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We give a I'-convergence result for vector-valued nonlinear energies defined on periodically perforated
domains. We consider integrands with p-growth for p converging to the space dimension n. We prove
that for p close to the critical exponent n there are three regimes, two with a non-trivial size of the
perforations (exponential and mixed polynomial-exponential) and one where the I'-limit is always trivial.
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1. Introduction

Variational problems on perforated domains can be considered the prototype of the class
of problems on varying domains. This is a very much studied class of problems and
shows interesting implications in homogenization and shape optimization problems (see
[1], [8]). A perforated domain is obtained from a fixed €2 by removing some periodic set,
the simplest of which is a periodic array of closed sets:

Qs =\ | (di +2K), (1)

with ¢ = ¢(9) and K a bounded closed set with non-empty interior. We are interested in
the study of problems in which we fix Dirichlet boundary conditions on the boundary of
Q25 (or on the boundary of {25 interior to §2). The asymptotic behaviour of such problems
is obtained by studying the I'-convergence of the functionals

Fy(u) = /Qf(Du) dr if ue WyP(QR™) and v =0 on Q\ Q, @)
+00

otherwise,

where f is an energy density satisfying a growth condition of order p > 1.

From early results by Marchenko and Khruslov [14] we know that in the case f(Du) =
| Du|P there is a particular choice for the scaling of the perforations which produces the
appearance in the I'-limit of an extra term replacing the internal boundary conditions.
The limit functional, indeed, is given by

Fo(u) = /Q | Du|P dx + /<cp/Q |ul? dz,
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where r, is a positive constant, explicitly calculable. This result was recast in a rigorous
variational setting by Cioranescu and Murat [10], who provided an explicit formula for
the critical choice of € according to the space dimension n:

e= RSP if p<n, with R>0,

e =exp(—adn1) if p=mn, witha > 0.

In [2] Ansini and Braides performed a complete analysis in the vector-valued case of the
['-convergence result for energies with a general integrand f with p-growth, in the case
p < n. In their setting the form of the extra term is fQ o(u) dz, where the function ¢ is
given by a capacitary formula. The case n = p, leading to the exponential scaling, was
studied in details in [15]; in this case the limit extra term is characterized by a formula
of homogenization type.

In this paper we will consider the dependence of the energies in (2) on varying p, in order to
better understand the behaviour at the critical scaling and to overcome the discontinuity
in the description of the asymptotic analysis at p = n. Since we are interested in a scale
analysis we will consider integral functionals on periodically perforated domains (1) in
which f(Du) = |DulP to avoid the technicalities of more general f (for which we refer to
[15]). We will see that the behaviour as 6 — 0 and p — n gives rise to three possible
regimes:

o ifn—p=~rt + 0((5%) with v € R then the critical radius is exponential; i.e.,
€ = exp ( — aén%nl) with a > 0;

e ifn—p>0andn—p> 671 then the critical size of the perforation is given by an
interpolation of polynomial and exponential terms: ¢ = Rn%zﬂén%ﬂ(n — p)%, with
R > 0;

e ifn—p<O0andp—n>> 7, then the limit is finite (and null) only on the constant
function zero: this situation will be referred to as rigid regime.

2. The three regimes - Heuristics

In all that follows n > 1 and m > 1 are fixed integers. If £ C R" is a Lebesgue-measurable
set then |E| is its Lebesgue measure. B,(x) is the open ball in R™ of centre x and radius
r; if x = 0 we will write B, in place of B,(0). The letter ¢ denotes a generic strictly
positive constant.

Let € be a fixed bounded open subset of R™ with [0Q2| = 0. Let K C R" be a bounded
closed set with non-empty interior. Let (J;), (£;) be two sequences of positive real numbers
converging to zero. For all ¢ € Z™ and 7 € N we denote by xf the vector 1d; € 6;Z™ C R".
Let €2; be the periodically perforated domain

Q; =0\ U (2] + &, K). (3)

1EL™

Let (1) be an infinitesimal sequence of real numbers. Let p; = n—mn;. We want to find the

critical scaling ¢; = €;(d;,7;) for the perforations; i.e., the one which gives a non-trivial
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[-convergence result for the functionals

/ |DulPidz  if u € WhPi(Q;R™) and u = 0 on 2\ €,
F(u) = ¢ Ja

400 otherwise.

In other words, taking into account the n-homogeneity properties of F;, we look for the
critical (g;) such that the family (F}) I'-converges to a functional Fj of the form

Fy(u) = /Q | Du|™ dx + K/Q lu|" dx  for u € WH"(Q; R™), (4)

where k is a positive constant that we want to calculate explicitly. As is customary, not
to overburden the notation all our functionals will be understood to take the value 400
where not explicitly defined.

In this paper we will show that the critical scaling and the expression of the extra term in
the I'-limit are determined by the behaviour of the sequence (n;) with respect to (¢;), as
j — 400. The three regimes we mentioned in the Introduction emerge from the analysis
of the asymptotic behaviour of a family of minimum problems which play a fundamental
role in the computation of the I'-limit. Indeed, the proof of the I'-convergence result relies
on a general argument by Ansini and Braides [2], which allows to reduce the computation
of the extra term to an estimate along converging sequences close to the perforations. In
order to give a heuristic idea of the crucial lemma in [2], we consider the case K = B
and a sequence u; — u. The technical argument of the lemma (which is based on De
Giorgi’s method for matching boundary conditions) allows to make the assumption that
the energy ‘far from the perforations’ gives a term which can be dealt with separately and
produces the first integral in (4). Moreover, the lemma enables to treat each perforation

B.,(z]) separately. Suppose that u is continuous; since u; — u we can assume that wu;
is close to the limit value u(z?) close to B, (z7). In particular the lemma in [2] shows

that we may suppose u; = u(z?) on the boundary of some small ball B.s, (z]) containing

ng(xj ). In our case, after a translation and a scaling argument, we get:

/ | Du,|P dx
Bc6j (‘T‘Z)

> inf{/ |Dv[Pi dz v =0 on B, v=u(z]) on 8Bc5j}
Bc(Sj

J

> gl inf{ / |Dv|Pidx :v=0o0n By, v= u(xf) on 8305]'/63}
Bcéj/aj

. J
= |u(a])|Pey inf{/ |Dv|Pidx :v=0o0n By, v= u(a:l) on 8305]./5]}.
B

C5j/€j |u(x‘17)|

If we sum over the perforations, we obtain
Z / | Du P dx
7 Bcéj (905)

. _ J
> Z u(z])[Pre inf{ / |Dv|Pidr:v=0o0n By, v= u(xz) on 8B65j/5j}.
- B

[u(})]

céj/aj



658 L. Sigalotti / Asymptotic Analysis of Periodically Perforated Nonlinear ...

We want ¢; to be such that the following quantity is a Riemann sum:

771

Zé”|u |pJ 5 1nf{/ |Dv|Pidex :v=0o0n By, v= “
Bs5j/ej |

()]

on 9B, /e, } (5)

If there exists kK € R™ such that

5

£
—nlnf{/ |DvP?dz :v=0o0n By, v= “
6 céd;/e ’u(xl)‘

on 8Bagj/€j} — K, (6)

then (5) is a Riemann sum converging to the extra term

/<J/Q |u|™ dx (7)

as j — +o0o. The argument above will be made rigorous in the following sections.

Our first step consists in the asymptotic analysis of the scaled minimum problems (6).
We fix a vector v € R™ such that |v| = 1; we will see that the limit is independent of the
choice of v. We want to study

J

lim 3} in { / [DufPs do v € v+ W™ (B R™), v=0on B} (8)
Bcé.

15
= lim(;—ninf{/ |Dv|Pidx :v €v+ Wol’pj(Ba;j/sj;Rm), v=0on Bl} 9)
J j cédi/e

J

where ¢ is a positive constant. We assume that 7; # 0; for the case n; = 0 we refer to
[15].

For any unit vector ¥ € R™ the infimum

inf{/ |Dv|Pi dx = v Gu—i-Wol’pj(Ba;j/sj;Rm), v=0on Bl} (10)
B.s /e

equals

mé = inf{/ |DulPidx ;v € 1+W01’pj(Bc(5j/€j;R), v=0on Bl}, (11)
B.s /e

where the inf is taken among scalar functions. To check this, we first note that up to
rotations it is not restrictive to assume that v = e; = (1,0,...,0). On the one hand we
can identify each test function v for (11) with a vector-valued test function @ for (10) by
setting v = vey, hence we deduce that

inf{/ |DvPidzr: v € e+ Wol’pj(Bcgj/Ej;Rm), v=0on Bl}
Bes /e

< inf{/ |Dul|Pi dx - v€1+W01’pj(Ba;j/€j;R), v=0on Bl}.
cod; /e
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On the other hand, we note that if ¥ = e; in (10), then the minimum must be reached by
a function of the form © = (¢',0,...,0) (if © has non-zero components @/ for j # 1 then

the energy increases). Taking o' € 1+ VVO1 " (Bes, /e;3 R) as a test function for (11), we get

inf{/ | Dv|Pi dx - le—l—WOl’pj(Ba;j/sj;R), v=0on Bl}
B

céj/sj

< inf{/ |Dv|Pide: v € e + W()l’pj(Bcgj/Ej;Rm), v=0on Bl}.
Bcéj/sj

Therefore we can restrict our attention to the scalar problem (11) and note that by
simmetry reasons the minimum is reached by a radial function v(z) = w(|z|). Now,
w : RT — R satisfies the Euler equation

0

a—p(|w’(p)|pf‘2p”‘1w’(p)) =0

and the constraints
w(l) =0, w(cdj/e;)=1. (12)

With no loss of generality we can assume that w'(p) > 0 and we find

oo = ()7 =) 0= (3)7)

The minimum in (11) then is computed as

C(Sj/t’;‘j , . 1
mi = Wno / [w'(p)|P7p" " dp
1

8;/e; o\ L—p; |pi—1 15\ P
— wn_l/l 1— (%) Py (pJUi’ T <ppj—1 1> "ol dp
B G R E S o (13)
(p; — )P cd;
In conclusion the limit in (9) equals
li Wn—1 nj s—ni,. |pj—1 €j P;il o
Jim e ol 1= () (14)

Remark. It is easily seen that the limit

c

: nj s—n
lime;’0; " m;

J

is independent of the constant c. Hence it is not restrictive to perform the asymptotic

analysis having fixed ¢ = 1. To this end we denote by m; the infimum mjl-; i.€.,

m; = inf{/ |Dv|Pide: vel +W01’pj(B5j/€j), v=0on Bl}
Bs;/e;

= inf{/ |Dv|? dx - U€V+W(]1’pj(35j/5j;Rm), v=0on Bl}.
B

j/ej
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We know that

i

m] = Wnp—1 (p] o 1)1’]‘*1

(15)

We recall that if n = p; i.e., n; = 0, the critical scaling for the perforations is exponential
(see [15] for the details). We expect the exponential scaling to be the critical one also
in the case that the sequence (7;) is ‘not too far’ from zero: in fact we will find that if

;] = 677" or |n;] < 677" then the choice £; = exp ( — aéj_n/n_l) gives an extra term of
the form (7) in the I'-limit.

Afterwards, we will consider 7; > 0 such that n; > (5;-1/ "1 Our ansatz is that in (15) the

factor .
M 1-p,
(-G

converges to some positive constant, hence we can restrict our attention to

. Wn—1 nj s—n|, |pj—1
R AL

We expect the critical scaling to be ¢; =
will prove that our assumptions are correct.

5;/ K 77?/ " for some # > 0; an explicit calculation

Finally, we will deal with n; < 0 and |n;| > 5]-”j. In this case any choice of (¢;) gives
the result we would get if 7; = ¢ < 0: the I'-limit is finite (and null) only on the constant
function v = 0. In this case the compact embedding into continuous functions prevails
over the convergence of p; — n'.

(1) Exponential regime. Consider the case in which

;=70 +0(6;7") (16)

with v € R. We will show that if we take

£j = exp ( — a5j’;j),
where a > 0 is a fixed constant, then the limit in (9) is finite.
In fact, if y € R\ {0} we get

)

@)

J

__n_ n 1-p;
_ . n—1 5
exp ( a(SJ p—j_1>

1—pj

n
€,/ m; , 1 1
lim 2~ = lim e w1 — :
i 9 j (pj — 1)t |y

’773‘ ’nfldjfn

. n—1
L (I

n— 1)1 et A
( ) J 5]- ! 5]’"’]
1 _ay 1-n
_ Wn—1 . _.
T - 1)(77,—1)6 N =: a(7). (17)




L. Sigalotti / Asymptotic Analysis of Periodically Perforated Nonlinear ... 661

If v =0 we have

8n]m 1-—n
lim 47 — %1 a = Ut (0. (18)

i 5]71, (TL _ 1)71—1 (n _ 1)1—71 an—l

Note that «(0) equals the limit we get in the case 1; = 0; note moreover that

lima(y) = a(0).

(2) Mixed polynomial-exponential regime. In the case that n; > 0 and

then the critical scaling is
1

1
o — PR N
gj=R"4;"n; )

n n

with R > 0 fixed. The computation of the limit gives

P T Wy
M5 pi—1 SPi—1 Pi—1
li gj m; — 1 Wn—1 RS™ —n+15—n pj—1 1 — R 5j nj
lm 6” - lm ( - 1)17]'—1 377] J 77_] nj
J 5 7 \Pj 61‘9]-71
J
Since
1 n 1—n
Rri-1gli tpritt
1- J n] _
im T =0
J ey
J
5j
we have
o —1;
1 Ej m; . I; 77] o Wn—1
im ——— = Rw, 1 lim pymri R —.
i 0 i (pj—1)Pi (n—1)

(3) Rigid regime. Finally, we suppose that n; < 0 and

;| > 07"

In this case we will see that for any choice of (¢;) the functionals (F;) I'-converge to the
functional F, : W (Q; R™) — [0, +00] given by

Fo(u) 0 if u=0,
colU) =
+00 otherwise.

3. Statement of the main result

The main result of this paper will be stated in Theorem 3.1.
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Theorem 3.1. Let m,n € N withn > 2, m > 1. Let € be a bounded open subset of R™
with |09 = 0. Let K C R" be a bounded closed set with non-empty interior. Let (0;) be
a sequence of positive numbers converging to zero; let (n;) be an infinitesimal sequence of
numbers; we set p; = n—mnj;. Let (¢;) be a non-negative sequence such that ¢; < 6;/2. For
alli € Z" and j € N, x indicates the vector v} = id; € §;Z" C R™. Let Kfj =1 +¢,K.
For all j € N we denote by §); the periodically perforated domain

Q; =0\ | J K. (19)

1EZL™

Consider the functionals F; : W'Pi (Q;R™) — [0, +o0] defined by

/Q]Du\pj dr ifu=0 onQ\Q;, (20)

+00 otherwise.
Let ¢, = €;(8;,m;) be defined as follows:

(1) exponential regime: if 7, =76 ' +0(6/""), v €R, then e; = exp(—aéj"_j), with
a>0;

(2) mixed polynomial-exponential regime: if n;, > 0 and n; > 5?, then ¢; =
1 p lon
R 5;’ nj% , with R > 0.

Let r be the positive constant defined by

n

(1) exponential regime: if n; = fyéfj + 0(5?) with v € R, then

1 _ay |1-n

wn_l —ay — e n—1 .

K= e ) 0
(= 1)0D 5 [y #0,
and k is extended by continuity to the case v = 0; i.e., Kk = (nf’i)ji_l;

(2) mixed polynomial-exponential regime: if n; > 0 and n; > 5j”j , then

Wnp—1

H:Rm

Then the functionals (F;) defined as in (20) I'-converge (with respect to the strong con-
vergence of L'(Q;R™)) to the functional F: W™ (Q; R™) — [0, +00] given by

F(u):/Q\Du|”dx~l—/f/Q|u|"dx. (21)

Moreover,

(3) rigid regime: if n; < 0 and |n;| > 5fj and () is a generic sequence satisfying
0 S € S 5]'/2;
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then the functionals (F}) defined as in (20) I'-converge (with respect to the strong conver-
gence of L*(;R™)) to the functional Fy : WY (Q; R™) — [0, +00| given by

Fou) = {0 ifu=0, (22)

+o00  otherwise.

Corollary 3.2 (Convergence of minimum problems). Let (F;) be a family of func-
tionals of the form (20), and let F' = T'-lim; F;. Then for all ¢ € LI(;R™), with ¢ > -2,
the minimum values

= inf{Fj(u) +{(pou) i u € Wol’pj(Q;]Rm)}

converge to

p=min {F(u) + (¢, u) 1 u € Wol’n(Q;Rm)} .
Moreover, if (u;) is such that F;(u;) + (¢,u;) = pj + o(1) as j — oo, then it admits a
subsequence converging in L*(;R™) to a solution of the problem defining .

Theorem 3.1 will be proved in Sections 5 and 6.

Remark. We can rephrase the result in terms of equivalence by I'-convergence following
the terminology introduced by Braides and Truskinovsky in [7].

Definition 3.3 (Equivalence by I'-convergence). Let (F.), (G:) be two families of
functionals. We say that (F.) and (G.) are equivalent by I'-convergence if and only if for
each sequence (¢;) there exists a subsequence (¢, ) such that

[-lim F., =T-limG.,
k Tk k Tk

and these limits are non-trivial; ¢.e., they are not identically equal to +oc and they do
not assume the value —oo.

In [2] Ansini and Braides dealt with the T-convergence of functionals on W'?(Q; R™) of
the form

) /f(Du)dx if u=0 on UKfjﬂQ,
u) =< Jo

Fi iczn (23)

400 otherwise,

with fixed p < n and f a quasiconvex function satisfying a growth condition of order

p. They proved that, under general assumptions, the choice ¢; = (5]7 guarantees the
I'-convergence of F; to a functional F : WP(£;R™) — [0, 4+00] of the form

F(u):/gf(Du) dx+/9<p(u)dx,

where ¢ : R™ — [0,+00) is given by a capacitary formula. This result can be re-
formulated as follows: the family (F;) is equivalent to the functionals G; : W'?(Q; R™) —
[0, +00] defined by

n—p

J

Qj(u):/gf(Du)d:U—i—65n /Qgp(u)dx,

J
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with respect to LP(§2; R™)-convergence.

A similar argument can be applied to the case in which F; are defined as in (23) but p
equals n, which was developed in [15]. In this case (F;) are equivalent to the functionals

g; given by
1 1-n
0= [ o FELE [ i
Q

with respect to L™(€2; R™)-convergence.

In the case we deal with in this paper, the statement of Theorem 3.1, taking into account
(13) and (15), implies that the functionals F; : WPi(Q;R™) — [0,+00] in (20) are
equivalent to the family (G;) defined by
—p
/ |u|™ dx
Q

/|Du|”dx+ ‘) RO

- (3

with respect to L'(€2; R™)-convergence.

4. Preliminary results
4.1. A lemma for varying domains

In this section we recall a technical Lemma by Ansini and Braides (see [2]) which allows
to modify sequences of functions close to the perforations.

Lemma 4.1. Let (u;) converge strongly to u in L'(Q;R™); let sup; Fj(u;) < oo. Let (p;)
be a positive sequence of the form p; = ¢6;, where ¢ < % For all 7 € N we define

Z; = {Z SWAR dist(mZ,R”\Q) > 5j}.
We fix k € N. Then, for alli € Z; there exists k; € {0,1,...,k— 1} such that, having set
j 1 i< 2
Cz' :{xGQ:ij<|x—l‘i|<%Pj}; (24>
i j|—-1 i _ 3ok

i

there exists a sequence (w;), with w; — w in L' (;R™), such that

w; = u; onQ\UC’ij, (25)
iEZJ‘
wj(z) =uj if o — x| = pf, (26)

and / || Dw;[Pi — | Du; [P | da < (27)

P?‘lﬁ

Proof. In [2] Ansini and Braides dealt with integral functionals in which the integrands
satisfy a growth condition of order p (p fixed). Neverthless, the proof of Lemma [2, 3.1]
can be repeated word for word; we only need to notice that the constant which appears
in the estimate of the gradients (now depending on p;) is equi-bounded. O]
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4.2. A discretization argument

The extra term of the I'-limit can be obtained through a discretization argument, as
explained in the following proposition.

Proposition 4.2. Let (u;) be a bounded sequence in L>(Q; R™) such that sup; Fj(u;) <
co. We assume that u; — w in L'(Q;R™). Let (p;) be a positive sequence of the form
pj = ¢6;, where ¢ < 1/2. We fix k € N; for all i € Z; we consider an annuli C’ij of the
form (24) for an arbitrary choice of k; € {0,1,...,k —1}. We denote by u/ the mean

value of u; on Cg and by Qz the cube Qf = xi + (— %, ﬁ)n; let 1, be defined as

2

= 3 [P (28)

iEZj
Then

lim [ |[¢; — |u|"|dz = 0. (29)
ji—o0 Jq

Proof. Since u; — w in L'(£2;R™), the limit in (29) equals the limits

im [ 05 = fsplde = tim [ 132 g = sl de
Q

1€Z;

= hmZ/ [ Pr — Juy|Pi | d.

1€Z;

We use the Lipschitz condition
i 7 — Jus [P7] < el — uj|<|u;‘,|pj—1 n ,uj‘pj_1>

and Holder’s inequality to get
A e e C T M

1
Cén(pj /pJ / |U] |pg d9$'> )

We want to estimate the last integral with a quantity independent of i; to this end we
apply Poincaré-Wirtinger’s inequality in the following form:

IN

Let A C R™ be an open bounded connected set and let B be an open subset of A. Let p > 0

be fized. Let (p;) be a real sequence converging to n as j — +oo. Then there exists a
constant C' = C(n, A, B) such that for all v € Wi (pA; R™) we have

(/A v— dx)l/pj §p0</A\Dv\pf dx)l/pj.
p

p

by
(Y

|pB|
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We fix j € N; for all i € Z; there exists a positive constant o = «(n, C7) (independent of
the exponent p;) such that

(/ ulb — P dx)fj < a@(/‘ | Du;|Pi dx)Fj.
Q] Q]

Note that o depends on C’ij and hence on the choice of k; € {0,1,...,k — 1}; under our
assumptions the family of homothetic annuli {C}} is finite (for fixed j € N), hence we
can define o/ = o/(n) := max;{a(n,C?)}. In conclusion there exists o/ > 0 such that

1 1

(/ lu; — u§-|pj dx)a < 0/5]-</ | Duy[Ps d:c)Fj.
Q] Q]

Now,

1
hmZ/ Hu 77— ;| dz < hmZaS (p;=1) /p] / |u; — ‘pg dx) i
1€Z; iz,
1
< im0, 3 ( 10w de)
i€,
1
For all j € N the function y — y® is concave; in particular, if {¢1,...,tx} C Rt are such

that ). t; =1 and {y1,...,yn} C R", then

1

Zti(yi)?j < (Z tiyi> z

Therefore

L AT
Z#Zj</QZ‘Duj|pjdx> < Z#Z/ |DuJ’de:c

iGZj ZEZ
1 1 1
< ( >pj(/ Du-pfd:r;)pj

Since #7; ~ [Q|/07 , we have #251—1/;7]-)5;(1—1/;;]-) < ¢, then

n 1 o7
hmZ/ ||u |pj — |U |p7|d$ < Chméj(p /ijrl#Z W(/ |Duj|pﬂ dﬂ?) I

1€4; I
< climd; =0.
J

In conclusion

i [ o~ ul"| dz = 0.
I Jo
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5. Non-degenerate regimes

In this section we will prove the I'-convergence result for the exponential and the mixed
polynomial-exponential regimes; in what follows (¢;) and « are defined as in the statement
of Theorem 3.1. We will first consider the case K = By, the closure of the unit ball, and
then conclude that the results are indeed independent of the form of K, provided it has
a non-empty interior.

5.1. Liminf inequality - Spherical perforations

In the case of fixed p, the first term in the limit functional (21) can be dealt with by
a simple lower-semicontinuity argument. In our case, with varying p;, we note that if
u; — u in LY(Q;R™) then

/ |Du|™ dx < lim‘inf/ | Du; |7 dzx. (30)
Q i Ja

In fact, let p < n be fixed. By Holder’s inequality we have

/Pj
/ |DulP dz < liminf/ | Du;|P dx < 1iminf</ | Du;|Pi d:p)p ! Q1 —P/Ps

J

o _ p/n o
< llm‘mf< | D ;|Pi dx) QP
Q
If we evaluate the liminf for p — n™ we get

/n
liminf/ |Du|P dz < liminf(liminf/ | Du;|Pi dx)p Q| P/m
Q J Q

p—n= p—n~

= liminf/ | Du;|Pi dz.
0

J

Fatou’s Lemma implies that

liminf/ |Du|pdx2/liminf|Du|pd:E:/ | Du|" dzx.
Q Q pon” Q

p—n=

In conclusion we get (30):

/ | Du|" dx < lim inf/ | Du|P dx < lim'inf/ | Du;|Pi da.
Q Q J Q

p—n=—

We are now ready to prove the liminf inequality by focusing on the effect of the perfora-
tions. Let u € W'(Q;R™) and let u; — u in L'(€;R™) be such that sup; Fj(u;) < co
(note that for all p < n the functions (u;) are equi-bounded in WP(2; R™) and hence
u; — win WHP(Q;R™)). We denote by (p;) a sequence of the form p; = ¢d;, with ¢ < 1/2.

Proposition 5.1 (Liminf inequality). The following inequality holds:

lim‘inf/ | D[P/ dmZ/|Du|”dx—|—m/ |u|™ dx.
i Ja Q Q
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Proof. Let k € N. By applying Lemma 4.1 to (u;) we get a sequence w; — w which will
be used as a technical device to prove the liminf inequality. We recall that in particular
wj = u; on Q\ Uy, Cf and wj(x) = uj for |z — x| = pj, where p} = 3p;27ki, for fixed
kie{0,...,k—1}.

We denote by £ the set

E; = U B/, where B! = B, (7).

pi \ T
1€Z;

We treat separately the contribution of |Du;[” on Q \ E; and on E; (step A and B
respectively).

A. We first deal with the contribution of the integrals on Q \ E;. We will prove that

J

liminf/ | Du;|Pi do > / | Du|" dzx. (31)
O\E, Q

Let
v;(r) =

uj forz € B!, i € Z;,
wi(xr) forx € Q\ Ej.

Note that there exists a function v such that v; — v in L*(Q;R™) upon passing to

subsequences. Let x; = Xo\ U B, (al); by construction there exists a constant v € R™
iez; "

such that y; converges weakly™ to v in L™ (see e.g. [6, Example 2.4]). There follows that

vjx; — v in L' and wu;x; — yu in L'. Since vjx; = u;jy; we can deduce that u = v.

From Lemma 4.1 we obtain

lim'inf/ | Du;|Pi dx + £ > lim}inf/ | Dw;[* da
J Q\Ej k J Q\Ej

= lim'inf/ | Dv; |7 dx2/|Du|”dx.
i Ja Q

By the arbitrariness of k we get (31).

B. We now turn our attention to the contribution of |Du;[? on E;. We will prove that

liminf/ | Du;|Pi do > H/ |u|™ dz. (32)
J E; Q

1.B We first assume that (u;) is a bounded sequence in L*(€2; R™). Lemma 4.1 implies
that

C

k

J

liminf/ |Du;|Pi doe > liminf/ | Dw; [P dx —
J E; E.

J

c
= liminf( / D |Pi dSL') - —.
j ZEZZJ Bf| J’ ]C
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We fix j € N, i € Z; and estimate [,; [Dw;|? dx . By modifying w; we define

() = w](x—i-xf) for |z| $p§,

otherwise.
Having set T} = g—;, we define ¢ € u} + Wol’pj(BTj;Rm) as C(y) = w}(g;y); note that ¢
vanishes on B;. Now,

[ ipuse e = [ pasmas=< [ powp dy
5!

Pj BTj
> el mf{/B |Du(y) [P dy : v € u’ + Wy (Br,;;R™), v=0on Bl}
Tj

= |ujfPie’ inf{/ |Du(y)[P dy : v € |u_z| + Wy (Br;;R™), v =0 on Bl}
BTj 7

= |u; |pf&?;-7jm§.

In Section 2 we proved that

elms erm;

li J J li J J
1m = 1l1m ——- = K.

j—00 (5]" Jj—00 (5]”

Summing up all the contributions on Bg , we deduce that

¢
liminf | |Dw.l? de > liminf Dw; P do — =
im in /EJ\ w;|P de > im in Z/Bz" w; [P dx k

1€Z; i
M5 ,,,C
o R O L I
> liminf E Jut |Piol L —L — —
j e k
1€Z; J
. ipn €
> kliminf E s [P0 — —.
i k
’LEZJ'

Proposition 4.2 implies that
lijm Z |uj|P7 0% = / |u|™ dx,
iGZj Q
hence

lim,inf/ | Du; [P da > I@'/ lu|™ dx — <,
J E; Q k

Summing up the contributions on E; and 2\ E; and taking into account the arbitrariness
of k we get

lim.ianj(uj)2/|Du|”dx+/<o/|u|”d:p.
j Q Q
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2.B We now remove the boundedness assumption on (u;). By [4, Lemma 3.5, upon
passing to a subsequence, for all M € N and n > 0 there exists Ry, > M and a Lipschitz
function ®,; of Lipschitz constant 1 such that

CI)M(z) =z if |Z| < Ry,

(I)M<z) =0 if ‘Z‘ > QRM,

lim Fj(u;) > liminf; F; (P (uj)) — 0.
J

If we apply Lemma 4.1 and Proposition 4.2 to the sequence (®/(u;)) we get

lim}inf/E‘ |D® s (uj)|P da +£ > K limjinfz 5?|(¢)M(u))§»|pj

= Ii/ |D s (w)|™ de.
Q
Since k is arbitrary we obtain
lim inf F (@ (1)) > / \D(@M(u))\"d:c—i-/ﬂ/ By ()"

J Q Q
Now, Lemma [4, 3.5] implies that

lim F;(u;) +n > / |D(®ps(w))|" de + :‘i/ | Dy (w)|™ da.

J Q Q

We can let M — oo and note that ®p(u) — w in WH"(Q; R™) to get

lim Fj(u;) +n > / |Du|"d$+/i/ |u|" dx.
J Q Q
By letting  — 0 we obtain the thesis. [

5.2. Limsup inequality - Spherical perforations

Proposition 5.2 (Limsup inequality). For all v € W™ (Q;R™) there erists a se-
quence (u;) such that u; — u in L*(Q;R™) and

limsuij(uj)§/|Du|”dx+f<a/|u|”dx.
j Q Q

Proof. We will first assume that the target w is a Lipschitz function and then we will
deal with the general case.

1. Let u € Lip(£;R™) (in particular u € L>(£2;R™)). For fixed j € N we denote by

¢j(x) = ¢;(|x|) the radial minimizing function for the problem

min{/ |Du;|Pi v e 1+W01’pj(ngj), v=0on Ba]},
B

Eéj
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where ¢ < 1/2 is fixed. By a simple calculation we get

n; n; N O\ b -1
s %) ()5 e

€j
0 for 0 < p<e.

vi(p) =
We will build a recovery sequence (u;) for u by dealing separately with the indices i € Z;
and i € Zj = {i € Z"\Z; : B.;(w]) N # 0} (step 1.A and 1.B respectively).

1.A We first consider the perforations such that ¢ € Z;. We denote by u; the average

integral u} = |C/|~! fcg’ wdz, where C} is as in Proposition 4.2. For @ € By, () we set

uj(x) = u(x)g;(x — ).
Let A >0, p > 1 be fixed and let ¢y > 0 be such that for all a,b > 0 we have
(a+b)" < cxa” + (L4 AV (33)

¢y is equi-bounded as A — 0 and p — n. We have:

[ pu@p s

c6j(xz)
<of Du@Pdesaan [ u@PDs - d) ds
Basj (w{) Baij (13)
< C)\/ [ Dul?s d:l?+(1+>\)/ 4 |u§|pj|D¢j(:v—xf)|pj dx
Basj (xz) Baij (fv{)
s [l = D6 o - )P do
Baij(xg)
Since wu is Lipschitz we have
[l = ioee - de < [ el - dliDe e - s ds
Baij (zf) Basj (mf)
[ stoap
BE(S]-

and then

/ D@ dr < CA/ _]Du(a:)]pfdx+(1+)\)/ 8, Do | da
B Bz B

as; (@7) as; (@7) 25

+(1+)\)|u§-|pf/ | Do, |7 da.

Bes,
We denote by G; the set
G; = | Bas, ().
1€Z;
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1.B Letie€ Z}. Forx € Ba;j(xg) NQ we set u;(x) = u(x)p;(x —2?). By (33) we get
/ |Du;|Pi de < c,\/ | Du|” dz + (1 + )\)/ |Do;(x — x)|P7 d.
(@)ne Bes; (¢])N92 By,

We denote by G the set

= U BE(;].(JZJ) NnQ

ieZ§.
while Q; indicates
— U Q.

N !
zGZJ-

In conclusion we set u;(x) = u(z) on Q\ (G; UGY) and hence we get a recovery sequence
for the target function u. In fact:

/]Duj\pj dx

Q

_ / | Du, | da:+/ | Du P daH—/ \Duy P da
: . Q\(G;UGY)

C Z / |Du|p1 dx + ¢y Z / |Du|p.7' dx
27NN

i€Z; Bes; (w i)

IN

+/ | DufPs dx + (1+ A)57 Y |u§.|Pf5;"/ | D¢, [P da
0\(G;UG)) -

iEZj Bz J

Fe(1+ NS 67 / Doy di + o1+ N)|15; / Do di.

€25 Ba;j

Therefore we have

/\Duj|pj de < /|Du|pj d:li—i-C)\/ | DulPi dx + (1 + X)cé; |9
0 Q a;ua,

NS o / Dy |P di + (1+ N[

1€EZ;

Taking into account that
nm(sj"/ Dy de =k and lim|€] = 99 =0,
J Bgs . J
we get

lim sup/ |Du;[P dz < lim sup/ | Du|P dz + (1 + \)x lim sup Z |ul P67
; o ;

J J I ez,

+cy lim sup/ | Du|?? dz.
j G;Ua,
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Since lim; |G| = ¢|Q| and lim; |G’ = 0, we obtain

ey lim Sup/ |Du|”’ dz = cyo(1) as ¢ — 0.
i Jaua

By Fatou’s Lemma and Proposition 4.2 we get

limsup/|Duj|pj dx§/|Du]”dx+(1+)\)ff/|u|"dx+0>\o(1) as ¢ — 0.
j Q Q Q

Finally, we let ¢ — 0 and then A\ — 0, and we obtain the desired inequality

limsup/|Duj]pj dx§/|Du|”d:c+/£/|u]"dm.
J Q Q Q

2. We now deal with the general case. Let u € W1H(Q;R™); u can be approximated
by a sequence (u;) C Lip(Q;R™) N WH*(Q; R™) with respect to the Wh"-norm. For
fixed k € N we proved that I'-limsup; Fj(ux) < F(ug). Since the I'-limsup is a lower
semicontinuous functional, we get

[-limsup F(u) < lirr}finff— lim sup F}(uy) < lin}fian(uk) = F(u).
J J

5.3. Non-spherical perforations

In this section we will deal with the I'-convergence result for the general case: K C R" is
a bounded closed set with non-empty interior. We will show how in the non-degenerate
regimes the results are indeed independent of the form of K. In particular, we will prove
that

J

KK = lim §; " inf{/ |DuPidr: vev+ Wol’pj(ng;]Rm), v=0on st} (34)
By,
equals the constant

J

n:liméj”inf{/ |DvulP? dx - vEu—i—Wol’pj(B(;j;]Rm), v=0on BEJ}
By,

we computed explicitly (note that k¥ < % if K C K’). This is equivalent to the fact that
for any compact set K with non-empty interior the functionals F; = F jK WP (Q;R™) —
[0, +00], defined by

|Du|P’ dz  if w =0 on U (2] + e, K)NQ,
Fi*(u) = /Q i€zn (35)

J
400 otherwise,

[-converge to the integral functional in (21). To this end, it suffices to prove that if we
consider two closed balls B, (zo) and B,,(x¢) such that B, (z¢) C K C B,,(xo), then the

functionals FJB” (#0) and Ff”(wo) I'-converge to the same limit functional.
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(1) Exponential regime Let 7; = 76/"" + 0(6;"), with v € R. In the case K = B,

we proved that if we set ¢; = exp (— aéj_"/ ("_1)) then we get

ay |1—m

1—en-t

g

—ay

ify#0,

Wn—1
r=al) = G-

extended by continuity as v — 0. If we fix R > 0 and set ¢; = Rexp(—aé{"/("fl)) =

exp(log R — aéj_"/ ("=D) " then the computation of the limit in (9) still gives a(7).

Therefore we can state that x5 (@0) = gBr2(¥0) — k. hence k¥ = k.

2) Mixed polynomial-exponential regime Let n; > 0 and n; > 5-”%1. Let R > 0 be
( poly p g n; n;

~ ]

fixed. For all £ > 0 we can note that if j is large enough we have:
Bl Bl Bl
R"idiamK < R"iry < (R(l + §)) j

and
1

1 1 1
R diamK > Rry > (R(1—¢))™.

— 1 den
In the case K = B we proved that if we set ¢; = R" 6”7, , then we get x =
Rw,_1(n — 1)'™". Now, if we replace the constant R by R(1 & &), we get k =

R(1 £ &)w,_1(n — 1) respectively. By comparison,

w

Wn— n—
! <IiK§R(1+§)m;

R(1 - f)m <

if we let £ — 0 we get mK:R(n‘j’iﬁ.

6. The rigid regime

Finally we prove the I'-convergence result in the rigid case; i.e., n; < 0 and |n;| > (5;7/ S
The proof will be performed in two steps: first we will show that if we fix e; = 0 then the
functionals (F;) I'-converge to Fi defined as in (22); then we will prove (by a comparison

argument) that the same result holds for any choice of (g;).

1. Let g; = 0. We denote by F} the functional (20) in this particular case:

DuPi dz  if u(zl) =0,
Py = JALa (@) 0

+00 otherwise.

Note that the assumption u(z]) = 0 makes sense because of the compact embedding of
Whpi(Q; R™) into the set of continuous functions.

We will prove that
Proposition 6.1. Let u # 0; then for all u; — w in L'(;R™) we have

lim inf Fj(u;) = +oo.
J
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Proof. Upon a truncation argument as in Step 2.B of Section 5.1 it is not restrictive to
suppose that (u;) is bounded in L>(€; R™).

Let ¢ < 1/2 be a fixed constant. If we apply Lemma 4.1 to (u;) (with k£ € N arbitrarily

fixed) we get a sequence (w;) such that for all i € Z; we have w; = u; on Q \ UZEZ]_ C’Z-j,
w; = uj on OB, (x]) (where p} = 227%25;) and

lim inf/ | Du;|P7 + ¢ > lim inf/ | Dw; [P dz.
i o K ;
We have:

lim inf/ | Du;|Pi dx + ¢ > lim inf/ | Dw; [P dx > lim infz
- Ja k i Ja

/_ | Dw; [P dx.
j Bl

iEZj
Let

! otherwise,

Ibz(x) = {wj(x—i_xg) for 2] < P;"a
j .
J

and note that

/ | Dw; P dx = / | D[P d.
B B:

c§j

There follows that
lim inf / | D, P da + = > lim inf » / | D' |Pi da
j k i g J
Q ZGZj BC‘Sj

> limjinfz inf{ /

iGZj BE‘Sj

|DolPi dz : v € ul + Wol’pj(Ba;j;Rm), v(0) = 0}.

If we focus our attention on the minimum problem above and repeat the computations of
Section 2 we get

inf{/ |Do|P da = v e+ Wol’pj(ngj;Rm), v(0) = O}
B

E§j

= |u§.|pﬂ' inf{/ |Dv|Pide: vel+ Wol’pj(Ba;j;R), v(0) = 0}
B

c6j

ps s (] P
— Jud P ey (L)

Taking into account the arbitrariness of £ and Proposition 4.2 we get

. ) i—1
lim.inf/ |Du; [P de > lim'infz |u}|pjwn_1(55j)’7j< ] )p
Q j

! i€z, pj—1
. . S o ) 77| pj—1
> hmmfc( 5’?‘u?pa>5,"05. m( [ )
- j IGZZ: J | J| J ( J) D — 1
. p'—l L ”(Pj*l)
> o [ Jufr do) tming (LY T g Z
Q i 5m J J

J
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The limsup inequality is trivial since it has to be checked only for u = 0.

2. Let K be a compact subset of R” with non-empty interior. Let (¢;) be a generic real
sequence satisfying 0 < e; < §;/2. Let F; : Wi (Q; R™) — [0, 00] be defined as in (20)
and F} as in (36).

We proved that I-lim; F}) = F.. Note that if Fj(u) < oo then F}(u) = Fj(u); hence
F(u) < Fj(u) for all w € Wi (Q;R™). By comparison we get I-liminf F; > F, and the
converse inequality is trivial for the I'-limsup. Hence I'-lim; F; = F. Il
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