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We find a criterion for uniform rotundity in every direction (URED) of Calderén-Lozanovskii sequence
spaces solving Problem XII from [7]. In order to do it, we study properties of the directed modulus of
convexity of Banach spaces. Next we introduce and study new notions such as uniform rotundity in every
interval (UREI) and uniform monotonicity in every interval (UM EI). They are crucial to get the main
criterion, that is a Kéthe sequence space is URFEI iff it is URED and order continuous. Then we show
the important (for further investigations) characterization of the property UREI on the positive cone of
Ko6the sequence space. Applying that we prove the characterization mentioned at the beginning of the
abstract. As a corollary, we obtain the criterion for URE D of Orlicz-Lorentz sequence spaces, which has
not been proved until now.
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1. Introduction

The fundamental geometric property called uniform rotundity (introduced by J. A. Clark-
son in 1936, [8]) is applied in many subjects of mathematics (approximation theory, op-
erator theory, fixed point theory and others). There is a lot of generalizations of this
property. The uniform rotundity in every direction (URED) is one of them. It was intro-
duced by A. L. Garkavi in [15] to characterize those Banach spaces in which every bounded
subset has at most one Chebyshev center. On the other hand, URED is an important
notion in the metric fixed point theory (see [6]). Namely, V. Zizler in [36] showed that
a Banach space that is URED possesses normal structure, a property that guarantees
the weak fixed point property (WEFPP) (see [23]). Consequently, if a Banach space is
URED, then it has WF PP. Note also that an URFED Banach space need not have the
fixed point property (F'PP) in general. Really, it is enough to take the (> equipped with
the norm defined by M. A. Smith in [33]. Such a renormed [* is URED. On the other
hand, P. N. Dowling, C. J. Lennard and B. Turett proved that [*° cannot be renormed
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to have FFPP (see [11]). Note also that some generalizations of URED were considered
by M. A. Smith in [32] and [34]. It is worth to mention that the class of URED Banach
spaces is quite large. For example, each separable Banach space has an equivalent norm
that is URED (see [36]).

Our paper deals with the property URE D in Calderon-Lozanovskii sequence spaces. The
Calderén-Lozanovskii spaces are widely investigated because of their role in the interpo-
lation theory (see [28], [29]). The study of geometric properties of these spaces became
interesting for many mathematicians (see e.g. [5], [12], [13], [14], [17], [25]). Sufficient
conditions for various properties of Calderén-Lozanovskii spaces have been presented in
[5], [13] and [17], but the necessity of some among those conditions was only proved and
it was concluded that some of sufficient conditions are not necessary. It has been shown
in [5, Remark 3] that geometry of Calderén-Lozanovskii space E, can be "good” even if
geometry neither of E nor of ¢ is "good”. Namely, a couple of £ and ¢ can be found such
that ¢ is not strictly convex and E' is not strictly convex but E, is uniformly convex. On
the base of this phenomena there was posed a natural open problem in [7] to find criteria
for geometric properties such as rotundity, uniform rotundity, local uniform rotundity,
URED and others in Calderén-Lozanovskii spaces. We solve this problem for URED
in the case of Calderén-Lozanovskil sequence spaces. The general approach comes from
[25]. However, the case of URED required a lot of new ideas. First we introduced a new
notion of uniform rotundity in every interval (URET) that is equivalent in Kothe sequence
spaces to both URFED and order continuity. This made possible studying of URED in
Calderén-Lozanovskil sequence spaces e, with e being order continuous. Further, it is
known that the crucial point in the investigations of geometric properties of spaces E,, is
the appropriate monotonicity property (see [14], [18], [25]). We introduce the notion of
uniform monotonicity in every interval (UM ET) which is suitable for UREI. Moreover,
to find criteria for a given geometric property A in Calderén-Lozanovskil spaces F,, it is
very important to prove that any Kothe space E has the property A if and only if E,
has the property A. We showed the result of this type for URFEI. Finally, we applied our
general theorems to characterize U RE D in Orlicz-Lorentz sequence spaces.

2. Preliminaries

Let S(X) (resp. B(X)) be the unit sphere (resp. the closed unit ball) of a real Banach
space (X, |[-[|x)-

We say that a Banach space X is rotund (X € (R) for short) if for every z,y € S(X)
with = # y we have ||z +y||y < 2. X is called uniformly rotund in every direction
(X € (URED,) for short) if for any ¢ € (0,1) and z € S(X) there exists d(e,2) € (0,1)
such that

=

for any x,y € S(X) with x —y = 2. This form of the definition of URED comes from
[36, Proposition 1, (10)]. A function 0y : [0,2] x X \ {0} — [0, 1] defined by the formula

<1—4d(g,2)

:U—i—yH
2 E

0y (g,2) :inf{l— H cx,y € B(X), v —y = Az for some A >0, ||z — vyl 25}

is said to be the directed modulus of convexity. Clearly, X € (URED) if and only if for
any ¢ € (0,2] and z € X \ {0} we have 0y (g, 2) > 0 (see also [21]).
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Let (T,%, 1) be a o—finite and complete measure space. By LY = L°(T') we denote the
set of all p-equivalence classes of real valued measurable functions defined on 7.

A Banach space E = (E, ||-|| ) is said to be a Kothe space if E is a linear subspace of L°
and

(i) fxeE,yeLl’and |yl <|z| pae., theny € E and |yl < ||z 5;
(ii) there exists a function x in E that is positive on the whole T (see [22] and [27]).

Every Kéthe space is a Banach lattice under the obvious partial order (z > 0 if 2 (¢) > 0
for p-a.e. t € T'). In particular, if we consider the space E over the non-atomic measure
1, then we shall say that E is a Kdthe function space. If we replace the measure space
(T, %, 1) by the counting measure space (N, ZN,m), then we will say that E is a Kothe
sequence space and we denote it by e. In the last case the symbol e¢; = (0,...,0,1,0,...)
stands for the ¢-th unit vector.

The set By = {z € E : x > 0} is called the positive cone of E. For any subset A C E
define Ay = AN E,.

A point x € F is said to have order continuous norm if for any sequence (x,,) in E such
that 0 < z,,, < |z| and z,, — 0 p-a.e. we have ||z,,[|; — 0. A Kothe space E is called
order continuous (E € (OC)) if every element of E has an order continuous norm (see
[22] and [27]).

E is said to be strictly monotone (E € (SM)) if for each 0 <y < x with y # x we have
lullg < llz]l5. We say that E is uniformly monotone (E € (UM)) provided for every
q € (0,1) there exists p € (0,1) such that for all 0 < y < z satisfying ||z||; = 1 and
1yl = g we have [l — yllg <1 —p (see [3], [18]).

In the whole paper ¢ denotes an Orlicz function, i.e. ¢ : R — [0,00], it is convex, even,
vanishing and continuous at zero, left continuous on (0, 00) and not identically equal to
zero. Denote

a, =sup{u>0:¢(u) =0} and b, =sup{u>0:¢(u) <oo}.
We write ¢ > 0 when a, = 0 and ¢ < oo if b, = co. Let ¢, = ¢xg,,, where

o {o}u (a@, bso] if o (bw) <00
o = {{O} U (ay, by,) otherwise. 1)

The function ¢ is strictly convez if ¢ ((u+v) /2) < (¢(u) + ¢(v))/ 2 for all u,v € R with
u F# v.
Define on L° a convex semimodular I, by

I

©

(x):{llsooxHE if pou € F

00 otherwise,

where (pox)(t) = ¢ (x(t)), t € T. By the Calderon-Lozanovskii space E, we mean

E,={z € L": I,(cx) < oo for some ¢ > 0}
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equipped with so called Luxemburg norm defined by
2|, =nf{A>0: I, (z/A) < 1}.

We will assume in the whole paper that E has the Fatou property, that is, if 0 <z, T x €
L° with (z,);2, in E and sup, ||z,||5z < oo, then z € E and ||z||, = lim, ||z, . Since
E has the Fatou property, £, has also this property (see [12]), whence E,, is a Banach
space.

We say an Orlicz function ¢ satisfies condition As(0) (resp. Ag(oc0)) if there exist K > 0
and up > 0 such that p(ug) > 0 (resp. p(ug) < 0o) and the inequality ¢(2u) < Kp(u)
holds for all u € [0, ug) (resp. u € [ug, 00)) . If there exists K > 0 such that p(2u) < Kp(u)
for all u > 0, then we say that ¢ satisfies condition As(R,). We write for short ¢ € Ay(0),
v € Ay(0), v € Ay(Ry), respectively.

For a Kéthe space E and an Orlicz function ¢ we say that ¢ satisfies condition A¥
(o € A¥ for short) if:

1) ¢ € Ay(0) whenever E «— L*;
2) NS Az(OO) whenever L>® — F;
3) ¢ € Ay(Ry) whenever neither L>* < FE nor E — L™ (see [17]),

where the symbol F — F' stands for the continuous embedding of the space E into the
space F.

Relationships between the modular I, and the norm ||-|| , are collected in [25].

If E= L' (e=1'), then E, (e,) is the Orlicz function (sequence) space equipped with the
Luxemburg norm. If E = A, (e = \,), then E, (e,) is the corresponding Orlicz-Lorentz
function (sequence) space denoted by (Ay), ((As),) and equipped with the Luxemburg
norm (see [4], [17], [19] and [20]).

3. Results
For any € € [0,1] and z € E'\ {0} define

5E+ (87 Z)

=t {157
2 E

rx,y € B(E),, v —y = Az for some A >0, ||.CE—yHE25}.

The following lemma was proved by A. Kaminiska and B. Turett in [21] for the directed
modulus of convexity dy (¢, z), where X is an arbitrary Banach space. Since the positive
cone F, has not a linear structure, so the result proved by them cannot be directly applied
for .. Anyway, their idea can be applied in our case with some essential modifications.
To avoid the repetition of argumentations presented by them, preserving denotations used
in their proof of Theorem 2, we limit ourselves only to these modifications.

Lemma 3.1. Let E be a Kothe space and E be the positive cone of E.

(a) For each z € E'\ {0} the function 65, (+,2) is continuous on [0, 1).
(b)  For each ¢ € [0,1] the function 6, (¢,-) is continuous on £\ {0}.
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Proof. The proof of (a) is analogous to that concerning the continuity of the modulus
of convexity (see [30]). To prove (b), fix € € [0,1]. Let z € E'\ {0} and take an arbitrary
sequence (z,) converging to z with ||z||z < 2||2,]|z . For each n € N, there exist z,,, y, €
B(E), and A, > 0 such that z, — 4, = Az, [|[Zn — ynllp > € and

Tn + Yn
2

L
E+6E+ (5,2,1)21—’

.

Moreover

|$n_ynHE < 4
[E1P 2] £

for any n € N. Let a,, (1) = 0A N, (2, — 2) (t) and 5, (t) =0V A\, (2, — 2) (1), t € T. By
boundedness of (\,,) and inequalities

)\n:|

lomlly < Anllza =2l [1Ballp < Anllzn = 2lg,

we conclude that ||a,||z; — 0 and ||8,||z — 0. Putting z,, = z,, — o, and y,, = Yy, + B,
we obtain x,,y, € F, and

Define
T, = , S )
T dallzn— 2l 7" T4 Aallzn— 2l
Obviously, 7,,y, € B (&), . We have also
1T = o
Tn — Tnllm = — T,
E L4+ M lzn — 2]l 5 5

< lanllg +Anllza = 2l p — 0

_ H)\n 20 — 2|l g Tn +
E

L+ X |lzn — 2]l &

and analogously
[0 = ynlle < 1Bullp + Anllzn — 2l g — O
Hence
bn = [|(Tn = ¥p) = (@0 — yn)llp — 0.
Moreover, ||Z, —¥,|lp = € — b, and T, — J,, = Az /(1 + N\ |20 — 2||5) - Now, repeating

the same argumentation as in the proof of Theorem 2(b) from [21], we get the lower
semicontinuity of 6, (¢,-), i.e.

liminfogy (g,2,) > 65, (¢, 2).

n—oo

To prove the upper semicontinuity of 6z, (e,-), put

_ 2 ||zn — ZHE

and e, = (14+c¢,) (e+cn).
1]

n
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Then ¢, — 0, &, > € and €, — . For any n € N there are u,,w, € B(E), and a;,, > 0

such that

1 ~ Up + Wy
L (21— [l

E
with u, —w, = K,z and ||u, — w,||z > €,. Obviously, |k,| < 2/||z|/ 5 for any n € N. Let
T (t) = 0A K, (2= 2,) (t) and p, () =0V Ky, (2 — 2,) (t), t € T. Similarly as above, we
conclude that ||v,|; — 0 and ||p, ||z — 0. Define

B Tt kllz -2l

Then u,,w, € B(E), and @, — W, = Kn2p/ (1 + Ky ||2n — 2||z) - Moreover,

+

Up — Wp — ('Yn‘i‘lon)

Uy — W, =
H n HHE 1+f€n||2n—2||E 5
[un —wallp — Enllze — 2llg
T 1+4ku =2y 1+ Rnllz— 2lg
€n
> — = €.
= 1+e, Cp =€

Since ||u, — Uyl — 0 and ||w,, — W, || — 0, analogously as in [21], we get

lim sup 67, (=, 2) < 05, (£, 2)

which finishes the proof. m
Lemma 3.2. Let E be an URED Kéthe space. If z1, zo € E'\ {0} and |z1| = |z2|, then
05 (e,21) = 05 (g, 22) for any e > 0.

Proof. Let z1, z, € E'\ {0} and |z1]| = |22|. Fix € > 0. Take arbitrary z,y € B(F) with
r —y = Az for some A > 0 and ||z — y||; > €. Denote

A={t esuppz : z(t) = —2(t)}.

Define
- z(t) forteT A _ t) forteT A
wn=q " it =q "
—z(t) fort e A, —y(t) forte A.

Then 7 —y = Az, ||T — ¥l > € and

Z(t) + 5(0)] = [(@(t) + y(1) xa(t) = (@(8) + y(1) x2\a(t)| = |2(t) + y(?)]

for any ¢t € T". Hence

|24, = 52 < -
2 g
Consequently,
e <1 [F52],

for any =,y € B(E) with x —y = Az for some A > 0 and ||z — y||; > ¢. By the definition
of infimum, 5 (g, 22) < 05 (¢, z1). The opposite inequality we get by the symmetry. [
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Proposition 3.3. The following conditions are equivalent:

(a) The Kdithe space E is URED.
(b) Foranye € (0,2] and z € E \ {0} there exists §(e, z) € (0,1) such that

“x+y“ <1-=9(e 2)
2 e

for any x,y € B(E) with x —y = Az for some A > 0 and ||z — y|| 5 > €.
Proof. The implication (a) = (b) is obvious. To prove (b) = (a) fix € € (0,2] and
z € E\{0} . Take arbitrary x,y € B(E) with x—y = Az for some A > 0 and ||z — y||; > €.
Denote

A={tesuppz:z(t)=|2(t)]} and B={tesuppz:z(t)=—|z2(¢)|}.

Obviously AN B = @ and AU B = supp|z|. Define = and y as in the proof of Lemma
3.2. Then 7 —y = A|2|, |7 — y||; > € and there is (e, |2]) > 0 such that

T4y

< 1-6( J2)).

Hery
E

2 HE:

]

It is known that UR or even LU R of Kéthe space implies OC' (see [10] or [18]). However
this is not the case of URED since [*° can be renormed to be URED (see [33, Counterex-
ample 2]). On the other hand OC of E seems to be useful in study rotundity properties
of E, (see [12], [13], [14] and [25]). It leads to the following property called UREI that is
slightly stronger than U RE D in general Kothe spaces and it is equivalent to both URE D
and OC' in Kothe sequence spaces (see Theorem 3.8 below).

Definition 3.4. We say that a Kéthe space E [the positive cone E, of E] is uniformly
rotund in every interval (E € (UREI) for short) [resp. F, € (UREI)] provided for any
e >0 and z € E\ {0} there exists (e, z) € (0, 1) such that ||z + y||z <2(1 —d(e, 2)) for
any x,y € B(E) [resp. z,y € B(E)4] with |z —y| < |z| and ||z — y||z > €.

It is easy to see that if £ € (UREI), then E € (URED).

The monotonicity property of Koéthe space E is crucial in order to get criteria for the
respective rotundity property of E,. For example SM, UM, LLUM are crucial for R,
UR, LUR of E,, respectively (see [12], [14], [18] and [25]).

Definition 3.5. We say that a Kéthe space E is uniformly monotone in every interval
(E € (UMETI) for short) provided for any € > 0 and z € E, there exists d(g, z) € (0,1)
such that ||z —y|lp < 1 — (e, 2) for any z,y € B(E); with 0 < y < z, ||z||z = 1,
[yl = e andy < 2.

It is known that monotonicity property of £ (for example SM, UM, LLUM) is a restric-
tion of an appropriate rotundity property (R, UR, LUR, resp.) to couples of comparable
nonnegative elements (see [18]). This is also the case with the pair UM EI and UREI.
Namely,
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Lemma 3.6. Let E be a Kothe space. If E € (UREI), then E € (UMEI). More-
over, if we restrict UREI to couples of compatible nonnegative elements, then the inverse
statement 1s true.

Proof. The proof is analogous to that of Theorem 1 in [18]. We present the proof for
the sake of convenience. Assume that F € (UREI). Let ¢ > 0, z € E,\{0}. Take
r,y€ B(E), with0<y<uz ||z|;=1,|y[lp >candy <z Set u=randv =2 —y.
Then |u —v| < z and ||lu —v||; > €. By the Definition 3.4, there is a 6; = 6 (¢, ) such
that ||(u+v) /2| < 1 — d;. Consequently,

e = yllg < lle—y/2llp = [(utv) /2|5 <1 =01
The proof of the inverse statement is similar. n

Lemma 3.7. Let E be a Kdthe space. If E € (UMEI), then E € (OC).

Proof. Suppose that E ¢ (OC). Then, in view of the well known result of Ando [2] (see
also [27]), there exists a sequence (u,) in E; with ||u,||; = 1, supp u, Nsupp u,, = @) and
a function v € F, such that u, < u for each n € N. Set

Zuk, Yn = tn and = = z.
HvllE o]l

It is easy to check that, taking e = 1/ ||ul| 5 , we get ||y, || ; > €. Moreover, |37 up — unl|
— > pe; ukll; @s n — oo (see the proof of Proposition 2.1 in [10]), whence ||z — y, ||z —
1. A contradiction. O

For an analogous result concerning lower local uniform monotonicity or Kadec-Klee prop-
erty see [10, Proposition 2.1].

Theorem 3.8. Let e be a Kithe sequence space. Then e € (UREI) if and only if e €
(OC) and e € (URED).

Proof. UREI implies URFED in an obvious manner. Hence, in view of Lemma 3.6 and
3.7, only the sufficiency needs to be proved. Let ¢ > 0, z € e. Take z,y € B (e) with
|z —y| < |2] and ||z — y||, > €. It is enough to show that

01 (e, 2) =inf {0, (e, |wl]) : |w| < |2|, |lw||, > e} > 0.

Suppose for the contrary that d; (¢, z) = 0. Hence, we find a sequence (w,,) with |w,| < |z],
|lwynl|, > € and 0. (¢, |w,|) — 0. Since each order interval is norm compact in order
continuous Kothe sequence space (see [35, Theorem 6.1]), passing to a subsequence, if
necessary, we may assume that there is an element wy € [0, |z|] such that |||w,| — wol|, —
0. Since the directed modulus of convexity 4. (¢, -) is continuous function for each € > 0
with respect to norm topology in e (see [21, Theorem 2]), we get 6. (e, |wy|) — 9.7 (g, wp) .
On the other hand ||w,||, > €, so ||wo||, > . Applying the assumption that e € (URED),
we get 0, (¢,wp) > 0. This contradiction shows that d; (g, 2z) > 0. Since

0<dr(e,2) <inf{l—[[(x+y) /2. : z.y € Ble), [z —yl<l|z[, [lx—yl, >¢},

by Definition 3.4, we finishes the proof. Il



P. Kolwicz /' R. Pluciennik / On Uniform Rotundity in Every Direction in ... 629

In the sequel we will need the following characterization of UM E1. The idea of proof has
been taken from [18, Theorem 6]. However, some parts do not go the same way.

Proposition 3.9. Let E be a Kothe space. The following assertions are equivalent:

(o) E e (UMEI.

(b) Foreache >0 and z € E there isoc = o (e,2) > 0 such that for any x,y € E. with
lzllz =1, lyllg = € and y < z we have ||z +y||; > 1+ 0.

(¢) Foreache >0 and z € E, there is p = p(e,z) > 0 such that for any z,y € E with
Ly |zl =1 llylg =€ and |y| < z we have ||z +yllp =1+ p.

(d)  Foreache >0 and z € E, thereisn =n(e,z) > 0 such that for any x,y € E, with

|zl z =1,y <z and y < z there holds HxXT\B”E < 1 —n whenever |lyxsl|lz > ¢
and B € Y.

Proof. (a) = (b). Take ¢ > 0 and z € E,. Let 2,y € B(F), be such that ||z|, = 1,
|lyllz = € and y < z. Defining z; = ¥ and y; = ¥, where a = ||z + y||; > 1, we notice
that 0 <y1 < 21, ||21]|z = 1, [|[1allp = § (because we can assume that a < 2) and y; < z.
Since E € (UMEI), there exists § = § (£, z) such that

1

= — <1-4.
I el <

a

a1
a E_

Hence, taking o = o (¢, 2) = min {1, 1%5} > 0, we get

1

lz+ylp=az1—

)
=14+ —=1 .
+1—5 +o0o

The implication (b) = (c) is obvious.
(¢) = (d). Let € > 0 and z € E,. Take arbitrary z,y and a set B € ¥ as in (d) . Put
TXT\B YXB

ol T 2ol

Then xy L y1, ||z1||z = 1 and ||y1 ||z > €/2. We may clearly suppose that HxXT\B”E >1/2,
whence y; < z. Then

e [ i S R
loxrsll, || llexnsll |,
where p = p(g/2, 2) is from (c). So
1

lexnsllp < 37 =1

with n =n(g,2) = 1—_%.

(d)=(a).Lete >0and z € E,. Takez,y € B(E) with0 <y <z, ||z]z =1, |lyllz > ¢
and y < z. Set B ={te T :y(t) <ex(t)/2}. Then |yxplz < /2 and consequently
HyXT\B”E > /2. Hence, by (d), we have

e
(1 -
2( ?71)7

where 71 = 1 (£/2, 2) is from (d) . Now, taking § = § (¢, 2) = 511, we finish the proof. [

19
|z = yllp < ||lzxs + ( —ex/2) xrs||, < 1 _5/2+§ lexely <1—¢/2+
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It is worth mentioning that property UM E1 is applied in the ergodic theory (see Theorem
5.1 in [1], condition (c) is just UM EI according to Proposition 3.9(b)).

The following characterization we shall need in order to prove the main result.

Proposition 3.10. Suppose that e is a Kdthe sequence space. Then e, € (UMEI) if
and only if e € (UMEI), ¢ >0, ¢ (by)inf; [le;]|, > 1 and ¢ € AS.

Proof. Necessity. The fact e, € (UMEI) implies that e, € (SM). Consequently, by
Proposition 2.1(7) and Lemma 2.5 from [25], we get that ¢ > 0 and ¢ (b,) inf; ||e;]|, > 1.
To prove that e € (UM ET) we apply Proposition 3.9. Let e > 0 and z € e,. Take x,y € e
with z Ly, [lzfl, = 1, lyll, > € and |y| < 2.

If ||z]|, < 1, thenset w = ¢, tolz|, u = ¢, 'o|y|. Then u, w are well defined by Proposition
2.1(it) from [25]. Moreover u L w, I, (w) = 1 and I, (u) > €. Hence [Jw|, = 1, [ul|, >
min {e, 1} . Furthermore u = ¢, o[y| < ¢, ' 0 2. Consequently, ||u +w|, > 14 p;, where
p1 = pe, (e N1, 0 2) is from Proposition 3.9(c). Finally

[z +ylle = llpow+poul, =llpo(wtu)l, =1L, (ut+w) = llutwl, =1+ p.

Now, consider ||z, > 1. Then define w as above and u = ¢; ! o ﬁ’ . Since
£
I, (u) = ’ —| > —
’ 20l llzlle”

we conclude that [|ul|, > min{ = ,1}. Moreover, u < ¢, ! o ( 2 ) . Hence [lu +w|, >

=1l

=1l =l

1+ po, with ps = pe, <L Al pto ( z )) . Therefore

x—i—i

Iz +yll. =
Izl

= llpowt+poull, > lutwl|, =1+ ps.

€

Taking p = min{py, p2}, we get (¢) from Proposition 3.9, so e € (UMEI). Moreover,
by Lemma 3.7, we conclude that e € (OC). Hence, applying Lemma 2.9 from [25] and
Lemma 2.4 from [13], we conclude that ¢ € AS.

Sufficiency. Let € > 0 and z € (e,), \{0}. Take z,y € e, with 0 <y < =, ||z, = 1,
lyll, > candy < z. Put u=gpox, v=ypoy. Then [[uf, =1, |luf|, = n(e), by Lemma
1.3 in [25]. Furthermore v < ¢ o z. Since e € (UMEI), we get

lu — vl <1 =4,
where 01 = 0. (n (), p 0 z). Applying superadditivity ¢ on R, we obtain
Ip(—y)=lpo(x—y)l. <llpox—voy|, = llu-v|], <1-4.

Finally, by Lemma 1.2 and 1.4 from [25], ||z — y||, <1 —ry, where ry = 7 (1) depends
only on € and z, what finishes the proof. O

The natural question is whether a geometric property can be equivalently considered on
positive cone E,. Such problem has been considered for many properties (e.g. R, UR,
LUR - see [18], [19], [20]) and positive answers are very useful.
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Theorem 3.11. For any Kdéthe sequence space e the following conditions are equivalent:

(a) eis UREI,
(b) ey isUREI

Proof. The implication (a) = (b) is obvious. To prove the inverse, suppose (b). Then
e € (0OC). In view of Theorem 3.8, it remains to prove that e is URED. Let ¢ € (0,1)
and z € S(e). Take arbitrary x,y € S(e) with  — y = ez and set

A={ieN:z(i)y(i) >0}.

Let
57 (n,z) = inf {6, (n,|w]) : [w| < 2| and |lw[|, > n}.

Applying the proof of Theorem 3.8 for the function d.; instead of J,7, in virtue of Lemma

3.1, we conclude that &} (n,z) > 0 for any n > 0. We divide the proof into two cases.

1) Suppose
1 1
Joxsall, v lnal, < (37 (552 ne)
Denote
T=lz|xa and 7=|ylxa.
Then
e = |lezll, = |lezxa + ezxmuall, = |lezxa + (@ — y) xmal|,
1
< lezxall, + [[exanal|, + [lvxanall, < llezxall, + 3¢
Hence
- o~ 1
17 = gll. = llezxall. = 5.
Moreover,
Ha:+y THY |Txma +yxma
2 lle = | 2 2 .
Tyl 1
< |52 + 5 Gloonall, + honal)
/1 1., (1 3. /1
< 1-9, (58,82)(,4) + Z(Sjr (55,2) <1- Z—léf (55, z) :
2) Now, let

1 1
Joxsall, v sl > § (37 (5522 ) ne)

Notice that
‘x+y‘x :|x|+|ylx
9 |4 g M
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and
T+ |+
28 o = (g g ) v
2 2
Hence
x+y‘ x| + [yl
= — (|z| A .
= A = (el A ) o
Similarly,

|z —yl = ll=] = [yll + 2 (=] A ly]) xma-
Since e is URED, the directed modulus of convexity .- (e, z) > 0. To simplify denota-
tions, put 7(e, z) = }1 (5;“ (%5, z) A 6) . We consider the following two subcases.

(a) Suppose that
| (] A Jyl) xonal|, < n(e, 2).
Divide the set N\ A into two parts D; and D, as follows

Dy ={i e N\A: [o(i)| = [y(i)} and Dy ={i € N\ A:[a(i)] < ly(i)[}.

Define
{|x(i)| fori € AU D,

0 otherwise

and

. ly(i)] fori e AU Dy
y(i) = .
0 otherwise.

Denote v = &£, we have that [v(i)| = |z(i)| for i € A and |v(i)| < |z(7)] for i € N\ A.
Then

1z =7, [z =yl = (|| Aly]) xmal|,
3
> o= yll. = (=1 A lyD) xmall, = 72

Since 7,7 € B (e), and T — 7 < ev < 2, it follows that

T+y T4y
— A
=2 3~ el A lna |
r+y
< 5 +H(|$|/\|y|)XN\AHe

3 3 3
< 1— (S;r (15,,2) +77<€,Z) < 1-— Z(S;r (18,,2) .

(b) Let
H(\xl A |?J’)XN\AH,3 > (e, 2).
Since
[z —ylxma = 2(lz] Alyl) xoa,
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we have
[(z — ) xonal|, = 20(e, 2).
Moreover,
1 1
‘WPWMNALZWmmmvwmmmzz(ﬁ<?ﬂ)A0_
Define

_Jienwa ARG 1
p={renar (AT = e
and C = (N~ A) ~ D. We have

< e 2) e = ) xell, < gute, =)

Hence [|(|z] A y|) xpll, > in(e, ). Therefore

Iz ATyl xell

1 1 1
|50t 22x0], = |30 2) @ =) x| 2 gate 2 Nel A xol, 2 (e 2)
4 e 4 2 1"
Moreover,
1 x|+
0< Tn(e2) e ol xp < Y
4 2
and W < 1. Following the proof of Lemma 3.6, we conclude that if e, € (UREI),

then e € (UMET) . Hence we get

r+y T+ |y x|+ |y
H = oy a g ona | < | (ot n g xo
2 e 2 . 2 .
[zl + 1yl 1
= 9 - ZU(‘S?Z) ’$_y|XD < 1 _)‘(572)’

where A(g,z) = 0 (31%(¢, 2), z) and § is from Definition 3.5. Taking

§(e,2) = Z(S}r (%a,z) A zéjr (Zs,z) A e, 2),

we get the thesis. O

1
1l

Theorem 3.12. Suppose that e is a symmetric Kithe sequence space. Thene, € (UREI)
if and only iof

(a) e (UMED), ¢ >0, p@,)llerll, > 1, ¢ € A and
(b) for any e > 0 and any w € e there is 6 = §(e,w) € (0,1) such that for every
u,v € B(e), with |lu—v|, > ¢ and |u —v| < |w| one has:
||u+v||e < 2(1_5(57w)) or H(U_U)XAa(U,U)He Z(S(S,’LU),

where

Aoty = {ie s (V) L1200 gy 4oy )

and v = p; tou, y = o
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To explain the idea of this theorem, note that the shape of S (e,,) depends on the shape of
S (e) and on the form of . It is also clear that if e is not URE, then S (e) contains,roughly
speaking, some "almost flat areas" denoted by Flat(S(e)). Then e, is UREI iff e, is
UMEI (Condition (a)) and either e is UREI or the function ¢ must be convex enough
on the set ¢! (Flat(S(e))) to improve (bring into relief) these "almost flat areas".

Proof. Necessity. If e, € (UREI), then, by Lemma 3.6, e, € (UM EI). Then conditions
(a) hold by Proposition 3.10.

Suppose now that condition (b) is not satisfied. Then there exist a number € > 0, w € e

and sequences (uy),— , (Un),—; in B (e), such that

[un —vnlle =&, Jun —on <Jwl, flun +onll, > 2(1 = 1/n)
and
[(un = vn) xa,ll, < 1/n
for every n € N, where

an=frensg (B D) < 20 D) o )+ 0 )]

n

and z, = ¢, 0 Uy, Yn = ¢, 0v,. We will show that e, ¢ (UREI), i.e.
O l=g), -

(i) |zn —ynl < |2| for a certain z € e, \ {0};
(i) [lzn = all, 7 0.
Since I, (f) < || fl, for each f € B (ey), to show (i) it is enough to prove that

H o (fL’n +yn>
14 2

We have |[|(u, —vn) xa,ll, — 0. Hence (u,, —v,) xa, — 0 pointwisely. We claim that
(U, — vn) X4, = 0 (uniformly). If not, passing to a subsequence (if necessary), without
loss of generality we can assume that there are 7 > 0 and sequence (i,) C N such that

— 1.

| (wn(in) = vn(in)) Xa, (in)] > (2)

for any n € N. The sequence (i,,) cannot contain any constant subsequence. Really,
suppose that there is a subsequence (i, ) such that i,, = iy for any k¥ € N. By pointwise
convergence of (u, — v,) x4,, we have

]}LHOIO (unk (an) — Uny (an)) XAn, (an)’ = kh—>r£10 }(unk (20) — Un, (20)) XAn, (20)| =0,
what contradicts the inequality (2). Therefore, without loss of generality, we can assume
that i, # i,, for any n # m. Define t,, = yxy,}- Then ¢, — 0 pointwisely and, by (2),
t, < |w|. Hence, by the order continuity of e, ||t,]|, — 0. On the other hand ||¢,|, =¢c >0
for any n € N, because e is symmetric. This contradiction proves the claim. Since

© o (Tn — Yn) Xa, < |(@oxy —@ouyn) xa,] = |(un — vn) X4,
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we conclude that ¢ o (2, — yn) x4, = 0. Consequently,

(Tn = Yn) Xa, =0, (3)

because ¢ > 0. Since the symmetry of e implies the symmetry of e, there exists M > 0
such that |s (i) < M for any s € B (e,) and any ¢ € N. This and (3) together imply that
for any k € N there is N (k) such that

° (x";ry”> Xa, > % (1 - %) [p o (zn) + @ o (yn)] XA,

whenever n > N (k). Taking for any k € N a positive integer n;, such that ny > N(k) and
ng > k, we have

Tny + Yn Tny + Yn Ty + Yny,
O<—k2 k) = 900<—k2 k)XAnk+900<—k2 k)XN\Ank

> %(1—%> [p o (2n,) + o (yn,)] = (1—%) %’“TW

Hence, by convexity of ¢ and our assumptions, we get

1 [ty [l + [[on |l > ‘ Uy, +vnk _ Hsooxnk + P oy,
- 2 2 e
Tny + YUn 1\ || tn, + Un 1 1
> M) >(1-2 ‘—k ell s (1) (1- =),
= H“Oo < 2 . ( k) 2l k -
Consequently,

— 1

e

H“Oo ( 2

as k — oo. The double extract convergence theorem finishes the proof of (i).

To show (ii) consider two cases. If w € B (e), notice
0o (Tn—yn) <|@oxy —@oyn| = |up — v, < |w,

which implies that
[0 — Y| < 0t (Jw])
as required and element ¢! (Jw|) is well defined (see Proposition 2.1(4i) from [25]). If

|wl||, > 1, then
[[w]] [[w]] ||wH

€ €

_ < 1wl
=l < ol ()

It remains to prove (iii). By the order continuity of e there exists a finite subset Ny =
{i1,i2, ..., i} of positive integers such that ||wxmm, He < ¢/2. Hence

and consequently

o (ii) holds true.

1t = vn) Xm0 lle = Nun = valle = [[(un = va) xov ||, = & = loxenm ||, > 5
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for any n € N. By the triangle inequality, it follows that

k
D (i) = v (@) e, 2]%%-%MMWMI>—
=1

for every n € N. Consequently, a positive integer j, € Ny can be find such that

€

U, .n — Up .n > =
|Un (Jn) ()] el

for any n € N. Moreover, the fact u,,v, € B (e), implies that max {u, (jn),vn (jn)} <
1/|lex]l, for any n € N. By the concavity of o, !, it follows that

Zn (Jn) = Un (Jn)| = ‘90;1 (tn (Jin)) — Qp;l (Un (]n))|

(gt o i (5)) -
7 \Jel.) 7 el \ 2% !

vell, =7 lleall, >0

for any n € N. Therefore

20 = yall, = (| (@0 = ya) X3l 2 |l

for any n € N, i.e. (iii). This completes the proof of necessity.
Sufficiency. Suppose that the assumptions (a) and (b) are satisfied. Fixe > 0 and z € e,.
By Theorem 3.11, it is enough to show that (e,), is UREI. Let z,y € B (e,), be such
that [z —y[ < |2] and |z —y||, > €. Define u = p ox and v = p oy. Then u,v € B(e),
and applying superadditivity ¢ on R, we get

lu—vll, =llpoz—woyl, = llpo(z—y)l =n(),

because ||z —yl|, > €, ¢ > 0 and ¢ € Af (see Lemma 1.3 in [25]). Moreover, we will
prove that there exists K > 0 such that

o (2 (8) — @ (y ()] < K |2 (1) =y (0)] (4)
for any ¢+ € N. To this end we consider two cases.

I. Suppose that either ¢ (b,) = oo or ¢ (b,) < 0o and ¢ (b,) |le1]], > 1. Take M > 0 with

o (M) |lell, = 1 Then M < b, and the left hand side derivative ¢ (M) < co. Moreover,
setting K = ¢ (M), we have | (a) — ¢ (b)] < K|a—b| for any a,b € [0, M]. Finally,
note that |s (¢)] < M for any s € B(e,) and i € N.

II. Assume that ¢ (b,) |le1]|, = 1. Note that by our assumptions e, € (UMEI) (see
Proposition 3.10). We apply Proposition 3.9(d) with n; = 7., (3¢/8, |2|) . By the symmetry

of e, the space e, is also symmetric. Take oy € (O, m> such that ¢ (b, — o1) |le1]|, >
We claim that z (i) Ay (i) < b, — oy for each ¢ € N. Indeed, otherwise, putting i, € N for
which z (ig) Ay (i) > b, — 01 Wwe get

(= = ) Xgioy ||, = Iz (io) =y (i) lleall, < &/4.
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Then |[|(z — y) X{i#o}”¢ > 3¢/4. Define

A={i#ig:a()2y()} and B={i+i:z(i)<y(i)}.

We may assume that [|(x —y)xal, > 3¢/8, because in the opposite case the proof is
analogous. Since (r —y) xa < x and |r — y| < |z|, by Proposition 3.9(d), we conclude
that HxXN\AHSD < 1—1m. Then

L=m/2 < ¢ (b, — o1 lleall, < Ly (2xginy) < [Jaxmall, <1 —m.

This contradiction proves the claim. Setting K = %M we obtain (4). Hence,
by (4), |[u—wv| < K |z|. Applying the assumption (b), we get ||lu+v||, < 2(1 —0d1) or

‘ (u—w) X As, (u,)

tion is true, then

L () = e (57

whence, by Lemma 1.2 and 1.4 from [25], there is 8; = (1 (d1) > 0 such that

> 01, where 0; = 6 (n (), Kz) . If the first component of this disjunc-

1
§§H<pox+sooy|\e§1—5l

Iz +y) /2], <1— P

If not, then the second one must be true. Therefore, denoting Ajs, (u,v) = Ay, we get

T+y 1 01
900< 5 ) < §(soor+sooy)—§(soox+<poy)><m
1 51
< §(wox+woy)—§ls@0x—s@oylml
1 51
= §(soox+saoy)—5!u—v!><m-

Since e € (UMEI), we conclude that ngo (‘”TJ””)HE <1 -+, where v =~ <%,%> :

Repeating the same arguments as in the part concerning the first component, there is
Ba = Pa(y) > 0 such that [[(z +y)/2[|, < 1 — B Thus |(z+y)/2||, < 1— 3 with
B = 1 A (2 and consequently e, € (UREI), as required. O

Corollary 3.13. Let e be an order continuous symmetric Kothe sequence space. Then
e, € (URED) if and only if (a) and (b) from Theorem 3.12 are satisfied.

Since e, € (URED) , e, is rotund. By Corollary 2.10 from [25], we get ¢ > 0, ¢ (by,) |le1]|,
> 1, ¢ € A§. This implies that e, € (OC') in view of Theorem 4.2 from [13]. Now applying
Theorem 3.8, we get that implies that e, € (UREI). Therefore, by Theorem 3.12, the
necessity is obvious. The sufficiency is an immediate consequence of Theorem 3.12.

4. Applications to Orlicz-Lorentz spaces

Now we consider Orlicz-Lorentz sequence spaces as a special class of Calderén-Lozanovskii
spaces. Recall that for any x € [° the symbol d, denotes the distribution function of x,
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that is d, (7) = m ({i € N : |z (i)| > ~}) for all ¥ > 0, where m is the counting measure.
The decreasing rearrangement of x is denoted by z* and is defined by

¥ (i) =inf{y > 0:d, (v) < i}

for any ¢ € N. A function w : N — R, is said to be the weight function, if w = (w (7))
is a nonincreasing sequence. The Lorentz sequence space A, is the set of all sequences
x = (v (i)) such that [|z[|, =372, 2*(i)w(i) < oo. If e =\, then e, is the Orlicz-Lorentz
sequence space (), ), equipped with the Luxemburg norm (see [4], [17], [19] and [20]).

It is worth to formulate criteria for uniform rotundity in every interval and for uniform
rotundity in every direction in (), ), because in this spaces they become more clear and
more specified. We start with the following theorem characterizing Lorentz sequence
spaces that are UM ET.

Theorem 4.1. The following conditions are equivalent:
(i) X € (UMEI);

(ii) Ao € (SM);

(iid) 2, w (i) = oo.

Proof. The equivalence (ii) < (iit) follows from Lemma 3.1 in [25] (see also [16]). The
implication (i) = (éi) is an immediate consequence of definitions. It remains to prove the
implication (i) = (i) only. Take ¢ € (0,1) and z € (A\,), \ {0} . Let z € S(\,) and y
be such that 0 <y <z, y < z and [|y[[,, > e. By Lemma 3.2(ii) in [25], the Lorentz

space A, € (OC). Hence there exists a finite subset A C N such that HZXN\A”/\ < 3.
Consequently, setting y; = yxa and k = card A, we get :
Zyl = il = ly = wnally, = ol = oxenall, = e = lamall, > 5

Denoting by io the smallest index in A for which y; (i9) = max;ea |y1 (7)] , we get y; (i) =
yi (1) and y; (1) w (1) > €/2k. Hence y; (ip) > €/2kw (1). By (iii), we can take N; € N

such that
Ni—1

o (D) ; w (i) > 1.

We find the smallest index i; € N such that x (ig) = * (1) . It is easy to see that the
number 7; < Ni. Indeed, otherwise

1= flall, = Y () (i Zaz i) >y (io Zw 3 3w

and we get a contradiction. Recall that z* (i;) = x (ig) > y(ip). Let i € N be the smallest
index such that iy > i, and z* (i ) (22) > 1y (i) /2 (such an index iy exists since
A € (0C)). Hence, for i =iy,i; + 1,. -1,

(i) —a* (i) <
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and consequently
" (i) > " (iy) — (2) (5)

for i =idy,4i; + 1,...,i5 — 1. By (i4i), we can find an integer N, such that

c No—1
) > 1.
e (1) 2}; w (i)
1=1IV1
We claim that 75 < Ns. If not, then
in—1 (i) ia—1 No—1

1= [z, :;x*(i)w(i) >3 (f)w(i) > 92 dw(i) > 4k;(1) Zw(i) > 1.

=11 1=11 1=1IV1

This contradiction proves the claim. Therefore, applying among others (5), we get

o=yl < lle = plieal, < 3 (2= 252, ) (o)

S SEUNIURS S REURGRY CYN R FUSSRS SO0

=11 =19

_ Zx*(i)w(i)—ix*( +Zx (i+1)w +( (1)—3/(;0))@(2'2—1)

=1 =11 1=11

io—2

= =Y = 1w - (o 0= )+ L Y- )

=11

i2—2

1- Z (2 (i) =2 (i + 1)) w (No) — (:E* (19 — 1) — 2™ (1) + y(io)

IN

)

- 2
= 1— (2" (i) — 2" (is — 1)) w (N) — (a: (iy — 1) — 2*(iy) + y(;°)> w (N3)
_ y(io) ew (N)
= - Te) s =y

Thus the proof is finished with § =

4kw dependent only on ¢ and z. [

To prove the next theorem, we need the following lemma.

Lemma 4.2. Let e be a Kithe sequence space. If e € (UMEI), then for every ¢ > 0
and z € ey \ {0} there is § = 0 (¢, z) > 0 such that for any sequences (), (y,) C B(e)+
satisfying ||z, |, — 1, ||ynll, — 1 and |z, — y,| < 2z for every n € N, the condition

|(Zn — Yn) Xa,ll, > € foranyn €N
implies
|| — Un XN\A,L” >0 for n sufficiently large,
where A, = {i € N:z,(i) > yn(i)}.
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Proof. Define w, = (2, — yn) xa,. Passing to a subsequence, if necessary, it can be
assumed that ||y,|l, > 1 — 2. Then 0 < w, < z, w, < @, and |lw,|, > €. Since e €
(UMETI), there is § > 0 such that

Hence

(@0 = yn) x|, = ||#eXman + Ynxa, — vall,

1
> lynlle = flonxma, +vnxanl, > 1=~ = (1-0) >

| S

forn>§. O

Theorem 4.3. The following conditions are equivalent:
(1) (M), € (UREI);
(i) (), € (URED);
(1) (M), € (R);
() >o2 w(i) =00, ¢ € Ny(0), ¢ (by)w (1) > 1 and ¢ is strictly convex on the interval
-1 1
|:0790r <W(1)+w(2) :|

Proof. Clearly, (i) = (ii) = (iii) = (iv) (see [4] and [25]). It remains to prove that
(iv) = (i). By Theorem 4.1, the assumption ) .~ w (i) = oo is equivalent to the fact
that A\, € (UMEI). In particular, A\, € (OC). Since the condition (a) of Theorem 3.12
is satisfied in an obvious manner, it is enough to prove that (iv) implies the condition (b)
of Theorem 3.12 with e = A,. Suppose now that condition (b) is not satisfied. Then there
exist a number € > 0, w € A, \ {0} and sequences (un),"; , (vn),—; in B (A,), \ {0} such
that
[un —onlly, =& fun = o] <l Hlun + o]y, > 2(1=1/n)
and
[(n = vn) X, ll, <1/n

for every n € N, where
a={ienp (2 < 2 (1 D) o )+ 0 )]

and z,, = @, ' o Uy, Yo = @, ' ov,. By the claim (i74) in the proof of necessity of Theorem
3.12, it implies that
[0 = yall, = 0. (6)
Moreover,
(@ ©zn =@ oyn) Xanlls, =0 (7)
Hence the inequality

[ o (zn — yn) Xaully, < (@0 Tn —woyn) xa,lls,

and assumption ¢ € Ay(0) yield that [|(z — yn) x4, [, — 0. By (6), it follows that

| (zn = vn) xena, [, = 0. (8)
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By (8), without loss of generality, passing to a subsequence if necessary, we can assume
that there is 1y > 0 such that

||($n — Un) XN\AnHLP > Mo

for any n € N. By the claim (i) in the proof of necessity of Theorem 3.12, there is
z € (A\y),, such that |z, —y,| < [z]. By the order continuity of (A,),, there exists a finite

subset N; C N such that HZXN\Nl HSD < %0 Hence

[@n =) Xl = [[@n = 50) Xenanam ],

= 9a) 3l = 1@ = ) Xenaman [, > 10 = 5 = 2

Y]

for any n € N. Let
B,={ieNy\A,:2,(i) >yn (i)} and C,={ieN\A,:z,(i) <y, ()}

for every n € N. Then, by the triangle inequality, at least one of numbers ||(z, — yn) X5, |,
or ||(n — yn) X, |, 18 not smaller than no/4 for infinitely many n € N. By the "symme-
try", passing to a subsequence, we can assume that

Ui
I = 9) xo, > )

for any n € N. Define n; =card(Ny). Since ¢ € Ay(0), we conclude that there is 7, =
m (1o/4) such that

Lo ((zn — yn) XB.) =M
for every n € N. For any n € N take an index i,, € B,, for which
T (in) = Yn (in) = max{(zy (i) —yn (1)) : i € By}

Then

. . m
Tn \tn) — Yn In Z
(@ (i) = v (n))) 2 s
for every n € N. Since i,, € B, C N; and card(N;) < oo, there exist i3 € N; and a
subsequence (ng) such that i,, = ip for any k& € N. Passing to this subsequence we can
assume that there is a positive integer 7o such that iy € B,, and

xn(io)—yn(io)zgarl( n >>0

niw (1)

for any n € N. Define w,, = x,, (i9) , t, = yn (ip) . Without loss of generality, again passing
to a subsequence, if necessary, we can assume that w, — wg and t, — ty. We have

wo > to > 0. Set a = (W) . Consider the following cases.

a) ty < a. Then, by the definition of the set N\ A,,, we have

[0 (wn) + & (tn)] -

Wy, + ty - 1—%
2 2

5w+t > ¢ (
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Passing with n to oo, we obtain

(UJO -+ to

T0) = 5l lun) + ¢ ()]

Consequently, ¢ is affine on the nondegenerated interval (to, wg) N (¢, @) .
b) to > a. Then wy > a. Notice that |[¢ o z,|, <1 implies that for any i # 4y
z, (1) < a (10)

for n sufficiently large. Really, if we found i; # iy and a subsequence (n;) such that
Tp, (11) > a for any | € N, then, by the fact that z,, (iy) — wp, we have

lpoznll, = Zs@ ny ()" (1) 2 @ (2, (1)) w (1) + @ (2, (i0)) w (2)

> sD(Oé)W(l) te(@w(2) =1
for [ large enough. A contradiction.

Denote
D,={ieN:y, (i) >z, (1)}.
Since B, C N\ D,, by (9),

o

1 (n = wn) xenp |, = In = ya) x5l =

for every n € N. Further, by Theorem 4.1, A\, € (UMEI) and consequently, by Propo-
sition 3.10, ()‘W)so € (UMEI). Hence, applying Lemma 4.2, we conclude that there is
0o > 0 such that

(20 = yn) XD, I, = o

for every n € N. Analogously as above, a finite subset Ny of integers can be found such

that
50

“" =92
for sufficiently large n € N, where E,, := D,, N (N'\ A,) N N,. Consequently
I ((Tn = Yn) XB,) = 01

for some 9; depending only on dy. Hence jo € E,, can be found such that

(@0 = Yn) X2, |

Yn (Jo) = n (Jo) > ;! (,@gl(l)) >0,

for any n € N, where ny =card(Ny). Hence, defining p, = x,, (Jo) , ™n = Yn (Jo) , without
loss of generality, we can assume that p, — po and r, — rg. Obviously jo # io. It
follows, by (10), that r,, < a for n sufficiently large and consequently py < ro < a. Now,
repeating this same arguments as in the case a) we conclude that ¢ is affine on (pg,79) .
The obtained contradiction shows that (iv) implies the condition (b) from Theorem 3.12.
Therefore (\,), € (UREI). O
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5. Remarks

The following corollary summarizes the implications that exist between the properties
considered in this paper.

Corollary 5.1. Let E be a Kothe space. Then

(1) (2)

Eec(UM)= Ec(UMEI)= E € (SM),

Ee (UR) -2 pe (UREIN L E ¢ (URED).

Moreover, all of these implications cannot be reversed in general.

The implications (1), (2), (3) and (4) are obvious. To show that the implication (1)
cannot be reversed, it is enough to take ' = )\, with w being not regular and satisfying
Yoo w(i) = +oo (see Example 1 from [14]). Recall that w is regular if there is a number
K > 1 such that S(2n) > KS(n) for any n € N, where S(n) = > " w(i). Then
Ao € (UMEI) by Theorem 4.1. On the other hand A\, ¢ (UM) (see [16]). Now, let
E = L, be an Orlicz space with the Amemiya-Orlicz norm generated by an Orlicz function
© that does not satisfy the suitable As-condition and vanishes only at zero. Then, by
Theorem 5 from [9], F € (SM) and E ¢ (OC). Hence, by Lemma 3.7, E ¢ (UMEI).
Consequently, the converse of the implication (2) is not true. Further, let £ = (\,),
be such that ¢ and w satisfy conditions in (iv) of Theorem 4.3, but ¢ is not uniformly

convex on the interval [O, o1 <m>] . Then F € (UREI) and E ¢ (UR) (see [4]),

so the implication (3) cannot be reversed. Finally, take F = [* equipped with the norm

introduced by M. A. Smith in [33] and defined for any = = (x;) € {* by the formula

1/2
||$||s—[||x|| +Z (lza] + J25]) ] :

where (a;) is a sequence of positive real numbers such that 37>, a = 1 and |||, is the
natural norm on {*°. M. A. Smith proved in [33] that (I*°,||z||g) € (URED) and that the
norms ||-||¢ and |[|-]| , are equivalent. Hence (I*°,||z||g) ¢ (OC). It follows, by Theorem
3.8 that (I*°,||z||g) ¢ (UREIT). Consequently, the converse implication to (4) does not
hold.

Remark. The property UREI is related to the property URWC' (uniform rotundity in
weakly compact sets of directions) considered by M. A. Smith in [32]. Namely, for any
Kothe space E we have

€(0C) and E € (URWC)= E € (UREI).

It is an immediate consequence of Theorem 3.8 and the fact that U RWC implies URED.
The converse implication is not true. It is enough to take E = [* with the norm |||,
defined by M. A. Smith in [32]. The norm ||-||, is equivalent to the natural norm ||-||, .
Hence (1%, ||| ;) € (OC) . Moreover, M. A. Smith proved in [33] that (I%,]|-|| ,) € (URED).
By Theorem 3.8, it implies that (12, [-]|,) € (UREI). On the other hand, (12, ||-|,) ¢
(URWC) . Consequently, properties UREI and URW C' are distinct.
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Open problem. Find full criteria for URED in the space E, with F being Kothe
function space.

Some partial results in this direction have been obtained in [31]. To solve this problem
we cannot use the similar way as in Theorem 3.8 because each order interval in order
continuous Kothe function space is only weakly compact. Then the main difficulty is the
fact that a weakly convergent sequence need not converge in measure.
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