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Well-Posedness of Inverse Variational Inequalities
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Let Q C R” be a nonempty closed and convex set and f : R — RP be a function. The inverse variational
inequality is to find 2* € RY such that

f@)eq, (f' = f(x),2") =20, Vf e

The purpose of this paper is to investigate the well-posedness of the inverse variational inequality. We
establish some characterizations of its well-posedness. We prove that under suitable conditions, the
well-posedness of an inverse variational inequality is equivalent to the existence and uniqueness of its
solution. Finally, we show that the well-posedness of an inverse variational inequality is equivalent to the
well-posedness of an enlarged classical variational inequality.
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1. Introduction and Preliminaries

Throughout this paper, unless otherwise specified, we always suppose that Q C R is
a nonempty, closed and convex set, K C R™ is a nonempty, closed and convex set,
f: R’ — RP and F : K — R™. Denote by (-,-) the standard inner product. The
classical variational inequality (denoted by VI(K, F')) is to determine a vector u* € K
such that

(F(u*),u—u*) >0, VuekK.

The classical variational inequality has many important applications in different fields
and has been studied intensively (see e.g. [1, 2, 4, 11, 14, 15, 17]). Especially, the well-
posedness issues of variational inequalities have been attracting attentions of researchers
in the fields of mathematics and economics. Lucchetti and Patrone [17] introduced in the
literature the first notion of well-posedness for a variational inequality. Lignola and Mor-
gan [14] introduced the parametric well-posedness for a family of variational inequalities
and investigated its links with the extended well-posedness [19, 20] of the correspond-
ing minimization problems. Lignola and Morgan [15] further introduced the concept of
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a-well-posedness for variational inequalities. Recently, Fang and Hu [2] studied the well-
posedness of variational inequalities by means of estimate functions for approximating
solutions. For other results on the well-posedness of variational inequalities, we refer the
readers to [1, 3, 16].

In this paper we consider the well-posedness of the following inverse variational inequality
(denoted by IVI(, f)): find 2* € RF such that

f@) e, (f = f(a"),2") 20, Vf e

Clearly, if f has a single-valued inverse function f~', IVI(, f) can be translated into
the classical variational inequality VI(Q, F) by setting u* = f(z*) and F(u*) = f~'(u*).
This motivates the name of inverse variational inequalities. However, f(z) does not allow
measurements, and only F'(u) is available in some practical applications. In addition, an
inverse variational inequality also arises in some practical problems. In fact, the primary
motivation of study on inverse variational inequalities originates from the fact that the
equilibrium state control problem can be interpreted as an inverse variational inequality.
For details, we refer the readers to [9, 10]. Another motivation lies in the fact that an
inverse variational inequality can be regarded as a special case of a general variational
inequality formulated as: find * € R” such that

f(z) e, (y— f(a*),9(z")) 20, Vye

where g : RP — RP_ which has been studied intensively (see e.g., [7, 18]). Compared with
variational inequalities, there are only a few results on the inverse variational inequality
in the literature. Recently, some numerical methods have been developed to solve the
inverse variational inequality (see e.g. [5, 6, 8]). The fact that well-posedness issue is
closely related to numerical methods motivates us to investigate the well-posedness of
inverse variational inequalities. We generalize the concept of well-posedness to an inverse
variational inequality and establish some characterizations of its well-posedness. We prove
that under suitable conditions, the well-posedness of an inverse variational inequality is
equivalent to the existence and uniqueness of its solution. We also prove that the well-
posedness of an inverse variational inequality is equivalent to the well-posedness of an
enlarged classical variational inequality.

In the sequel we always suppose that « is a nonnegative number.

Definition 1.1. A sequence {r,} C R is called an a-approximating sequence for
IVI(Q, f) iff there exists €, > 0 with ¢, — 0 such that

Flen) €9 {flan) = fa) < SlIf(@a) = FIP +en Vf €QVneN.
When a = 0, we say that {x,} is an approximating sequence for IV (S, f).
Definition 1.2. We say that IV (€, f) is a-well-posed iff IV (€, f) has a unique solu-
tion and every a-approximating sequence converges to the unique solution. If a; > as > 0,

then a;-well-posedness implies ap-well-posedness. In the sequel O-well-posedness is always
called well-posedness.

Definition 1.3. We say that IVI(Q, f) is a-well-posed in the generalized sense iff
IVI(€, f) has a nonempty solution set S and every a-approximating sequence has some
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subsequence which converges to some point of S. In the sequel 0-well-posedness in the
generalized sense is always called well-posedness in the generalized sense.

Definition 1.4. A function f : R — R is said to be monotone iff

(f(z) = fly),x—y) >0, Va,yeR".

Definition 1.5. A function f : R’ — R’ is said to be hemicontinuous iff for any z,y €
RP | the function t — (f(z + t(y — x)),y — z) from [0, 1] to R is continuous at 0, .

Denote by Pq(z) the metric projection of z on €, i.e.,
Po(z) = argmin{||z — 2| : 2 € Q}, Vz € R".
It is known that u = Po(2) if and only if
(u—z,v—u) >0, Yvell

We need the following lemma and concepts to deal with a-well-posedness of IV (£, f).

Lemma 1.6. Let a >0, 2* € RY with f(x*) € Q, and let Q C R be a nonempty convex
set. Then
<f($*)—f/,I*>§0, \V/fIGQ

if and only if
(@) = 0 < SIFE) = FI1% v e

Proof. The necessity holds trivially. For the sufficiency, suppose that
* * « *
(f@) = fLa7) < Sl = LIP v e

For given g € Q and t € [0, 1], we have f(z*) 4+ t(g — f(z*)) € Q since Q is convex and
f(z*) € Q. It follows that

t<f(l’*) -9 ZL‘*>

(f(a") = (f(=") + tlg = f(27))), 2")

< SIFE) = () +ilg = )P
= s - ol

This yields
* * at * 2
() — 9.2 < D7)~ ol
Letting ¢ — 0 in the above inequality, we get

(f(z") —g,2%) <0, Vge
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Definition 1.7 ([13]). Let A be a nonempty subset of R”. The noncompactness measure
1 of the set A is defined by

p(A) =inf{e >0: AC U, A;, diamA4; <e, i=1,2,--- ,n},
where diam means the diameter of a set.

Definition 1.8. Let A, B be nonempty subsets of R”. The Hausdorff distance H(-,-)
between A and B is defined by

H(A, B) = max{e(A, B),e(B, A)},

where e(A, B) = sup,c4 d(a, B) with d(a, B) = infyep ||a — b||. Let {A,} be a sequence
of nonempty subsets of R. We say that A, converges to A in the sense of Hausdorff if
H(A,, A) — 0. It is easy to see that e(A,, A) — 0 if and only if d(a,, A) — 0 for all
selection a,, € A,. For more details on this topic, we refer the readers to [12, 13].

2. Metric Characterizations

Let «, f,€) be defined as in the previous section. In this section we derive some metric
characterizations of a-well-posedness and a-well-posedness in the generalized sense for
VI, f).

Consider the a-approximating solution set T, (¢) of IVI(€, f):
Ta(e) = {‘T € RP : f(ZL‘) € Qv <f([E) - f/al'> < %Hf(l’) - f/H2 +€7Vf/ S Q}a Ve > 0.

We first give a metric characterization of a-well-posedness for IVI (€2, f).

Theorem 2.1. Let Q be nonempty, closed and convex, and let f : RE — RY be continu-
ous. Then IVI(S), f) is a-well-posed if and only if

To(e) #0, Ve>0 and diamT,(e) =0 ase— 0. (1)

Proof. Suppose that IVI(Q, f) is a-well-posed. Then IV (€, f) has a unique solution
x*. Clearly, z* € T,(¢) for all € > 0. If diam T,(e) /4 0 as ¢ — 0, then there exist [ > 0,
€, > 0 with ¢, — 0, and u,, v, € Ty(€,) such that

|t —vn|| > 1, Vn € N. (2)

Since uy,, v, € T,(€,), both {u,} and {v,} are a-approximating sequences for IV (€, f).
By the a-well-posedness of IV (€, f), they have to converge to the unique solution z* of
IVI(S, f), a contradiction to (2).

Conversely, suppose that condition (1) holds. Let {z,} C R be an a-approximating
sequence for IV (), f). Then there exists €, > 0 with €, — 0 such that

Flan) €9, (fwn) = fran) < SIf ) = FIP +en, VS EQVREN.  (3)

This yields that z,, € T,(¢,). From (1), we know that {x,} is a Cauchy sequence and so
it converges to a point € RY. Since f is continuous and (2 is closed, we have

f@ e, (f@-f.a)<3If@-rI2 v eq
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It follows from Lemma 1.6 that
f@eQ (f@)-f.7) <0, VfeQ

Thus Z is a solution of IVI(€, f). To complete the proof, we need only to prove that
IV I(Q, f) has a unique solution. Assume by contradiction that IV I(€2, f) has two distinct
solution z; and xs. Then it is easy to see that x1, 25 € T,(€) for all € > 0 and so

0 < ||lxy — 22| < diamT,(¢) — 0,
a contradiction to (1). O

Next we establish a metric characterization of a-well-posedness in the generalized sense
by considering the noncompact measure of Ty (€).

Theorem 2.2. Let @ C RY be nonempty, closed and convex and let f : R — RY be
continuous. Then IV I(S, f) is a-well-posed in the generalized sense if and only if

To(e) #0, Ye>0 and p(Tu(e)) —0 ase— 0. (4)

Proof. Suppose that IVI(S, f) is a-well-posed in the generalized sense. Let S be the
solution set of IV (2, f). Then S is nonempty and compact. Indeed, let {x,} be any
sequence in S. Clearly {x,} is an a-approximating sequence for IV (€, f). By the a-well-
posedness in the generalized sense of IV (€, f), {x,} has a subsequence which converges
to some point of S. Thus S is compact. Further we have T,(¢) D S # 0 for all € > 0.
Next we shall show that

w(Ty(e)) - 0 ase— 0.
Observe that for every e > 0,
H(Tu(e), 5) = max{e(Tu(e), 5), e(S, Ta(€))} = e(Tale), 5).
Taking into account the compactness of S, we get
W(Ta€)) < ZH(Ta(e), ) + 1u(S) = 26(Ta(e), 9).
To prove (4), it is sufficient to show
e(Ty(€),S) — 0ase— 0.

If e(To(€),S) # 0 as € — 0, then there exist | > 0, €, > 0 with ¢, — 0, and z,, € T,(€,)
such that

r, €S+ B(0,l), VYnéEN, (5)

where B(0,1) is the closed ball centered at 0 with radius [. Being z,, € T, (€,), {z,} is
an c-approximating sequence for IV I(€2, f). By the a-well-posedness in the generalized
sense of IV I(S), f), there exists a subsequence {z,, } of {x,} converging to some point of
S. This contradicts to (5) and so

e(T,(¢),S) — 0 ase—0.
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Conversely, assume that (4) holds. Since f is continuous and €2 is closed, T, (€) is nonempty
closed for all € > 0. Consider

! ! Q / !/
S = NesoTale) = {w € RY: f() € Q, (f(2) — f,2) < Sl f(z) = fI%Vf € Q).
This together with Lemma 1.6 yields
S - S, - ﬂE>0TOé(€)

Since p(T,(€)) — 0, the Theorem on page 412 of [13] can be applied and one concludes
that S is nonempty, compact and

e(Ty(€),S) =H(T,(e),S) — 0 ase—0.

Let {u,} C RY be an a-approximating sequence for IVI(€, f). Then there exists €, > 0
with €, — 0 such that

Jlun) €2 (flun) = Jyun) < SIf(a) = FP +€n, VS € Q0 E N,

This means that u,, € T,(¢e,). It follows that
d(uy, S) < e(T,(€,),S) — 0.
Since S is compact, there exists z,, € S such that
|lwn, — Zn|| = d(tp, S) — 0.

Again from the compactness of S, {Z,} has a subsequence {Z,, } converging to = € S.
Hence the corresponding subsequence {u,, } of {u,} converges to z. Thus IVI(, f) is
a-well-posed in the generalized sense. O]

3. Conditions for Well-Posedness

In this section we shall prove that under suitable conditions, the well-posedness of an
inverse variational inequality is equivalent to the existence and uniqueness of its solutions.

Theorem 3.1. Let Q C RY be nonempty, closed and convexr. Let f : RE — RP be
hemicontinuous and monotone. Then, IVI(Q, f) is well-posed if and only if it has a
unique solution.

Proof. The necessity holds trivially. For the sufficiency, suppose that IV (€, f) has a
unique solution z*. Then

f@)eq, (f(z")-[f,27) <0, Vfeq
Since f is monotone, we get
(f(x) = fla" —a) + (2, f(a*) = [') < (2", f(a*) = f') <0, VzeR".Vf eQ. (6)

Let {z,} C R" be an approximating sequence for IVI(, f). Then there exists €, > 0
with €, — 0 such that

f(xn)€Q7 <f(xn)_flaxn>§6na \V/f/GQ,VHEN.
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Since f is monotone, it follows that

(@) = [ wn = a) + (2, f(@n) = f') < (@n, flwn) = f) Sen, Vo e ROV €Q (T)

Take
u* = (2%, f(z")) and w, = (x,, f(z,)), VYn €& N.

If {u,} is unbounded, without loss of generality, we can suppose that ||u,| — +oo. Set

1

ty = ——mm
T e =]l

Wy = (2n, gn) = u* + t,(u, — u*)

= (2" + tp(rn — 2%), f(27) + tu(f(2,) — f(27))).

Without loss of generality, we can suppose that ¢, € (0,1] and w, — w = (z,9) # u*.
Further we have g € € since € is closed and convex. For any f’ € Q and any z € R, it
follows that

(fl@) = [z —a) +{z,g = f)
= (@)= flz—z)+ (f(@) = [z —27) + {f(x) = [,2" — 2)
(2,9 = gn) + (2,90 — (7)) + (2, f(z7) = [)
= {{f@) =z =z) + {29 = g)} +{{f () = 2" — ) + (2, f(2") = )}
Ha{(f (@) = ' an — &%) + (2, f2n) — f(2"))}
= {{f@) = fz—m) +{x,g— g} + A= t){{f(2) = 2" — ) + (2, f(z") = [)}
Fta{(f(2) = f' 20 — 2) + (2, f2n) — [))}- (8)

It follows from (6)-(8) that

(fle) = fz—a) + (2,9 — f)
<{f(@) = fr 2= 20) + (2,9 — gn) +toen,Vf €9, Vo€ R VneN.

Letting n — oo in the above inequality, we get
(flx)=fz—a)+(x,g—f) <0, Vf cQVreR" 9)

For any 2’ € RY and any ¢’ € Q, define 2(t) := z + t(2' — 2) and ¢(t) := g +t(g' — g) for
all t € [0, 1]. It follows from (9) that

(F(z(8) = g(t), z = 2(t)) + (2(1), 9 — 9(t)) <0,

which leads to
(f(2(t)) — g(t),z — ") + (2(t), g — ¢') < 0.

Since f is hemicontinuous, letting ¢ — 0, in the above inequality, we get
(f(2) —g,z—2) +{z,9—¢) <0, V'€ R" Vg cQ. (10)
From (10), since 2’ is arbitrary, it follows that

s(f(z) — g,r) < constant (11)
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for every real s and every r. From (11) we get f(z) = g, so that
(2, f(2) —¢) <0, V¢ €. (12)

From (12), we know that z solves IV (€, f) and so z = x* since z* is the unique solution
of IVI(€, f). This is a contradiction to (z*, f(z*)) # (z, f(2)).

So we can suppose that {u,} is bounded. Let {u,, } be any subsequence of {u,} such
that u,, — (Z,g) as k — oo. It follows from (7) that
(f@) = f 20, —2) + (2, f(wn,) = ) S €n, Vo €RVVf Q.
Letting k — oo in the above inequality, we get
(flx) = fz—a)+ (x,g— f) <0, VYozeR" Vfeq

By same arguments as in (9)-(12), we have

f(.f)ZQEQ, <f’f(j)_f/>§0’ vfIEQ'

Thus Z solves IVI(Q, f). We have £ = z* since IVI(Q, f) has a unique solution x*.
Therefore z,, converges to x* and so IV I(£, f) is well-posed. O

The following simple example can illustrate the conclusion of Theorem 3.1.

Example 3.2. Let Q = R? and f(z) = (2% 2*) for all 2 € R?. Clearly Q is closed
and convex, f is hemicontinuous and monotone, and x* = (0, 0) is the unique solution of
IVI(Q, f). By Theorem 3.1, IVI(€Q, f) is well-posed.

4. Links with Well-Posedness of Classical Variational Inequalities

In this section we shall prove that the well-posedness of an inverse variational inequality
is equivalent to the well-posedness of an enlarged classical variational inequality.

Let K C R™ be a nonempty, closed and convex set and F' : K — R™. Consider the
classical variational inequality (denoted by VI(K, F)): find u* € K such that

(F(u"),u —u*) >0, VYueK.

Definition 4.1 ([14]). A sequence {u,} C K is said to be an approximating sequence
for VI(K, F) iff there exists €, > 0 with ¢, — 0 such that

(F(up), up, —v) <€, YveK,VneN.

Definition 4.2 ([14]). We say that VI(K, F) is well-posed iff VI(K, F) has a unique
solution and every approximating sequence converges to the unique solution. We say that
VI(K, F) is well-posed in the generalized sense iff VI(K, F') has a nonempty solution set
S and every approximating sequence has a subsequence which converges to some point of

S.
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Let K = R x Q and F : K — R?" be defined by

F(u)=<f(“")_y), Vu = (2,y) € K.

T

In what follows we always suppose that F' and K are defined as above. The follow-
ing lemma shows that every inverse variational inequality IV I(€2, f) is equivalent to an
enlarged variational inequality VI(K, F').

Lemma 4.3 ([8]). Let z* € R and u* = (z*, f(z*)) € K = R" x Q. Then z* is a
solution of IVI(Q, f) if and only if u* is a solution of VI(K, F).

Theorem 4.4. Let Q C RY be closed and let f : R — RP be continuous. Then,
IVI(Q, f) is well-posed if and only if VI(K, F) is well-posed.

Proof. Let IVI(Q, f) be well-posed. Then IV (€, f) has a unique solution z* € RF. By
Lemma 4.3, u* = (z*, f(x*)) is the unique solution of VI(K, F'). Let u, = (x,,yn) € K
be an approximating sequence for VI(K, F'). Then there exists €, > 0 with ¢, — 0 such
that

(F(up), un —v) <€, Yv=(z,y) € K,Yn € N.
This implies

(f(@n) = YnyTn — ) + (Yn — Y5 Tn) < €0

hence

(f(xn) = Yn, 2p — ) < €0+ (Y — Y, ), Vo€ RY ¥yecQ,¥nec N.
Fix y € O,z € R” and consider x = x,, — sz, then
s(f(xn) — yn, z) < constant
where s is arbitrary. Then f(z,) = y,, hence
(Tns Y = Y) = (Tns f(@0) —y) < €0, Yy €Q,VnEN.

This means that {z,} C RY is an approximating sequence for IVI(Q, f). By the well-
posedness of IVI(Q, f), x, — x*. Therefore, u, = (x,, f(z,)) — (2%, f(z*)) and so
VI(K, F) is well-posed.

Conversely, assume that VI(K, F) is well-posed. Then it has a unique solution u* =
(x*,y*) with y* = f(2*). By Lemma 4.3, z* is the unique solution of IVI(Q, f). Let
{x,} C RP be an approximating sequence for IVI(€, f). Then there exists ¢, > 0 with
€, — 0 such that

flzn) €, (f(zn) —y,2n) <€, YyeQVneN. (13)

Take
Un = fx,) and  u, = (Tn, Yn)-
It follows from (13) that

up € K, (F(up),u, —v) <€, Yv=(z,y) € K,Yne€N.

This means that {u,} is an approximating sequence for VI (K, F'). By the well-posedness
of VI(K, F), u, = (zn, f(zn)) — (2%, f(z*)). Thus z, converges to z* and so IVI(£, f)
is well-posed. O]
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For the well-posedness in the generalized sense, we have the following analogous result:

Theorem 4.5. Let Q C RY be closed and let f : RY — RY be continuous. Then,
IVI(Q, f) is well-posed in the generalized sense if and only if VI(K, F) is well-posed in

the generalized sense.

Proof. The conclusion follows from analogous arguments as in Theorem 4.4. m

Acknowledgements. The authors thank the referees for their helpful comments and sugges-
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