§ to y. Thus the proof of part (a) is
completed.

Due to the Kadec assumption, H is continuous from X to X* with respect to the strong
topology. Therefore part (a) implies part (b).

Since u* € argmin,.x{(f'(2), h) + 55|/z — y|[*}, part (c) follows from (C) of Theorem
2.1. [

To prove Lemma 3.4, we need the following lemma ([3], Corollary 7.4) due to Borwein
and Strojwas.

Lemma 3.3. Let f be a locally Lipschitz function on a reflexive Banach space X. Then
there holds for everyy € X,

Of(y) = o {w* — limsup d* f(2)}.

z—Y
Lemma 3.4. For every A >0, he X and x € X,

0" {w” — limsup O{fn(y), h)x} € O(f (), h)a.

Proof. Let A > 0, z € X, h € X be fixed. Since 9(f'(x), h), is a convex and w*—closed
subset of X*, it suffices to prove that

w' = limsup O(f, (), k) € O(f'(2), h)x. (7)

Let L belong to the left hand set of (7) i.e. L = w* — lim L

n’
Yp — X.

where L* € O{f" (yn), h)x,

By Lemma 3.3,
L; e co*{w* — limsup 97 (f/(2), h)x}. (8)

G;\L32~>yn

By Theorem 2.1, for every n € IN and z € G¥ there exist g% (z) € argmingex{(f}(u), h)+
o|lu — z|[*} and there holds 8% (f,(2),h)x = {$H(z — §5(2))}. Consequently, the set

w* — limsup 9% (f!(z), k) coincides with the following set
GY3z—yn

Aulyn) = '~ msup {H(z — (=)}

GY3z—yn

Denote
¢(hn) = (f'(-), W)X (25 ).

Our aim is to prove that for every L, € A,(y,) and every hy € X we have

limsup (Ly, h1) < ¢(ha). (9)

n—oo
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First, we shall show that if (9) holds, then L € 9(f'(x), h)x, which proves (7). For this
purpose we establish that (9) implies the inequality

limsup sup {(Ln, h1) : L, € Ap(yn)} < ¢(hy). (10)

n—oo

Indeed, for every n € N there exists L, € A, (y,) such that

(B ) > sup {(Ln, b} < L € Ay ()} — %

Since (9) is assumed, we get

~ 1
lim Sup sup {<Lm h1> : Ln S An(yn)} < lim sup <Ln7 h1> + lim — < gb(hl)
n

From (10), for every € > 0 there exists Ny € IN such that for every n > Ny there holds
(Lp,h1) < ¢(hy) +e  for every L, € A,(yn).

Since ¢ is positively homogenous and subadditive on X, the last inequality is also true
for every L, € coA,(y,). Let L: € c0*{A,(y,)}. Then for every ¢ > 0 there exists
L, € co A, (yn) such that

(L} — Lyn, h1)| < e.

Hence

<L;, ]’L1> < <Ln, h1> +e< Qb(hl) + 2e.

Consequently
limsup sup {(L},hq) : L} € " An(yn)} < o(hy),

which implies that (L, hy) < ¢(hy), i.e. L € O(f'(x),h).
Thus we need only to prove inequality (9). Let L, € A,(y,). Then L, = w* —

1
lim XH(znm — Ux(2nm)), where for all m € IN we have z,,, € G} and 2, — Yn.

Hence, for every ¢ > 0 and n € IN, there exists a m(n) € IN such that for all n and

Zn *= Znm(n)
1 ~n
[(Lny h) = (S H (20 = 3 (), )| <ce, (11)
where
Zy, —— T,
U3 (z,) —— ¢ (by Lemma 3.2(a)),
~ . / 1 2
(TS argmlnzeX{<.f (Z)7h> + 5Hx - ZH }7
and

H(z, — 93 (zn)) — H(x —g) (by Lemma 3.2(b)).
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The latter strong convergence gives a constant N (&) > 0 such that for every n > N(¢)

(5 H e~ (), ) — (3 H = ), )] <. (12)

By combining inequalities (11) and (12), for every n > N (&) we obtain
1
(L, hy) < (XH(x —9), hy) + 2¢. (13)

According to Lemma 3.2(c), 1 H(z — §) € 9(f'(x), h). Consequently (;H(z —§),h) <
(f'(-), h)%(x; hy) and after letting n — oo in (13) we arrive at the inequality (9). The
proof of the lemma is now complete. O]

The following lemma extends Theorem 4.4 in [9] from the Hilbert space setting to the
setting of a reflexive Banach space.

Lemma 3.5. Let f : X — R be a locally Lipschitz function that satisfies the growth
condition (4). Then

Of (z) =co"{w" — limsup df\(2)}.

Z—X
A—0t

Proof. Denote
C(z) = w" — limsup dfy(z2).

22—
A—0Tt

Following the proof of Theorem 4.4 in [9], we obtain, using Frechet subdifferentiability
of the functions f,, instead of Frechet differentiability and the mean-value theorem of
Clarke in [5] instead of the mean-value inequality of Preiss in [9], that 0f(x) C c@*C|(z).

Let us prove the opposite inclusion. Since df(x) is a convex and w*—closed subset of X*
it is enough to prove that

C(x) C 0f(x). (14)
If L* € C(z), then there exist sequences

w*
Zy — x, Ay — 07 and LY S LY

such that
L;: € af,\n (Zn)

Consequently to prove inclusion (14), it suffices to examine the set w* — lim sup dfy, (z,)

n—oo

and to show that

w* — limsup 0fy, (z,) C Of (x). (15)
By Lemma 3.3,
Ofr,(20) =0 {w" — limsup 9" (fr,)(2)}. (16)
Gy, 22— 2n
Denote

To(2n) = " — limsup 9"(fy,)(2).

Gy, 22— 2n
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First, we shall prove that the set ng]N T.(zy) is bounded. Let L, € T,(z,). By Theorem
2.1 there exist gy, (z,) such that 0 fy (2,) C OF f(gx,(2n)) C Of(9r,(2n)). Since the
latter set is contained in L;B* (B* is the w*—closed unit ball in X*) for large n, it follows
that L,, are norm bounded. Consequently, we can apply Lemma 2 [16] and obtain

w* — limsup {co" T},(2,,) } C co™{w" — limsup T}, (z,)}.

Moreover by (16),

w* — limsup dfy, (2,) = w* — limsup {co" T,,(2,,) }.

Therefore, to prove (15), it suffices to show that
w* —limsup T,,(2,) C Of(x). (17)

n—oo

Let L € w* — limsup 7,(z,). Assume that

n—o0o

L af(x). (18)
By the separation theorem there exist hq, ||h1]|| =1 and s > 0 such that

(L,hy) > sup (a,hy)+s.
a€df(x)

Using the same notation as in [9], let U(z) be a bounded neighborhood of z, on which f
is Lipschitz and sup,ep p(z, f,A\,¢) — 0 as A — 0. Since Jf is upper semicontinuous,
there exists € > 0 such that

(L,hy) > sup {(a,hy)+s> sup (a,h)+ f,
acdf(z) a€De(x) 2

where D.(z) = ¢o*{d € 0f(z), z € B(z,e) C U(x)}. On the other hand by definition of

L, there exist a subsequence {n;}ren and a sequence {Lj}renw such that Ly “, L and
Ly € T, (2y,). From the definition of T, (vx), where vy, := z,,, for every k € IN there
exist sequences {Vgm fmen and Ly, such that vg, — v , Ly = w* — lim Ly, as m — o0
and Ly, € 0F S, (Ugm) for every m € IN. Hence, there exist a constant K(s) > 0 and a
subsequence {my }ren such that for every k > K(s), one has

S
|(L, h1) — (Li, ha)| < 3

and

s
|(Li, h1) — (Lgmy, h1)| < 3’

where uy, := Vg, , up — @ and Ly, € aj‘mf,\mc (ur) C Of (U, (ur))-
Hence for sufficiently large k

S
(Lim,,, h1) > sup (a,hi) + 1 (19)

a€D.(x)

Since for sufficiently large k, the points 7, (ux) € B(x,¢) and Ly, € D.(x), we obtain
a contradiction. O
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Now let us give the Proof of Theorem 3.1. By Lemma 3.4

o'Wt — lim sup [@ {w — lim sup a< ( ) >)\}:|

Z—T u—=z

A—0t n—oo
C co'w* —limsup 9(f'(2), h)x.

zZ—T

A—0t

In order to apply Lemma 3.5 for the function (f’(-), h) we need to show that this function
satisfies the growth condition (4). Indeed, since (f/(-),h) is epi-convergent to (f'(-), h)
and (f/(-), h) satisfy the condition (A2), Corollary 2.67 in [1] implies that

(f'(x), h) = sup limsup (f,,(x), h)x.

A>0 n

Let 0 < €, — 0 be an arbitrary sequence and let U, (z) be a bounded neighborhood of z,
on which (f;(-),h) is Lipschitz and sup,c;, ) (2, (f,(*), ), A, 2r) tends to 0 as A — 0.

For every n € IN, let us choose A, > 0 such that sup p(z, (f,(-), h), Ay, 2r) < &,. Then,
z€Up ()

9%, (2) — ]| < en.

Thus, by Theorem 2.1 and (A42) we have,

(fa(@), b, = (@R, (@), h) + 21 II:v—yA,L( z)|?

> —r(L+ 7, @)1 + ||x_y)\n< z)|[?
> —r(1+ 17, (@)I]%) = —T[1+(€n+llwll)2],

consequently
(f'(x), h) = Timsup(f;,(x), h)x, = —r(1+ [z,

which proves the growth condition (4) with ¢ = 2r.
Then, by Lemma 3.5,

o' {w* —limsup d(f'(2), h)»} = d{f'(x), h).

Z—T
A—0t

This proves Theorem 3.1. O

Remark. Let a sequence of set-valued functions A, : £ — E* be given. Then we say
that

(x,2") € limsup gphA4,
iff

¥ € w* — limsupA,(y),

y—x
n— oo

In this sense the result of Theorem 3.1 is equivalent to

lim sup{lim sup gph An,,\} C gphd{f'(-), h).

A—0 n—oo
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Here gph A,, » denotes the graph of the set-valued map
Apr: X — X7,

defined for any = € X as
Apa(@) = 0(fy (), h)».

In the convex case we can strengthen the result of Theorem 3.1 in the following way:.

Theorem 3.6. Let X be a reflexive Banach space with a Kadec norm and f,, f be a
sequence of closed convex proper functions defined on X. If the sequence f, s locally
bounded and epi-convergent to f, then for every x € X,

@ {w' — limsup V(fa)a(w)} = Of().

u—z, A—=0t
n—oo

Proof. First we prove the inclusion

w*— limsup V(fn)r(u) C Of(x).

u—z, \—=0T1
By Theorem 3.24 in [1], (f,)x € C" and for every u € X there exists a point J{"u such
that V(fu)r(u) = s H(u — JI"u) € 9f(J{"u). Hence it is enough to prove that

1
w* — limsup ~H(u— J{"u) C of(x).
u—z, A—=0T1

Let \,, 2z, and y be sequences such that A\, — 07, z, — x and y} € 9f,(z,). By the
local boundedness there exists ¢ > 0 and a constant M > 0 such that |f,(y)| < M for
every y such that ||y —z|| < . Hence for all with ||h|| = 1 we have for sufficiently large n

(Yns gh> < fulzn + gh) — fo(zn) < 2M.

By monotonicity of df,

Hence

1
ol = Izl < Nyl Nz = Izl
n

1
An

L AM
[lon = Il < llyall < =~

Consequently the sequence {5-H (z, —J /’\CZ zn)} is norm bounded and moreover J /J\CZ Zp — .

By boundedness there exists an element u* € X* such that for a subsequence /\LH (z, —
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J /]\CZ Zn) 2wt Proposition 3.59 in [1] concerning graph convergence of maximal monotone
operators implies that u* € df(x).

Now let us prove the opposite inclusion

Of(z) Ceo{w" — limsup V (f,)x(u)}.

u—x, A—07T
n—o0

Note that a closed convex proper function satisfies the growth condition. Therefore
Lemma 3.5 applies and for any L € 0f(z) there exist sequences A\, and z; such that
A — 07, zp — z and L = w* — lim V), (). From definition of graph convergence
(Definition 3.58 [1]), it follows that for every k € IN there exists a sequence z, such
that zg, — 2z as n — oo and Vfy (2x) = liglV(fn),\k(zkn). From the diagonalization

formula (Corollary 1.18 in [1]) there exists a mapping k& — n(k) increasing to oo such
that L = w* — lim V(fum))ae (Zknk)), Zen(k) — @ which proves the inclusion. O

4. A direct approach

Let A be a given subset of a linear normed space X and g be a Lipschitz function on A.
We consider the following Lipschitz seminorm:

|g|A = sup g(y) - g(Z)
veea ||y — 2|
Yy#z

Let G be an open subset of X. Let g,, g be locally Lipschitz functions on G. Then we
say that g, — ¢g in C®Y(G) iff Vo € G 3 neighbourhood U(z) C G such that

|90 — glu@) — 0.

In this connection we consider the sequence f, f,, : X — R, n € IN on which we posit the
following assumptions:

(i1) f and every f, is CY! on G;
(i2) For all z € G and for all h € X we have (f/(-),h) — (f'(-), h) in C%(G).

Theorem 4.1. Assume (il) and (i2). Then
(B1) for everyzx € G, x, —»x and h € X

U A(f! (xn), h) is bounded (20)
nelN
and
" — limsup &(f(z2), ) C Of'(2), h); 1)
n—-4o00

(B2) for every x € G and x,, — x

U 02 f(x,) is bounded (22)
nelN
and
w* — limsup 02 f,,(z,,) C O f (). (23)

n—-+o0o
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Proof. Let us prove (B1). Let L, € 0(f!(x,),h) and hy be an arbitrary element of X
such that ||h|| = 1. Then

La[hi] < (f0 (), 1) (@n; ha) = £ (@03 by, )

For every € > 0, by (i2), for given x, 3§ > 0 such that for every y, z € X with ||y —z|| <,
||z — z|| < 6 and Vn > N(e) we have y, z € G and

(o) By = (f'(y) k) = (fa(2) h) + (f'(2), h) < elly — =]
The choice y = z + thy with 0 < ¢ <  and ||z — z|| < { in this inequality gives
(fa(z +thy), ) = (f'(z + thy), h) = (f3(2), h) + (f'(2), b} <el[th]].

Hence,
Using the definition of f%°(z,; hy, k) we obtain for large enough n € IN

FO(z0: he, h) = limsupf’/”‘(z +thi)[h] — fL(2)[h]

/ o
< el I =P

t|0

- foo(xn; hy, h) te.
Hence for large enough n € IN |
Ln[hl] < fnoo(mn;hla}w S foo(xn;hlah) + €. (24)

Since the set O(f'(z,), h)+eB* ( B* is the unit ball in X*) is w*—compact, by an argument
using the separation theorem we obtain

Ly € OUf' (), h) + £ B".

Since the set-valued map x — 9(f’(z), h) is w*—upper semicontinuous (see [5], Proposition
2.1.5), for sufficiently large n, we get

O(f'(xn), h) C O{f'(x),h) +eB".

So, for sufficiently large n, L, € O(f'(x),h) + 2¢B*. This proves (20). Moreover, since
f9(; hy, h) is upper semicontinuous in G, we obtain from (24)

lim sup Ly [A] < Tim sup £ (e, b, h) < (a5 hy, B). (25)
Let us prove (21). Let L € w* — limsup,_, . O(f,(xn),h). The latter set denotes the
set of all weak*- limit points of sequences L, € J(f,, (7n,),h) where x,, — z and

ny is a subsequence of IN. Consequently L = w* — lim L,,, for a suitable subsequence
L, € O(f!(xy,),h) denoted by the same index n. Using (25) we obtain

L[h | = limnsup Lo[hi] < Pz by, h) = (F/(4), B)°(z; hy),
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ie. L € d(f'(x),h).

To prove part (B2), let &, € 0*f,(z,). We shall prove that the sequence {&, } e is norm
bounded. Let h; and h be arbitrary elements of X such that ||h¢|| = 1 and ||A|| = 1.
Then

fn[hlah] < fgo(mn;hlah) = <frlb(')vh>0(xn;hl)

= Lah = Lnah )
ol 1) = o)

for suitable L,, € O(f/ (xy), h). Consequently
Enlhi, ] < (Lp, hy). (26)
By (B1) (20), {Ly}nen is norm bounded, and hence {¢,} is also norm bounded.

Now we prove (23). Let £ € w* — limsup,_,, o 02 fn(x,), Le. € = w* — lim&,,, where
ény € 02 fn(Tn,), Tn, — x. Consequently £ = w* — lim¢,, for a suitable subsequence
&, € 02 fu(x,) denoted by the same index n. Using (26) and (25) we obtain

&[hy, h] = lim &, [hy, h] < limsup(L,, h;) < foo(x; hi, h).

This proves (23) and the proof of Theorem 4.1 is completed. O

5. Continuity of Multipliers

To apply some of the results in [8], we now consider a real Banach space X with separable
dual. Let G be an open subset of X and

FoJni Gisgnis 0= 1,0.,0; hyhag,  J=1,...,q,

be sequences in C1!(G). We consider the following family (P,) of constrained minimiza-
tion problems

(P) fn — min
" | subject to x € G, gpi(x) <0, =T, p; hnj() = 0,7 =T1,q

and the analogous problem

<P>{f”“in o

subject to x € G, ¢;(x) <0,i=1,p h;(z)=0,5=1,q.

Let us denote the admissible region of (P,) by C,, and that of (P) by C. Further to state
the necessary optimality condition of [8] we have to introduce the following sets

K() = {he X : f2)[h] <0, ga)[h] <0.i=Tp, W)h] =0, j = T.q}

and

A(@) = {(\p) € R x RT: Nof'(x) + > Nigi(x) + > _pih(x) =0,
i=1 Jj=1

p q
Aigi(x) = 0,0 =T,p; \i > 0,1 Zmaz/\ri‘ZWﬂ = 1}‘
i=0 j=1
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The sets K, (z,), An(x,) are defined analogously.
Denote F(x) = (hy(z),...,hy(z))". Then the main result in [8] reads:

If 2 is a local minimum of (P) and Im F'(x) = R?, then Vh € K(x) 3(\, 1) € A(x),
€ df(x), & € O%gi(x), i = 1,p, n; € 8?h(z), j = 1,q such that the bilinear form

p q
f=N¢&+ Z A&+ Zuj n; satisfies
i=1 j=1

Blh,h] = 0. (27)
We posit the following assumptions:

) foDf

2) Each sequence f, fu;0isGni, © = 1,p; hj,hnj, j = 1,q, fulfils the conditions of
Theorem 4.1;

3) For every € G and every sequence z,, —

w* =limg,,(z,) = gi(x), i =1,p;

W~ lim b (e,) = K(x), §=T.q.

4)  gni — i, hnj — h; continuously for every i, j (i.e. for every sequence z,, — x we have
Gni(Tn) — gi(x) and h;(xn) — h;(x))
5) For every y € C there exists y, € C,, such that

limsup fn(yn) < f(v).

Theorem 5.1. Let the above assumptions 1)-5) hold. Let x,, be a local minimum of (P,)
and x, — x. Then x solves locally (P) and f.(x,) — f(x). Moreover, for any h €
N K (2,,) we have that h € K(x) and from the sequences (Ao, Ai, pinj) and (én,gm, Nnj)
that satisfy (27) with subscript n we can extract subsequences such that

(An0s Anis finj) = (Ao, Ay 115) € A(x)\{0}; (28)
0 S E€ (), & S & € B2gi(x), Moy 5 my € Phy(x) (29)

and (Xo, i, 145), (f, &, mj) satisfy the necessary optimality conditions (27) for the given h.

Proof. Using assumptions 1), 4) and 5), the proof that x is a local minimum of P is
exactly as in [16], Theorem 2. Moreover by 1) f,(x,) — f(x).

Let h € N, K,(x,). Since f, attains a local minimum at z,, then 0 € 9f,(x,). But
fn € CH(G), consequently df,(z,) = {f.(z,)} and f/(z,) = 0. Analogously f'(z) = 0.
Hence, it is enough to consider the relations hj;(z,)[h] = 0, j = 1,q and g}, (z,)[h] <

0, 7= 1,p. For any i = 1, p, by assumption 3) we have

(gi(x), h) = lim (g,;(z,), h) < 0.

n—oo

Analogously, for any j =1,q, (h(z),h) = 0. Hence h € K (z).
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P q

Since Z Ani + Z |pn;] = 1, we can obviously assume that the sequences Ao, Ani, fin;
i=0 j=1

are bounded for every i, j and consequently we have (28). Moreover, Theorem 4.1 (B2)

entails (29).

For any (A, i) € Ap(x,) we have

p q
D Mnis(Tn) + Y pinihi (@) =0
i=1 j=1

and
Assumptions 3), 4) and (28) entail that (A, u) € A(z).
). F

Let h € N, Ky(x,
Nnj € O2hyj(xy), j =1,q and (A, fin) € An(x,) such that 3,[h, k] > 0, ie.

or every n there exist &, € 92fn(xn), Eni € O2gni(xn), @ = 1,p,

p q

i=1 j=1

Letting n — oo in (30) and using (29), we obtain that

p q
0 < Xoglh, k] + > N&ilh B+ figm;[h. b,
i=1 j=1
so the necessary optimality condition (27) at point = is satisfied. [

Remarks. (1) Theorem 5.1 provides convergence not only for the multipliers but also
for the associated second-order Clarke’s subdifferentials &,,, &, 7n;-

(2) As it was noted in [16], the assumption of continuous convergence of g,; in 4) can be

replaced by the condition

O gni(x,) #0  for every n and 1.

6. Stability of the second-order Clarke’s subdifferentials of integral function-
als

We consider a o— finite positive measure space (7,3,dt) and a sequence of functions
9, 9n - T x R™ — R. We posit the following assumptions:

(1) For each y € R™, every function g(-,¥), gn(,y) belongs to L'(T);

(2) Forallt €T, g(t,), gu(t,-) € CHH(R™), i.e. for every x € R™ there exist a neigh-
borhood U(z) C R™ and a function k € L'(T,R.) such that, for all ¢ € T, for all
y1,y2 € U(z) we have

g’ (t, 1) — g'(t, y2)l|rRm < K(2) [[yr — y2l|rem.

(3) For every y € R™, the functions ¢'(-,y) and ¢/,(-,y) belong to L*(T');
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(4) Forae. t €T, g,(t,-) — ¢(t,-) in C*(R™), ie. for every x € R™ there exist § > 0
and a function k; € L'(T, R, ) such that for every € > 0 there exists N(¢) € IN such
that for every yi,y» € R™ with ||yy — x||rm < 6, ||y2 — z||gm < 0 and Yn > N(e) we
have

g, (t, 1) — g (1) — g, (ty2) + 9/ (E y2)[[rRm < € k() [|y1 — vol[rm
forae. tcT.

For u € Lo, = Loo(T,R™), we introduce the following integral functionals

f(u) = / gt u®) dt,  folu) = / gt u(t)) dt.

By (1), f and f, are well defined.

Since g(t,-) € CYY(R™), by the mean value theorem g(¢, -) is strictly Frechet differentiable
and consequently by Proposition 2.2.4 in [5], locally Lipschitz. By ([5], Theorem 2.7.3)
for every u € Lo, f is locally Lipschitz at u and

Of(u) = /T Dg(t u(t)) dt. (31)

Since Jg(t,u(t)) = {g'(t,u(t))}, the right hand side of (31) is a singleton and defines a
map &|[-] such that for any v € L, {[v] = /g'(t, u(t))"v(t) dt, where by assumption (3)
T

for every v € Lo, the function ¢t — ¢'(¢,u(t))"v(t) belongs to L*(T).

The existence of f’'(u;v) for any v € Ly, and the equality

f(uv) = / § (¢, u(t); v(t)) dt

follow from the dominated convergence theorem. Hence f'(u;v) = £[v] and consequently

f admits a Gateaux derivative at u € L, denoted by f'(u) and f'(u)[v] = / g (t,ut)”
T

v(t) dt.

Analogously, for every v € L,

£ () [o] = / o (b u(0)T o(t) dt.

The fact that the first Gateaux derivatives f’ and f] are locally Lipschitz on Lo, follows
from assumption (2), as in Theorem 2.7.2 in [5].

By (4), for any v € Ly, ||[v]|ee = 1 we have (f/(-),v) — (f'(-),v) in C¥ (L), i.e. Yu € Ly
there exists § > 0 such that Ve > 0 there exists N(¢) € IN such that for every n > N(e),
|u1 — ulloo <9, ||ue — ul]oo < 9, we have

[(fr(ur),v) = (f'(wa), ) = (o (u2), v) + (f'(u2), v)] <ellur — us|loo-

So, we can directly apply Theorem 4.1 within X = L., and obtain the following corollary.
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Corollary 6.1. Let the above assumptions (1), (2), (3) and (4) hold. Then
(i)  for every u,v € Ly

W — limsup d(f(w), v) © Of' (), ). (32)
n— oo
(i)  for every u € Lo
w* — limsup 92 f,, (w) C 0 f(u). (33)
n— oo
N

Remark. This theorem can be extended to the standard type of functionals in calculus
of variations as given by

where ¢ is an absolutely continuous function from [a, b] to R™.

We claim that for every qg

w* — limsupd?J,,(¢) C 92T (). (34)
$—¢

n—-+oo

We follow the approach of Clarke in [5], Example 2.7.4. Using the Lebesgue measure A,
we consider the measure space (1,3, 1) = ([a, b], B([a,b]), A) and the linear subspace

X ={(s,v) € Loo(T,R*) : Ic € R™, s(t) = c + /tU(T)dT}

of Loo(T, R*™) and define g(t; s,v) = L(t, s,v).

b
Note that for any (s,v) € X, we have f(s,v) = /g(t;s,v)dt = J(s) and f,(s,v) =

b
/ gn(t; s,0)dt = J,(s).

With (5,9) a given element of X, (34) follows from (33) by Corollary 6.1 in L. (T, R*™).
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