Journal of Convex Analysis
Volume 14 (2007), No. 2, 433-454

Infinite Dimensional Clarke Generalized Jacobian

Zsolt Pales*

Institute of Mathematics, University of Debrecen,
4010 Debrecen, Pf. 12, Hungary
pales@math.klte.hu

Vera Zeidan'

Department of Mathematics, Michigan State University,
East Lansing, MI 48824, USA
zetdan @math.msu.edu

Received: November 22, 2005
Revised manuscript received: January 11, 2006

In this paper we extend for a locally Lipschitz function the notion of Clarke’s generalized Jacobian to the
setting where the domain lies in an infinite dimensional normed space. When the function is real-valued
this notion reduces to the Clarke’s generalized gradient. Using this extension, we obtain an exact smooth-
nonsmooth chain rule from which the sum rule and the product rule follow. Also an exact formula for
the generalized Jacobian of piecewise differentiable functions will be provided.
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1. Introduction

The field of nonsmooth analysis eminated from the theory of convex analysis that was
developed by Rockafellar in [30].

In his pioneering work [8] Clarke introduced the generalized gradient for a locally Lipschitz
function f : D — R defined on an open subset D of a finite dimensional space X as

9°f(p) := co {x* € X* | I (xi)ienw in Qf) : }LTCI}O% =p and ZILI?O Df(z;) = I*}a (1)

where Q(f) C D is the set of points where f is differentiable, which by Rademacher’s
celebrated theorem, is of full measure in D. Note that since f is locally Lipschitz over a
finite dimensional domain, then the notions of Fréchet- and Gateaux-differentiability are
equivalent.

In the same paper, the following characterization was obtained

0 F(p) == {a* € X*| f2(p,h) > (", ), Vh € X}, )
where .
f°(p, h) :=lim stLIOp flett t> - f(x) (3)
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It was then observed in [10] that equation (2) can be used to introduce the generalized
gradient when X is an infinite dimensional space.

On the other hand, when X and Y are finite dimensional normed spaces and f: D — Y
is a vector-valued locally Lipschitz function Clarke extended in [9], [11] the notion defined
by (1) and introduced a generalized Jacobian as

O°f(p) :==co {A e L(X,Y) | F()ien in Q(f) : lim z; = p and lim Df(z;) = A}. (4)
Based on the Rademacher’s theorem another but related approach was proposed by Pour-
ciau in [27].
When X is infinite dimensional, derivative-like objects have been the focus of research
since the late seventies. For instance, Warga introduced in [37], [38] the notion of derivate
containers, Halkin defined the concepts of screens and “fans” in [15], [14]. Sweetser

[33], [34] also considered the concept of shields. Thibault employed the limit points of
directional difference quotients in [35] (see (35) below).

The idea of defining derivative-like objects via various tangent cones to the graph of the
function goes back to Aubin in [2], a summary of this approach can be found in [3]. A
related notion, the fan derivative D°f(p) : X — 2¥, was introduced by Ioffe in [16] as

Do f(p)(h) :={y €Y [ (y o f)°(p,h) = (y"y), ¥y €Y}, (heX), (5)

where (y*o f)° is the Clarke generalized directional derivative of the real-valued map y*o f
defined in (3). It was also shown in [16] that if X is finite dimensional then, for all h € X,

D f(p)(h) = 0°f(p)(h),

i.e., the fan derivative D° f(p) is generated by the elements of the Jacobian 0°f(p).
On the other hand, in 1973 Clarke showed in his thesis [7] and later in [8] that the

generalized gradient can be defined via normal cones. This idea, namely, to involve
normal cones as opposed to tangent cones, led to the notion of coderivatives introduced
by Mordukhovich in [21], [22] for the finite dimensional setting and in [23] when both the
domain and the range spaces are infinite dimensional. For f : X — Y the coderivative,
D*f(p): Y* — X*, of f at p is defined as

D f(p)(y*) :== {«" € X* | (2", —y") € N((p, f(p)); graph f) }, (y* €Y™),  (6)

where N ((p, f(p)); graph f) denotes Mordukhovich’s normal cone to the graph of f at

When X is finite dimensional, it was shown in [23] that, for all y* € Y™,
coD*f(p)(y") =y o 0°f(p).

A relatively recent survey on the different subdifferentials and their properties is given in
[5] where also an extended list of references could be found.

Except Halkin’s screen and Sweetser’s shields, these derivative-like objects are not given
in terms of a relevant set of linear operators. However, as clearly stated by loffe in
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1981, [16]: “Ome can expect that the derivatives defined by way of operators have some
additional good properties. Therefore the question ... seems to be important.” Such
good properties should definitely be translated as having “tight” calculus rules in terms
of linear operators and computational utility in the applications. To our knowledge, this
question has not been answered in a satisfactory manner.

A possible approach to answer loffe’s question could be to define, for any normed space
X, a generalized Jacobian as the set of linear operators

% f(p):=co{® € L(X,Y)| 3 (2;)ien in D such that [ is Gateaux differentiable at z;,
lim z; = p, and ® is a w*-cluster point of (Df(:ci))ieN}. (7

1—00

In general, 9% f(p) could be empty. However, if X is a separable Banach space, then, by the
results of Aronszajn [1], Christensen [6], Mankiewicz [20], and Phelps [26] (see the book
[4] for a summary of further results), a locally Lipschitz function f is differentiable in the
sense of Gateaux on a dense subset Q2x(f) of D (whose complement is a Gauss-null set).
Therefore, in this special case, 9“ f(p) is nonempty. Hence, by the weak*-compactness of
the ball EL( x,v), it follows that 99 f(p) is a weak*-compact and nonempty subset of the
space L(X,Y"). A similar approach was followed by Thibault in [36] where he introduced
generalized Jacobians that also depend on a Haar-null set of D C X, where X is a
separable Banach space. Furthermore, a smooth-nonsmooth chain rule for Thibault’s
generalized Jacobians was obtained in [36].

It is an open problem whether the approach using % f(p) would obtain results parallel
to those in this paper. The main obstacle resides in the absence of properties that lead
to a useful chain rule and further calculus rules.

The aim of this paper is to answer the question posed by loffe in the affirmative. We
provide a satisfactory extension of Clarke’s approach of generalized Jacobian (4) to locally
Lipschitz functions from any normed space X into a finite dimensional normed space Y.
Our generalized Jacobian, 0f(p), is defined to be a set of linear operators from X to
Y. When X is finite dimensional our generalized Jacobian coincides with the Clarke’s
generalized Jacobian (4). On the other hand, when the domain is infinite dimensional and
the image space is R, df(p) turns out to be exactly equal to Clarke’s generalized gradient
(2). Consequently, the fan generated by our generalized Jacobian is loffe’s fan derivative,
and the fan generated by the adjoint of 0 f(p) is the closed convex hull of Mordukhovich’s
coderivative.

Throughout this paper, let X and Y denote normed spaces and always assume that Y
and all the image spaces are finite dimensional. As usual, let X* and Y™ stand for their
topological dual spaces, respectively. The open and closed unit balls in any normed space
Z in the paper will be denoted by By and By, respectively. If Y is of dimension n, then
the space of continuous linear maps L(X,Y) is isomorphic to the product space (X*)",
therefore, when speaking about the weak*-topology in L(X,Y), we refer to the product
weak*-topology in (X*)™.

Let D be a nonempty open subset of X, p be an arbitrary point in D and let f : D — Y
be a locally Lipschitz function. Given a linear subspace L C X, the function f is called
L-(Gateauz)-differentiable at a point p if there exists a continuous linear map Dy, f(p) :
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L — Y such that, for all h € L,

DLI®)(h) = F(p, ) = lim LTI = @), (®)

We denote by Qp(f) the set of those points p in D where f is L-differentiable.

Clearly, the X-differentiability is equivalent to the standard Gateaux-differentiability. In
this case, the subscript X will be omitted from the notation, i.e., Dx f(p) will simply be
denoted by Df(p). On the other hand, if L = lin{h} = (h) is the linear span of a nonzero
vector h € X, then the L-differentiability of f means that the two-sided directional
derivative, f'(p,h), of f at p in the direction h exists and

Dy f(p)(h) = f'(p, h). (9)
It is also immediate to see that if f is L-differentiable at p € D, then
IDLf(p)ll < €(p), (10)
where the Lipschitz modulus ¢;(p) of f at p is defined as
. 1/ (@) — fW)l
l = inf tB . 11
+(p) gosup{ gl |TYEPT X, TFEY (11)

Another important observation is that if K, L are linear subspaces of X with K C L and
f is L-differentiable at p then f is also K-differentiable at p and

Dpf(p)lx = Dr f(p). (12)

In the sequel, denote by A(X) the collection of all finite dimensional subspaces of X.
If L € A(X) then the function g : LN (D — p) — Y defined by g(u) := f(p + u) is
locally Lipschitz at u = 0, therefore, by Rademacher’s theorem, ¢ is almost everywhere
differentiable in a neighborhood of u = 0. Thus, in view of the estimate (10), there exist
a sequence u; € L such that u; — 0 and the sequence Dg(u;) = D f(p + u;) converges.
Based on this observation, we introduce the pre L-Jacobian and the L-Jacobian of f via
the following formulae:

Apf(p) := {A € L(L,Y) | 3(z;)ien in Qp(f) : zlggoxl =p and }LIEODLJC(W = A},
oLf(p) :=coArLf(p).

Note that here the sequence (z;) is not necessarily contained in the affine subspace p+ L,
and hence, Jr,f(p) could be larger than Clarke’s generalized Jacobian of the restricted
function f|,.z at p, which is 9°g(0), where g is the function defined above.

(13)

Clearly, Arf(p) is a nonempty compact and J;, f(p) is a nonempty compact convex set
of the finite dimensional space L(L,Y). Now we are able to introduce the generalized
Jacobian which is the main object of this paper:

Of(p) :={P € L(X,Y): ®|, € d.f(p), VL € A(X)}. (14)

As a technical tool, we shall also need the so called intermediate L-Jacobian defined by

Ouf(p) = {® € L(X,Y): Bl € f(p)}- (15)
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The importance of the intermediate L-Jacobians lies in the fact that our generalized
Jacobian is the intersection of all the intermediate L-Jacobians.

df(p) = ﬂ 5Lf<P)- (16)
)

LeA(X

If X is finite dimensional then, by (12), we have that Ay f(p)|, € Apf(p). This yields
ﬁxf(p)|L C 0r.f(p), whence
Oxf(p) € OLf(p).
Thus, by (16),
ofw)= [\ Ouf(v)=0xf(p) = Oxf(p). (17)

LEA(X)

However Ox f(p) coincides with Clarke’s generalized Jacobian. Therefore, the generalized
Jacobian defined above extends Clarke’s generalized Jacobian to the general normed space
setting.

The structure of this paper is organized as follows. In Section 2, the most basic properties
of our generalized Jacobian are obtained. A smooth-nonsmooth exact chain rule and its
consequences, the sum rule, the product rule, are derived in Section 3. We provide a com-
parison between our generalized Jacobian and each of Clarke’s generalized gradient, (in
the real-valued case), Ioffe’s fan derivative, Mordukhovich’s coderivative, and Thibault’s
limit points in Section 4. In the last section, we develop an equation for the generalized
Jacobian of “piecewise differentiable” functions which is a generalization of the result ob-
tained for the finite dimensional setting by Scholtes in [32] and by Kuntz and Scholtes in
[19].

2. Properties of the Generalized Jacobian

Our first result summarizes the most basic properties of our generalized Jacobian.

Theorem 2.1. Let f : D — Y be a locally Lipschitz function. Then we have the following
properties for Of (p) defined in (14).

(i)  Forallp € D, the generalized Jacobian Jf(p) is nonempty, w*-compact, and convez.

(it) For allp € D, Of(p) is a subset of the ball {;(p)Be(x.yy, where {;(p) is defined by
(11).

(iir) If f is Gateauz-differentiable at p € D, then its Gateauz-derivative D f(p) is in
9f(p).

Proof. Let p be any number bigger than r := ¢¢(p). Then, by (11) there exists t > 0,
such that f is Lipschitz continuous on the ball p + tBx with p as a Lipschitz constant.

Let h € X be fixed and let L = (h). Then, by (10), ||[Dp f(z)|| < £(x) < p holds for all
T € Q<h>(f> N (p—l— th).

Let ® € 0f(p) be arbitrary. Then ®(h) € Oy f(p)(h), whence

D(h) € co { Tim Dy f(wi)(k) |3 (@:)ien in Qi (f) N (p+ tBx) : lim 2 = p}.

1—00
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Thus || ®(h)|| < p||h|| follows for all h € X. Since p > r was arbitrary, we get || ®| < r.
This shows that df(p) is bounded and is contained in the ball r By (x,y). Thus, (i) holds.

Let yi,...,y, be a basis for Y and, for y € Y, denote by a;(y), ..., a,(y) the coordinates

of y with respect to this basis. Then a := (ay,...,a,) : Y — R" is a continuous linear
isomorphism. Then, there exist positive constants 0 < § < 7 such that
Blyll < max (lar(@)l. -, lan@)]) <Allyll, (veY).

Next, we show that, for any L € A(X), the intersection /G\L flp)n pEL( x,y) is nonempty,

convex and weak*-compact, where p := % >r=ALi(p).

To verify the nonemptiness of 5L f(p) N pB L(x,y), let A: L —Y be an arbitrary element
of dpf(p). Then a3 0 A,... a, 0 A are hnear functlonals on L with norm not greater
than v||A|| < yr. By the Hahn-Banach extension theorem, there exist linear functionals
x],...,x; € X* such that

il =aro A, x| <yr (k=1,...,n).

Then the linear map ® defined by ® = o~ o (7,...,z}) is obviously a continuous linear
extension of A, hence it is an element of J;, f(p). On the other hand, for all h € X,

BRI < max (lax(®(h))],- .-, lan(®(h)]) = max (|25 (R)],. .., 7, (R)]) < yrlAl,
hence [|®[| < % = p. Thus ¢ € pBr(xy) also holds.

The convexity of Oy f (p) N pBg(xy) is obvious. To see that oLf (p) is weak*-closed, let

® be the weak*-cluster point of a net ®, in Jf (p). Then @[, is also a cluster point
of the net ®,|, € drf(p). The set J.f(p) being compact, we get that ®|, € I f(p)

whence ¢ € 5L f(p) follows. Thus, by the Banach—Alaoglu theorem, the intersection
arf(p)N pEL(va) is also weak*-compact.

Now we prove that the family {5L flp)n ng( xyy: L eANX } satisfies the finite inter-
section property.

If K,L € A(X) with K C L, then by (12) we get that ALf(p)}K C Ak f(p) holds. This
yields 9r f(p }K C Ok f(p), whence

O.f(p) C Ok f(p) (18)

follows for all K, L € A(X) with K C L.

If Ly,..., Ly € A(X) are arbitrary subspaces then, it follows from the inclusions L; C
Ly +---+ Ly that

k
0 # Onysrrf () N PBexy) €[ ) (%f (p) N PE»:(X,Y))?
=1

Thus, indeed, the family {5,; f(p)N pgg( xy) L eANX } satisfies the finite intersection
property. Hence

07 () (50 ®) N pBece)).

LEA(X)
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To complete the proof of the nonemptiness of df(p) and condition (7), it now suffices to
observe that

N (&f (p) N pFa(x,Y)) = df(p) N pBexy) = 0f(p)

LEA(X)
and that the left hand side is w*-compact, convex.

Finally, assume that f is Gateaux-differentiable at p. Then, due to the local Lipschitz
property of f, for all L € A(X), the restriction D f(p)|L is the L-Gateaux-derivative of f
at p, whence Df(p)|r € Arf(p). Thus Df(p) € 0f(p) follows. O

Theorem 2.2. Let f: D — Y be a locally Lipschitz function. Then, the map p — Of(p)
is upper semicontinuous on D in the following sense: If a sequence (p;)ien in D tends to
p, an element & € L(X,Y) is a weak*-cluster point of a sequence (®;);en and ©; € Of(p;)
holds for all i, then ® € Of(p).

Proof. Let (p;)ien be a sequence of points, ®; € df(p;) be a sequence of linear maps and
let & € L(X,Y) a weak*-cluster point of the sequence (®;);en.

Let L € A(X) be arbitrarily fixed. Then there is a subsequence (®;,) such that (®;,|.)
tends to ®|., in the (finite dimensional) space L(L,Y’) as k — oo. On the other hand,
for all £ € N, we have that ®,, |, € O.f(p;,). By Carathéodory’s theorem and by the
definition of the L-Jacobian 0 f(p;, ), for all & € N, there exist nonnegative numbers
AkOy - -+ s A With Agg + -+ - + Ag = 1 and points ugg, . . ., Ugm € Q(f) N (pl-k + (1/k:)BX)
(where m stands for the dimension of the space L(L,Y")) such that

1
< (19)

H‘E’,JL - Z Ak Dr f (ug;)
=0

By taking a subsequence if necessary, we may assume that the sequences
(Drf(uko)s - Dof(uem)) € L(L,Y) and  (Ako, ..., Agm) € R™

converge and the latter tends to (Ao, ..., A). Observe also that the sequences wy; tend
to p for all j € {0,...,m}. Thus, taking the limit ¥ — oo in (19), we get that

Ofp = lim & [ = ZO)\j Jim Dy fu;) € ZOAJALJE(I?) € oLf(p)
i= =
holds for all L € A(X). Hence, ® € 0f(p) and thus the theorem is proved. O

Remark 2.3. From the proof of Theorem 2.2 the following useful fact about Jdpf is
readily obtained: If p; — p, A; € Opf(ps), and A; — A in L(L,Y') then, A € O f(p).

As consequence of Theorem 2.1 and Theorem 2.2, we have the following result.

Corollary 2.4. Let f: D — Y be a locally Lipschitz function. Then, for all p € D,

9°f(p) € 9f(p) (20)
where € f(p) is defined in (7).
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Proof. Let ® € L(X,Y) such that there exists a sequence (z;);en in Qx(f) converging to
p and ® is weak*-cluster point of the sequence (D f(x;)). We have that Df(z;) € df(x;)
for all 7. Therefore, by Theorem 2.2, ® must belong to df(p). Now, using the convexity
and the weak*-closedness of df(p), the statement follows. [

Recall that when X is a separable Banach space, then 9% f(p) is nonempty. It is undecided
whether, in this case, the reversed inclusion in (20) is valid. However, in the case of
piecewise smooth functions, we shall show in Theorem 5.5 that the equality in (20) holds.

3. A Chain Rule and Its Consequences

The main result of this section offers a chain rule for a smooth-nonsmooth composition.
In this section Z, and Y7, - - - , Y} also denote finite dimensional normed spaces. The proof
of this chain rule is based on the following two lemmas.

Lemma 3.1. Let f : D — Y be a locally Lipschitz function and let L € A(X) and
x € Qp(f). Then, for any set N C L of Lebesque measure zero, and for any € > 0, there
exist elements Yo, . .., Yym € QL(f)N (x—i— (L\N)) and nonnegative numbers g, ..., Ay > 0
with Ao+ - -+, = 1 such that, for all j € {0, ..., m}, we have the inequalities ||y, —x|| < €
and

|Drs@) - i N Duf(u)| <e. (21)

where m is the dimension of the space L(L,Y).

Proof. Consider the function g(u) : (D —xz)N L — Y defined by g(u) := f(z+u). Then,
since x € Qp(f), the function g is Gateaux-differentiable at u = 0. Thus Dg(0) € 9°¢(0),
where now 0°g stands for the standard Clarke generalized Jacobian of ¢ as in (4). On the
other hand, by the results of Warga [38] and Fabian & Preiss [12],

9°9(0) =co{A € L(L,Y) | F(v;)ien in Qg) \ N : lim v; = 0 and lim Dg(v;) = A}.

By Carathéodory’s theorem, there exist m + 1 elements Ay, ..., A,, of the set
{A € L(L,Y) | 3(vi)ien in Qg) \ N : }E})lo v; = 0 and zli>123 Dg(v;) = A}.
and Ao, ..., A\, > 0 with A\g +---+ \,, = 1 such that
Dg(0) = MAo+ -+ + A An. (22)
Now, we can find points ug, . .., u, in (2(g) \ N) NeBy such that
HAj—Dg(uj)H <e (j€{0,...,m}). (23)

From (22)-(23), it follows that

[Do(0) 3" 2Dty <=

This inequality, with the notation y; := = + u; directly yields (21). O]
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Applying Lemma 3.1, we first prove the chain rule for L-Jacobians. Recall that Y and Z
are of finite dimension.

Lemma 3.2. Let f : D — Y be a locally Lipschitz function near p and g : O — Z be
continuously differentiable at f(p), where O C'Y is an open set containing f(p). Then,
for all subspaces L € A(X),

dr(go f)(p) = Dg(f(p)) o Orf(p). (24)

Proof. In view of the definition of the pre L-Jacobian and of the convexity and compact-
ness of each of the sets d.(g o f)(p) and Dg(f(p)) o drf(p), to prove (24), it suffices to
show that

Ar(go f)(p) € Dg(f(p)) o0rf(p) and Dg(f(p)) o Arf(p) € drlgo f)(p). (25)

For the first inclusion in (25), let A be an arbitrary element of the set Ay (go f)(p). Then,
there exist elements (x;);en in €21 (go f) such that the sequences x; and Dy (go f)(x;) tend
to p and A, respectively. By taking x := z;, ¢ := 1/i, and

N:=[(Q(go H\Qu(f)) N(zi+L)] —2; C L

in Lemma 3.1, we obtain that, for all i € N, there exist elements v, . . ., Yim € Qr(go f)N
Qr(f) N (x; + L) and nonnegative numbers Ay, ..., Ay > 0 with A\jg + - - -+ \;y,, = 1 such
that, for all ¢ € N and for all j € {0,...,m}, we have the inequalities ||y;; — ;|| < 1/i and

HDL(Q o f)(x;) — ZM’DL(Q o Nyl < % (26)

Without loss of generality, we may assume that f(y;;) € O, for all i € N and j €
{0,...,m}. Then, since f is L-differentiable at y;; and ¢ is differentiable at f(y;;), the
standard chain rule implies

Dr(g o f)(yi) = Dg(f(yi;)) © Drf (yis)- (27)
Taking a subsequence if necessary, we may also assume that the sequences
(DLf(yi0)7 ce DLf(,%‘m)) c L(L,Y)™™ and (No,..., Aim) € R™H

converge and the latter tends to (Ao, ..., Ay). Upon taking the limit as i — oo in (26) and
in (27), the continuous differentiability of g at f(p) and the fact that, for all j € {0,...,m},
the sequences y;; tend to p, yield

A= lim Dr(go f)(x:) = ZA lim Dy f ()
€ Dy(f Z JALL(p) € Dg(f(p)) ot (p),

which proves the first part of (25).

The proof of the second inclusion in (25) is elementary. Indeed, let A be an arbitrary
element of Dg(f(p)) o Arf(p). Then there exist M € Apf(p) and a sequence (z;);en
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in Qp(f) such that A = Dg(f(p)) o M, and the sequences x; and Dy f(x;) converge,
respectively, to p and to M as i — oo. Then, by the standard chain rule, z; € Q(g o f)
and, for all 7 € N,

Di(go f)(zi) = Dg(f(zi)) o Dpf ().

Taking the limit ¢ — oo, we obtain that the sequence D(g o f)(z;) converges and

lim Dy (g0 f)(z:) = Dg(f(p)) o M = A.
This shows that A € Ap(go f) C d(go f) and proves the second inclusion of (25). O
The main result of this section is contained in the next theorem called the smooth-

nonsmooth chain rule.

Theorem 3.3. Let f : D — Y be a locally Lipschitz function near p € D and g : O — Z
be continuously differentiable at f(p), where O CY is an open set containing f(p). Then,

d(go f)(p) = Dg(f(p)) o df(p). (28)

Proof. For brevity, denote the linear map Dg(f(p)) by M and its range M(Y) by W.
Since M is surjective onto W, there exists a continuous linear map M™ : W — Y which
is the right inverse of M, i.e., the identity M o M*(w) = w is satisfied for all w € W.

To show the inclusion “C” in (28), let ¥ € 9(g o f)(p). Then, by Lemma 3.2, for all
L € A(X), we have

V[, €d(go f)p) = Dyg(f(p) o drf(p) = M odLf(p).

Taking L to be the one dimensional subspace spanned by an element h € X, it follows
from this inclusion that W(h) is an element of the space W for all h € X.

Given that W € d(g o f)(p), by Theorem 2.1, we have that ||| < yor(p).
Let L € A(X) be fixed and A € 9.f(p) such that W|, = M o A. Then |A| < {¢¢(p),
and repeating the argument of the proof of Theorem 2.1, it follows that there exists a
continuous linear extension ® : X — Y of A such that [|®|| < 3¢;(p). Define

O:=MtoW+®— M oMod.
Then,

[l < IMTNNE] + (12 + 1M o M| @]
g v
< M7 |[lgos (p) + Bff(p) + Mo M\\Bff(p) = p,

furthermore, by the right inverse property of M, and by using that the image of ¥ is in

W,
Mod=MoMVroU4+Mod—-—MoMroMod=U

and
Dl =M"oW|,+®|,— M oMod|,
=MtoMoA+A—-M"ToMoA=Aeca,f(p)
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Therefore ® is in 5Lf(p) N (pEL(X,y)) and hence U = Mo® € Mo (5Lf(p) N (pFL(X,y))).
Since L was arbitrary, we obtain that

ve () (Mo @uf®)n(oBex)) (20)

LEA(X)

We show that this inclusion implies ¥ € M o <mL€A(X) 5Lf(p) N (pEL(ny))> yielding
veMo ( ﬂ Orf(p) N (pBe XY))) = Mo (3f(p) N (pBr(x.y))) = M o df(p),
LeA(X)
which is to be proved.
For, define the set ¥ C L(X,Y) by
F={PeclX)Y)|Mod ="}

Observe that if U & M o (ﬂLeA aLf( )N pEL(ny)), then

F N (pBeixy)) ( ﬂ 3Lf )

LeA(X

Note that F is weak* closed, pEL()Qy) is weak*-compact. Therefore, there is a finite
system {Lq, ..., L} of subspaces such that
0 =3n(pBexy)) N, f(p)N--- N8 f(p) 2F N (pBexy)) NOLytirf(0),
that is, R
U g Mo, i, f(p) N (pBeixy))
which, by (29), produces a contradiction. Hence, the inclusion “C” holds.

To see that the reversed inclusion “2” is valid in (28), let ¥ € M odf(p). Then ¥ = Mo®
for some element ® € 0f(p). Therefore, using Lemma 3.2, for all L € A(X), we get

Up=(Mo®)|,=Mo(®|r) € ModLf(p)=0r(go f)(p)

This proves that ¥ € d(g o f)(p) and thus validates the inclusion “2” in (28). O
The chain rule regarding the nonsmooth-nonsmooth composition is being developed in
[24].

Using Theorem 3.3, the following more general chain rule follows. Here, however, the
equality is not valid in general.

Corollary 3.4. Let fi : D — Yi,..., fx : D — Yj be locally Lipschitz functions near
p € Dandlet g: O — Z be continuously differentiable at (f1,..., fi)(p), where O C
Y1 X -+« X Yy is an open set containing (fi,..., fr)(p). Then,

go(fi,--- fu)p) C Zng o(fi,---, fx)(p) o 0f;(p), (30)

where D;g stands for the jth partial Jacobian of g.
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Proof. The statement follows if Theorem 3.3 is applied to the functions g and f =
(f1,--., fr) and by using the easy-to-obtain inclusion

O(fr, - fu)(p) € Ofi(p) X -+ x Of(p). (31)
O
Note that if 0f;(p) is a singleton for all but one j then (31) and also (30) hold with
equality.
Now we list a number of important direct special cases of Corollary 3.4.

Taking the function g(x,y) := x+y where x,y € Y, Corollary 3.4 reduces to the so-called
sum rule.

Corollary 3.5. Let f,g: D — Y be locally Lipschitz functions. Then, for all p € D,
A(f +9)(p) € f(p) + g(p).

If g(x,y) := x -y, where x is an n x m— and y is an m x k—matrix and “-” is the matrix
multiplication, then we get a product rule.

Corollary 3.6. Let f : D — R™™ and g : D — R™* be locally Lipschitz functions.
Then, for allp € D,

o(f-9)p) COf(p)-g(p)+ f(p) - dg(p).

4. Comparison to Known Notions

In this section we establish how our generalized Jacobian relates to Clarke’s generalized
gradients, Mordukhovich’s coderivative, Tibault’s limit set, and loffe’s fan derivative.

The first result states that, in the case of a real-valued function, the generalized Jacobian
and Clarke’s generalized gradient (defined via (2)) coincide.

Theorem 4.1. Let f: D — R be a locally Lipschitz function. Then, for all p € D,
9f(p) = 0°f(p). (32)

An immediate consequence of Theorem 4.1 (whose proof is given later) is the following
connection between our generalized Jacobian and Mordukhovich’s coderivative D* f(p)(y*)

defined in (6).

Corollary 4.2. Assume that X is an Asplund space and let f : D — Y be a locally
Lipschitz function near p € D. Then, for all y* € Y*,

y*odf(p) =" D*f(p)(y"). (33)

Proof. Since X is Asplund, it results from [23, Theorems 5.2 and 8.11] that, for all
y* € Y*, e D*f(p)(y*) = 9°(y* o f)(p). On the other hand, by Theorem 4.1 and the
smooth-nonsmooth chain rule Theorem 3.3,

(W o f)p) =0 of)p) =y cdf(p), (34)

which completes the proof. Il
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The next result involves the notion of limit points of directional difference quotients
introduced by Thibault [35] regarding a vector-valued function. For f : X — Y Thibault’s
limit set is defined by

df(p,h) = {y €Y |3 (xi)ien in D, 3 (t;)ien in Ry such that

lim (x;,t;) = (p,0) and lim flwi+ tih) = flz:) = y} :

i—00 1—00 ti

The following theorem states that the fan generated by our generalized Jacobian is the
same as the convex hull of Thibault’s limit set and it also coincides with Ioffe’s fan
derivative (defined in (5)).

Theorem 4.3. Let f : D — Y be a locally Lipschitz function. Then, for all p € D and
forallh € X,

9f(p)(h) = codf(p,h) = D°f(p)(h). (36)

An immediate consequence of Theorem 4.3 we get

Corollary 4.4. A locally Lipschitz function f: D — Y is strictly Gateauz-differentiable
at p € D if and only if its generalized Jacobian Of(p) reduces to the singleton {Df(p)}.

In order to prove both Theorem 4.1 and Theorem 4.3, we shall first establish the following
result which, in fact, is needed for the proof of both theorems.

Lemma 4.5. Let f: D — Y be a locally Lipschitz function. Then, for all p € D and for
allh € X,

df (p)(h) C codf(p,h), (37)

Proof. Let h € X be fixed. Taking L to be the linear span lin{h} = (h), we have that
Of(p)|iny € Oy f(p). Thus, it suffices to show that,

Iy f(p)(h) € codf(p,h). (38)

This inclusion will follow if we show that Awy f(p)(h) € 6f(p, h). For, let A € Ay f(p)
be arbitrary. Then there exist a sequence (z;) in Q4 (f) that tends to p and for which
Dy f(w;) converges to A as ¢ — oco. Then Dy, f(x ) f'(x;,h) tends to A(h). By the
(h)-differentiability of f at x;, there exists 0 < ¢; < 1/i such that

‘ [z +t:h) — f(x;)

~ Fean)| < %

L;
Thus
i +tih) — [z
A = lim (e ) = i T g, )
which yields the inclusion (38). O

Now we proceed to prove Theorem 4.1.
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Proof of Theorem 4.1. First, we show that f(p) C 9°f(p). Since f is real-valued, it
follows from (37) that, for all h € X,

Wﬂ@ﬂ@@»émmwﬂnm%:hmmpf@+“0—ﬂ@

(2,)—(p,0T) t
= f°(p; h) = max (0°f(p)(h)).

Since both df(p) and 0°f(p) are weak*-compact convex sets in X* the above inequality
yields 0f(p) € 0°f(p).

To show the converse, namely, 0°f(p) C df(p), we will use the approximate subdifferential
0af(p) that was introduced by loffe (see e.g., [17]) which is defined as

Oaf(p) == () limsup O frrr(x), (39)
Leax) P

where
) fw) ifueDn(z+1L)
Jorrlu) = {oo ifueD\ (z+L),
a_fx+L($) = {JT* € X" | d_fx+L($’h) > <ZL‘*,h>, Vhe X}7

and d~ F(z, h) is the lower Dini directional derivative of the function F' = f,, at a point
x € dom F' defined as

F - F
d”F(z,h) := liminf (z+ tu) (:1:)
(t;u)—(0F,h) t

It is known in [17, Proposition 3.3] that

9°f(p) =" daf(p).

Hence, the convexity and the w*-closedness of df(p) yield that the inclusion 9°f(p) C
Jf(p) would hold once we show that d4f(p) C df(p). For, let * € daf(p), then, for all
L € A(X), we have z* € limsup,_,, 0™ foy n(T).

Fix L € A(X). Then, by (39), we have that there exist two sequences (x;);eny and
(xf)ien such that, for all ¢, =¥ € 0~ f,,+1(x;), the sequence x; converges to p and z* is
a w*-cluster point of (z});en. Since f is Lipschitz near p then, for z near p, we have
10~ forr(x)|] < €f(p) + 1 and thus, a subsequence of (z}) (which we do not relabel)
satisfies

zilL — "L

By the definition of 0~ f,, (x;), we have, for all i € N,

i inf Joirp (@i + tu) — fo,40(7:)
(t,u)—(0F,h) t

> (z,h), (h€X).

By restricting i in the above inequality to L and by using the definition of f,. 1, we get

¢2(0, k) > lim inf S+ th) — f(x:)
t]0 t
i ing e E @ ) — forr(2i)
t10 t

> (x;,h), (hel),
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where g; is defined by g¢;(u) := f(z; + u) for v € (D —z;) N L.
Thus, by using the note after (13), it results that

zflL € 0°i(0) COpf(zi), (i €N).
From Remark 2.3, it follows that

r*|L € Opf(p).

Since L was arbitrarily fixed in A(X), it results from the last inclusion and from the
definition of df(p) that * € 0f(p), showing that d4f(p) C df(p), which completes the
proof. n

In the rest of this section we shall prove Theorem 4.3. This proof employs Lemma 4.5
and a simple particular case of the chain rule displayed in Theorem 3.3.

Proof of Theorem 4.3. It suffices to show the following inclusions:

(i)  9f(p)(h) C codf(p,h),
(i) 0f(p,h) € D°f(p)(h),
(iii) - D°f(p)(h) € Of (p)(h).
Inclusion (i) is already obtained in Lemma 4.5.

For inclusion (ii), let v € §f(p, h), then v = lim; w for some sequences

x; € D, t; > 0 with (z4,t;) — (p,0%). Hence, for any y* € Y*,Zit follows that
(5" o f)(wi + tih) — (y™ o f)(x:)

(y*,v) = lim ;
< limsup (y* o f)(x+th)—(y Of)(x)’
(t,2)— (0T p) t

that is, v € D° f(p)(h).

For inclusion (iii), we shall show that we have in fact an equality, namely, for all y* € Y™,

{y*, D°f(p)(h)) = (y*,0f (p)(h)).

From the definition of loffe’s fan derivative in (5) and by using (34), we have

(y", D°f(p)(h)) = ((D°f(p)) y", h) = (O°(y" Of)() h)
= (y 0 0f(p),h) = (y". 0f (p)(h)).

Therefore both identities in (36) are validated. O

5. Generalized Jacobian of Piecewise Differentiable Functions

“Piecewise smooth” functions have received considerable attention in the last few years
because of applications to solution methodology in optimization. See [18], [19], [25], [31],
28], [29], [32]. Intuitively, a piecewise smooth function is a function whose domain can be
partitioned into finitely many “pieces” relative on which smoothness holds and continuity
holds across the joins of the pieces. More formally, given some continuous functions
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g1,---, 0k : D — Y afunction f: D — Y is called a continuous selection of {gi, ..., g}
if it is continuous on D and, for all x € D, it satisfies

f(ﬂ?) € {gl(x)v s vgk('x)}'

When the functions gy, ..., gx are differentiable (resp. C') on D, then we say that f is
piecewise differentiable (resp. piecewise smooth).

The main result of this section is Theorem 5.5 below which offers an explicit formula
for the generalized Jacobian of a continuous selection of a finite family of differentiable
functions in terms the convex hull of the derivatives of the functions that are “active”
at the point considered. For its proof, we need the auxiliary results contained in the
subsequent lemmas.

First we recall the notion of the contingent cone. Given a set () C X and a point x in the
closure of @), the contingent cone T'(Q|x) of @ at x is defined by

T(Qlz) :== {h € X | 3(h)ien in X, 3 (t;)ien in Ry : by — h,
t; 1 0, and x + t;h; € Q for all z}

It is obvious that the mapping Q — T(Q|z) is monotone, i.e., if Q1 € Q, and = € Q;,
then T'(Q1]z) C T(Q2|z). The following lemma describes an additivity property of this
map.

Lemma 5.1. Let Q1,...,Qr C X andz € Q, N---N Q. Then
T(@QuU---UQklr) =T(Qulz) U--- UT(Qkl2). (40)

Proof. The inclusion “D” easily follows from the monotonicity property of the contingent
cone.

To show the reversed inclusion “C” | let h € T(Q1 U - -- U Qi|z) be arbitrary. Then there
exist sequences h; — h and t; | 0 such that = + t;h; € Q1 U --- U @y for all <. Obviously,

one of the sets Q1,...,Q%, say (;, contains infinitely many members of the sequence
x +t;h;. Thus, there exists i < g < --- such that x 41¢;,h;, € Q; for all £. Consequently,
h € T(Q;|x), which proves the inclusion “C” in (40). O

We recall that the union of finitely many nowhere dense sets is again nowhere dense.
Indeed, let A and B be arbitrary nowhere dense sets. We may assume that they are closed.
To show that A U B does not contain an open ball, let z be an arbitrary point of AU B
and let » > 0. Then, since A does not contain interior points, the open set (z+rBx) \ A
is nonempty. Thus, there exist y € x+7rBy and s > 0 such that y+sBx C (z+rBx)\ A.
The ball y + sBx is not covered by B since B is also nowhere dense, therefore, A U B
cannot contain the ball x + rBy.

Then next lemma shows that if a point is surrounded by finitely many sets then at least
one of the sets has a large contingent cone at that point.

Lemma 5.2. Let Qy,...,Qr C X, 2 € Q,N---NQ, and assume that x is an interior
point of Q1 U ---U Qg. Then there exists an index j € {1,...,k} such that the closed
linear hull lin T'(Q);|x) is the entire space X.
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Proof. If x is an interior point of Q1 U---U Qg, then T(Q1 U --- U Qg|x) = X. Thus, by
Lemma 5.1, we have that T(Qq|z) U--- U T (Qk|z) = X. Hence

IT(Qi|z)U--- U T(Q4lz) = X. (41)

If all the closed linear subspaces lin T(Q1|z), ..., lin T(Qx|z) are proper subspaces of X
then they do not have interior points. Hence they are nowhere dense. Thus, by the
property of nowhere dense sets, the left hand side of equation (41) is also nowhere dense,
which yields an obvious contradiction with (41). O

Lemma 5.3. Let D C X be an open subset and assume that D1, ..., Dy C D are closed
in the relative topology of D and that D = Dy U---UDy. Then D is covered by the sets
Ds,...,Ds.

Proof. Assume, on the contrary that D is not covered by the sets DS, ... ,D_z. Then let
x be arbitrary point in H := D'\ (D‘j U---u Dz) Due to the openness of H, there exists
r > 0 such that the closed ball z + rByx is contained in H. Hence

t+rBx CD and (z+7rBx)ND;=0 (je{l,...,k}).

The emptiness of the intersection (z +rBx) N DS means that (z+rBx) ND; is nowhere
dense. On the other hand, by the assumption of the lemma, the sets (z + rBx) N
Dy,...,(z + rBx) N Dy form a covering for # + rBx, hence z + rBx is also nowhere
dense. The contradiction obtained proves the statement. Il

Lemma 5.4. Let &, ®q,..., 0, € L(X,Y) be arbitrary linear maps such that, for all
L e ANX),
CI)|L€CO{(I)1|L,...,(I)k|L}. (42)

Then
@600{@1,...,<I>k}. (43)

Proof. Let, for L € A(X) the set I';, € R* be defined as

Tpi={(v, ) |7 e =0 m4 -+ =1 i+ + %Pl = P}

Then, I'; is a compact convex subset of R¥. Its nonemptiness follows from the assumption
(42). Tt is also obvious that if Ly C Ly, then 'y, O T'z,. Thus, for an arbitrary finite
collection of subspaces Ly, ..., L, € A(X),

Ip,n-nTe, 2004, # 0,

which shows that the family {F | LeAX )} satisfies the finite intersection property.
Due to the compactness, we obtain that

ﬂ Ly #0.

LeA(X)

By taking (71,...,7%) € (pea(x) 'z and L = lin{h}, it follows that, for all h € X,

Thus & = v, P + -+ + 1 Px € co {<I>1, e <I>k}, which completes the proof. O
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The main result of this section is contained in the next theorem. It describes the gener-
alized Jacobian of a piecewise differentiable function in terms of the convex hull of the
derivatives of the relevant differentiable functions. As an immediate consequence, we also
get that our generalized Jacobian and the Gateaux-Jacobian defined in (7) coincide in

this case. When X is finite dimensional analogous results were obtained by Scholtes [32]
and by Kuntz & Scholtes [19].

Theorem 5.5. Let f : D — Y be a continuous function and assume that there exist
functions g1, ...,qgx : D — Y that are continuously differentiable at p such that the sets

Dy={zeD| flz)=g;(x)} (e{l,....k}) (44)
form a covering of D (i.e., D =Dy U---UDy). Then f is Lipschitz near p and
9f(p) = co{Dg;(p) : p € D3} = 3°f(p), (45)

where O f(p) is the Gateaux-Jacobian of f at p defined in (7).

Proof. The covering property of the sets D1, ..., D, assures that f is a continuous selec-
tion of {g1,...,gr}. On the other hand, the functions g; are Lipschitz near p, therefore,
by a theorem of Hager [13], f is Lipschitz near p.

In view of Corollary 2.4, we have that 9% f(p) C df(p). Hence, it suffices to show that

(i) 0f(p) C co{Dg;(p) : p€ D} and (ii) co{Dg,(p):pe D} CI“f(p). (46)

The inclusion (i) in (46) will be proved in three steps. By their continuous differentiablity
at p, the functions ¢, ..., gr are also locally Lipschitz near p. Without loss of generality,
we may assume that gq,..., g, are differentiable on D and that f,¢g;,...,gr are also
Lipschitz on D.

Step 1: For all L € A(X) and for all x € Qp(f), there exists an index j such that x € D_]O
and

Drf(z) = Dg;(z)|. (47)

The sets Dy, ..., Dy (that are closed in D) form a covering of D, therefore, by Lemma
5.3, the system {DY,..., D5} also covers D. Define, for x € D, the index set I(z) by

x) ::{jE{l,...,k}]xeﬂ)_;’}.

First, we prove that |J D_;’ N D is a neighborhood of the point x. Assuming the

jel(x) _
contrary, there exists a sequence (z;) in D, converging to z such that x; & ;¢ ;) D3 ND

for all 4. Hence, due to the covering property of the system {D?, ... ,@_2}, infinitely many
members of the sequence (z;) are contained in D§ N D for some j € I(x). Then, by the
closedness of @O the point = belongs to @O Wthh contradicts the definition of I(x).

Set @), = (D_§HD —2)N L for j € I(z). Then, for all j € I(z), 0is in ;. On the other

hand
g Qj:<< U l)_;m@)—:c>mL

jel(z) jel(x)
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is a neighborhood of 0 in the subspace L. In view Lemma 5.2, it follows that there exists
j € I(x) such that o
lin7(Q;]0) = L (48)

(where the contingent cone is taken only in the subspace L). To complete the proof of
this step, we are going to show that (47) is satisfied by this index j.

Let h € T(Q;]0) be a nonzero element. Then there exist sequences h; — h and ¢; | 0 such
that, for all 4, t;h; € (DS N'D — ) N L. Then, h; € L and x + t;h; € D5 ND C D; for all
i. Thus, f(x + t;h;) = g;(z + t;h;) holds for all ¢ and also f(z) = g;(x). Hence, for all 4,

gi(x +tih;) — gi(w)  f(x+tih;) — f(l')

Upon taking the limit ¢ — oo, using the local Lipschitz property of f and g;, the L-
differentiability of f at z, and the differentiability of g; at z, we get that
j(@ +tihi) — g;(x)

Dg;(z)(h) = lim Z _ iy @ tihi) — f(2)

= Dpf(z)(h).

Hence, for all elements h of T(Q;]0),

Dg;(x)(h) = Dpf(x)(h). (49)

By the continuity and linearity, this equation is also valid for elements h of the closed
linear hull of T'(Q;]0), which is equal to L by (48). Thus we obtain that (49) holds for all
h € L, which completes the proof of Step 1.

Step 2: For all L € A(X) and for all p € D,

Arf(p) € {Dg;(p)lr:j € I(p)}. (50)

Let A € Apf(p). Then there exists a sequence (x;);en in Q7 (f) converging to p such that
Dy f(z;) tends to A as i — oo. Then, as we have seen in Step 1, for each i, there exists
an index j; such that z; € ﬁ and Dpf(z;) = Dgj,(z;)|r- The sequence jy, jo, ... takes
only finitely many values, therefore, by taking a subsequence if necessary, we can assume
that it is constant, say j; = jo = --- = 7. Thus, for all 7,

Dyf(z;) = Dg;(z;)|, and x; € @_;’

Taking the limit ¢ — oo, using the continuous differentiability of g; and the closedness of
D3, we get
A= Dg;(p)l. and pe€ Ds.

This proves that A is a member of the set on right hand side of (50).

By the convexity of the right hand side in (50), it immediately follows that, for all L €
A(X)
0L.f(p) € co{Dg;(p)lL:j € I(p)}. (51)

Step 3: For allp € D,
0f(p) € co{Dg;(p) : j € I(p)}. (52)
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Let & € L(X,Y) be an arbitrary element of 0f(p). Then, in view of (51), for all L €
A(X),

|1 € co{Dy;(p)lr = j € I(p)}-

Using Lemma 5.4, it follows that

® € co{Dg;(p) :j € I(p)},

which proves (52) and completes the proof of the theorem.

For inclusion (ii) in (46), let, for some j, the point p be in D_j Then there exists a sequence
(%;)ien In @;? such that x; — p as ¢ — oo. Since, for all i, z; € @;, therefore f and g,
coincide in a neighborhood of x; which yields that f is Gateaux-differentiable at z; and
Df(z;) = Dg;(z;) for all i. By the continuity of Dg; at p, we have that D f(x;) — Dg;(p)
as i — oo, whence Dg;(p) € 9% f(p) follows. O

The following corollary is parallel to a well-known result for the case where Y = R, [11,
Proposition 2.3.12], it immediately follows from Theorem 5.5.

Corollary 5.6. Let f := max(g1,...,9x), where g1,...,gx : D — R are continuously
differentiable functions. Then, for all p € D,

df(p) = co{Dy;(p) : p € D},
where D; :={zx € D | g;(x) = f(z)} forje{l,... k}.

Finally, in the example below, we compute the generalized Jacobian of a vector-valued
function.

Example 5.7. Let X be an at least two dimensional normed space and let ¢ and ¢ be
two linearly independent linear functionals over X. Define f : X — R3 by

f(@) = (le(@)], [ (@)], lo(z) + ¥(2)]).

Then, it is easy to recognize that f can be obtained in terms of the following 6 smooth
functions:

g1 = (g, ¥, 0+ ), 92 = (=, ¥, 0 + 1), 93 = (g, =, o + ),
g4 = <_907 _¢7 2 ¢)7 gs = (_907110’ 2 ¢)7 ge = (907 _¢7 2 ¢)

It is also easy to see that 0 € ®_j for all j, where D; = {x € X : f(x) = g;(x)}. Therefore,

df(0) =co{g1,-.-,96}
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