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We give a new construction of holomorphic function with given almost all boundary values on a bounded
strictly pseudoconvex domain Q with the boundary of class C2. Next we use this construction to solve
Radon inversion problem and describe exceptional sets for square integrals of holomorphic functions along
complex directions.
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1. Introduction

In the papers [1, 10, 11}, the authors constructed an inner function on the domain with
a holomorphic support function. In this paper we use a similar holomorphic support
function as in [11] but we give a new construction of inner function. In fact we describe
our inner function in terms of a given Borel probability measure. As an application we
solve Radon inversion problem for holomorphic functions integrable with square along
complex directions. We also describe exceptional sets in terms of any Borel probability
measure. For more information about exceptional sets see [3, 4, 5, 6, 7, 8].

1.1. Geometric notions

Assume that Q C C? is a bounded domain with the diameter 2R := SUp, yeon |12 — w|.
Let o be a Borel probability measure on 0f).

First, we define so called holomorphic support functions (see also similar definition in
[11]).

Let S be a Borel subset of 992. We shall say that ® : O x .S — C is a holomorphic support
function on S if:

(1) ®(-,2) is holomorphic on € and continuous on €2.
(2) There exist constants ¢;, ¢y > 0 such that for (z,w) € 92 x S we have

exp (—ez ||z — w[”) < [®(z,w)| < exp (—er ||z — w]*) ;
(3) If T'is a compact subset of {2 then sup, ,crxs [P(z, w)| < 1.
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We say that €2 admits holomorphic support function on S if there exists a sequence
{Si}ien of Borel subsets of 92 such that S = (J,oy S and for a given i € N there exists a
holomorphic support function on S;.

For [ :={1,..,k} and § € Ule Si, let pr(§) = min{i € I : £ € S;}. Let us observe that if
®,; : Q x S; — C is a holomorphic support function on S; for i = 1, ..., k then

k
®: Qx| 83 (2,6 = Ppe(2:6)

i=1
is a holomorphic support function on Ule S;.

Let z € 0Q and v : [0,1] 3 ¢ — v(¢) € Q be a continuous curve such that (1) = z. We
say that 7 crosses 0 transversally at z if v([0,1)) C Q and there exists 1 > « > 0 such
that for all ¢ € [0, 1] we have

dist(9€, 7(t)) := inf [ly(t) —wl| > aly(t) - 2|
The set of all such continuous curves is denoted by I'q(z). Moreover, we denote B(x,r) =
{yeR*: ||z —y| <r} for x € R*.

Let m; € R be such that £24(B(z,r)) = mar*® where £™ is the m-dimensional Lebesgue
measure.

We say that A C C? is a-separated set if ||z — w| > «a for z,w € A and 2 # w.

2. Preliminary calculations

In this section we begin with a natural example of domain 2 which has a holomorphic
support function on 0f2.

Example 2.1. Let €2 be a bounded strictly pseudoconvex domain with the boundary of
class C%. Then  has a holomorphic support function on 9.

Proof. By Fornaess’ embedding [2] theorem, there exists a neighbourhood U of Q, a
strictly convex, bounded domain Q C C? with the boundary of class C? and a holomor-
phic mapping ¢ : U — C? such that ¢ maps U biholomorphically onto some complex
submanifold ¢ (U) of C? and

1) W@ cq
(2)  ¥(0Q) C 09,

(3) $(U\D) cC¥\,

(4)

Due to [9, Lemma 3.1.6] there exists a defining function p of class C? for (2 and constants
c3, ¢4 > 0 such that for £ € 9Q and w € C? we have

»(U) intersects 9 transversally.

es wl® < H,(¢, w) < ey flwl?

._ 2°p(&) %p(&)
where H,(¢,w) := 3 Zg k=1 az sz wijwg + 5 ZJ k=1 82 oz, Wik + Zj k=1 92,02, WiWk-

Assume that we have proved the following fact: there exist c¢i,c; > 0 such that for
z,& € 082 we have the following inequality:

—eallz =€ SRz = &,70) < —ea ||z =€ (1)
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where pe = (@(5), @(f)) Let us observe that g(z,£) := exp ((z — £, 0¢)) is now

921 \S)> 0 B
a holomorphic support function on 0f2 and due to Fornaess’ embedding [2] theorem the

following function Q x 9Q > (z,w) — g(¥(2), ¥ (w)) is a holomorphic support function on
o0.

So it suffices to prove (1). Let

@&, h) = (h, pe) + (h, pe) — pe(§ + h).

Since pg is of class C? therefore we have pg(& + h) = pe(&) + (h, pe) + (h, pe) + H,(§, h) +

f(& h)||n]|*, where f is a continuous function such that f(£,0) = 0. Observe that

2R (2 — &, pe) = ¢(&, 2 — &) for z € 0 and € € 0N). In particular we may estimate
2%<Z—£,,O_§> —Hp(f,Z—ﬁ)—f(f,Z—ﬁ) ||Z_£H2 < _

[ER EREds -

C3 — f(€7 Z = f)
and —
2R (2 — &, pe)
2
Iz = €Il
The above inequalities imply that there exist constants ¢, o > 0 such that (1) holds. [

2 _64_f(§72_§)'

In order to control values of the constructed functions we need some information about
a-separated sets,

Lemma 2.2. Suppose that A = {,..,&s} is a 2a-separated subset of 0. For z € 02 let
Ap(z) ={lcA:ak<|z=¢| <ak+1)}.

Then the set Ag(z) has at most (k + 2)?? elements i.e. #A,(z) < (k+ 2)*. The set Ay
has at most 1 element and s < max {1, (%)M}.

Proof. Observe that B(&;a) N B(&;a) = 0 for & # & € A. Moreover

U B(&;a) C B(z alk +2)).

E€Ak(2)

Let dj be a number of elements of A(z). In particular

dpmaa®® = Z £ (B(&a)) < £ (B(z;alk +2))) = ma(a(k +2))%.
§€AL(2)

We conclude that dy < (k + 2)%%. Moreover, if &, &, € Ag(2) then p(&), &) < p(2,&) +
p(z,&) < 2as0 & =&, and dy < 1.

Since Q) C B(0, R) therefore if & > R then s < 1 so we may assume that a < R. In
particular
U B(e) c B(0;2R)
§€AL(2)
and we may estimate

sTaa® <8 (B(&;a)) < £ (B(0;2R)) < ma(2R)*. O
EeA
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Lemma 2.3. Let § > o > 0. There exists an integer N = N(«, ) such that: if t > 0
and A C 052 is at-separated set then A can be partitioned into N disjoint [Bt-separated
sets.

Proof. Let us select from A a maximal ft-separated subset A;. Next from A\ A; we
select a maximal (t-separated subset A;. We proceed this way till we exhaust A. Let A,
be the last non-empty set in this procedure. Let £ € A,. Observe that B(&,5t) N A, # 0
for k =1,...,s — 1. In particular B(&, §t) contains at least s different elements {&1, ..., &}
from A. Since B(&;, at) N B(&, at) = 0 for j # k and B(&;; at) C B(&; (64 a)t) therefore

sma(at)* <Y L (B(¢at)) < 4 (B(& (8 + a)t) < mal(B + a)t)™.

J=1

We can conclude that s < (g + 1)2d. Now it suffices to choose a natural number N so
that (£ +1)* < N O

3. Inner function
In this section we construct an inner function for a domain 2.
We prove the following fact.

Lemma 3.1. Let S be a Borel subset of 9 and ® : Q x S — C be a holomorphic support
function on S. Let 8 € (0,1). There exist constants C > ¢ > 0 and n € N (C, ¢,
n dependent only on 6, S) such that, if ¢ € (0,1), T is a compact subset of Q, H is a
continuous strictly positive function on 0 and g is a complex continuous function on OS2,
then we can choose my € N such that for m > my and each %—sepamted subset A of S
the functions' fami(2) = Y cca H(E)P™(2,§) exp (2= + arg g(&)) i) have the following
properties:

(1) | famplly < e

(2)  |N(fampr+9) (2] = 19(2)] < [famp(2)] < (1+20)H(z) for all z € 0Q;

(3) maxg—o, n1|(famr+9)(2)] —|g(z)| > (1 —20)H(z) for each z € 0Q such that
|z =& < = Jfor some € € A.

Proof. There exist constants ¢y > ¢; > 0 such that for (z,w) € 9Q x S we have
exp (~ca )z — wl®) < |8(z,w)| < exp (~ex |2 — w]?).
There exists n € N such that cos (%) > 1 — 6. Observe that for 1y € R we have

2
max cos <ﬁ+¢> >1-86.
-1 n

Let 0 < § < 1 be such that (1 —§)(1 —6) —56 > 1 —20 and 2§ < 6. Let ¢ > 0 be such
that e7“ > 1 — 0. There exists C' > ¢ such that for £ € N\ {0} we have

c1C2 K2

(k+2)%e 1 <27k

larg0 =0
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2d 2d
Due to Lemma 2.2 the set A has at most (4}%/5) elements i.e. #A < <4Rgﬁ>

Let t := sup, ,)erxs | P(z,w)|. Since 0 <t < 1, for w € T, mg high enough and m > my
we may estimate

AR 2d
Famsw)] < S JH] 7 < ( f) V| < <

ceA
and conclude the property (1).
Let us denote for z € 0N
Ck Clk+1)
A = A ——< < .
(@)= {eeas T < mg < S

Let now s > 0 be so small that ||n —&|| < Cs = (1 —=8§)H(n) < H(E) < (1 +5) (n)
and |g(n) — g(§)| < dH(§). We may assume that my is so large that s > Q\Cﬁ + o for
m > mg. Observe that we may estimate

9 1 C%k2 k 1
. k+Me i< B 27k < 92s/m—1°
k>[2sy/m]+1 k>[2sv/m]+1
Let myq be so large that |[H|| < §22V™~1H(z) for m > mq and z € 95).

Let now z € 9. First assume that Ay(z) = 0. In particular due to Lemma 2.2 for
m > mg we may estimate

((fame+9) D) =19 < [fame <D D HE|B(z,8)"
k=1 ¢€Ay(2)
< D0 D0 H(gemlel
k=1 g€ Ax(2)
[28\/5] 6102k2 HHH
< (1+5)H(z) ;(k+2)26 4 +W

< (149)0H(z)+0H(z) <30H(2).
Now assume that AO( ) # (). Due to Lemma 2.2 we have Ay(z) = {&} for some & € A
where ||z — & < \F < Cs. In particular we can obtain the property (2):
[(famnr+9) () =19 < [famu(2)] < H (&) + 36H(2)
< (1+6)H(2) +30H(2) < (1+20)H(2)

for z € 92 and m > N.

Let now £ € A be such that ||z —¢| < T < CUs. Letr = = |®(2,&)|" and ¢y, := ZE 4
arg @™ (z, &) +arg g(§), Vg = 2k 4 arg ™ (2, &). We have r > e~mezll=—€l” > g—cez > 1 6.
Moreover, there exists kg € {0, 1,...,n — 1} such that cosiy, > 1 — 6. In particular

H©ren 1 g(©) = |HE©re™ +19(©)I]

= r2H(€)* + 2H(€) |9(€)] cos ¥y, + |9(€)[*
> (1-0)2H(E)*+2(1—0)H(E)[g(©)] + lg(&))
> ((1—0)H(&) +[g()]).
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Now we may conclude the property (3):

|(famko +9) (D) > | fampo(2) + 9()| = 19(2) — g(&)]

|H(&)re o + g(€)| — 30H (2) — |g(2) — g(&)]
(L—=0)H(&) +[9(§)] —40H(2)

(1—=0)(1—06)H(z) +[g(2)] — 50H (=)

> (1-20)H(z) + |g(2)]. O

Theorem 3.2. Let S be a Borel subset of 0S). Assume that there exists a holomorphic
support function on S. Let a € (0,1). There exists a natural number N = N(a,S) such
that, if € € (0,1), T is a compact subset of Q, H is a continuous, strictly positive function
on 082, g is a complex continuous function on OS2, then there exists a relatively open
neighbourhood U of S in 0 and there exist holomorphic functions fi,..., fy on £ and
continuous on Q such that || ;|| < & and:

(1) |(fi+9) =192 < |f;(2)] < H(2) for j=1,....;N and z € 9Q;
(2) aH(z) <max;—1_ n|(fj+9)(2)|—lg(2)| for z€ U.

Proof. Let ® : Q x S — C be a holomorphic support function on S. Let # € (0,1) be

such that } éz = a. Now constants C' > ¢ > 0 and n € N can be chosen from Lemma 3.1.

Due to Lemma 2.3 there exists a natural number NV, such that each \/—m—separated subset

of 02 can be partitioned into Ny disjoint %—separated sets. Let us define N = nV,.

AVAR VARV

Let A be a maximal \/Lm—separated subset of S. It can be partitioned into A, ..., Ay,
disjoint %—separated sets. Now due to Lemma 3.1 there exists m and holomorphic
functions f; on € and continuous on ) such that || f;]|, <  and

(1) (i +9) )] =192 < [f;(2)] < $HgH(2) for 2 € 0Q, j = 1,..., N;
(2) maxg—o1,. n-1|(fojex +9) (2)] — [9(2)] > ngH( ) for each z € 00 such that
Hz—§|]<\ﬁforsome€€A and j = 1,..., Np.

Let K = U Uge A B¢, f) Since A is a maximal T—separated subset of S, one has
S C K. Moreover 'if 2 € K then there exist Jo € {1,...,No} and &, € Aj, such that
|z — &pll < ~=- In particular

al(z) < _max  |(fujorr +9) ()] —lg(2)] = max |(f; +9) (2)] — lg(=)]

Uyt Ty

for z € K. Since K is a compact set and functions f;, g are continuous on 0f2, there exists
U, an open neighbourhood of K, such that inequality (2) is fulfilled. O

Recall that ¢ is a Borel probability measure on 0.

Proposition 3.3. Assume that U is a relatively open subset of 02 and K is a compact
subset of U. There exists a relatively open subset V' of o) such that K CV CV CcU
and (V) =o(V).

Proof. Let us denote V. := {z € U : inf ek ||z — w|| < e}. We may observe that there
exists g > 0 such that VEO C U. In particular K ¢ V. c V. C U for 0 < € < .
Let A = {t € (0,e0) : a(Vi \ V) > } Since Ay has at most k elements, J;—; Ay is
a countable set and we may Conclude that there exists r € (0,e0) \ Ujpen Ar- Now it is
enough to observe that o(V,) = (V) and set V := V. O
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Lemma 3.4. Let S be a Borel subset of OS2 such that o(S) =1 and Q2 admits holomorphic
support function on S. Let e,0 € (0,1), T be a compact subset of Q. If H is a continuous
strictly positive function on 0S) and g is a complex continuous function on 0S) then there

exists V, a relatively open subset of S, f holomorphic on § and continuous on Q such
that:

(1) flly <e.

(2) [(f+9) ()| —lg(2)| < H(z) for z € 0Q.
(3) |(f+9) @) =1lg(2)| > 0H(z) for z € V.
(4) o(V)=0(V)>1-2e.

Proof. Let a,d € (0,1) be such that a —26 = 6 and (1 —a)|g(z)| < dH(z) for all z € 9.

There exists a sequence {S;},;.y of Borel sets so that S = J;.y i and for a given i € N
there exists a holomorphic support function on .S;. Moreover, we can choose mg € N such
that o (U2, Si) > 1 — e. Since there exists a holomorphic support function on [J**, S;,
let us choose a natural number N = N (a,J;", S;) given by Theorem 3.2.

Moreover let us define a new Borel probability measure on 0f2 in the following way o (W) =
oW nUZ Si)/a(UZ) S
Now we construct {Vi},.y, a sequence of relatively open subsets in 02 and {fi},cy, a
sequence of holomorphic functions on € and continuous on € such that
(a) |fule)l < forz €T, B
(b) i (2) —wnl2) < 1file)] < S Hil2) for = € U 7
(¢)  wir1(2) —wi(z) < |fu(2)| < Hi(2) for z € 0%
(d)  wit1(2) —wi(z) > aHy(z) for z € Vj;

— — — _Nk=1lzy.
() Vi oQ\US!V, and 5(V) = 5(Vy) > ==/,

where wy(2) = |g(2)|, wms1(2) = |9+ Z;n:l fi) ()
Wimt1(2) + wm(2). ‘ ( )

Let & = 1. Due to Theorem 3.2 there exist fi, V) such that (a)-(d) hold and o(V;) >
Due to Proposition 3.3 we can decrease V; so that (e) is also fulfilled.

, Hh = H and H,,11(2) = Hp(z) —

1
.

Now assume that fi,..., fr_1, V4, ..., Vi_1 are already constructezi. There exists an open
set U such that U C 99 \ Uj;l V,and 6(U) = ¢(U) > NEZ= W) - There exists G,

N+1
a continuous function on 9 such that G(z) < H(z) for z € 09, G(z) < ZH(z) for

z € Uf;ll V;and G(z) = H(z) for € U. Now due to Theorem 3.2 there exist fy, V4 such
=150y _
that (a)-(d) hold and Vi C U, (Vi) > +5(U) > =2==L2Y) £ 5(T7) = 5(V;) then (e)

\V N+1
also holds. Now suppose that (Vj) > (V)). There exists K a compact subset of V} such

_Sk=lay
that F(K) > —==L20)

K C Vk C Vj and 5(%) = 5(%). We can redefine V, := Vk and observe that conditions
(a)-(e) are fulfilled.

. Due to Propositin 3.3 there exists an open set 1719 such that

Now we use the constructed functions { fx}ren and relatively open sets {Vj }xen.

skl
Since >, o(V}) < 1, we may obtain limy .o %ﬁ’(vj) < 0. In particular there exists

m € N large enough such that 1 —¢ < 7 5(Vj). Let now define V- = |Ji°, V; and
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f= ZTzl fi-

First we prove the properties (1), (4):
S E
J=1 J=

and |f(2)| <300, [fi(2)| <Xl gy <eforz €T If o(V) > (V) then we can slightly
decrease all V; so that (4) is now fulfilled.

mo
o ( US (1—e)?>1—2¢

1 —

Observe that H,, — H; = H,, — H = —w,, +w;. In particular the property (2) is obvious:
Wint1(2) —wi(2) < Hp(2) + win(2) — wi(2) = H(z) for z € 09.

If £ < j and z € V}, then we may estimate
J Jj—1

(s+320) @) |5+ Zs) o)
=1 =1

Now let z € V. There exists k € {1,...,m} such that z € V. Since Hy = H — wy + w;
therefore we may obtain the property (3):

dH(z)

~Ih()] > -

wit1(2z) —wj(z) >

n

wny1(2) —wi(z) = Z (Wir1(2) —wj(2)) + wi(2) — w1 (2) + wrp1(2) — wi(2)
- -y 5z§)+wd)—wﬂ@+aHﬁd
> —0H(2)+ (1 —a) (wp(2) —wi(2)) + aH(2)
> —0H(z)— (1 —a)lg(z)| +aH(z) > (a—20)H(z) > 0H(z). O

Theorem 3.5. Let S be a Borel subset of 02 such that o(S) =1 and such that Q admits
a holomorphic support function on S. Assume that G is a lower semicontinuous, strictly
positive function on 0S2. Then there exists S a Borel subset of 02 and a non constant
holomorphic function f on 0 with the following properties:

) There exists {gn},cn. @ sequence of holomorphic functions on 2 and continuous on
Q such that g, converges uniformly to f on compact subsets of 2, |gn(2)] < G(2)
for z € 09, lim,, . |gn(2)| = G(2);

e o(S)=0(8)=1;

. If v 1 [0,1] 2t — ~(t) € Q is a continuous curve crossing 0S) transversally at
(1) = z € S, then there exists a sequence {t,}, .y C (0,1) such that lim,_t, =1

and lim, oo | f(y(82))] = G(2).

Proof. There exists {Gm},,cn
such that G(z) =>_°_, Gu(2).

m=1

a sequence of strictly positive continuous functions on 952

For a given a € (0,1) and U, a relatively open subset of 02 let us denote
F.(U):={y:v€Ta(z),z e Udist(002,7(0)) > e, dist(9Q,v(t)) > e||v(t) — 2|} .

We construct a sequence {e,,},,cy of positive numbers, a sequence { fi,},,y of holomor-
phic functions on €, and a sequence {V,}, . of relatively open subsets of 92 such that
the following properties are fulfilled:
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(1) 0<4dmepi1 <en <1,

(2) If z,w e Qand ||z — w| < meppr then |wy,(2) — wp(w)] < em,
(3)  emr1Hm < G,

(4) | fmllp, < €msr where Ty, = {z € Q : dist(9, 2) > &1},

(5)  Wmt1(2) —wm(z) < Hp(2) for z € 09,

(6)  wWmt1(2) —wm(2) > (1 — epp1) Hp(2) for z € V,,,,

() o(Vim) =0(Vi) > 1 = 25041,

,H1:G1 and

where w; =0, W1 = ‘Z;n:l f
Hm+1 = Hm — Wm+1 + Wy, + Gm+1 > Gm+1.

If m = 1 then we can set £; = 1 and €5 € (0, 1) so that (3) is fulfilled. Now due to Lemma
3.4 there exist fi, V] so that the properties (4)-(7) are fulfilled. Since w; = 0, we can
observe that properties (1)-(7) are fulfilled. Assume that (¢;,;41, f;, V;) are constructed
for j = 1,...,m so that (1)-(7) are fulfilled. Since w1 is continuous and depends only
on fi,..., fm, there exists €,,42 > 0 such that: (1)-(3) are fulfilled. Now we use again
Lemma 3.4 to construct f,,+1 and Vj,;; so that (4)-(7) are fulfilled, which finishes the
construction of (€41, €m+t2, frnt1, Vint1)-

Let Dy, :=(\_; Vin and D = {J, oy Di. Observe that o(Dy) > 1= 261 > 1 —¢.
In particular (D) = 1.

Let us observe that

Hypn—Hy = Z(Hk:—i-l - Hk) = Z(Wk — W41 + Gk+1) = —Wnpt1 + Z G
k=1 k=1 k=1
In particular
Wm+1 = _Hm+1 + ZG}H_l < ZGk—H =G. (2)
k=0 k=0

Let now z € D. There exists m, € N such that z € V,,, for m > m,.

We may estimate

Hipp1(2) = Hp(2) = wmni1(2) + win(2) + Grpa(2) < empi Hin(2) + G (2)
< Gp(2) + Grga(2).

Due to (2) we can conclude that 37" % Gri1(2) < w1 (2) < 3200, Grra(2) = G(z) and
therefore

lim w(z) = G(2) (3)

m—00
for z € D. In particular we can choose g, ==Y 1o, fi-

Let f = > | fm- Now we prove that the holomorphic function f has the required
properties.

Assume that v : [0,1] 3t — ~(¢) € Q is a continuous curve crossing 9) transversally at
v(1) = z € D. There exists a > 0 such that v € I',(V},,) for m > m,. We can additionally
assume that a > % for m > m,. In particular v(0) € T,, for m > m,.
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Now we can define t,, := sup{t € [0,1] :v(¢t) € T,,,} and z, := v(t,,). In particular
limy, ooty = 1 and dist(09, z,,) = €py1. Since z, € T for j > m > m,, we have
|fi(zm)| < €j41 for j > m. Now we may estimate

1/ Gzm)| = wm(2m)] < Z |fi(zm)| < Zsm < em.

Since v € I'y(V},,) therefore e,,11 = dist(052, z,,) > ||z — 2, ||. Observe that ||z — 2, || <
il < mey,yq for m > my,. In particular due to property (2) we have |wy,(2) — wn(2m)| <
em and || f(zm)] — wm(2)] < 2¢,,. Now due to (3) we may conclude that

lim |f(zp,)] = lIm w,(z) = G(2).

m—00 m—00

Since (D) = o(S) = 1, we can define S := D, which finishes the proof. O

It is known (see [9, Theorem 8.4.1]) that a bounded holomorphic function f on a bounded
domain Q with the boundary of class C? has non tangent limits f*(z) for almost all
z € 0L). In particular we can obtain a classical result about inner function:

Theorem 3.6. Let Q CC C" be a domain with the boundary of class C? and G be a
bounded, strictly positive and lower semicontinuous function on 0X). Let n denote (2n—1)-
dimensional Hausdorff measure on 0. Assume that ) admits a holomorphic support
function on a Borel set S with full n measure. Then there exists f, a holomorphic bounded

function on Q such that || f||, < ||Glloq and | f*(2)] = G(2) for n-almost all z € OS.

Proof. We can define a Borel probability measure o := ﬁn. Let f be a holomorphic
function from Theorem 3.5. In particular we have || f||, < |G| Moreover, since f has
f*(2) for almost all z € 99, therefore the last part of Theorem 3.5 gives us the following
equality: |f*(z)| = G(z) for n-almost all z € 99Q. O

4. Applications for Radon inversion problem and exceptional sets.

Assume that 2 C C" is a circular bounded domain such that v : [0,1] > t — tz € Q
crosses {2 transversally at z € 9. We can define a projective (n — 1)-dimensional space
Pt = P(OQ) = {[z] : 2 € 90} where [z] := 9Dz and D := {A € C : |A\| < 1}. In
particular, we can identify 0Q = ODP"~!. Now we can consider the following Radon
inversion problem:

Assume that G is a lower semicontinuous function on P*~!. Let us construct a holomorphic
function f on €2 such that

G(z) = / FO) 2SN,

We solve this problem in terms of a given Borel probability measure:

Theorem 4.1. Let n be a Borel probability measure on P"~ and G be a strictly positive
and lower semicontinuous function on P" 1. Assume that Q) admits a holomorphic support

function on OS). Then there exists h a holomorphic function on 2 such that G(z) =
[ |hOA2) P £2(N) for n-almost all z € P~ and [ |h(\2)|* £2(\) < G(z) for all = € ON.
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Proof. For a given set A C 02 we can define [A] := {[z] : z € A} and A(z) = {t €
(0,1] : e?™z € A} for z € 02. Now we define a Borel probability measure o on 952 by

putting o(A) = f[A] fA(z) dtdn(z).

Let G(Az) = \/G(z). Observe that G is a strictly positive and lower semicontinuous
function on 0. Due to Theorem 3.5 there exists S a Borel subset of 92 and a holomorphic
function f on € with the following properties:

) There exists {g,} a sequence of holomorphic functions on 2 and continuous on

o neN’ =
) such that g¢,, converges uniformly to f on compact subsets of Q, |g,(2)| < G(z)

for z € 9, limy .0 |gn(2)] = G(2);
o o(S) =0(00) =
o If z € S then there exists a sequence {r,}, . C (0,1) such that lim, .., r, = 1 and
limy, oo | f(rnz)| = G(2).
Since o(S) = 1, there exists a Borel set Sy C S such that n([Ss]) = 1 and ng(z) dt =1 for
z € Sy. In particular o(S;) = 1.

Using the maximum property for the holomorphic function D > A — f(Az) we may
conclude that limsup,_, |f(rz)| = G(z) for z € S5 and limsup,_,_ |f(rz)] < G(z) for
z € 0R.

Now there exists a sequence {pp,},,cy of homogeneous polynomlals such that f(w) =
> e Pm(w) for w € Q. Let a,, be such that [ |ampm(Az)]* d€3(N) = |pm(2)]>. Now we
can define a holomorphic function h := Y\ GmPm.

In particular we may estimate for z € Ss:

/D AR = 3 () = lmsup 3 [pu(rs)

meN

1
= lirnsup/ |f(re2msz)’2ds
0

r—1-

= /01 lim sup |f(7"62”52)’2 ds = (é(z))Q =G(2).

r—1-
In the similar way we may obtain for z € 9€) the following inequality:

/|h (Az)[Pd€(\) = / limsup | f(r 2”isz)’2ds§G(z). O

r—1-

Using the above theorem we can describe exceptional sets:

Theorem 4.2. Let E be a set of type Gs in P"™1 and n be a probability measure on E.
Then there exists a holomorphic function f such that fQ\DE |f|2 d&* < oo and E4(f) C E,

1(E) = n(E3(f)) where
B = {= e P [ 1700R ag) = oo

Proof. We can assume that 7 is a Borel probability measure on P"~!'. Let v be (2n —1)-
dimensional Hausdorff measure on 0. There exists a sequence {Uy,},, . in 0€2 of open,
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> v(Un\E)<1

meN

1 for ze U,
Xm(z) ==
0 for z € 00\ Up,.

circular sets such that

and ODE =), .n Unm. Let

meN

Obviously X, is a lower semicontinuous function. Let G =1+ )« Xm. The function
G is also a lower semicontinuous function such that G(Az) = G(z) > 0 for |A|] = 1 and
z € 0 so we can assume that G is defined on P"~!. On the basis of Theorem 4.1 there
exists a holomorphic function f € O(€2) such that

(1) G(2) = [ [f(A2)|” £2()\) for n-almost all z € P 1.

2) [, 1f(A2)P €3(\) < G(z) for all z € IQ.

Observe now that

Gdv =1+ (Un \ E)
/8Q\8]D)E Z \

meN
There exists a constant C' > 0 such that

C/ |fI?dg* < / / FO2) 2 dg(N)dy(z )g/ Gdv < 2.
Q\DE ANN\ODE J [\<1 IN\ODE

Moreover, since £ = G~!(c0) therefore E3(f) C E and n(E) = n(E3(f)) which finishes
the proof. Il

References

[1] A. B. Aleksandrov: The existence of inner functions in the ball, Math. USSR, Sb. 46(2)
(1983) 143-159.

[2] J. E. Fornaess: Strictly pseudoconvex domains in convex domains, Amer. J. Math. 98 (1976)
529-569.

[3] J. Globevnik: Holomorphic functions which are highly non-integrable at the boundary,
Israel J. Math. 115 (2000) 195-203.

[4] P. Jakdbczak: Description of exceptional sets in the circles for functions from the Bergman
space, Czech. Math. J. 47 (1997) 633-649.

[5] P. Jakébczak: Highly non-integrable functions in the unit ball, Israel J. Math 97 (1997)
175-181.

[6] P. Jakébezak: Exceptional sets of slices for functions from the Bergman Space in the ball,
Canad. Math. Bull. 44(2) (2001) 150-159.

[7] P. Kot: Description of simple exceptional sets in the unit ball, Czech. Math. J. 54 (2004)
55-63.

[8] P. Kot: Exceptional sets in convex domains, J. Convex Analysis 12(2) (2005) 351-364.
[9] S. G. Krantz: Function Theory of Several Complex Variables, PWN, Warsaw (1991).

[10] E. Lew: A construction of inner functions on the unit ball in C?, Invent. Math. 67 (1982)
223-229.

[11] E. Lgw: Inner functions and boundary values in H*°(2) and A(Q2) in smoothly bounded
pseudoconvex somains, Math. Z. 185 (1984) 191-210.



