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1. Introduction

Let E be a real Banach space, C' a nonempty subset of E, and f a function of ' x E into
R U {—00, 00} such that f(z,z) =0 for all z € C. Then the equilibrium problem (with
respect to C') is formulated as follows: find z € C' such that

f(z,y) >0 forallyeC.

In this case, such a point £ € C' is called a solution to the problem. The equilibrium
problem has been widely discussed in the literature. For example, existence results of
solutions were obtained in [6], [19], [4] and [7], while some methods for finding a solution
were studied in [8], [13], [5] and [18]; see also [3] and references therein. On the other
hand, let A be a maximal monotone operator on E. If 0 € Az, then x is called a zero
of A. It is known that the problem of finding such a point is one of the most important

problems in convex analysis and mathematical optimization; see, for instance, [12], [17],
[14], [9], [10] and [11].
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The main purpose of this paper is to investigate a relationship between the problem of
finding a solution of the equilibrium problem and the problem of finding a zero of a
maximal monotone operator. Roughly speaking, in this paper, we assert that these two
problems are equivalent under some conditions.

In the next section, we treat some definitions and notions of geometrical properties of a
Banach space. The convexity, monotonicity, and semicontinuity for extended real-valued
functions are also introduced.

In §3, using existence results due to Blum and Oettli [4], we deal with the resolvent for
a maximal monotone function f, where f is the objective function of a given equilibrium
problem. Then we construct a maximal monotone operator for f, and moreover, we see
that the resolvent of the maximal monotone operator coincides with that of f. We also
examine the reverse: for a given maximal monotone operator, we provide a method of
constructing a maximal monotone function and prove that their resolvents are identical.

The last section is devoted to studying a one-to-one correspondence between a maximal
monotone operator and a maximal monotone function for an equilibrium problem. We
construct a bijective mapping from the family of all maximal monotone operators having
a fixed nonempty closed convex effective domain to the family of maximal monotone
functions satisfying certain conditions.

2. Preliminaries

Throughout this paper, N denotes the set of positive integers, R the set of real numbers,

E a real Banach space with norm || - ||, E* the dual of E, (z,£*) the value of £* € E* at
xz € E. The set of extended real numbers is denoted by [—o00,00] = R U {—00,00}. Let
us define a + 0o = 0o +a =00 and a + (—o0) = —co+a = —0 if a € R, and

—(00) = —00 and —(—00) = 0.

The (normalized) duality mapping J of E into 2¥" is defined by

Jo={a" € E*: (z,2") = |lz]|" = |2*3-}

for x € E. It is known that
lz)|* = llyl* < 2(z —y,27) (1)

holds for all x,y € E and x* € Jx. It is also known that the duality mapping J of F is
surjective if E is reflexive.

The norm || - || of E is said to be Gateaux differentiable if the limit

ety — |
t—0 t

exists for all z,y € E with ||z|| = |ly|| = 1. In this case a Banach space E is said to
be smooth. We know that the duality mapping J is single-valued and norm-to-weak*
continuous if £ is smooth. A Banach space E is said to be strictly convex if ||z + y|| < 2
for all z,y € FE whenever ||z|| = ||y|| = 1 and = # y. It is known that the duality mapping
J of E is injective, that is, JxNJy = () for all z,y € E with x # y if F is strictly convex;
see [20] for more details.
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Let ¢ be a function of E into [—o00,00]. The effective domain {x € E : ¢(x) < oo} of ¢
is denoted by D(¢). A function ¢ is said to be convex if

Az + (1= Ay) < Ad(z) + (1= A)o(y) (2)

for all z,y € E and A € (0,1) such that the right hand side is well defined. A convex
function ¢ is said to be proper if ¢(x) > —oo for all x € E and there is y € E such that
¢(y) < oo. A function ¢ is said to be lower semicontinuous if the set {x € F : ¢(z) < [}
is closed in FE for all [ € R. We know that if a function ¢ is lower semicontinuous, then

x, — x implies ¢(z) < liminfo(z,);

see, for example, [2, 20].

Remark 2.1. Let ¢: E — [—00, 0] be a lower semicontinuous and convex function. If
there is y € E such that ¢(y) € R, then ¢(z) > —oo for all x € E. In fact, let {\,} be a
sequence in (0,1) such that A\, — 0. If ¢(z) = —o0, then

Az + (1= An)y) < Ang(2) + (1 = An)o(y) = —o0

for every n € N. Since ¢ is lower semicontinuous, we have that
¢(y) < liminfp(A,z + (1 = Ay)y) = —o0.
n—odo

This is a contradiction. So, we have that ¢(z) > —oco for all z € E.

Let ¢ be a function of E into [—00, 00]. The function ¢*: E* — [—00, 0c| defined by
¢*(x") = sup((z, %) — ¢(z))

zel

for x* € E* is called the conjugate function of ¢. The biconjugate function ¢**: E —
[—00, 0] of ¢ is defined by

¢ () = sup ((z,z") — 9" (x"))

e E*

for x € E. We know that if ¢ is proper, lower semicontinuous, and convex, then ¢ = ¢;
see [2, 21].

For a nonempty subset C' of a Banach space F, the indicator function i¢: E — [—00, 0]

for C' is defined by
o (z) 0 ifzxecC;
io(x) =
¢ oo ifxzé¢C.

Let f be a function of £ x E into [—oo, 00] and C' a nonempty subset of E. We say that
f is monotone with respect to C' if

f(:v,y) S —f(y,x)

for all ,y € C. In this case, if f(u,v) > —oo for all u,v € C, then f(z,y) € R for
all x,y € C. Indeed, suppose that f(y,x) = oo for some x,y € C. Then, from the
monotonicity of f, we have

—00 < f(z,y) < —f(y,x) = —(00) = —00,

which is a contradiction. Therefore we see that f(y,z) € R.



398 K. Aoyama, Y. Kimura, W. Takahashi / Mazimal monotone operators and ...

Remark 2.2. Let C' be a nonempty subset of a Banach space E and f a function of
E x E into [—o00,00]. Suppose that f(z,z) = 0 and f(x,-): E — [—00,00] is lower
semicontinuous and convex for all x € C'. In this case it follows from Remark 2.1 that
f(z,y) > —oco for all z € C and y € E. In addition, assuming that f is monotone with
respect to C, we conclude that f(z,y) € R for all z,y € C.

Let C' be a nonempty subset of E. A function f: F'x E — [—00, o] is said to be maximal
monotone with respect to C'if, for every x € C' and z* € E*,

flz,y)+(y—z,2") >0 forallyeC
whenever (z — x,2*) > f(z,z) for all z € C; see [4].

Let A be a multi-valued mapping of E into E*. For convenience, we regard a multi-valued
mapping A as its graph {(z,z*) € E x E* : 2* € Az}. That is, (x,2*) € A if and only
if ¥ € Ax. The effective domain of A is denoted by D(A), that is, D(A) = {z € E :
Ax # 0}. A multi-valued mapping A is said to be monotone if (z — y, x* — y*) > 0 for all
(x,2*) € Aand (y,y*) € A. A multi-valued mapping A is said to be a maximal monotone
operator if A is monotone and its graph is not properly contained in the graph of any
other monotone operator of £ x E*. It is known that a monotone operator A C E x E*
is maximal monotone if and only if

(v,x*) e ExX E* and (v—y,2*—y") >0 forall (y,y*) € A
imply (z,x*) € A; see, for instance, [2, 20]. We also know the following.

Lemma 2.3 (Rockafellar [15]). Let E be a strictly convex, smooth, and reflexive Ba-
nach space and A C E x E* a monotone operator. Then A is maximal monotone if and
only if R(J +rA) = E* for all v > 0, where R(J + rA) is the range of J + rA.

Let E be a strictly convex, smooth, and reflexive Banach space and A C E' x E* a maximal
monotone operator. Let r > 0 and x € E be given. Using Lemma 2.3, we know that
there exists a unique x, € D(A) such that Jx € Jz, + rAz,. Thus we may define a
single-valued mapping J,: E — D(A) by J.z = z,, that is, J. = (J +7A)"'J. Such a
mapping J,. is said to be the resolvent of A for r. The set of all zeros of A is denoted by
A710, that is, A7'0 = {z € E: Az 5 0}. It is known that A~'0 = F(J,) for all r > 0,
where F'(J,) is the set of fixed points of J,. It is also known that

1
~(J = JJ)z € Al (3)

for all » > 0 and x € Ej see, for example, [9, 10, 11].

Let E be a Banach space, C' a nonempty subset of E, and f a function of F x E into
[—00, 00] such that f(z,x) =0 for all x € C. The solution set of an equilibrium problem
(with respect to C') is denoted by EP(f). Namely,

EP(f) ={2€C: f(z,y) > 0for all y € C}.

3. Resolvents and Maximal Monotonicity

We first discuss the existence of resolvents of a maximal monotone function. The following
theorem is essentially due to Blum and Oettli [4, Corollary 1].
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Theorem 3.1. Let E be a smooth and reflexive Banach space and C' a nonempty closed
convez subset of E. Let f be a function of E X E into [—00, 00| that satisfies the following
conditions:

(F1) f(x,z) =0 forallz € C;

(F2) f is monotone with respect to C;

(F'3) f(x,-) is lower semicontinuous and convez for all v € C;

(F4) [ is mazimal monotone with respect to C.

Then for every x* € E*, there exists z € C' such that

1 1 .
0< f(5m) + 5 Il = 51217 = (y = =07)

forally € C.

Remark 3.2. The assumption for f of [4, Corollary 1] is stronger than that of Theo-
rem 3.1. However, it is not hard to prove this theorem by using the techniques developed
in [4].

If, in addition to the hypotheses of Theorem 3.1, F is strictly convex, then it is easy to
see that such z is unique for each x* € E*. Thus we have the following theorem, which is
also essentially obtained in [4]. We give the proof for the sake of completeness.

Theorem 3.3. Let E be a smooth, strictly convex, and reflexive Banach space and C' a
nonempty closed convex subset of E. Let f be a function of E x E into [—00, 00| that
satisfies (F'1), (F2), (F3) and (F4) in Theorem 3.1. Then for every x* € E*, there exists
a unique point z € C' such that

0< f(zy)+y—2Jz—217)
for ally € C.

Proof. Let x* € E* be fixed. From the consequence of Theorem 3.1, it follows that there
exists a point z € C' such that

1 1 .
0< Fley) + 3 Il — 5 2l — {y = 2,2%)
for all y € C'. Note that f(z,y) € R for all y € C' by Remark 2.2. Thus the monotonicity
of f implies that
1 1 .
f(%z)ﬁ—HZJH2—§HZH2—<y—27$> (4)

forally € C. Let 2z, = (1 —t)z+ty € C fory € C and t € (0,1). Then it is clear that
2z € Cforallte(0,1). By (4) and (1), we have

1 1 .
Flenz) < ¢l = 3 l2l® = {a = 2,07)
< Az —z,Jz) — (2 — z,27) (5)

= (z—z,Ju—a")=t{y—zJz —a").
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Note that f(z,2), f(z,y) and f(y,z) € R because of Remark 2.2 and the fact that
y,z,z € C. Using (F1), (F3), (5) and (F2), we obtain

0= f(z2)
< (=) f(2,2) +tf(2,v)
S (A =tt(y — 2 Jz —2") +tf(2,y)
<A =t)t(y— 2z, Jz — ") +t(—f(y, z)).

Therefore we get

[y, ) < (1 =t) (y — 2, Jz — 27)
for all y € C'and t € (0,1). Since J is norm-to-weak™ continuous and since lim; ¢ z; = 2
and f(y,-) is lower semicontinuous, we conclude that

fly,z) < hrtnionff(y, z) < lignionf(l —t)(y—z,Jz—2")=(y—2z,Jz—2")

for all y € C. Consequently, (F4) implies that

fEy) +y—2J2-27) 20
for all y € C. On the other hand, it follows from (1) that if z € C and f(z,y) +
(y —z,Jz—2a*) >0 for all y € C, then

1 2 1 2 *
0< fzp) + 2ol = S 1l? = (o - 2.

for all y € C. Since E is strictly convex, such z is unique. So, we conclude the desired
result. Il

Using Theorem 3.3, we immediately obtain the following:

Corollary 3.4. Let E be a smooth, strictly convex, and reflexive Banach space and C' a
nonempty closed convex subset of E. Let f be a function of E X E into [—00, 00| that
satisfies (F1), (F2), (F3) and (F4) in Theorem 3.1. Then for every x € E and r > 0,
there exists a unique point z,. € C' such that

ng(zr,y)+%<y—zr,JzT—Jx) (6)

forally € C.

Proof. Let z € F and r > 0 be given. Note that a function r f also satisfies the conditions
from (F1) to (F4). Therefore, for Jx € E*, there exists a unique point z,. € C such that

Ogrf(z,,,y)%—(y—zr,er—Jx)

for all y € C. This completes the proof. ]

Under the same assumptions in Corollary 3.4, for every r > 0, we may define a single-
valued mapping F,: £ — C by

FT:C:{zeC:ng(z,y)—F%(y—z,Jz—J@ forallyeC} (7)
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for x € E, which is called the resolvent of f for r.

Next, we study a relationship between a maximal monotone operator and a maximal
monotone function. For a given maximal monotone function f, we introduce a method of
constructing the maximal monotone operator Ay whose resolvent coincides with that of

f.
Theorem 3.5. Let E be a real Banach space and C' a nonempty subset of E. Let f be a
function of E x E into [—00, 00| that satisfies the following conditions:

(F1) f(z,x) =0 for allx € C;
(F2) [ is monotone with respect to C';
(F3) f(z,-) is lower semicontinuous and convex for all x € C.

Let Ay be a multi-valued mapping of E into E* defined by

A — {{:C* eE: flx,y) > (y—x,z*) forallye C} ifxeC; (8)

0 ife ¢ C.

Then EP(f) = A;l() and Ay is monotone. Moreover, suppose that E is smooth, strictly
convex, and reflexive and C' is closed and convex. If f is mazimal monotone with respect
to C, then Ay is a mazimal monotone operator and the resolvent F, of f coincides with
the resolvent (J +rAp)~J of Ay for each r > 0.

Proof. The equality EP(f) = A]TlO is obvious from the definition of A;. We first prove
that A; is monotone. Let (x,z*), (y,y*) € Ay. By the definition of Ay, we have
f(ilf,Z) > <Z—£L',£C*> and f(yaz) > <Z_y7y*>

for all z € C. In particular we obtain

fle,y) = (-2 and  fly,2) = (& -y y"). 9)
Note that, from Remark 2.2, f(z,y) and f(y,x) € R. It follows from (F2) and (9) that

0> f(z,y) + fly,z) > (y —z,2") +(x —y,y") = —(z —y, 2" —y").

Therefore we conclude that (z —y,2* —y*) > 0 for all (z,2%), (y,y*) € Ay. This means
that Ay is monotone.

We next prove that A; is maximal monotone. Suppose that C' is a closed convex subset
of a smooth, strictly convex, and reflexive Banach space E. Suppose that f is maximal
monotone with respect to C'. Let » > 0 be given. From Lemma 2.3, it is enough to show
R(J+rAyf) D E*, where R(J +rAy) is the range of J +rA;. Let 2* € E* be fixed. Since
E is reflexive and smooth, J is surjective and single-valued, that is, there exists z € F
such that Jr = x*. Let F, be the resolvent of f for r > 0. Corollary 3.4 and (7) imply
that

1
f(Fx,y)+ . (y— Fx,JE.x — Jx) >0

for all y € C, that is,

f(Fx,y) > <y — Fx, %(Jx - JFrx)>
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for all y € C. This shows (Jz — JF,z)/r € A;F,x and hence
" =Jr e (J+rAp)Fz. (10)

This means that 2* € R(J +rAy). Therefore we conclude that R(J +rAf) D E* and Ay
is a maximal monotone operator on E. According to (10), we have

(J+rAp) 'z > Fa

for all z € F and r > 0. In this case, we know that the resolvent (J +rA;)~J of A; for
r is single-valued. Consequently,

(J+rAp) e =Fa

for all x € E and r > 0. It follows that the resolvent of f coincides with the resolvent of
Ay. This completes the proof. n

Remark 3.6. In Theorem 3.5, we can not guarantee D(Af) = C. For the case of
D(Ay) = C, see §4.

We know from [1] that every reflexive Banach space has an equivalent strictly convex and
smooth norm. So, we have the following result.

Corollary 3.7. Let E be a reflexive Banach space and C a nonempty closed convex subset
of E. Let f be a function of E X E into [—00, 0] that satisfies the conditions (F1), (F2)
and (F8) in Theorem 3.5. Then, if f is mazximal monotone with respect to C, then an
operator Ay defined by (8) is maximal monotone.

Next, we construct a maximal monotone function f4 from a given maximal monotone
operator A C E x E*.

Theorem 3.8. Let E be a real Banach space and A C E X E* a monotone operator such
that the effective domain D(A) = {x € E : Az # 0} is nonempty. Let f4 be a function of
E x E into [—o0, 00| defined by
sup{(y — x,z*) : x* € Az} if x € D(A);
Falay) = U =) b ) (1)
—00 if x ¢ D(A)

for x,y € E. Let EP(fa) be the solution set of an equilibrium problem of fa with respect
to D(A). Then A='0 C EP(f4) and the following are satisfied:

(F1) fa(z,z) =0 for all x € D(A);

(F2) fa is monotone with respect to D(A);

(F3) falx,-) is lower semicontinuous and convex for all x € D(A).

Moreover, if A is mazimal monotone, then f4 is mazimal monotone with respect to D(A).
Furthermore, suppose that E is smooth, strictly convex, and reflexive. If D(A) is closed
and convez, then the resolvent of A coincides with the resolvent of f4.

Proof. The inclusion A~'0 C EP(f4) and (F1) is trivial from the definition of f4.
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Let x € D(A). Then Ax # (). Since a function ¢(y) = (y — x, x*) is affine and continuous
for every x* € Ax, it follows that f4(z,-) is convex and lower semicontinuous. This implies

We next show (F2): Let x,y € D(A) be given. Since A is monotone, we have
—(z-y,y) =2 (y—=a)
for all z* € Az and y* € Ay. This implies that
inf{—(z —y,y") 1 y* € Ay} > sup{(y —x,27) : 2" € Az} = fa(z,y)
for all z,y € D(A). Therefore fa(z,y) € R for all 2,y € D(A). It is clear that
inf{—(z —y,y") 1 y" € Ay} = —sup{(z —y,y") : y" € Ay} = —fa(y,v)
for all z,y € D(A). From these facts, we obtain (F'2).

Assuming that A is maximal monotone, we show that f, is maximal monotone with
respect to D(A). Let (x,&*) € D(A) x E* be fixed. Suppose that (z — z,£*) > fa(z,x)
for all z € D(A). Then we have (z — z,£*) > (x — z,2*) for all (z,2*) € A, and hence

(z—a,2" = (=€) 2 0

for all (z,2*) € A. Since A is maximal monotone, we conclude that (x,—¢*) € A.
Therefore we obtain that

fa(z,y) = sup{(y —x,2%) - 2" € Az} > (y — 2, —=¢")
for all y € E. Consequently, it follows that
for all y € E. Hence, we deduce that f, is a maximal monotone function.

Suppose that E is smooth, strictly convex, and reflexive and D(A) is closed and convex.
From all observation above, using Corollary 3.4, we can define the resolvent F, of f4 for
each r > 0, that is,

1
F.x = {z €D(A): falzyy)+—-(y—2,Jz—Jzxy >0forally € D(A)}
r
is a singleton for all x € E' and r > 0. On the other hand, let J,. be the resolvent of A for

r > 0. From (3) and the definition of f,, we obtain
fa(Jrx,y) = sup{(y — J,x, 2") : 2" € AJ,x}
> <y e Jr — JJTx> _
r

Consequently, we have

Faldi,y) + 2

r

(y — Jyx,JJ,x — Jx) >0

for all x,y € E. This means that J.x € F,.z. Since each F,x is a singleton, we deduce
that J,x = F,x for all x € E. This completes the proof. Il

Remark 3.9. Let E be a reflexive Banach space and A C EF x E* a maximal monotone
operator. Rockafellar [16] showed that the strong closure of D(A) is convex.

In §4, we also show that A='0 = EP(f4) under the same setting as Theorem 3.8.
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4. Maximal monotone operators and maximal monotone functions

In this section, we investigate a correspondence between a class of maximal monotone
operators and a class of maximal monotone functions.

Theorem 4.1. Let E be a reflexive Banach space, A C E x E* a monotone operator
which has a nonempty closed convez effective domain C' = D(A), fa a function of E X E
into [—o00, 00| induced by A with (11), and Ay, a monotone operator induced by fa with

Afo _ {{x* e F*: fA(x,y) > <?J - x,x*> for all y € O} if v € C (12>

0 ifx ¢ C.
If A is mazimal monotone, then Ay, = A.

Proof. Suppose that A is maximal monotone. Let © € E. If Ay, x = (), then clearly
Af,x C Az. Otherwise, there exists u* € Ay, x. Since f4 is monotone by Theorem 3.8,
we have that for all (y,w*) € A,

<y - I’,U*> S fA($7y) S _fA<y7x) S - <I’ - y7w>k> = <y - $aw*> :
Therefore we have (y — z,u*) < (y — z,w*), or equivalently
(y —x,w* —u") >0

for all (y,w*) € A. Since A is maximal monotone, we obtain that v* € Az and thus
Af,x C Az for every x € E. On the other hand, by Corollary 3.7 and Theorem 3.8,
we have that A;, is also maximal monotone if A is maximal monotone. Hence we have

A, = A 0

We also have the following corollary.

Corollary 4.2. Let E be a reflexive Banach space, A C E x E* a mazximal monotone
operator which has a nonempty closed convex effective domain C = D(A), and fa a
function of E x E into [—oc, 0] induced by A with (11). Then, A0 = EP(f4).

Proof. It follows from Theorem 4.1 that A='0 = A]TAIO. Therefore, using Theorem 3.5,
we have that

ATI0 = A7 [0 = EP(f4),

which completes the proof. Il

Next, we consider the conditions which imply that fa, = f for a function f satisfying
(F'1), (F2) and (F3) in Theorem 3.5. We first prove the following lemmas.

Lemma 4.3. For a monotone operator A C E X E* with a nonempty domain C = D(A),
let fa be a function induced by A with (11). Then,

(F5) falx,ty+ (1 —t)x) = tfa(x,y) forx € C,y € E, t >0, and fa(v,y) = —o0 for
vg Candy € E.
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Proof. Let z € C, y € E, and t > 0. Then we have that
falw,ty+ (1 —t)z) = sup ({ty+ (1 —t)z —x,27)
2*€Ax

= sup t(y—z,z")
Z*€Ax

=t sup (y—x,2")

z*€Ax
= th<:U7 y)
It is obvious from the definition of f4 that fa(v,y) = —oo for v ¢ C and y € E. O

Lemma 4.4. Let f be a function of E X E into [—00,00] and C' a nonempty subset of
E satisfying (F1), (F2) and (F3) in Theorem 3.5. Let Ay be a monotone operator on E
induced by f with (8). Suppose the following:

(F6) f(y,v) > (v—y,w*) for every v € E whenever y € C, w* € E*, and f(y,v) >
(v —y,w*) for every v € C.

Then, for x € C and z* € E*, z* € Asx if and only if (x, 2*) = sup,cp((v, 2*) — f(z,v)).

Proof. Suppose z* € Ayz. Then we have that f(z,v) > (v —z,2*) for all v € C. By
assumption, it follows that f(x,v) > (v — x, z*) for all v € E, or equivalently that

(2,2} 2 sup((v, %) — f(z,0)).

On the other hand, since f(x,z) = 0, it always holds that
sup((v,z*> - f(ZE,U)) > <JI7Z*> - f(I,ZL') - <JI7Z*> :

veE

Hence we have that (z, z*) = sup,cx((v,2*) — f(z,v)). Next, we suppose that (x,z*) =
sup,ep((v, 2*) — f(z,v)). Then it follows that

(z,2%) = igg((U,Z*> — f(z,v)) = igg(@, 2") = f(z,v))

and thus (z,z*) > (v,z*) — f(z,v) for all v € C. Therefore we obtain that f(x,v) >
(v—ux,2*) for all v € C, which implies that 2* € Ayz. This completes the proof. ]

Theorem 4.5. Let f be a function of E X E into [—00,00], C' a nonempty convex subset
of E, and Ay an operator on E induced by f with (8). Suppose the conditions (F1), (F2)
and (F3) in Theorem 3.5 and C' = D(Ay). Then fa, = [ if and only if the following
conditions hold:

(F5) flzty+ (1 —t)x) =tf(z,y) forxe C,ye E, t >0, and f(v,y) = —o0 forv ¢ C
andy € E;

(F6) f(y,v) > (v—y,w*) for every v € E whenever y € C, w* € E*, and f(y,v) >
(v —y,w*) for everyv € C,

where fa, is a function of E X E into [~o0,00] defined by

sup{(y — z,z*) : 2* € Az} if x € C;

Jagley) = {—oo ifwv ¢ C.
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Proof. Suppose that f4, = f. Lemma 4.3 shows that (F5) holds. For (F6), suppose
x € C and z* € E* satisfy f(z,y) > (y —x,z*) for every y € C. It follows from the
definition of Ay that 2* € Ayz. Thus we have that

fl,y) = fa,(w,y) = sup (y—z,w") > (y —x,2")

w*E€Asx

for every y € E. Hence (F6) holds.

Next, let us suppose that (F5) and (F6) hold. Let x € C and define a function g,: F —
(—o00, 00| by ¢.(y) = f(z,y) for y € E. Using (F5), we have that

gty =)
t>0

ety (=00

t t>0 t
e y)

t>0 t

= f(-’B,y)

for every y € E. Define h,: E — (—00, 00| by h,(v) = infi~ g.(x+tv)/t for v € E. Then,
since h,(v) = f(z,v + x) and f satisfies the conditions (F1) and (F3) in Theorem 3.5,
one has that h, is proper, lower semicontinuous and convex. For z* € E*, it follows that

M(") =

sup((v, 2%) — hu(v))

veEE
z t
sup (@7 2 — inf M)
vEE t>0 t
" t
vEE t>0 t
1 *
sup sup —(t (v, 2%) — g (x + tv))
t>0 veFE

1
sup — sup((« + tv, 2*) — gu( + tv) — (7, 2)

t>0 veE

1 * *
sSup — Sup(<u7 < > - gx(u)) - <JI7Z > :
t>0 uelk

Since sup,cp((u, 2*) — gu(u)) — (z,2*) > (x,2*) — g.(x) — (x,2*) = 0, it follows that
h%(z*) > 0. By Lemma 4.4 with the condition (F6), we get that

hﬁf)zt@Af)z{

0 if 2" € Az
oo if 2" ¢ Asx.
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Hence we have that

f(fl',y) - hw(y - 37)
= h;"(y — @)
= sup ((y — x,2%) — hi(z"))

z*eE*

= sup ((y —x,2%) — iA;2(27))
z*eE*

= sup (y—=x,2z%)
2*€Ajx

= fAf(:B7y)7

for every y € E. On the other hand, suppose that x ¢ C. Then we get from the definition
of fa, and (F5) that

fAf(xay) = -0 = f($ay)7
for every y € E. Hence we get that f4, = f, which completes the proof. m

Lemma 4.6. Let E be a reflexive Banach space. For a mazimal monotone operator
A C E x E* with a closed convex effective domain C', let fa be a function induced by A
with (11). Then, the following holds:

(F6) faly,v) > (v—y,w*) for every v € E whenever y € C, w* € E*, and fa(y,v) >
(v —y,w*) for every v € C.

Proof. Let y € C' and w* € E* and suppose that fa(y,v) > (v —y,w*) for every v € C.
Then we have that w* € Ay, y by the definition of A;,. Using Theorem 4.1, we obtain
that A = Ay, and hence w* € Ay. Therefore we have that

faly,v) = sup (v—y,2") > (v—y,w")
z*€Ay

for every v € F. m

Now we summarize our results.

Theorem 4.7. Let C' be a nonempty closed convex subset of a reflexive Banach space
E. Let M be the family of all maximal monotone operators with an effective domain C,
and let F be the family of all functions of E x E into [—oo, 0] satisfying the following
conditions:

(F1) f(z,x) =0 for allx € C;
(F2) f is monotone with respect to C;

(F'3) f(x,-) is lower semicontinuous and convex for all x € C;

(F4) f is mazimal monotone with respect to C;

( flz,ty+ (1 —t)x) =tf(x,y) forx e C,y € E, t >0, and f(v,y) = —o0 forv ¢ C
and y € F;

(F6) f(y,v) > (v—y,w*) for every v € E whenever y € C, w* € E*, and f(y,v) >

(v —y,w*) for everyv € C.

)

)
Fy)
F5)
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Define a function ®: M — F by
P(A) = fa
for A € M, where fu is a function induced by A with (11). Then @ is an injection.

Moreover, let
Fo={feF: DAy =C}.

Then, @ is a bijection of M onto Fy.

Proof. Theorem 3.8, Lemma 4.3, and Lemma 4.6 guarantee that f4 € F and hence @ is
well defined. Let Ay, As € M and suppose that ¢(A;) = &(Ay). Then, by Theorem 4.1,
we have that

A= Apy = Avay) = Aa(ay) = Agy, = Ao
Hence @ is a one-to-one mapping. We also have that ®(A) € Fy for every A € M since
D(Aaa) = D(A) = C.

On the other hand, let f € Fy. Then, it follows from Theorem 3.5 that Ay is monotone.
Moreover, since f is maximal monotone, Ay is also maximal monotone by Corollary 3.7.
By assumption, D(Af) = C. Therefore one has that Ay € M. Theorem 4.5 implies that

f=1ra, =P(Ap)
and hence @ maps M onto Fy. O]

In addition to the theorem above, suppose that F is smooth and strictly convex. Then,
it follows from Theorem 3.8 that @ preserves the resolvents. Namely, the resolvent of A
coincides with the resolvent of ®(A) for each A € M.
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