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This paper continues the study of semiconic duality of sets and functions that was started in the previous
papers by the author. We obtain formulas for negative polars of intersections of n closed convex semiconic
sets and for dual functions of sums of n convex lower semicontinuous semihomogeneous functions. A
particular attention will be paid to the case of polyhedral sets and functions.

1. Introduction

This paper is concerned with the study of semiconic duality of sets and functions that
was started earlier in [2, 3, 4]. The semiconic duality has applications in infinite linear
programming and in geometric theory of convex sets [3, 4]. Also, it can be of use in some
aspects of mathematical economics.

Let us recall some definitions and facts from [2, 3]' that will be used throughout the paper.
A set C' in a linear space that coincides with its semiconic hull, sconC = {\z : x €
C, X > 1}, is called semiconic. Clearly, for a convex semiconic set C' one has C'+ C C C.
(Moreover, a convex set C' is semiconic if and only if C'+ C' C C and \C C C for every
A > 1.) A set C in a locally convex space is called strictly semiconic if it is semiconic
and its closed convex hull does not contain the origin: 0 ¢ clcoC. In what follows, E is
a locally convex space, and F* is its topological dual space endowed with the weak-star
topology. The value that a functional 2/ € E* takes at an element x € F is denoted as
(x,z'). Given a nonempty subset C' in E, by its negative polar we mean the set

C* :={2/ € B*: (v,2/) < —1 VxecClL
The set C# is nonempty if and only if 0 ¢ clco C, in what case
scon clco C' = clscon co C' = clcoscon C

(see [3, Theorem 2.1]), C# is a closed convex strictly semiconic subset in E*, and C# =
(scon clco C)#. Moreover, the negative bipolar theorem (see [2, Corollary 1], [3, Corollary
3.1]) holds true as follows.

Theorem 1.1. Given a nonempty subset C C E such that 0 ¢ clcoC, the following
assertions are equivalent:

(a) C is closed, convex and semiconic (hence strictly semiconic);
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(b) C coincides with its negative bipolar
C*# = (CH* ={r € E: (z,2)) < -1 Va' € C*}.

The semiconic duality of sets generates some duality of strictly semihomogeneous convex
functions. A nonnegative function f : E — IR U {400} is called semihomogeneous (resp.
strictly semihomogeneous) if its epigraph epi f = {(z, ) : f(x) < a} is a semiconic (resp.
strictly semiconic) subset in £ x IR. We say that f : £ — R, U {400} is a majorant
functionif f # 400 and there is a strictly semihomogeneous function h : ' — IRy U{+o00}
such that h(xz) < f(z) for all x € E.

We consider the duality between F x IR and E* x IR determined by the bilinear form
((z,), (2, B))1 == (z,2") —afB, (z,a)€ ExXRR, («,0) € E* xR,
and we will use this duality when dealing with negative polars of subsets C' in £ x IR.

The next result is proved in [3, Theorem 6.2].

Theorem 1.2. Suppose f: E — IRU{+o0} is not identically equal to oo, the following

statements are then equivalent:

(a) the function f is majorant;

(b)  the negative polar of the epigraph of f is the epigraph of some function Df : E* —
R U {400}, which is not identically equal to co.

When these equivalent assertions hold true, the function D f is convex, lower semicontin-
wous and strictly semihomogeneous, and it is given by

Df(z') =inf{8>0: (z,2') + 1 < 3f(z) Vo € E} = SHPM
ek f(l')

(here, we assume by definition that 0/0 =0).

The next result is a direct consequence of Theorem 1.2; see [3, Corollary 6.1].
Corollary 1.3. Suppose a function f: E — R U {400} is convex lower semicontinuous,
f # +oo, and its epigraph is a strictly semiconic set. Then (epi f)* is the epigraph of
some function E* — IR U {+oc} if and only if f is nonnegative.

Given a majorant function f : E — IR U {+o0}, the function Df defined in Theorem 1.2

will be referred to as dual to f. In such a case, the second dual function D*f := D(Df) :
E — R U {+o0} is defined by

5 B (x,2") +1
Do) = sup 5y

and the equalities hold

D?f(z) = inf \f** (;) = sup h™(x) Vre L,

A1 heH(f)
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where f** is the second Legendre-Fenchel conjugate function? of f, and H(f) is the set
of all strictly semihomogeneous functions h : E — R U {400} satisfying h(z) < f(x)
for all x € E; see Theorem 6.4 and the proof of Theorem 6.1 in [3]. It follows that
D*(D*f)=D*f < f.

The next result (see [3, Corollary 6.4]) may be considered as a negative bipolar theorem
for functions.

Theorem 1.4. Given a majorant function f : E — IR U {+o0}, the following assertions
are equivalent:

(a) f is convex, lower semicontinuous, and strictly semihomogeneous;

(b) f=D.

In [3, 4], basing on the negative bipolar theorems, duality formulas for negative polars
and dual functions for particular sets and functions were given and duality of various
operations that do not lead out of the classes of closed convex strictly semiconic sets and
lower semicontinuous convex strictly semihomogeneous functions was examined.

In this paper we prove two representation theorems giving formulas for negative polars
(CiN---NC,)# and dual functions D(f; +---+ f,,). The statements of the theorems are
in Section 2, and their proofs are in Sections 3 and 4. Section 5 is devoted to the case of
polyhedral sets and functions.

2. Main results

Lemma 2.1. Suppose C' is a closed convexr semiconic set which is not strictly semiconic,
then it is necessarily a cone.

Proof. Since C' is closed convex and is not strictly semiconic, 0 € clcoC = C'. We have
to show that for every x € C' and A > 0 one has Az € C. Indeed, when A\ > 1, this holds
because C' is semiconic, and when 0 < A < 1, this holds because 0 and x are in C' and C'
is convex. O

Theorem 2.2. 1. Suppose C1,...,C, are closed convex semiconic sets in E, at least one
of them is strictly semiconic*, and their intersection is nonempty; then

Cin-nC)*=d | (M(t,C)+ -+ M(ty, C)), (1)

(t1,0,tn)EA
where A = {(t1,...,t,) € R} 1 t1 4+ - +t, = 1},

M(t,C) :=tC% t >0,
M(0,C) := (conC)°,

2The dual function Df is connected with the conjugate one f*, f*(2') = sup{(z,2’) — f(x) : & € E}, via
the equality Df(a’) = inf{8 > 0 : f*(%/) < f%}, which implies the inequality Df(x’)f*(#/m,)) < -1

when 0 < Df(z') < +o00. (In [3, Proposition 6.1] the latter inequality was erroneously given with the
equality sign.)

3Also see [2] where most results of [3] were announced without proofs.

41f none of C; is strictly semiconic, then (C; N---NC,)# = @



858 V. L. Levin / Two Semiconic Duality Theorems

conC = {ax : z € C,a > 0} is the conic hull of C, (conC)° = {2’ : (z,2’) <0 Vz €
conC} ={a': (x,2"y <0 Vx € C} is the conjugate (polar) cone of conC'.

Furthermore, if all C; are strictly semiconic, then
(Om---mcn)#:clco(cfu---ucf), 2)

and if some C; are not strictly semiconic, then

(CiN---NC* =cl (ZC?—FCOUC’Z#), (3)
i¢J icJ
where J = {i : C; is strictly semiconic}.

2. Suppose, in addition, that the intersection of all C;, i = 1,...,n, contains a point which
1s interior forn—1 of them or E is finite-dimensional and there is a point xq € C1N---NC),
such that® xy € riC; forn — 1 of C;; then

(Cin-nC)f = | (Mti,C)+ -+ M(tn, C)). (4)

(t1,e5tn)EA

Furthermore, this may be rewritten as

clco (C#U~--UC#>, if J={1,...,n};
S2CY +cleo | CF, if J#£A{1,...,n}. (5)

igJ ieJ

(Clﬂ---ﬂCn)#:

The following result is a particular case of Theorem 2.2.
Corollary 2.3. Suppose K is a closed convex cone, C' is a closed convex semiconic set,
and their intersection is nonempty, then

(KNC)Y =cl(K°+ C#). (6)

(When C' is not strictly semiconic, equality (6) remains true since in this case both its
sides are empty sets.) If, in addition, K N C' contains a point, which is interior for K or

for C, then
(KNnC)Y* = K°4 C*, (7)

As follows from the next example, the closure in formulas (2) and (6) generally cannot be
omitted.

Example 2.4. Let us consider two sets in £ = IR? as follows:
C={(z,9):0<w <4, y>1-Va}tU{(r,y) >4, y>-z/4},

K={(z,y) : 2 <0,y >0}

5Here, i C; stands for the relative interior of Cj.
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Clearly, C' = scon{(z,y) : # > 0,y > 1 — \/x } is closed, convex, and strictly semiconic,
K is a closed convex cone, and KNC = {(z,y) : x =0, y > 1}. An easy calculation gives
us

2
LN [ PP P
CRRES e

K ={(z"y): 2" 20,y <0}
therefore K° + C#% = {(2/,y) : ¥ < —1}. At the same time, (K N C)# = {(z/,y/) : v/ <
—1}.
Similarly, let us take C' as above and define C; = C, Cy = {(z,y) : (—z,y) € C}, then
GG ={(w,y) sw =0,y >1} (CrNC)* = {(#',y) +y' < —1}, but co(CF UCY) =
{(«",y) 1y < —1}.

Remark 2.5. Some results on negative polars of intersections of semiconic sets have been
stated earlier in [2, Theorem 2 (ii) and Corollary 3] and [3, Theorem 3.3 and Corollary
3.4] (see also [4, Theorem 3.2]); however, as may be seen from Example 2.4, there were
defects in their formulations. The correct formulations are given in Theorem 2.2(2) and
Corollary 2.3.

Theorem 2.6. Let f = f1 + -+ + fn, where fi,..., f, are convex lower semicontinuous
functions from E into IR, U{+o0}. Suppose that fi,..., fm are strictly semihomogeneous,
fmat, .-, fn are semihomogeneous but not strictly semihomogeneous, and there is a point

xp € dom f; N---Ndom f,, where at least n — 1 of the functions are continuous. Then for
every x' € E* the equality holds

Df() :min{ﬁ cx = Zx; + lim(Zt;’x;,/), (t7,...,tr) € Ao,

m+1 1
5thtzyﬁzua (xgznﬁu/) eeplD.fl (Z: ]-aam)a <8)

ﬁzd,-(x;)(i:mﬂ,...,n)},

where Ao, = {(t1, ... tm) 1 t; >0 (G =1,...,m), ty +---+t,, =1}, d;(2") :=inf{5 > 0 :
%, € dom f}}° for each 2’ € E*, and by definition, min & := +oo.

A formula for D f(z') is substantially simplified when m = 1.

Corollary 2.7. Let f = fi + --- + f., where f1,..., f, are semihomogeneous convex
lower semicontinuous functions on E, exactly one of them, namely f1, is strictly semiho-

n
mogeneous, and there is a point o € (dom f; where at least n — 1 of the functions are
1

continuous; then for each x’ € E*,

Df(z'y= min  max(Dfi(x}),da(xh), ..., du(2)).

/ ! — ! n
) +tal, =z

Remark 2.8. Note that a formula for D(f; +--- + f,,) as given in [3, Theorem 6.7] is
not correct.

SWhen 0 € int dom f}, d; becomes the Minkowski gauge functional of dom f;.
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3. Proof of Theorem 2.2

1. The inclusion D in (1) is obvious. In order to establish the opposite inclusion, fix any
point z( € (C1N---NC,)# and consider the sequence j, := (1+ 1 )x{. Since it converges
to z{, as k tends to oo, the inclusion C will follow if we show that zj belongs to the
right-hand side of (1) whenever k = 1,2,.... Note that C# = {2’ : s(C,2") < —1} where
s(C) is the support function of C, s(C,z') = sup{(z,2’) : x € C'}. Since §*(C) = s(C)
where §(C) is the indicator function of C' (i.e. §(C,x) =0 for z € C and §(C,z) = +00
for x ¢ C'), one gets

(CiN---NCy,ay) =s(CiyN---NCy, )

:(1+%)5(Clﬂ“'ﬂ0n,x6)§—<1+%>' (9)

Furthermore, for every x € F
5(01 N---N Cn,x) = 5(01,17) + -+ 5(On,l‘),

and since the conjugate function of the sum §(Cy,z) + - - - + §(C,,, z) is the closure of the
infimal convolution §*(Cy)O...06*(C,),

(8(C) + -+ 8(C))* = el (5*(Cy)D... 0 (C,))

(see e.g. [5, Theorem 16.4] where the finite-dimensional case is considered; in general case
the proof is practically the same), one gets

8 (CL1N--NCy,xy) =cl (6°(C)O...06*(Cn)) (x)

=cl(s(Cy)O...0s(Cy)) (z},) (10)
=lim inf (s(C1)0---Ds(Cn)) (zv),

where V runs a base V(z},) of weak* neighborhoods of 2. Let us consider pairs v = (V,¢)

where V € V(z},), 0 < e < 1, and write v = ¢/ if and only if V C V', e < &. It follows

from (10) that for every v = (V,¢) one can find 2/, € V and 2}, ..., 2}, such that

Y nv?

T, 4+, =, (11)
s(Cr,2,) + -+ 8(Cn, 2y,) < (s(C1)---Os(C)) (x7,) + 2, (12)
(s(C)B...Os(Cn)) (x) < x,ivﬂefv (s(C)O...Os(Cr)) (27) + g- (13)

Also, it follows from (10) that
S(Crin---NGCy,xy) > x/ivréfv (s(C)O...0Os(Cp)) (z4), (14)

and we derive from (12)-(14) along with (9) that

s(Cr ) )+ +8(Cpyal ) <5 (CrN---NCyxh) +e < —1. (15)
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Recall now that, according to [3, Theorem 2.2], a closed convex set C' is semiconic if and
only if s(C,z’) is nonpositive or equals +0o whenever 2’ € E*. Since all C; are closed
convex semiconic sets, (15) implies then s(C;, z},) < 0,47 =1,...,n, hence z}, € M(0,C;)
for all 7.

If we could find (t1,...,t,) = (t1,...,tn) € A such that 2}, € M(¢;,,C;), i = 1,...,n,
then 2/, = ), + -+ + «,, will lie in the right-hand side of (1), and z} = lim ] will lie

there as well. Thus, (1) will be established if we show that z}, € M(t;,C;), i =1,...,n,
where (t1,...,t,) € A.

If 5(C;, x},) < —1 for some i, we take t; = 1 and t; = 0, j # i. Then 2/, € CF = M(t;, Cy),

»

xl, € M(0,C;) = M(t;,C;), j # i, and the result follows.
If s(C;,x},) > —1 for all i, then either

S(Cla xlly) +-+ S(Cnvxgw) =-1 (16)
or there is m < n such that

s(Cy,2y,)+ -+ s(Cpy 2l ) > —1,

mo mv

17
S(Cuy2ly) + - 5(Cons ) + 5(Cosr Tngny) < 1. ()

We take t; = —s(Cy, ;) for all i when (16) holds, and t; = —s(Cj, z},) for i = 1,...,m,

tmi1=1—(t1+---+1tn), and t; = 0 for ¢ > m + 1 when (17) holds. Since in both cases
(t1,...,t,) € A and 2}, € M(t;,C;) for all 7, the result follows, and formula (1) is thus
completely established.

To prove formulas (2) and (3), notice that C; = conC; for i ¢ J (see Lemma 2.1) hence
the right-hand sides of (2) and (3) are contained in the right-hand side of (1). Therefore,
it suffices to show that every =’ € J{M (t1,C1) + ... M(t,,Cy) : (t1,...,t,) € A} lies in

col,.,C# it J={1,....,n} orin cl (zigjcg+couiejcf) it J£{1,...,n}.
Let ' =) + -+ + a!, where x, € M(¢;,C;), i =1,...,n, (t1,...,t,) € A. If all ¢; > 0,

then M(ti,Ci):tiC’f,izl,...,n, hence J = {1,...,n} and x’Eth#%—---—i—tan C
co(CFU---uCH).

Now consider the case where some t; equal 0. Let J(z') = {i : t; = 0}, hence J(z') D

{1,...,n}\ J and
Y ti=1

igJ(z')

If i ¢ J(2/) then 2/ = ;2] where 2/ € C¥. If i € J(2/) N J, we take an arbitrary element
y, € CF (C¥ is nonempty because C; is strictly semiconic) and set

zi(e) =yl + e ',

where ¢ > 0. Since 2/(¢) € C¥ + (con ;) = C¥ whenever i € J(/) N J, e > 0, we get
for every g, 0 < e < 1,

5 Z zi(e) + (1 —¢) Z tizZ{GCOUCf
)

ed(z)nJ i¢J (' i€J
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Taking into account that
< Z 1 —5 Z tz
iEJ(LIZ’)ﬂJ 1¢J(x
tends to
it J={1,...,n},
ZHZx—{ =l
ieJ(z)NJ igJ( Zl%] Ziy 1 7£ { e ,77,}

as € tends to 0, it follows that 2’ € clcolJ,., CFif J={1,...,n}ora e dids CY +
clcolU,e, C#if J#{1,...,n}. Now, since obviously Ziqu‘ +clco UZEJ c¥cea (ZigéJ C?

+colU;e, C. ) formulas (2) and (3) are completely proved.
2. Note that under the supposition on C4, ..., C,, the duality formula
(6(Ch) + -+ 6(Cy))" =6(C)O... 06 (C,) = s(C)T...Os(C)

holds true, and the infimal convolution s(Cy)O- - - Os(C,,) is exact that is for every 2’ € E*
there are 2/, ..., 2} € E* such that 2’ =2} + ... 2/, and

(s(C)O---0Os(Cp)) (2') = s(Cr, 7)) + -+ + s(Cy, 2);

see [5, Theorem 16.4], [1, Theorem 3.4.1 on p. 189]. Therefore, given zj, € (C1N---NC,)#,
we find 2, ..., 2, such that 2 = 2] + ... 2], and

s(C1N---NCpyxy) = (s(CO---0Os(Cp)) (z5) = s(Ch, ) + -+ s(Cp, ),
and since s(Cy N ---NCy, () < —1, we get
s(C2h) + -+ 8(Cpy ) < —1. (18)
The reminder of the proof is as above provided that one uses (18) instead of (15) and
replaces z), and «, with z{ and z. O

Remark 3.1. As follows from the above proof, A in (1) may be replaced with a smaller
set Ao ={(t1,...,tn) €EAN:t; > 0,0 = NS

Remark 3.2. A different proof of (1) is as follows: general formula (3) hence (1) results
from its particular cases (2) and (6) if one takes into account a well-known formula
for the dual cone of an intersection of closed convex cones: ((;¢; C)° = (D igs C?).
Furthermore, formulas (2) and (6) can be established independently by using a separation
theorem. An advantage of this method is its shortness, but we prefer to give a direct proof
of formula (1) in general situation and then to get (2) and (6) as its consequences.

4. Proofs of Theorem 2.6 and Corollary 2.7
Proof of Theorem 2.6. One has epi f = AC, where

C = {(x,a,al,...,an):fi(x) < (t=1,...,n), iai ga},
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A is a linear operator (projector) of £ x IR™*! onto E x IR acting by formula
Az, o, 00, ... ap) = (z, Q).
According to [3, Proposition 3.4], the equality holds
epi Df = (epi f)* = (AC)* = A*7(CF), (19)

hence

Df(z') =inf{8 >0:(2/,5) € A* 1 (C*)}, (20)

and for every 2/ € dom D f this infimum is attained at some 3. We consider the duality
between £ x R™™! and E* x R"™ determined by the bilinear form

<(x,a,oz1, s >an)7 (l’l,ﬁ,ﬁl, s 7ﬁn)>2 = <[l§',[L’l> - C\Jﬁ - Zaiﬁia
1

therefore the conjugate operator A* : E* x R — E* x R"™ acts by formula
A (2, B) = (o, 3,0,...,0). (21)
Our nearest goal is to calculate C#. One has

CzC’oﬂclﬂﬂCn,

where
Co={(x,a,a1,...,a,) a1+ -+ a, <a},
Ci = {(x,Oé,Oél,...,Oén) . fz(x) S Oéi}, 1= 1,...772,.
Clearly, C;, 1 = 1, ..., m, are strictly semiconic, C;, 1 = m+1,...,n, and Cy are semiconic

but not strictly semiconic, and the point (zo, f(xo)+2n, fi(xo)+1, fo(zo)+1,. .., fulxo)+
1) belongs to all C; (i = 0,1,...,n) and is interior for at least n of them. Applying
statement 2 of Theorem 2.2 yields then

C*=C0+ > CY+deol JOF. (22)

m—+1 1

Now, an easy calculation gives

ng{(‘r,w@vﬂla"wﬂn) :Ijzoaﬂzoaﬂl = :6n:_ﬂ}7
Czoz {(x/75761776n) 520753 =0 (]%Z)a
ﬁz>07fz*<%l)§0 orﬁi:(),x/:()},i:m—i—l,...,n,

and since fz*(%/) < 0 is equivalent to Z—/ € dom f} (see [3, Proposition 4.4]), the last
equality may be rewritten as

O?:{<I,7/67617"'7ﬁn) /620,6j:0<j7él)7

/
BZ->O,Z—Edomfi*orﬂi:O,xlzo},i:m—l—l,...,n.

1
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Furthermore, since f; is nonnegative, one has 0 € dom f;, and the relation [3; > 0, % €
dom f or 3; = 0,2’ = 0] is rewritten as (3; > d;(z’). We get

Czo = {(xluﬁaﬁb ce 7ﬁn) : ﬁ = Ouﬁj =0 (j 7é Z)vﬁl Z dl<xl>}7
t=m-+1,...,n.

Next, it is easily seen that
Clr={(,8.B1,....0a) : B=5;=0(j #1),(,3;) € epi Df}

fori =1,...,m. It follows that (2,3, 01,...,0,) € cl COUCZ»# if and only if there exist
1

generalized sequences (t¥,...,t" ) C Ao and (x},, B;,) CepiDf;, i =1,...,m, such that

o =lim, Y ", B =lm, t/6, (i=1,....,m), B =Bny1 == 0,=0.

Now, taking into account (22) along with the above equalities for CJ and C?, i = m +
1,...,n, we derive from (19) and (21) that epi D f comprises the pairs (2’, 3) such that

o =lim) tral, + > al, f=1limt/G, (i=1,....,m),and = 0; i =m+1,...,n),
v 1 m+1 v

where 5, > Dfi(z},) (i = 1,...,m), f; > di(z}) (i = m + 1,...,n), and the result
follows. O

Proof of Corollary 2.7. Considering the same sets C; (i =0,1,...,n) and C as in the
proof of Theorem 2.6 and applying to them statement 2 of Theorem 2.2 yields

C*=Co+ > Cl+Cf.
2

Next, arguing as in the proof of Theorem 2.6 and applying (19) we get

=2

epiDf = A*! <08 +) P+ Of*) : (23)

Now, since C3 + S5 C? + CF comprises the vectors
(l‘ll_{_+l{naﬂv_/8+ﬁ1a_5+ﬁ277_ﬁ+5n) € E* X ]RnJrla

for which 8 >0, 51 > D fi(x}), B; > di(2}) (i = 2,...,n), (23) along with (21) implies that

epi D f consists of (2/, §) such that 2’ = 2} +- - -4}, f > max (D fi(z}), do(2h), . . ., dn(2),)),

n

and the result follows. O

Remark 4.1. A similar argument shows that if hypotheses of Theorem 2.6 are satisfied
and the set

Co+ > Cl+col JOF (24)
m+1 1

is closed, then the formula holds true

Df(2") = min max (tlDfl(a:’l), st D (@), A (20,44)5 - - - ,dn(x;)) , (25)

where minimum is taken over all x,...,z), € E* (t1,...,tm) € Aoy such that ty2] +
st g+l =2
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5. A case of polyhedral sets and functions

Recall (see [5]), that a set C' in E is called polyhedral if it can be represented in form
C={zeE:{(v,x))<apk=1...,N}

where N is a positive integer, =, ..., 2y € E*, aq,...,ayn € R.

A function f : F — IR U {+oc} is called polyhedral if its epigraph is a polyhedral set in
E x IR.

It is clear that polyhedral sets are convex closed and polyhedral functions are convex
lower semicontinuous.

Theorem 5.1. Suppose C1,...,C, are polyhedral semiconic sets in E, at least one of
them 1s strictly semiconic, and their intersection s nonempty; then

co (Cf*umuc#), ifJ=1{1,....n}
S rcoUCt, £ {1,

i¢J ieJ

(C’lm...mcn)#:

where J = {i : C; is strictly semiconic}.

Corollary 5.2. Suppose K is a polyhedral cone, C' is a polyhedral semiconic set, and
their intersection s nonempty, then

(KNC)Y* = K°4 C*.

If C is strictly semiconic, this is a particular case of Theorem 5.1, otherwise both (K NC)#
and K° + C# are empty.

To prove Theorem 5.1, the following lemma will be needed.

Lemma 5.3. Given positive integers m < n and n nonzero linear functionals yy, ...,y €
E*, the set

1 1
15 closed.

Proof. Consider the set

1 1

It is closed by [5, Theorem 19.1] (this theorem may be applied since M, is a subset of
finite-dimensional space Lin(yj, ..., y,) spanned over yi,...,y,); and as M = scon My, it
follows from [3, Proposition 2.2 (2)] that M is closed too. O

Proof of Theorem 5.1. Since C; are polyhedral, there is a representation

Ci={xeE:{(x,x})) <am k=1,...,N;}, i=1,...,n, (26)
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such that all 2}, are nonzero. We can assume without loss of generality that all o are
nonpositive. Indeed, since A\C; C C; whenever \ > 1, it follows that every positive oy in
(26) may be replaced with 0. Finally, taking into account Lemma 2.1, we’ll assume that
a;; = -+ = ayn, = 0 whenever ¢ € J.

A direct calculation then yields

N;
CZO: {ZAzkI;kAszO(kzlyaNz)}7 Z%J

k=1

Further, fix i € J, denote J; := {k € {1,..., N;} : ay < 0}, and consider N; closed half-
spaces Hy, = {x € E : (z,2},) < aie}, k = 1,...,N;. Clearly, Hy is strictly semiconic
if and only if & € J;. An easy calculation yields HY, = {\z}, : A > 0} for k ¢ J;, and
HY = {\), : A > 1/]a|} for k € J;. Now, applying Theorem 2.2 (see (3)) along with
Lemma 5.3 to the set C; = Hy N --- N H;n, gives us

k:gji keJ;

E}mzlwﬁzéumﬂweL%”zel
keJ;

We get

COOC’Z#: izmkx;k—l—izmwgk:tikZO(kzl,...,Ni; i=1,...,n),
i=1

i=1 k¢ J; i=1 keJ;

=1 keJ;

SN ta > 1yl = aly /ol (k € Ji, i = 1,...,n>}

when J ={1,...,n}, and

N;
Z C? + co U C’Z-# = Z Z iy + Z Z by + Z Z tinYir, -

i¢J e i¢J k=1 ied ke¢J; i€J keJ;

tiw>0(k=1,...,Nyi=1,...,n),

Zztik > 1, yip = xy/|aar] (k € Ji; 0 € J)}

icJ ked;

when J # {1,...,n}. According to Lemma 5.3, both sets are closed, and applying
Theorem 2.2 (see (2) and (3)) completes the proof. O

Theorem 5.4. Let f = fi + --- + fa, where fi,..., fn are polyhedral functions on E.
Suppose that fi, ..., fm are strictly semihomogeneous, fpyi1,- .., fn are semihomogeneous
but not strictly semihomogeneous, and the effective domains of all the functions have a
common point (dom f; N---Ndom f, # &); then Df(x') is given by formula (25).
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Proof of Theorem 5.4. Considering the same sets C; (i = 0,1,...,n) and C as in the
proof of Theorem 2.6 and applying to them Theorem 5.1, we see that the corresponding
set (24) is closed. Now, taking into account Remark 4.1, the result follows. O

Remark 5.5. There are some defects in my paper [3] (and in its short version [2]). The
main of them are indicated in Remarks 2.5 and 2.8 and in a footnote on p. 857. Yet one
omission: I forgot to say that the function ¢ in [3, Proposition 4.6] is semihomogeneous.

Acknowledgements. I am grateful to C. Zalinescu who revealed omissions in [3] and kindly
informed me about them. Also, Example 2.4 was suggested by him. Likewise, I am grateful to
an anonymous referee for his comments and proposing an alternative proof of (1) as is outlined
in Remark 3.2.
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