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We prove a new representation result for the L'-lower semicontinuous envelope of the elastica functional
in terms of a minimum problem over a suitable class of varifolds. We also show a representation result
in a suitable class of Sobolev-type submanifolds.

1. Introduction

Let us consider the functional
FE) = [ [+ Iap] dn, 0
OF

where £ C R? is a bounded open subset of class C?, p > 1 is a real number, k = K is
the curvature of F and H' is the one-dimensional Hausdorff measure in R?. Extend the
functional F with the value +o00 to the class M of all measurable subsets of R?. Let us
denote by F : M — [0, +o00] the L'(R?)-lower semicontinuous envelope of F, i.e.,

F(E) = inf{li]{n inf F(E}) : Ej, — E in L'(R?) as h — o0}, E & M. (2)

The study of F and F is of interest in variational models for the image segmentation and
image inpainting [2], [3]. It is also related to the problem of reconstructing the occluded
boundaries and the ordering of the objects in a digital image; indeed (see [17]) it has
been observed that curvature energies can be used to recover those parts of the objects
occluded by other objects closer to the observer. Connections of F with I'-convergence,
phase transitions and geometric evolutions were pointed out in [9]. From the mathematical
point of view, the study of F was initiated in [4] and further developed in [5]. In particular
in [4, Theorem 7.3] it is proved that F can not be represented in integral form. Then in
[5, Proposition 6.1] it is proved that

F(BE)=min{FT):T € A°(E)}, (3)

where elements of A°(FE) are H*P-immersions of a finite number of copies of the unit circle,
having E' as “interior” (see Section 2 for the details). Both in [4] and [5] these immersions
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describe the limit behavior of sequences of smooth boundaries 0F) with equibounded
energy and keep some information that would be lost when looking only at the L!-limit
of the sets Ej,.

In this paper we prove a new representation formula for the functional F. Precisely, our
result (Theorem 4.3) reads as follows: F can be represented as

F(E)=min{F(f): f € HV,(0E)}, E € M. (4)

Here HVi4(OF) is the class of Hutchinson’s curvature varifolds without boundary, having
a unique tangent line at every point and such that the associated weight measure has odd
density exactly on the essential boundary 0*FE of E. This result is much in the spirit of
[11, Corollary 5.4], where a related partial result was established in any space dimension
using the so-called generalized Gauss graphs.

The key point to obtain (4) relies on the following property (see Proposition 4.7 and
Corollary 4.10): given f € HViz(OF) there exists I' € A°(E) such that F(f) = F(T'). To
prove this result we need to adapt some of the techniques developed in [5], once we know
that the elements of HV,z(OF) belong to the more regular space S?(R?) of Sobolev-type
submanifolds. Inspired by [7] and [8], Sobolev-type submanifolds were introduced in [1]
(see Definition 3.7 below) and consist in one-dimensional sets which can be locally covered
by finite unions of graphs of functions of class H??. As a consequence, we obtain also a
representation of F in terms of SP(R?), namely

F(E) =min{F(f): f € S*(R?), f = 0 (mod 2) out of *F, f = 1 (mod 2) on *E} .

There are various reasons to develop new representation results for F, in particular us-
ing the varifolds approach. Firstly varifolds describe in a rather natural way the limits
of sequences of smooth boundaries with equibounded energy. In fact given one of these
sequences {Ej} converging to a set E in L'(R?), there exists a unique varifold associ-
ated with the limit of the sequence {0F}. On the contrary there are infinitely many
different H*P-systems of curves that parametrize the limit of the sequence {0F}. An-
other reason is that varifolds seem to play a role when trying to approach a conjecture
in [9] concerning the I'-approximation of the Willmore functional (see [6] and [16] for
partial results in this direction). Finally a representation formula based on varifolds or
on Sobolev-type submanifolds could be the first step for a representation formula in arbi-
trary space dimension; in such a (considerably more difficult) case the parametrizations
approach probably cannot be easily pursued. Concerning the arbitrary dimension n, we
point out that, in a recent paper [18], Schétzle proved that the functional in (1) (where
k stands for the mean curvature of OF and p = 2) is L'(R")-lower semicontinuous on
smooth sets. Observe that there is another generalization of F in higher space dimension,
where the curvature term is replaced by the LP-norm of the second fundamental form. In
both cases varifolds can be used to study the properties of the corresponding L'-relaxed
energies (see [2], [16], [11]). At least in the second case and under the assumption p > n,
one could expect that varifolds that are limits of sequences of smooth boundaries with
equibounded energy should be locally representable as finite unions of H?P-graphs (see
[12]). This property characterizes Sobolev-type submanifolds, but it is not fulfilled by
2-dimensional Hutchinson’s curvature varifolds in R? for any p > 2 (see [1, Example 5.9]).

The paper is organized as follows. In Section 2 we give some definitions and fix some nota-
tion. Recalling some results from [1], in Section 3 we introduce the class HV?(R?) of cur-
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vature varifolds in the sense of Hutchinson [13], [14], the class SP(R?) of one-dimensional
Sobolev-type submanifolds and its subclass Sf,(IR?) consisting of elements of SP(IR?) hav-
ing only tangential intersections. In Section 4 we prove Theorem 4.3, which is the main
result of the paper. Firstly in Definition 4.1 we define the class HV;,(0F) in (4) and
through some examples we show that the result of Theorem 4.3 is in some sense optimal.
In Lemma 4.6 we show that if f € HV?(R?) has unique tangent line at every point then
it can be locally represented as a finite union of graphs of class H?? (and not only of
class C1'~1/P). The proof of Theorem 4.3 is a consequence of Lemma 4.6, Proposition 4.7,
Corollary 4.10 and Theorem 2.9.

2. Notation and preliminaries

Throughout the paper p > 1 is a real number. For any 2o € R? p > 0, B,(z) := {z €
R?: |z — 29| < p} is the ball centered at zy with radius p. The letter U indicates an open
subset of R%. In the sequel we adopt the convention on repeated indices.

We denote by G(1,2) the set of unoriented 1-dimensional subspaces of R?, and use the
same notation P for an element of G(1,2), for the orthogonal projection P : R? — R?
which maps R? onto P, and for the associated matrix, whose entries are denoted by Pjy.
The distance |[|[P — Q|| between P,Q € G(1,2) is the one induced on G(1,2) as a subset
of R%.

For every set £ C R? we denote by xg the characteristic function of E, that is xg(z) =1
if z€ FE, xg(z) =01if 2 ¢ E. We define E* :={z e R*:3r > 0:|B.(2)\ E| =0}, | - |
the Lebesgue measure; int(E), E and OF are respectively the interior, the closure and the
topological boundary of E. All sets we consider are assumed to belong to M, the class
of all measurable subsets of R2.

If E € M is a finite perimeter subset of R? by 9*FE we denote the essential boundary of
E.

We say that E C R? is of class H*P? (resp. C*, k > 1) if E is open and can be locally
represented as the subgraph of a function of class H?? (resp. C¥).

If £ C R?is of class H*? we denote by k5 € LP(OF, H') the curvature of E; we often
write k in place of kgr when no confusion is possible.

Let S C R?. We say that S is countably 1-rectifiable if there exists a sequence {M;} of
1-dimensional submanifolds of class C' such that H!(S \ UsenM;) = 0.

We recall some definitions from [4] and [5].

Definition 2.1. Let S C R? be a countably 1-rectifiable set. Let zy € S be a point where
S admits tangent line. Let 7(z) be a unit tangent vector to S at zy, and 71(2) be the
rotation of 7(z) of 7/2 around the origin in counterclockwise order. We say that R(zp)
is a nice rectangle for S at zq if

R(z) ={z € R? : 2 = 2y + I7(2) + d7"(2), |I| < a,|d| < b},

where a > 0 and b > 0 are selected in such a way that S N R(z) is the union of the
cartesian graphs, with respect to the tangent line 77,5 to S at 2y, of a finite number of
functions {g1,. .., g,} such that g; is of class C* and graph(g;) does not intersect the two
sides of R(zp) which are parallel to 7,5 for every [ € {1,...,7}.
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Let zo € S; when we write a nice rectangle R(zp) for S at zp in the form R(zy) =
[—a, a] x [=b, b], we implicitely assume that zy is the origin of the coordinates, that 7S
is the z-axis, and that 7-(2g) agrees with the vector es = (0,1). In this case we also set
R*(z) :=1[0,a] x [=b,b] and R~ (29) := [—a, 0] x [, b].

Definition 2.2. Let M C R? be an immersed C!-curve and let z, € M. We say that 2
is a regular point for M, and we write 2y € Reg,,, if there exists a neighborhood U,, C R?
of 29 such that M N U,, is the graph of a function of class C' with respect to T,,M. We
say that zp € M is a singular point of M, and we write 2y € Sing,,, if 2y is not a regular
point of M.

By an arc of regular points of M we mean a relative connected component of Reg,,.

If 20 € M is a point where the tangent line to M is uniquely defined, by B/ (z) (resp.
B (20)) we mean {z € B,(20) : (2—20)-7(20) > 0} (vesp. {z € B,(2) : (2—20)-7(20) < 0}),
where 7(z9) € T, M is a unit vector.

Definition 2.3. We say that zy € Sing,, is a node of M, and we write z; € Nod,,, if there
exists N, € N, N, > 1, such that for any p > 0 sufficiently small either BF (z0) N M\ {20}
or B (20) "M \ {20} consists of the union of NV, arcs of regular points of M which do
not intersect each other.

Proposition 2.4. Let M C R? be such that 0 € M and ToM = e;®e,. Suppose that there
ezxists a nice rectangle R = [—a,a] x [=b,b] for M at 0 such that M N R = U]_,graph(g)
and g, € C*([—a,a]). Then

Nodynr = Singpng, Regynr = M N R. (5)
Moreover there exists § € [0,a[ such that Rs := [—a + ,a — 6] X [=b+ d,b — §] is a nice
rectangle for M at 0 and
Proof. It is enough to repeat the proof of [5, Proposition 3.1 and Corollary 3.4] n

2.1. Curves and systems of curves

A curve v : [0,1] — R? of class C! is said to be regular if dfi—(tt) # 0 for every t € [0, 1]. By
(7) = {7(t) : t € [0,1]} we denote the trace of v and by I(v) its length; if z € R?\ (v),
Z(v, z) is the index of v with respect to z. If v is a curve of class H*? we set

FO) = 100) + 1)z

where () is the curvature of .

Definition 2.5. A system of curves is a finite family I' = {71, ..., v} of closed regular

curves of class C! such that |2] is constant on [0,1] for any i = 1,...,m. We say that T’

is of class H?? if each v; is of class H?P.

Denoting by S the disjoint union of m oriented circles Si,...,S. of unitary length, we
identify I' with the map I' : S — R? defined by [g1 i=7; fori=1,...,m. The trace (I')
of T is defined as (') := U™, (v;). When T is of class H*? we write I' € H*P(S).
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Definition 2.6. We say that a system of curves I' = {7,...,7,} is without crossings

if d”ii(fl) and dﬂ’{g” are parallel, whenever v;(t;) = ~,(t2) for some 7,5 € {1,...,m} and
t1,ty € [0, 1]
If T = {v,...,Vm} is a system of curves of class H*? we define
FL) =Y Fln). (7)
i=1
We set
A% ={2zeR*\ () : Z(I',2) =1 (mod 2)}, (8)

where Z(T', z) := Y" | Z(7;, 2) is the index of z € R? \ (T") with respect to I'.
We define the density function 0r of I" as

Or:([) =N,  6p(2) =T (2)},
# the counting measure. As noted in [5, Lemma 2.16], if I' € H*P(S) we have ||fr||z~ <
+00. We denote by fr : R? — N the function defined as

fr=0r X(r)- (9)

Definition 2.7. Let E C R%. We denote by A°(E) the collection of all systems of curves
I" of class H*? without crossings satisfying

(') 2 OF™, E* =int (A U(T)). (10)
Remark 2.8. In [4] it is proved that

(i) for every E C R? such that F(E) < +oo we have |[EAE*| = 0. In the following we
always identify E with £*.

(i) if ' € A°(E) then fr is odd on Regyy and even on R?\ OF. In addition, from [4, p.
269] it follows that Or is odd on 9*E and even on R? \ 0*F.

The following results [5, Theorem 5.1, Corollary 5.2 and Proposition 6.1] will be used in
the sequel.

Theorem 2.9. Given E C R? we have F(E) < +oo if and only if A°(E) # 0. In this
case (3) holds.

3. Varifolds with curvature and Sobolev-type submanifolds

N denotes the set of all nonnegative integer numbers. Given f: U — N we set Sy := {2z €
U f(2) # 0},

Definition 3.1. Let f : U — N. We say that f is H!'-rectifiable if f~!(i) is countably
H'-rectifiable for every ¢ > 1 and [, fdH' < +oo0.

If f:U — N is H'rectifiable, then for H'-almost every 2o € Sy there is a unique
Pl () = (Pj;(zo)) € G(1,2), called the approximate tangent line to f at zg, such that

im © [ o <z_20) F(z2) aH :f(zo)/ ¢ dH!, Yo eCY(R?).  (11)
S; P

p—0* p P7(20)
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If S (or equivalently f) has approximate tangent line at zy and ¢ is a C! function defined
in a neighborhood of 2y, we define the tangential gradient /() = ((5{@(%), 65@(20))
of ¢ to Sy at the point 2 as the orthogonal projection of V(z2q) on P7(z).

With every H'-rectifiable function f : U — N we associate the Radon measure V; :=
v(Sy, f) on U x G(1,2) defined by

[ sePyavi= [ 6P dHLS @ 6]
UxG(1,2)

UxG(1,2)

:/ ¢(z, P f dH', Vo € CAU x G(1,2)),
U

that is the one-rectifiable integer varifold associated with the pair (S¢, f), see [19].

We denote by 7 : R? x G(1,2) — R? the projection map, m;Vy = fH'L Sy the image
measure of V; on R? through 7,

9 (7.2) = timaup LD g17.2) =t s PN
and if 01 (f, 2) = 0L(f, z) < +oo we set O'(f,2) == 0 (f, 2).
For any z € R? we define
Tan.(f) :== {P € G(1,2) : (2, P) € spt(Vy)} .

If f is H'-rectifiable then for H'-a.e. 2 € S; we have Tan,(f) = {P/(2)} and for any
z ¢ S; we have Tan,(f) = 0.

Let f : U — N be H'-rectifiable, let zo € Sy and suppose that R(zo) = [—a, a] x [=b, b]+ 2
is a nice rectangle for Sy at zo. We say that f verifies the train track property in R(zo) if

the function
ze€{z0+({t} x[-b,b])}

is constant for every t € [—a, al.

Let ¢ : Sy — R be an fH'L Sp-measurable function. We say that ¢ is approximately
differentiable at zy € S; with approximate gradient V57¢(z) = v if TanZO( ) = {P7(2)},

v € P/(z), and for every ¢ > 0 the set LS := {z € 57\ {7} : ez T(Z_ZON > 5}

|z—z0

satisfies
1
lim — fdH' = 0. (12)
P=0" P J L NB,(20)
3.1. The class HV?(U)

Definition 3.2. Let f : U — N be a H!-rectifiable function. We say that f is a Hutchin-
son’s varifold with second fundamental form in L?, and we write f € HV?(U), if for any
i,j,k € {1,2} there are Borel functions Auk U — R such that

JAT |2 = / S AL F ! < o, (13)

l,m,n=1
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E 2, 5,

(a) (b) ()

Figure 3.1: Example 3.3

and

7 £y, 09z PT) Al
/U(éigb(z,P) 3 Al ) fdH! = /gbz PHA!  f dH?, (14)

for any ¢ € C'(U x G(1,2)) with compact support in U.

To illustrate the meaning of Definition 3.2 let us consider the following example.

Example 3.3. Let us consider the set E in in grey in Figure 3.1(a). Let ¥; (resp. X2) be
the 1-dimensional immersed curve in (b) (resp. in (¢)). Then f; := 2xx, — Xsr is not an
element of HVP?(R?), as V}, has generalized boundary (in the sense of varifolds, see [19])
concentrated in the lower cusp point. On the contrary fo := 2xs, — xor € HVP?(R?).

Remark 3.4. In [15, Theorem 5.4] it is proved that if f € HVP?(U) then the functions
P]’; are approximately differentiable fH'L S;-almost everywhere for every j, k € {1,2},
with approximate gradient

oI Pl =olole, = AL, i jke{1,2}, (15)

where z = (x1, x3).

Given f € HVP(U) we set
F0) = [ g+ a7, (16
U

In case U = R? we set F(+) := F(-,R?). With a small abuse of notation, with the same
symbol F in (1), (7) and (16) we denote a functional defined on M, on H*P-systems of
curves, and on HV?(R?).

Remark 3.5. By varifolds theory (see [19, Remark 17.9]) if f € HV?(U) then 6™ (f, z) =
0:(f,z) € N\ {0} for every z € S;. If we set f*(z) = 0*(f,2) then f* = f H'-almost
everywhere on Sy and Vy« = V; as Radon measures. Moreover by Remark 3.4 we have
F(f7) =F(f).

In the sequel when f € HV?(U) we always identify f with f*. In particular Sy is a closed
set.

Let fi, f € HVP(U). We write f — f if the sequence {V},} converges to V; in the sense
of Radon measures on R? x G(1,2).
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Combining the results contained in [14] and [10] we have the following
Theorem 3.6. Let f € HVP(U) be such that

fTan,(f) =1 Vze S;. (17)

Suppose that 0 € Sy and Tany(f) = e; ® e1. Then there exist a,b > 0 such that setting
R :=[—a,a] x [=b,b], we have R C U and

(A)  the map t € [—a,a]l — > ciyxiopy f(2) is a positive constant L € N on [—a, a];

(B) there exist a positive natural number r < L, distinct functions gi,...,g, of class
CY1=YP([—a,a]) and natural numbers juy, . . ., p, such that
f= Z HiXgraph(g;) in R; (18)
1=1
/ v v ,
Z:(thgl(t)):P (Z):m®M7 U:<1agl(t>>’ te ]_a’va[v (19)
—b<gi(t) <ga(t) << g (t)<b, te]—a,al (20)

(C) [ is constant on every relative connected component of Regg NR. If 2o = (to, i(to))
€ Singg, N R then

limsup £(t, () < f(z0)- (21)

t—to

Proof. In [14, Theorem 3.7] it is proved that (A) holds. Moreover it is also proved that
SN (] — a,a[xR) is given by the graph of an L-valued function of class C1'~%/? in the
sense of Almgren. Using (17) we can apply [10, Theorem 4.2 and Corollary 3.13] and find
a positive natural number ' < L and (not necessarily distinct) functions gy, ..., g of
class CY'~1/?([~a, a]) such that

f = Z Xgraph(g;) in R;
=1

z:(t,gl(t)):Pf(z):%QQ%, o= (1L,qt), te]—aadl.

(22)

As a consequence for every z € Sy N R there exists a nice rectangle R(z) for Sy at z
and f verifies the train tracks property in R(z). Hence we can repeat the proof of [5,
Proposition 3.7] and obtain (C).

In order to prove (B) we proceed as follows. Let

& :={g€C[~a,a]): graph(g) C S},

and define ¢, (t) := inf{g(t) : g € £}. By (22) and (17) we have that g; € C**~/?([—a, a])
and ¢, verifies (19). In addition py := min{f(z) : z € graph(g;)} € N\ {0}. From (21)
and (5), it follows that we can find 21 € Regg, N graph(gi) such that f(z1) = p1. From
(C) it follows that f = p; on the connected component C) of Regg ; N R containing z;.
Then consider the function

f1 ‘R — N, fl = f —foon gral?h<g'1)7
f otherwise in R.
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Observe that Sy, is a finite union of graphs of elements of C*'~*/?([—a, a]), that the map
t € [—a,al = > ciyxipy f1(2) = L — p, fi verifies (C) and that Sing, 2 Singy,. Re-
peating the argument above replacing f with f; and g; with go(¢) := inf{g € C°([~a,a]) :
graph(g) C Sy, }, we obtain o := min{fi(2) : z € graph(g2)} € N\ {0} and a connected
component Cy of Regg N graph(gs). Repeating this construction, after r < L steps we
obtain that f,,; = 0. In this way we construct a family Y := {(g1, 1), - - -, (¢r, i)} such
that

g1 # g; for every | # j, since if [ < j then graph(g;) N C, = 0 and C; C graph(g,),

and satisfying (18), (19) and (20). O

3.2. The classes SP(R?) andS},(R?)

Definition 3.7. Let f : R? — N. We say that f is a Sobolev-type submanifold, and
we write f € SP(R?), if S; is closed and for any z, € S; there exist a neighborhood
U, C R? of zy, a positive integer ¢ and Mj, ..., M, one-dimensional (not necessarily
distinct) embedded H?*P-manifolds without boundary in U, such that

q
=1

As noted in [1, Remark 2.3], if f € SP(R?) then f is H'-rectifiable in R* and [, fdH' <
+o00 for any compact set K C R2.

Definition 3.8. We define

St (R?) == {f € SP(R?) : fTan,(f) = 1 for any 2 € S; and faH' < +oo} .

RZ

The next observations show in which sense the above classes generalize the notion of a
manifold with curvature without boundary.

Remark 3.9.

(i) If f € SP(R?) then f € HVP(R?), see [1, Remark 2.10]. In addition Tan,(f)
coincides with the (finite) union of the tangent lines to the branches of Sy at z, see
[14].

(ii) If f € HV?(R?) then by Theorem 3.6 we have that f is a C1'~'/?(R?)-type subman-
ifold (that is, f satisfies Definition 3.7 with H?? replaced by C''~1/7).

(iii) If T is an H?P-system of curves, then fr € SP(R?) (see [5]). In addition, from [15,
Proposition 2.3] and (i) we have

F(T) = F(fr). (24)

Remark 3.10. By Theorem 3.6 and Remark 3.9 it follows that for every f € Sf,(R?)
and every z € Sy there exists a nice rectangle R(z) for Sy at z (see also [1, Theorems
3.4, 5.4]) and f verifies the train tracks property in R(z). Hence by Proposition 2.4 and
repeating the proof of [5, Lemma 3.11] we obtain that



552  G. Bellettini, L. Mugnai / A Varifolds Representation of the Relaxed Elastica ...
(i) Nodsg, is at most countable, Singg ; has empty interior, and

Singg. = Nodg,, Regg, = 5. (25)
(i) We can choose R(z) in such a way that

SyNOR(z) C Regg,. (26)
(iii) If f, fe St (R?), Regg, = Regsf and f = fin Regg,, then f = 7.

4. Representation formulas

In order to state our main result (Theorem 4.3) we need the following

Definition 4.1. Let £ C R?. We define HV,4(0F) as the class of all f € HV?(R?) such
that

tTan,(f) =1 Vze Sy, (27)
f(z)= 0 (mod 2) Vz¢0FE, (28)
f(z) = 1 (mod2) VzedE. (29)

Remark 4.2. Clearly we have Regyp C 0*E. Therefore from (29) it follows that Sy D
Regyy, for every f € HVi,(OF).

Theorem 4.3. Let E C R? be a bounded open set. Then

F(E) < +o0 <= HV,(0E) # 0. (30)

In this case -
F(E) = min{F(f) : f € HV;z(0E)}. (31)

Before proving Theorem 4.3, we show with two examples that if we drop one of the
conditions (27), (28), (29) in the definition of HV;(0F), then Theorem 4.3 is false.
Example 4.4. Let p = 2 and £ C R? be the set in grey in Figure 4.1 having four cusps
pr=(=10)=—p2, ¢1 = (0,1) = —qo.

Let f = XRegyp + 2X{0}x[-1,1] + 2X[~1,1]x{0}- Then f € HV?*(R?) satisfies (28) and (29),
but not (27) since 0 € Sy and fTan(f) = 2.

We claim that

F(E) > /R 1+ 5% dH + 8 = F(f), (32)

where Regyp = OF \ {p1,p2, ¢1,q2} are the regular points of 0F. To prove (32) we recall
that in view of [5, Theorem 8.6] we have

(o1,02)EX(E)

F(E) = /R D4r dH 42 min  [Flo) + Flos)], (33)

where X (E) consists of those pairs of constant speed curves (o1,09) € (H*%(]0, 1], R?))?
with 01(0) = p1 and {p2, ¢1, 2} = {01(1), 02(0), 02(1)}, such that:
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Figure 4.1: Example 4.4

if 0;(t1) = 0;(t2) for some t,ts € [0,1] then do;(t1)/dt and do;(t2)/dt are parallel; more-
over if 0;(t) € OF for some ¢ € [0,1], then do;(t)/dt is parallel to the tangent line T, ;) (OF)
to OF at o;(t);

49:(0) (resp. %i(1)) points in the direction of R~ (0;(0)) (resp. of R*(;(1))), where

R (p))NE=R (¢)NE =0 (resp. R*(p;) NE #0, R*(¢;) N E #0) with i = 1,2.

We have two cases.

Case 1. There exists (01,02) € X(E) solution of the minimum problem (33) such that
o1(1) # pe.

In this case due to the geometry of the set E and the definition of X(FE) it is always
possible to find a constant speed curve A € H?%(S') such that F(\) = 2[F(0y) + F(02)].
For example if 01(1) = q1, 02(0) = py and 0;(t) := (0,1(t), 0i2(t)), then

(A) :=={(o11(t) + 1,01 2(t) —
U {(0’271(15) — 1,0'271(75) +

) te 10,1} U{(o11(t) + 1,1 —o12(t)): t€ ]0,1[}
) t€ 0,1} U{(o21(t) — 1, —(1 +022(?))) : t€ ]0,1[}.

—

1
1

Moreover setting

F1(t) = (Cos(g(t 1) +2m) — 1, sin(g(t — 1) +2m) + 1) ,
oo(t) := (cos(g(t —1)+m)+ 1,sin(g(t —-1)+m)— 1) ,

we have (0, 02) € 3¥(E) and

2[F(o1) + F(o2)] = 4m =2 |k(N)] ds < F(N),
S’l
where we used the Young’s inequality. Hence

F(E) = /R [1+ K% dH' + F(N) 2/ [1+ k%] dH' 4 4n

Regsp

>/ [1+ K% dH' +8 = F(f),
Regsp



554  G. Bellettini, L. Mugnai / A Varifolds Representation of the Relaxed Elastica ...

Figure 4.2: In grey the set E of Example 4.5 (fig. (a)). The dotted line appears when
considering the limit of the boundaries of a minimizing sequence. In fig. (b) the set X

that is (32) holds.
Case 2. For every (01, 02) € ¥(F) solution of the minimum problem (33) we have o1(1) =
pa.

In this case we have (01) N (09) = 0. In fact if (o1) N (02) # 0 by the tangential crossing
property of the elements of ¥(FE) and a reparametrization argument we would obtain
(61,02) € X(E) solution of (33) and such that &;(1) # pe, a contradiction.

As (01) N (02) = () we have
F(E) = / [1+ k%] dH' + 2[F(01) + F(02)]

2/ [+ K2 dH + 2[i(0) + ()]

Regop

> / 1+ 2] dH + 2[|py — pa| + g1 — g
Regyp
/ [1+ &% dH' + 8 = F(f),
Regyp

which is again (32).

Example 4.5. Let p = 2, E be the grey set in Figure 4.2(a) and let 3 be the 1-
dimensional immersed nonconnected curve of R? depicted in Figure 4.2(b). Obviously
OF C ¥. We choose

3
—lp-al> [ e (34)
Regyp

and define
fi, fo: R* - N, fi=xn, f2:=2xm.

Then f1, fo € SE,(R?). Hence fi, f, € HVP(R?) by Remark 3.9(i), fi, f; verify (27) and
Sy, D OE. Moreover f; fulfills (28) but not (29), while f, fulfills (29) but not (28). By [4,
Theorem 7.2] (see also [5, Theorem 8.6]) we know that

F(E) = / [1+ &% dH* + 2L.
Regaor
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From (34) we deduce

2F(f) = Ffy) = 4 / 1+ #3 dH' < F(E)

Regsr

and (31) does not hold.

The proof of Theorem 4.3 is based on the combination of Proposition 4.7, Corollary
4.10 and Theorem 2.9. More precisely from Proposition 4.7 it follows that HVi,(OE) C
St,(R?). Hence every f € HV;z(9F) can be locally represented using a finite number of
H?P-functions. This observation allows to gain enough regularity to adapt some of the
localization techniques developed in [5] and prove Proposition 4.8 and Lemma 4.9. As a
consequence we obtain Corollary 4.10, which establishes that for every f € HV,,(OF) we
can find I' € A°(E) such that F(I') = F(f). Hence Theorem 4.3 follows by Theorem 2.9
and (9).

The following lemma is a crucial step toward the proof of Proposition 4.7.

Lemma 4.6. Let f € HV?(U), R = [—a,a] X [=b,b], g1, ..., 9. be as in Theorem 3.6 and
suppose that

1
/
i~ < —.
0ax [|gil| oo (-aa) < 3 (35)
Then g, € H*?(] — a,al) for everyl € {1,...,r}.
Proof. Let
1
T(§) = ==, D& :=¢Nn(), ¢k
Vv1+&2
Given [ € {1,...,r} we will prove that
(ﬂ(g{))’ = Afnim('agl>(1 + (92)2)1/210 € Lp(] - a, aDv 1 =1,2, (36)
where Ainm(, g1) denotes the restriction to the graph of g, of the generalized second

fundamental form of f. For every z € graph(g;), recalling (19) we have that the i-th row
(Pf(2), P(2)) of the matrix P/ can be written as

(1, 91(1))

f S/ )
(Pl Ph2)) = Ttal(0) ==

2= (tglt), i=1,2. (37

The idea is to rewrite the integration by parts formula (14) defining the curvature of a
varifold (and which considers all branches of the varifold at once) on the basis interval
[—a, a], and try to obtain regularity informations on each branch separately. This is not
immediate in presence of more than two graphs with a possibly complicated (tangential)
intersection. We proceed by induction on r.

If r = 1 then, setting g = g1, we have SyN R = graph(g) C Regg, and f = L on graph(g).
Let us show that T;(g) € H'?(] — a, a|).
Let ¢ € C}(] — a, al). Since Sy N R = graph(g) we can find € > 0 such that setting

K, = {z € R : dist(z, graph(gjspe(y))) < 6}
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we have K. CC R and graph(gispi(s)) CC K.NS; CC graph(g). Since g € CH1~Y?([—a, a])
we can find a function ¢ € C}(R?) such that

spt(p) CC Ko, p(t,g(t) =¢(t) VtE [—a,a|

Hence, using also (37), we have for i = 1,2

! ! / (179,)
L / Ti(¢)0 dt = L / Ti(¢) | Volt, 9Ll | T+ (g dt
J—a,a] |—a,a] V1+(9)?
= L/ (Rﬁ(t,g),ﬂ’;(t,gﬁ Vo(t,g)v/1+ (¢)? dt = / 5o f dH! (38)
a0l graph(g)
graph(g)

where in the last equality we use (14) (applied with ¢ = ¢ independent of P7). By (38)
and (35) we have

1/p ) 1/p
[ mgwa s ([ adprae) ([ gy )
|-a,a] graph(g) graph(g)

1/p
<C (/] [IAinml”\/l +(9')? dt) 11 g —aap) < C NN 20t (=

where 1/p+1/p' =1 and C, C" are positive constants. Hence T;(¢g') € H'?(] — a,a[) and
(36) holds. Since T3 is a bi-Lipschitz, smooth function on every open subset compactly
contained in | — a,a[ and (35) holds we conclude that g € H?*?(] — a,al) from ¢ =
T, (Ta(g') € H'?(] — a,a).

Let us show how the proof works in case r = 2. We first prove that go € H*?(] — a, al);
the idea is to construct a sequence {f,} C HVP(U) such that f, — f in HV?(U) where
£ is concentrated on graph(gs) (hence SN R = graph(g»)) and f has a constant density.
By the previous case r = 1 we deduce go € H*?(] — a,a[). The proof is concluded by
showing that also g; € H*?(] — a, al).

By Proposition 2.4

{t € |—a,af: (t,q(t)) € Regsme} ={te |—a,al: g:(t) < g2(t)} = U I,

heN

(39)
U -[h = [_a'a CL],
heN
where I, = |t ,t;| are pairwise disjoint intervals and Hj, := {(t,g1(t)) : t € I} is a

relative connected component of Regg p for every h € N.

In order to construct the sequence {f,} we use a recursive algorithm. Let f; := f and
suppose that f, 1 € HVP(U) has been defined. Then fj, is obtained modifying f;_; only
on I, x [=b,b], in particular f, = f on U\ Ul_,(I; x [=b,b]), in such a way that
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, bf“
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, I
o f, P
R N
-b

Figure 4.3: The construction leading to f;, starting from f;,_; in case r = 2 of Lemma 4.6

(i) th N (]h X [_b7 b]) = graph(QQ);
(il) F(fu) < L F(f).

Note that as Sy, C Sy, , C Sy we have fTan, f, = 1 for every h € N and every z € Sy, .
Let us construct f;. For every § > 0 sufficiently small (depending on h) let

I = Jt, + 0,65 — 9], Up={(t,y) €R: tel), () +5 <y <b}.

We have fis € HVP(I}x]—b,b[) and S5 = graph(g2) N (I?x] —b,b[). Using the C11~1/p
h

regularity of g, we can subdivide I in J,‘il, o J,f’k disjoint intervals, with k := k(h,d) € N

and |gh(t) — gh(s)| < § for any t,s € Jp ., so that by case r = 1 we have go € H*?(J}))

and (36) holds in .J ;.

Since
I(Ti(g2)) 1o sy < LF(f), i=1,2,

and fTan,(f,—1) = 1 for any z € Sy, letting § — 07 we conclude that go € H?P(1},)
(see [5, Lemma 4.1]) and that (36) holds in I;,. With a similar argument we have that
g1 € H*P(I) and g, fulfills (36) in Ij,.

Let us define f, as follows:

fn = {wl + [12) Xgraph(ge) 0 I X [0, 0], (40)

fro1 otherwise,

where we recall that p;, o are given in Theorem 3.6(B). We remark that by tTan,(fn,—1) =
1 for any z € Sy, _,, (39), (20) and Theorem 3.6(C), for ¢ = £ we have

n(t7) =0@7),  q(t}) =07,  foa(z) = (), (41)

where 27 = (17, 1(7)).
Next we prove that
fre HVP(U), Al = Al 42)

ijklsfh'
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For every ¢ € CY(U x G(1,2)) with compact support in U, since g;,g» € H*P(I};) and
f(t,qi(t)) =y for any t € I, and | = 1,2, we have

f
/ (@f o P+ D)4 ) e
graph(gy ;) P

graph(gr )

+ (g1t )o (= P () = Tulgi(8)o (0 P (21).
Since by definition (40) we have f, = fr_1 on U \ (I x [=b, b]) it follows that

In
U 0P,

Pfr
-/ <5{h1¢(Z,Pfh1)+—a¢(;;D M{;,;) for 2!
U\(Ipx[=b,b]) mn

i
+/ (5{"925(4 Py 4 99(z PT) )A{,’;m) fn dH' = T, + T,.
IhX[ bb] apmn

Observe that in U \ (I, x [—b, b]) we are not yet allowed to integrate by parts, because we
still do not have enough regularity. On the other hand in U we can use (14). We have

Jh—1
7= [ (o pioy + EE AL gy ang
U mn

Pfh—l
_/ <5th1¢(z,Pfhl) + agb(z, )A{Tf;”;) Fu dH! )+I()
Iy X [=b,b] apmn

- - / Oz PI) AR fuy dH
UN\(In x[=b,b])
[ PRl s 2P
I, x[~b,b]
By (40), (14), (41) and (43) we have

1-2 = (:U’l + :U’2)/ ¢(Z Pf)Aium dHl
graph(gz,; )

2

+ > [Tgi () o= PP (=) = Tulgi () oz, PP (=)

=1

so that, integrating by parts,

T+ Ty =— / ¢(z, PIn- 1)Ajj;;,; fro1 dH?
U\(IhX[ bb}

) [ o PHAL, dH,
graph(gz ;)
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that is (42) holds. Moreover (i) and (ii) hold by construction.

As sup, F(fn) < 400 we can apply [13, Theorem 4.4.2] and find a subsequence weakly
converging in the sense of varifolds to a certain f € HV?(U). Since (Regg , Ngraph(gi)) N
S§ = (), we can conclude that S FNR = graph(gs). Hence, applying the result proved

in case r = 1 to f, we get gy € H??(] — a,a[) and (36). Repeating the same argument
with g, replaced by g; we obtain that g; € H*?(] — a,a[) and that g; satisfies (36). This
concludes the proof in case r = 2.

We suppose by induction that the thesis holds if S;N R = Uj_,graph(g;) with ' < (r—1),
and we prove the assertion when Sy N R = U]_,graph(g,).

Again we construct recursively a sequence { f,} C HVP?(U) such that f, — ]?in HVP(U),
with S 7N R = Uj_,graph(g;), so that we can apply the induction hypothesis and get

g € H*(] — a,a[) for { = 2,...,r and (36) holds. Then by a symmetric argument we
prove that g; € H*?(] — a,al) for [ =1,...,7 — 1 and this concludes the proof.

By Proposition 2.4 it follows {t € |—a,af: (t,q(t)) € Regsme} = UpenIpn, with Upenly,

= [—a,a], where I}, = |t, ,t)[ are pairwise disjoint intervals, Hj, := {(t,g1(t)) : t € I,}
are relative connected components of Regg p and f = L, < L on H), for every h € N.
Let fy := f and suppose that f,_; € HVP(U) has been defined. Then f;, is obtained
modifying f,_1 only on I, x [—b,b] in such a way that (i) holds with graph(gs) replaced
by Uj_,graph(g;), and (ii) holds. Let j, :=min{l: 2<1<7r, g # g1 on I}, and

) (:ujh + Lh)Xgraph(gjh) + Z HiXgraph(g;) in [, x [_ba b]7
fn = I=jn+1 (44)

fr—1 otherwise.

We remark that, since (t7, 1(t7)) € Singg, N R with o = &, by (20) and the hypothesis
Tan,(f) = 1 for any z € Sy we have

a1 (th) = g5, (t7), 9:(th) = g, (t7), o==. (45)

Moreover by construction and using Theorem 3.6(C') we have, for o = +,

S OV{I7) X [=0,0]) = Sp, N ({E5} < [=0,0]),

frh-1(2) = fu(z), for z € {t7} x [=b,b]. (46)

With the same arguments used in case r = 2 and by the induction hypothesis we obtain
that g1,...,9, € H*!(I;) and (36) holds on I; moreover by (46) and the analog of (43),
we have f, € HVP(U). Again (i) and (ii) hold by construction. The conclusion of the
proof is then the same as the one in case r = 2. Il

Proposition 4.7. We have

SE(R?*) = {f € HVP(R?) : §Tan.(f) = 1 for any z € Sy} . (47)
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Proof. In view of Remark 3.9(i), we only need to prove that the right hand side on (47)
is contained in the left hand side. Let f € HVP(R?) be such that fTan,(f) = 1 for
any z € Sy. By Remark 3.5 we can suppose that Sy is closed. Fix z € Sy. Without
loss of generality we can suppose that z = 0 and Tang(f) = e; ® e;. Let a,b € RY,
R :=[—a,a] x [-b,0] and gy,..., g, be as in Theorem 3.6(B). Possibly restricting R we
can suppose that (35) holds. Hence the thesis directly follows from Lemma 4.6. ]

The following proposition shows that the local property (23) defining the elements of
ng(]R2) can be converted into a global property (i.e., a global parametrization of a system
[' with the same density) at least assuming the finiteness of the singular set Singg ;-
Removing this assumption will be the aim of Corollary 4.10.

Proposition 4.8. Let f € S{,(R?) be such that {Singg, < +oo. Then there exists a

system of curves I' € H*P(S) without crossings such that
f=0or X(@)-

Proof. The proof is based on the construction in [5, Theorem 8.6] with minor modifica-
tions. Let Singg, = {z1,...,2,}. Forevery ¢ € Singg, , we denote by R(¢) a nice rectangle
for Sy at ¢ such that

R(¢) N Singg, = {¢}, (48)

and we make an arbitrary choice of the normal unit vector to Sy at ¢ so that R(¢) and
R~ (() are defined. From now on with the symbol §; we denote +1 or —1. Accordingly
we write R%(¢) in place of R*(¢) when §; = +1. Let us construct the first curve v, of
the system I'.

Construction of y. Fix 21 € Singg,. Set (fo, (C0,00)) :== (f, (21,+1)). The construction
of (f1,((1,61)) is the same as in [5, Theorem 8.6], and is such that (f1, (¢1,91)) satisfies
properties (a)-(e) listed below, with ¢ = 1. Suppose we have defined (f;, ((;, 0;)) for some
1> 1, with:

(a)

fi-1—1 on Hj,

fic1 on R? \ H, (49)

fi :R* >N, fiiz{
where H; C Sy, is a connected component of Regsf_ . such that: f;_; > 1 is

constant on H;; (; € Singg ; is a point of the relative boundary of H; (which is
composed either by (;_; itself, and in this case we understand that (;_; = (;, or
by two points {(;_1,(} C Singg ); H; crosses R~%-1((;_1) and reaches (; crossing

R ()
(b) fi V(ecri)ﬁes the train tracks property in () for every ¢ € Sy, N (Singg, \ {21, G:});
(c) if ¢ # 21 wehave 30 opi(.) fi(2) = X2 cor-(y) fi() +1; moreover §; = £1 implies
ZzeaRﬂgi) fi(z) = Zzeé)R—(Q) filz) ¥ 15
(d) if G =2z and &; = —1 then 3 opi()) fi(2) = 2 con-(a) fi(2) + 25
(e) if =2z and & =—+1then Yo opii.) fi(2) =D con—(a) fi2)-



G. Bellettini, L. Mugnai / A Varifolds Representation of the Relazed FElastica ... 561

The construction of (fiy1,(Civ1,0i+1)) when (f;, ((,6;)) is given is the same as the one
in [5, Theorem 8.6]. The only difference is that in our case the algorithm stops when
{2 € OR7%(() : fi(z) > 1} = 0. By (c) and (d) this can happen only if we are in case (e).

We now define (1) := H,U---UH,. Since H; and H; .1 have (; as a boundary point
and belong to opposite half planes with respect to the normal line to Sy, at ¢;, using [5,
Lemma 4.1] we can find v, € H*P(S]) parametrized with constant speed. Note that by
construction we have 6., x(y,) < f.

Construction of ;41 (i > 1). Suppose we have defined I'; = (71, ...,v;) € H*P(S;), where
S; := 51 x + -« x S}, verifying fr, := Or,xx,) < f- If f— fr, is not identically zero, I';1;1 €
H?*?(S; x S') is constructed as in the previous step starting from f; := f — fr, € SE,(R?).
Since ﬁSingSf < +oo the algorithm stops in a finite number n of steps n > 1. Hence

f — fr,, =0 on R? which is the thesis. u
Lemma 4.9. Let f € S{,(R?). There exists a sequence {fr} C St,(R?) such that

Si C S fSingg, <too,  F(H)SF(f)  VkEN, (50)
and
fi [ oin HVPEY),  lim F(fi) = F(f). (51)

Proof. This lemma can be proved almost along the same lines as in [5, Theorem 5.1].
We sketch the main ideas of the proof for the reader’s convenience.

Step 1. Fix k € N. For any z € Singg, let R(z) be a nice rectangle for f centered at

z, with diameter strictly smaller than 27%. Since Singgq , is compact (see (25)), there are
m(k)

21, ...y Zm(k) Points of Singg such that Singg, C U R(z;), and Sy N OR(z;) C Regg, for
i=1

any i € {1,...,m(k)} (see (26)). In order to construct f, € Sf,(R*) we use a recursive

algorithm consisting of m(k) steps. Let f& := f, let 1 < i < m(k), and suppose that

* | has been defined. Then fF is obtained by modifying f¥, only on int(R(z;)) as

follows. Let us suppose for simplicity that z; = 0, that Pfikfl(zi) = e; ® e; and that

R(z;) = [—a,a] x [=b,b]. Moreover let F(-, R(z;)) be the localization of F on R(z;).
Repeating the proof of [5, Lemmata 4.3, 4.5, 4.11] it is possible to show the existence
of functions g1, ..., g, € H*?(] — a,al) and integer numbers )y, ..., A, (see Step 1 in the

proof of [5, Theorem 5.1] for further details) such that

. for any function ¢ € C'(] — a, a[) such that graph(y) C Spe N R(z) and p(+a) =
g1(£a) we have
F<Xgraph(gl)7 R(ZZ)) < f(Xgraph(tp), R(Zz))7

° the set Sing, ) is finite and

18raph(g;

ZAIF((Xgraph(gz%R(Zi)) < f(fﬁhR(zi));
=1

o defining ff : R® — N oas ff = fF xe2\R(z) + XR(z0) 2oim1 MiXaraph(er), We have
ff € SE(R?).
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Once fF are defined it results that

Spp & Spreys 4(Sings, Nint(R(z))) < +oo, F(fF) < F(f)- (52)

We now define f, := fr’fz(k)‘ From (52) we have F(f) = F( m(k) < f(ffl( )<<

F(f). By construction we have that S is closed for every i € {0,...,m(k)} and

S,

ooy = Sfrlil(k)—l c--C Sféc - Sf'

Furthermore, since ]j(SmgSf NU;~ I)R(zl)) < 400, with Um(k)R(zi) 2 Singg, and Sy, C Sy,
we have that Singg, is a finite set. So we defined {fx} C St,(R?) satisfying (50) and this
concludes the proof of Step 1.

Step 2. We prove that for {fi} defined in Step 1 (51) holds.

Since

sup F(fi) < F(f), (53)

keN

we can find a subsequence (still denoted by { fi}) which converges in HV?(R?) as k — +o00
to a certain f € Ste(R?) (see [13]) such that S; C Sy by construction.

We want to prove that f = f. To this aim we use Remark 3.10(iii). We start by
proving that Sy = Sy. Let p € Regg,. Since Singg, = Sy \ Regg, is compact, we have

dist(p, Singsf) > 0. So, for every k with 1/2%F < dist(p, Singsf), the point p is outside the
region where we made our modifications and therefore there is a whole neighborhood of
p where f;, = f. Therefore p € Regsf and Regsf C Regsf. Hence, recalling (25) and the

inclusion Sf C S, we get Sy = Regg, C S_f So Sy = S_f and therefore Regg, = Regsf.
By construction we have f = f on Regg, = Regsf. Hence f = J?by Remark 3.10(iii).
Finally, using (53) and the lower semicontinuity of F on S?(R?), we have

F(f) < liminf F(fx) < limsup F(fx) < F(f)

k—oo k—oo

]

Using Proposition 4.8 and Lemma 4.9 we obtain the following strenghtened version of
Proposition 4.8.

Corollary 4.10. Let f € S[,(R?). Then there exists a system of curves I' € H*?(S)
without crossings such that

f=0rxm

Proof. Let {fi} C SI,(R?) be the sequence built in the proof of Lemma 4.9. By Propo-
sition 4.8, for every k € N we can find a system of curves Iy € H*P(S;) such that
fe = Or, x(r,)- From (50) it follows that

Fy) = F(fu) < F(f) < +o0.
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Since (I'y) = Sy, € Sy and Sy is compact, we can apply [4, Theorem 3.1], hence we can
find a subsequence of systems of curves {I';;} all defined on same parameter space S and
such that {I'y,} converges in the H*?-weak topology to a system of curves I' € H*P(S).
Since by construction we have (I') = Sy and fr = f on Regsf, we deduce f = Opxr). O

Remark 4.11. Lemma 4.8 defines a bijective map between Sf,(R?) and the quotient of
the set of all H*P-systems of curves without crossings with respect to the equivalence
relation defined in [5, Definition 2.30].

We are now in the position to conclude the proof.

Proof of Theorem 4.3. . As a consequence of Theorem 2.9 and Proposition 4.7 and
Corollary 4.10 we obtain (30).

Let us prove (31). Let I' € A°(E); as noted in Remark 3.9(iii) and using also (30),
fr == brxm) € S (R?) and F(T') = F(f). Moreover from Definition 2.7 we have Sy 2 9F,
and (28), (29) are a consequence of Remark 2.8(ii). From Theorem 2.9 we have

F(E) =min {F(): T € A°(E)} > inf {F(f): f € HVi,(OF)}. (54)

Let us prove

F(E) <inf{F(f) : f € HV;z(9E)} . (55)

Let f € HVi,(OF). Thanks to Corollary 4.10 there exists a system of curves I'; of class
H?*? without crossings such that

fzeFfX(Ff)v f(rf> = F(f).

By (28), (29) applying [5, Proposition 3.13] we deduce that 'y € A°(E). Hence (55)
follows again from Theorem 2.9.

To conclude we have to prove that the infimum of F is achieved on HViz(0F), but this
is a consequence of (24) with I' a minimizer of F on A°(E). O
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