Journal of Convex Analysis
Volume 16 (2009), No. 1, 169-186

Optimality Conditions Using Approximations
for Nonsmooth Vector Optimization Problems
under General Inequality Constraints*

P. Q. Khanh

Department of Mathematics, International University of Hochiminh City,
Linh Trung, Thu Duc, Hochiminh City, Vietnam

N. D. Tuan

Department of Mathematics, University of Natural Sciences of Hochiminh Clity,
227 Nguyen Van Cu, D. 5, Hochiminh City, Vietnam

Received: November 3, 2006
Revised manuscript received: February 27, 2008

First and second-order necessary conditions and sufficient conditions for optimality in nonsmooth vector
optimization problems with general inequality constraints are established. We use approximations as
generalized derivatives and avoid even continuity assumptions. Convexity conditions are not imposed
explicitly. Examples are provided to show that our theorems are easily applied in situations where many
known results cannot be.

1. Introduction

Applying generalized derivatives to establish optimality conditions in nonsmooth opti-
mization has been one of the most interesting issues with world-wide enormous efforts
and contributions for several last decades. There have been various notions of generalized
derivatives of mappings with different requirements on the regularity of the mappings.
Some kinds of derivatives need the mappings under consideration to be locally Lips-
chitz. Other ones are developed on continuous mappings, etc. Each of these generalized
derivatives is appropriate for a range of problems. In this note we use the notion of
approximations as a generalized derivative, which was introduced in [12] and extended
to the second-order in [1]. Second-order optimality conditions under strict (first-order)
differentiability and compactness assumptions were obtained in [2]. In [13, 14], using
first and second-order approximations we established both necessary conditions and suf-
ficient conditions of orders 1 and 2 for set-constrained vector problems. The reason for
us to make use of approximations as generalized derivatives is that even discontinuous
mappings may have second-order approximations (see [13, Remark 2.1]) and hence the
assumptions for getting optimality conditions are rather relaxed.

The aim of this note is to obtain such optimality conditions, but for nonsmooth vector
problems under general inequality constraints. So the problem under our consideration
is as follows. Let throughout the paper, if not otherwise stated, X,Y and Z be normed
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spaces, C' and K be closed convex cones in Y and Z, respectively. Let f: X — Y and
g : X — Z be mappings. Consider the vector optimization problem

(P) min f(z), s.t.g(x) € —K.

We will develop Lagrange multiplier rules of orders 1 and 2, with the Lagrange multipliers
depending on the directions, as necessary conditions and sufficient conditions for problem
(P). Comparisons, especially by examples, will show advantages of our results. Note
that our optimality conditions are developed without continuity assumptions. Convexity
assumptions are not necessarily imposed explicitly.

Our notations are basically standard. N = {1,2,...n,...}. For a normed space X, X*
stands for the topological dual of X; (.,.) is the canonical pairing; ||.|| is used for the
norm in any normed space (from the context no confusion occurs); Bx(x,r) = {z €
X | ||z —z]| < r}; L(X,Y) denotes the space of the bounded linear mappings from X
into Y and B(X, X,Y) is the space of the bounded bilinear mappings from X x X into
Y. For a cone C C X, C* = {c* € X* | (¢",¢) > 0,Ve € C} is the polar cone of C.
For A C X, int A, cl A and co A stand for the interior, closure and convex hull of A,
respetively; cone A and span A denote the cone generated by A and the linear hull of A,
ie.

coneA={Xa|X>0, a€ A},
span A = {aa+ 0b| a, 8 €R, a,b e A}.

For v € X and a closed convex cone C C X, set
C(u) = cone(C' + u).

o(t¥) for t > 0 and k € N denotes a moving point such that o(t*)/t* — 0 ast — 0F. C%!
is used for the space of the locally Lipschitz mappings (between two given spaces, which
are clear from the context) and C™! for the space of the Fréchet differentiable mappings
whose Fréchet derivative is locally Lipschitz.

The layout of the rest of the paper is as follows. Basic definitions and preliminaries are
given in Section 2. First-order optimality conditions are established in Section 3, while
second-order ones are the content of the final Section 4.

2. Preliminaries

Recall that X,Y and Z are normed spaces throughout the paper, if not otherwise spec-
ified.

Recall further that a multivalued mapping H : X — 2Y is said to be upper semicontin-
uous (usc, for short) at xy € X if for all open set V' O H (), there is a neighborhood U
of xy such that V'O H(U). A mapping h : X — Y is called locally Lipschitz at o € X
if there are a neighborhood U of xy and L > 0 such that, Va,, 29 € U,

[[7(1) = h(wa) || < Ly — 2|

h:X — Y is termed calm (see [18]) at zyp € X if there are a neighborhood U of zy and
L > 0 such that, Vo € U,

[h(z) = h(wo)|| < Ll — xol|

n

(The term "calm" is sometimes replaced by "weak Lipschitz" in the literature.)
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Definition 2.1 ([12, 1]). Let zp € X and h: X — Y.

(i) A set Ap(zg) € L(X,Y) is called a first-order approximation of h at x, if there
exists a neighborhood U of xy such that, for all x € U,

h(x) — h(xg) € Ap(zo)(x — o) + o(||z — x0]|)-

(ii) A pair (An(xg), Br(xo)), with Ap(xe) C L(X,Y) and By(z9) € B(X, X,Y), is said
to be a second-order approximation of h at xg if A(zo) is a first-order approxima-
tion of h at xy and

h(z) — h(zg) € Ap(xo)(x — 20) + Bilxo)(z — 20,2 — 20) + 0(||2 — 20||?).

Remark 2.2. If h has second Fréchet derivative h”(zo) then (h'(zo),3h"(z0)) is a
second-order approximation of h.

Proposition 2.3 ([12, 1]).

(i)  Ifh:R™ — R™ is locally Lipschitz at xy then the Clarke Jacobian (see [3]) Och(xg)
is a first-order approximation of h at xg.

(i) Ifh:R™ — R™ is in C at zg then (h'(x0), 3029(x0)) is a second-order approxi-
mation of h at xo, where O}h(xo) is the Clarke Hessian of h at zy (see [8]).

Proposition 2.4 ([13]).

(i) If h:R" — R™ is continuous and has an approzimate Jacobian mapping Oh(.)
(see [9]) which is usc at xgy, then codh(xg) is a first-order approzimation of h at
Zo-

(i) If h: R™ — R™ is continuously Fréchet differentiable in a neighborhood of xy and
has an approzimate Hessian mapping 0*h(.) (see [10]) which is usc at zo, then
(W (0), & cod?h(xy))is a second-order approzimation of h at .

Note that as shown in [9, 10], the approximate Jacobian and Hessian include many other

generalized derivatives of orders 1 and 2, respectively, as special cases. So by Proposition

2.4 the first and second-order approximations also do. Furthermore, Examples 2.1-2.5

in [13] show that the converse of Proposition 2.4 is not true and under its assumptions

we still have other approximations beside the mentioned one.

Later, if P, and P are in L(X,Y) and P, converges to P pointwisely, then we write
P, % Por P =p-limP,. A similar notation is adopted for M,, M € B(X,X,Y).

We recall [14] that a subset A C L(X,Y) (B C B(X,X,Y)) is called (sequentially)
asymptotically pointwisely compact (p-compact, in short) if

e cach norm bounded sequence (M,) C A (C B, respectively) has a pointwisely
convergent subsequence;

e if (M,) C A (C B, respectively) with lim|M,| = oo, then (M,/||M,||) has a
subsequence which pointwisely converges with a nonzero limit.

If the "pointwise convergence" in the above definition is replaced by "convergence" then
we say that A (or B) is (sequentially) asymptotically compact. Note that if Y = R,
then the pointwise convergence coincides with the star-weak convergence. The pointwise
convergence is corresponding to a nonmetrizable topology. Hence the mentioned sequen-
tial compactness is different from p-compactness. However, the latter notion is not used
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in this paper and we omit the term "sequentially" for short. Note that the asymptot-
ical p-compactness here is equivalent to the relative p-compactness and asymptotical
p-compactness together defined in [13].

For AC L(X,Y) and B C B(X, X,Y) we adopt the notations:

pclA={Pe L(X,Y)|3(P,) CA P=p-limP,}, (1

p-cl B={M e B(X,X,Y)|3(M,) C B, M = p-lim M,}, 2
Ao, ={Pe L(X,Y)|3(P,) C A, 3, — 0", P=Ilimt,P,}, (3
pAw = [P e L(X,Y)|3(P) C A, 3t, — 0", P=plimt,P,}, (4
p-Bo ={M € B(X, X,Y) | 3(M,) C B, 3}, — 0", M = p-limt,M,}. (5

~— — — ~— ~—

The sets (1), (2) are pointwise closures; (3) is just the known definition of the recession
cone of a set A (not necessarily convex). So (4), (5) are pointwise recession cones.

Remark 2.5. (i) Assume that {P,} C L(X,Y) is norm bounded. If z, — x and
P, 2 P, then P,x, — Pz. Similarly, if z, — x, 2, — z, {M,} C B(X,X,Y) is norm

bounded and M, 2 M, then M,(x,,z,) — M(z,z). Indeed, the conclusions follow
directly from the following inequalities

[ Prn — Pal| < | Bon — Bozl| + (| Pow — Prf| < | Ballllon — 2|l + [[Pax — Pzf;

”Mn(xnayn) - M(a;,y)H
< NM (2, Yn) — My(@n, )| + | M (20, y) — My, y)|| + | My (x, y) — M(z,y)||
< |Mallllznllllyn — yll + 1 Mulll|lzn — 2 lllyl] + | Mn(z,y) — M (2, y)|-

(i) If X and Y are finite dimensional, a convergence occurs if and only if the correspond-
ing pointwise convergence does, but in general the "if" does not hold, see [13, Example
3.1].

Definition 2.6. Let z¢p,v € X and S C X.
(a) The contingent (or Bouligand) cone of S at zg is
T(S,z9) ={ve X |3, — 0", v, >v,Vn €N, z¢+t,v, € S}.

(b)  The second-order contingent set of S at (zg,v), see e.g. [11], is

1
T%(S, z0,v) = {w e X | 3, — 07, Jw, — w, Vn € N, 2¢ + t,v + Qtiwn € S}
(¢c) The asymptotic second-order tangent cone of S at (zg,v) [11, 17] (the name is
proposed by Penot in [17]) is

11 t
T'(S,20,0) = {w € X | I(tn,7a) — (0%,0%) : % =0, Jw, — w,

n

1
Vn eN, xg+t,v+ Etnrnwn e S}

The following assertion can be proved similarly as for Lemma 2.3 of [15].
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Lemma 2.7. If K C Z is a closed convex cone with int K # (), 29 € —K, z €
—int K(zy) and i(zn —z9) — z as t, — 07, then z, € —int K for all n large enough.

Lemma 2.8 ([11]). Assume that X = R™ and zo € S C X. Ifz, € S\ {xo} tends

to xo, then there exists u € T(S,x¢) \ {0} and a subsequence, denoted again by x,, such

that

(4) i(a:n — x9) — u, where t,, = ||z, — xo||;

(ii) either z € T*(S,xo,u) N ut exists such that (x, — xo — t,u)/3t2 — z or z €
T"(S, o, u) Nut \ {0} and r, — 0F exist such that mo— 0% and (z, — 20 —

tnu)/%tnrn — z, where u't is the orthogonal compliment of u € R™.

Let us now recall notions of solutions to problem (P). A point x5 € ¢g7'(—K) is said
to be a local weakly efficient solution (local efficient solution) of (P) if there exists a
neighborhood U of zy such that, Vo € U N g '(—K),

f(x) = f(zo) ¢ —int C
(f(x) = f(xo) & (=C) \ C, respectively).
The set of all local weakly efficient solutions of (P) is denoted by LWE(f, g) and that of

local efficient ones by LE(f,g). These sets are basic solution sets considered in vector
optimization.

For m € N, 7y € g7 }(—K) is called a local firm efficient solution of order m, denoted
by zo € LFE(m, f,g) if there are v > 0 and a neighborhood U of xy such that, Vz €

Ung=(=K)\ {zo},
(f(x) +C) N By (f(x0), yllz — z0[™) = 0,
or, equivalently,
d(f(z) = f(x0), =C) = yl|x — @o™
Note that, in the literature, instead of "firm efficient", other terms as "strict efficient"

and "isolated efficient" are also used. The term "firm" was suggested by an anonymous
referee of our paper [15]. Note also that, for p > m,

LFE(m, f,g) C LFE(p, f,g9) € LE(f, 9) € LWE(f, g).

Hence, necessary conditions for a point to be in the right-most set hold true also for all
other sets and a similar assertion is valid for sufficient conditions and the left-most set.

3. First-order optimality conditions

Theorem 3.1 (Necessary condition). Consider problem (P) withint C' # () and int K
# 0. Assume that As(zo) and Ay(xo) are asymptotically p-compact first-order approxi-
mations of f and g, respectively, at xy with Ay(zo) being normed bounded.

If xog € LWE(f, g), t.e. xo is a local weakly efficient solution of (P), then Yu € X, 3P €
pecl Ap(z0) U(p-A(w0)oe \ {0}), 3Q € prcl Ay(z0), 3(y", =) € C* x K*\ {(0,0)} such
that

(y", Pu) + (2", Qu) = 0,
<Z*,g(l’0)> = 0.
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Proof. For arbitrary fixed u € X and t,, — 07, by Definition 2.1, there are P, € As(zo)
and @), € Ay(xo) such that

flxo 4+ thu) — f(xo) =t Pou+ o(ty),
g(x() + tnu> - g('TO) = thnu + O(tn)

By the boundedness of A,(zy), assume that @, 2, Q, for some Q € p-cl Ay(xp). Then

tl(g(xo +thu) — g(20)) — Qu.

n

If {P,} is norm bounded, then we can assume that P, = P € p-cl Af(z0) and

tl(f(xo +tau) — f(zo)) — Pu.

n

Suppose that (Pu, Qu) € —int(C' x K(g(xo))). Then, for large n € N,
Fo + ) — f(a0) € — it C, (6)

1 .
= (gm0 + taw) = g(x0)) — Qu € —int K(g(av)),
as n — oo. Taking Lemma 2.7 into account, one sees that g(zo + t,u) € —int K for all
large n. This together with (6) contradicts the local weak efficiency of xy. Therefore,

(Pu,Qu) ¢ —int(C x K(g(xg))).

If {P,} is unbounded one can assume ||P,|| — oo and ﬁ % P € p-Af(20) \ {0} and

MWO T taw) — f(z0) — Pu.

By an argument similar to that for the above boundedness case, one obtains (Pu, Qu) &
—int(C'x K(g(z0))). Now employing the separation theorem one gets the conclusion. [

Note that the Lagrange multipliers mentioned in Theorem 3.1 depend on the given
direction u € X. In the following example, Theorem 3.1 rejects z(, a suspected point
when finding local weakly efficient solutions, while many known results cannot be applied.

Example 3.2. Let X =Y =Z=R, C=K =R, 70 =0, g(z) = 2> — 2z and

-

Let a < 0 be arbitrary and fixed. Then we have the following first-order approximations
of f and g, which satisfy the assumptions of Theorem 3.1: A¢(zg) = (—o0,a) and
Ag(xg) = {—2}. Hence cl Af(xp) = (—00, ], Ap(20)eo = (—00,0]. For u =1 € X we see
that VP € cl As(z0) U(Af(20)so \ {0}), YQ € cl A (z0), V(y*, 2*) € C* x K*\ {(0,0)}
with (z*, g(x)) = 0 one has, since P < 0,

(y*, Pu) + (2", Qu) = y*P — 22" < 0.
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According to Theorem 3.1, zy ¢ LWE(f, g). However, f is not locally Lipschitz at z.
Hence, necessary optimality conditions using the Clarke generalized derivative or the
Dini directional derivative, e.g. in [3, 5], do not work. The Hadamard upper directional
derivative (see [15]) of f at z in the direction u defined by

Df(zo,u) = limsup ~[f(zo + tv) — f(zo)

t—0t,v—u

=y €Y | Aty ) — (0,u), y = lim —(f(z0 + tuttn) — f(20))}

n—oo n

is empty in this case and then Theorem 3.1 of [15] cannot be employed. Furthermore, f
is not continuous at xy and hence results which make use of the approximate Jacobian,
e.g. in [9, 16] cannot be applied. f does not have directional derivative f'(zg,u) and
then results using quasidifferentiability [4] cannot be used either.

Theorem 3.3 (Sufficient condition). Assume that X is finite dimensional, o €
g N (=K) and As(z0) and Ay(xo) are asymptotically p-compact first-order approzimations
of f and g, respectively, at xq. Assume that Vu € X : ||ul| = 1, u € T(g7'(—K), zo),
VP € prol Ay(a0) U(p-Ap(z0) \ {0}), ¥Q € p-cl Ag(0) Ulp-Ag(0)oe \ {0}), 35", ) €
Cr x K7\ {(0,0)},

(y", Pu) + (", Qu) > 0,
(2%, g(w0)) = 0.

Then xo € LFE(L, f,g), i.e. xy is a local firm efficient solution of order 1 of (P).

Proof. Reasoning by contraposition, suppose the existence of x,, € Bx (o, )\ {20} and
¢, € C such that g(x,) € —K and

(a) = J(z0) + cu € By (0, ~ 2 — 2.

Then, by Definition 2.1, there is P, € As(x¢) such that, for n € N large enough,

1
Pu(@n = 20) + ol[|zn = zoll) + ¢ € By (0, |2n — 2oll). (7)
Since X is finite dimensional, one can assume that IIEZ:?SH — u for some u € T'(g7 (- K),

xp) with norm one. Then (7) implies the existence of P € p-cl Af(xo) J(p-Af(%0)oo \{0})
such that Pu € —C'. (For details one can split the consideration into two cases depending
on {P,} is bounded or not, similarly as in the proof of Theorem 3.1.)

On the other hand,
9(@n) — g(wo) € =K — g(x0) € —K(g(20)).
Hence, there is @, € Ay(xg) such that

Qn(wn = x0) + o([|zn — zol]) € =K (g(20))- (8)
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Similarly as for {P,}, from (8) it follows the existence of @ € p-cl A,(zo) U(p-Ag(20)oo \
{0}) such that Qu € —K (g(x)).

Therefore, for each (y*,z*) € C* x K*\ {(0,0)} with (z*, g(x¢)) = 0, one has
(y*, Pu) 4+ (2", Qu) <0,
which is absurd. ]

Note that the gap between the above necessary and sufficient conditions is very small
(besides the fact that VP, Q replaces 3P, @Q)): the strict inequality replaces the inequality.
The following example explains advantages of Theorem 3.3.

Example 3.4. Let X = Z =R, Y =R*, C =R2, K = Ry, 19 = 0, f(z) = (x,

(sgnx)y/]z]), gz) = Va* — 2z. Then T(g~'(—K),x) = [0,00) and, for any fixed
a > 0, f and g admit first-order approximations As(zg) = {(1 y) € R? | y > a}
and Ag(xg) = {—2}, respectively. One has clAs(zo) = {(1, y) € R? | y > a} and
Af(xo) = {(0,y) € R* | y > 0}. Then one sees that Vu € T(g~(—K), z9) with ||uH =
o(®

1, VP € clAp(zo) U(Af(z0)o \ {0}), VQ € cl Ag(zo) U(Ag(20)o \ {0}), for (y*,z%) =
((0,1),0) € C* x K*\ {(0,0)} one obtains

(y", Pu) + (2%, Qu) =
<Z*7g<I0)> =0.
By virtue of Theorem 3.3, x¢ is a local firm efficient solution of order 1 of (P). Clearly

f is not locally Lipschitz at x hence results using this property cannot be applied. f is
not calm at xy, so Theorem 3.2 of [15] cannot either.

The finiteness of the dimension of X cannot be dispensed within Theorem 3.3 as shown
by the following.

Example 3.5. Let X = Z =Y =R, C =R, K = 13,2 =0, f(z) = (l,z),
with [ = (1,1 L..) el and g(x) = —2. Then C* = C, K* = K, g }{(-K) =

T(g(—K), z0) = f? Ap(wo) = {f (wo)} = {1}, Ag(xo) = {g (20)} = {g} p-cl Ay (o)
(-As(w0)oo \ {0}) = As(wo) and p-cl Ay (o) U(p-Ag(w0)oo \ {0}) = Ag(20).

For each u € X : |Ju|| = 1,u € T(g7(—K),x0), taking y* = 1, 2* = 0 one has
(y*,2*) € C* x K*\ {(0,0)} and

(", f (zo)u) + (=%, g (zo)u) = (I,u) >0,
(z*, g (z9)) = 0.

Therefore all the assumptions of Theorem 3.3 are fulfilled except the mentioned finiteness.
One easily sees that x( is not a local firm efficient solution of order 1 of (P).

4. Second-order optimality conditions

In the sequel we admit the following notations for problem (P). For z* € K*, set

G(z") ={re X |glr) e -K, (", g(z)) = 0}.
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If f and g have Fréchet derivatives f () and g (z0) then set
Co x Kg={(y",2") € C* x K"\ {(0,0)} | y" o f'(wg) + 2" 0 g (w0) = 0, (=", g(0)) = 0}.
If f and ¢ have first-order approximations As(zy) and A,(xg), respectively, then for
xo € X, (y*, 2%) € C* x K*, we set

P(xo,y*, 2") ={ve X | (y", Pv) + (", Qu) = 0, VP € As(x)), VQ € Agy(xo)}.

4.1. The first-order differentiable case
In this subsection we consider the case where f and g are Fréchet differentiable at x.

Theorem 4.1 (Necessary condition for the first-order differentiable case).
Assume that (y*, 2*) € Cix K. Assume further that (f (x0), Bf(20)) and (g (20), By(x0))
are asymptotically p-compact second-order approximations of f and g, respectively, at
with norm-bounded By(zo).

If xy € LWE(f,g) then, for any v € T(G(z*),x0), either IM € p-cl Bf(zp), AN €
p-cl B,(zo) such that
{y", M(v,v)) + (=%, N(v,v)) 20,

or 3M € p-By(2o) \ {0} such that
(y", M(v,v)) =0

Proof. Fix any v € T(G(z*),x9). Then 3t, — 0%, v, — v such that z¢ + t,v, €
G(2*), ¥n € N. On the other hand, (y* o f (o) + 2* 0 g (w0), ¥* 0 Bf(z0) + 2* 0 B,(x0)) is
a second-order approximation of the Lagrangian L(.,y*, z*) := (y*, f(.)) + (z*,9(.)) for
y* € Y* and z* € Z*. Hence, by Definition 2.1, there are M, € B¢(zo) and N,, € By(x)
such that for large n € N,
L(.Z'o + tnvna y*7 Z*) - L<$07 y*v Z*)
= L, (5" o f (o) + 2% 0 g (x0), Un) + 2 (y*, My (v, vn)) + 12 (2%, Ny (v, ) + 0(t2).

On the other hand, as zo + t,v, € G(z*), for large n,

L(l’o + tnvna y*a Z*) - L(.ﬁlﬁ'o, y*7 Z*)
= <y*7 f(xO + tnvn) - f($0)> + <Z*,g(ZL‘0 + tnvn) - g<x0)> > 07

Yo (o) + 2% 0 g () = 0.
Consequently, for large n,

o(t?)

n

t2

n

(y*, My (v, vn)) + (2%, Np(vn, vn)) +

>0, (9)

By the boundedness of B, (), we can assume that N, 2 N € p-cl B, ().

If {M,,} is norm bounded, then we assume that M, > M € p-cl Bf(x). Letting n — oo
in (9) gives

{y"s M(v,v)) + (", N(v,v)) = 0.
If {M,} is unbounded, we can assume that ||M,|| — oo and % Py M € p-By ()0 \
{0}. Dividing (9) by ||M,|| and passing to the limit we obtain (y*, M (v,v)) > 0. O
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In the following example, applying Theorem 4.1 we can reject the suspected o, but
many recent results cannot be employed.

Example 4.2. Let X =R?2 Y =7 =R, C =R, K = {0}, 2o = (0,0) and

2 1
flx,y) = —§|x|3 +§y2,

g(z,y) =2° —y.

Then f/(xo) = (070)7 g/(x()) = (0’ _1)’

Co x Ko ={(y",0) | y" €« R\ {0}},
G(z") = {(z,y) €R? | 2* —y = 0} for 2" = 0.

Choosing (y*,z*) = (1,0) € C§ x K} and v = (1,0) € T(G(z*),z0) = R x R, we have
(y*, M(v,v)) + (z*, N(v,0v)) =a < -1 <0
for all M € cl By(zy) and all N € cl B,(zy), and
{y*, M(v,v)) =~ <0

for all M € Bf(x)so \ {0}. Therefore, following Theorem 4.1, x( is not a local weakly
efficient solution of problem (P). However, since int K = (), Theorem 4.1 of [15] does
not work. f is not in CM! at 2y and hence the results based on this class of functions,
e.g. in [6, 7], cannot be employed.

Remark 4.3. In [1], second-order approximations are used to derive second-order nec-
essary conditions for scalar optimization problems with general inequality constraints.
When applied to scalar problems our Theorem 4.1 is different from the corresponding
results in [1]. However, there is some mistakes in the proof of Theorem 3.2.2, one of the
main results in [1]. The following example shows that the conclusion of Theorem 3.2.2
is false.

Example 4.4. Let X = Z =R* Y =R, C =Ry, K =R3, 29 = (0,0), f(z1,22) =
23 + 23 — 29 and gz, 22) = (za, 2] — 223 + $25). Then, it is clear that g is a (global
efficient) solution of problem (P). The mentioned Theorem 3.2.2 states for (P) as follows.
Assume that f and g are Fréchet differentiable, that (f (o), By(z0)) and (g (o), By(70))
are compact and that o is a (efficient) solution of (P). Then Vz* € R2 with f (z0) +
z*0g (x9) =0, Vv € T(G(2*),x0), IM € By(x0), IN € B,(x0) such that

M(v,v) + (z*, N(v,v)) >0,
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where G(z*) = g7 (= K) (see [1]).

For this example, by direct computations we have

Fan=0.-0, g ={ (0 1)}

1
G(z*) = {(z1,72) € R* | 27 — 225 + %2 <0,z <0},

T(G(z*), 20) = {(x1,12) € R?* | 25 < 0},
srleo={ (5 1)} Bl =)

where N : R? x R?2 —» R? is a 2 X 2 X 2 matrix

N:{(g 0 0 _02)}

ie. N(v,v) = (0,ujvy — 2uguy), V(uy, us), (vi,ve) € R2.
We see that all assumptions of Theorem 3.2.2 are satisfied, but, for z* = (0,2) and
v=(0,—-1) € T(G(%*), ) we have

M(v,v) + (z*, N(v,v)) = =3 < 0.

Theorem 4.5 (Sufficient condition for the first-order differentiable case).
Assume that X is finite dimensional, o € g~(—K) and (f (o), Bs(w0)) and (g’ (),
By(xg)) are asymptotically p-compact second-order approzimations of f and g, respec-
tively, at xo with By(x) being norm bounded. Assume further the ezistence of (y*, z*) €
Cix K¢ such that, Vv € T(g7 (= K), xo) with ||v|| = 1 and (y*, f (wo)v) = (2*, ¢ (wo)v) =
0,

(i) VM € p-cl Bf(xg), VN € p-cl By(xy),
(y*s M(v,v)) + (", N(v,v)) > 0,

(it) VM € p-By(zo) \ {0},
(y*, M(v,v)) > 0.
Then xq is a local firm efficient solution of order 2, i.e. xo € LFE(2, f,g).

Proof. Reasoning ad absurdum, suppose the existence of z, € Bx(zo, 1) and ¢, € C
such that g(z,) € —K and

1
f(xn) - f(xﬂ) +cn € BY(0> EH% - $0||2)' (10)
As dim X is finite we can assume the existence of v € T(¢ ' (—K),zo) with [jv]] = 1
such that 2= — v. Dividing (10) by ||z, — xo|| and passing to the limit we get

f/(il‘o)v € —(C and hence ,
(y*, [ (wo)v) < 0. (11)
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On the other hand
9(wn) = g(x0) € =K — g(x0) € —K(g(z0))-
Dividing this by ||z, — 20| we get in the limit g (z¢)v € —K (g(z0)). Hence
(", (z0)v) <0. (12)
Since (y*,z*) € C§ x K, (11) and (12) together imply that
(", f (z0)v) = (2", g (x0)v) = 0.

By the definition of the second-order approximation, for large n, there are M, € By(zo)
and N,, € B,(zo) such that (setting ¢, = ||z, — zo||) we have for the Lagrangian

L($n7 y*a Z*> - L(ZL'(), y*a Z*>
= <y* © f,<5(30) + z"o g/(x()))xn - ZL'()) + <y*7 Mn(xn — Zo, Tp — l‘0>> (13)
+ (2", No(2, — 20, 2 — 0)) + 0(2).
As (2%, g(z0)) = 0 it follows from (10) that
L(an,y*, Z*) - L(l‘o,y*, Z*) = <y*a f($n) - f($0)> + <Z*>g($n)> - <Z*,g<l’0)> < <y*7 dn>
for some d,, € By (0, +¢2). Hence from (13) we obtain
(Y, My (0 — 0, 20 — 20)) + (2%, No (20 — 20, T — T0)) + 0(t3) < (y", dy).

This, in a similar way as in the proof of Theorem 4.1, implies that either AM €
p-cl B¢(zo), 3N € p-cl By(x) such that

(y*, M(v,v)) + (z*, N(v,v)) <0,
or 3M € p-By(p)o \ {0} such that
{y", M(v,v)) <0,
both of which are impossible. ]
The following example gives a case where Theorem 4.5 can be applied but the corre-
sponding Theorem 4.2 of [15] and many other results cannot.
Example 4.6. Let X =Z =R, Y =R* C =R3, K =R, 29 =0 and

f(z) = (|z]5,27),
g(z) = —a + 2.

Then f'(xo) = (0,0), ¢ (20) = —1, By(xo) = {( 1) | a > 1}, el By(xy) = {(3.1) |
1. By(ao) —{(20) | 1 > 0}, Bylan) = {1}, g1~ K) = [.1], G5 x K = ("
y* € RZ\{0}}, T(g~}(—K), o) = [0, 00).

)
Choosing (y*, z*) = ((1,0),0) € C; x K¢, Vv € T(g7 (= K), x) with ||v]| = 1, i.e. v =1,
we see that, VM € cle( 0), VN € cl By(xy),

<y*7M(U7U)> + <Z*7N(U7U)> = 6 >1> 07
and, VM e Bf(l’o)oo \ {0},

B>
0)

(y*, M(v,v)) =~ > 0.
According to Theorem 4.5, 2o € LFE(2, f,g). However, since f is not calm at g,

Theorem 4.2 of [15] is out of use. f ¢ C! at 2y and hence the results in e.g. [6, 7]
cannot be employed.
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4.2. The nondifferentiable case
Now we pass to the general nondifferentiable case.

Theorem 4.7 (Necessary condition for the nondifferentiable case). Assume
that (As(xo), Bf(xo)) and (Ay(z0), By(xo)) are asymptotically p-compact second-order ap-
proximations of f and g, respectively, at xo, with As(zo), Ag(zo) and By(xg) being norm
bounded. Assume that (y*,z*) € C* x K* such that (z*, g(x¢)) = 0. If xy € LWE(f, 9)
then

(i) Vv eT(G(z),x0), 3P € p-cl Ag(xy), 3Q € p-cl Ay(xg) such that
{y", Pv) + (", Qu) = 0;
(i) Yov e P(xo,y*, 2*), we have
(a) Yw € T*(G(z*),xo,v), either AP € p-cl Ay(z), 3Q € p-cl A (zg), IM €
p-cl By(xg), AN € p-cl By(zo) such that
{y", Pw) + (2", Qu) + 2(y", M (v, v)) + 2(z", N(v,v)) = 0
or AM € p-B(x0)so \ {0} such that
(y", M(v,v)) = 0;

(b) Yw € T'(G(2*),x0,v), either AP € p-cl As(wp), IQ € p-cl Ay(xo), IM €
p-B(x0)so such that

(y", Pw) + (%, Qu) + {y*, M(v,v)) = 0
or AM € p-B(x0)so \ {0} such that

(y*, M(v,v)) >0

Proof. (i) It is a special case of (i7) with v = 0.

(ii) (a) For arbitrary v € P(z¢,y*, 2*) and w € T?(G(2*), 29, v), by the definition of the
second-order tangent set, 3t,, — 07, w,, — w, Vn € N,

1
Ty =T+ t,v + §tiwn € G(z%).
Hence, for large n,

L(zn,y*,2") = L(wo,y", 2") = (", f(wn) = f(0)) + (27, g(20)) — (7, g(0)) = 0.

Consequently, by the definition of the second-order approximation and as v € P(xg, y*,
z*), AP, € A¢(x), 3Qn € Ay(xo), IM,, € By(xo), AN, € By(xy),

1 1
(y*, Pywy) + (2%, Quwy) + 2(y*, M, (v + 3 lntn; v + Qtnwn»

2
ol(tn) >0,
atn

(14)

1 1
+2(z", N (v + §tnwn, v+ §tnwn)) +
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By the boundedness of Af(xg), Ay(xo) and By(x), we can assume the existence of
P € p-cl Af(xp), Q € p-cl Ay(x) and N € p-cl B,(z) such that P, 2P, Q, % Q and
N, & N.

If {M,} is norm bounded it may be assumed to converge to some M € p-cl Bf(x).
Passing (14) to the limit we obtain

(y*, Pw) + (z*, Qu) + 2(y*, M (v,v)) + 2(z*, N(v,v)) > 0.

If {M,} is unbounded, we can assume that ”%—Z” L M € p-By(10)s \ {0}. From (14)

we get after dividing by || M, || and passing to the limit
{y", M(v,v)) = 0.
(b) For any v € P(xg,y*,2*) and w € T"(G(z*), o, v), there are (t,,7,) — (07,07) and

w, — w such that = — 0* and, ¥n € N,

1
Ty = To + tyv + itnrnwn € G(z").

Hence, for large n, 3P, € Af(xo), 3Q, € Ay(x0), IM,, € By(x) and IN,, € By(xg) such
that (as v € P(z,y", z))

(L(zn,y", 2") — L(xo,y", 2¥))

2t, 1

tnrn
1
= (", Pawy) + (2", Quwy) + (¥, ( , )M, (v + érnwnv v+ §ann)> (15)

2t 1 1 20(t?
E)Nn(l) + Ernwn, v+ §ann)> —+ ton(rn)

> 0.

+ (2", (

As By(xg) is bounded, (%)Nn — 0. Since Af(zg) and A,(zro) are bounded we can
assume the existence of P € p-cl As(zq) and Q € p-cl A,(7o) such that P, 2 P and

Q. 2 Q. There are three possibilities (using subsequences if necessary).

) (?—:)Mn — 0. Passing (15) to the limit one gets

{y", Pw) + (=%, Qu) > 0.

o ”(Q:_:)MTZH — a > 0. Then ||M,|| — oo and one can assume that ”J\J\/é—z” 5 M e

p-Bf(20)oo \ {0}. From (15) one gets in the limit

(y*, Pw) + (z*, Q) + (y*,aM (v,v)) > 0.

o H(Qrt—:)MnH — o00. Then ||M,| — oo and one can assume that ”%Z” 5 Me
p-B(70)so \ {0}. Passing (15) to limit gives

(y*, M(v,v)) >0
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Example 4.8. Let X =Y =R? Z =R, C = R, K = {0}, 29 = (0,0), f(z,y) =
(—y,z + |y|) and g(z,y) = —x3 + y*. Then we have the following approximations

v ={(} 0} Bl = on
Ay () = {0}, BA%):{(ggv}.

Let y* = (1,0) € C*, 2* =0 € K* and v = (1,0) € P(z0,y",2*). Then

G(z*) ={(z,y) € R2 \ — oyt = 0},

T*(G(z%), z0,v) = 0, T (G(z*), z0,v) = R?.

Now for w = (0,1) € T"(G(2*), w0,v), VP € cl As(w), YQ € cl Ay(w0), VM € Bf(20)oo,
one has
<y*7Pw> + <Z*,QU}> + <y*7M(U7U)> =-1<0.

Taking into account Theorem 4.7 one sees that o € LWE(f, g). It is not hard to check
that all the corresponding necessary conditions in [7, 5, 6, 15] are satisfied and hence no
conclusion about the possible weak efficiency of xy can be made. In this case, because
int K = () and f is not differentiable at xy, Theorems 3.1 and 4.1 cannot be used.

Theorem 4.9 (Sufficient condition for the nondifferentiable case). Let X be fi-
nite dimensional, xo € g7 (—=K), (y*,2*) € C* x K* with (z*,g(x0)) = 0. Let (As(zo),
By (xzg)) and (Ay(z0), By(xo)) are asymptotically p-compact second-order approrimations
of f and g, respectively, at xo such that As(xg), Ay(zo) and B(zo) are norm bounded.
Then xo € LFE(2, f, g) if the following conditions hold

(1) YoeT(gH—=K),x0), VP € Ap(xg), YQ € Ay(xo), one has
(y*, Pv) + (2", Qu) = 0;
(ii) Vv € T(¢g7H—K),x0) : ||v|| = 1 such that AP € p-cl Af(zq) : Pv € —C,3Q €

p-clA,(xg) : Qu € —K(g(xg)) and VM € p-Bf(z0)e \ {0}, one has
(y*, M(v,v)) >0

and
(a) Vw € T*(g7(—K), x,v) N v+, VP € p-cl As(z0), VQ € p-cl Ay(xg), VM €
p-cl B¢(zo), VN € p-cl By(zo), one has

(y*, Pw) + (z*, Qu) + 2(y*, M (v,v)) + 2(z*, N(v,v)) > 0.

(b) Yw € T" (g7 (=K),x0,v) N vt \ {0},YP € p-clAf(z0), YQ € p-cl A,(x0),
VM € p-By(20)eo, one has

(y*, Pw) + (z*, Qu) + (y*, M (v,v)) > 0.

Proof. Suppose z,, € Bx(zo,2) \ {zo} and ¢, € C exist such that g(z,) € —K and

dwzﬂ%yﬁww+%63ﬂa%@, (16)
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where t,, = ||z, —xo||. We can assume that i(lﬂn—%o) — v for some v € T(g7(—K), x)

with norm one. For large n, there are P, € As(xy) and Q,, € A,(7o) such that

f(xn) — f(xo) = Prlz(%l — 20) + o(tn),

9(xn) — g(x0) = Q,,(Tn — x0) + 0(t,) € =K (g(70)). (17)

We can assume the existence of P € p-cl A¢(20) and Q" € p-cl A,(x) such that P, 2 P’
and Q, > Q. Dividing (16), (17) by t, we get in the limit

Pve—-C, Quve—K(g(xg)).

On the other hand

L(.Z‘n,y*, Z*) - L(Jfg,y*, Z*) <y*7 f(l’n) - f($0)> + <Z*,g(l’n) - <Z*,g(l’0)>

< (s d — ) < (5" ). (18)

By Lemma 2.8, there are two possibilities now.

(a) w, = Tt 4y e T2(g"Y(=K), z0,0) Nvt. By virtue of (18) and the

lt2

2in
definition of the second-order approximation for large n, there are P, € Af(xg), @y €
Ay(xo), M, € Bg(xg) and N,, € By(zo) such that

1 1 1 1
(y*, Pu(tav + étiwn» + (2", Qn(tyv + §tiwn)) + (y*, My, (t,v + §tiwn, thv 4 §tiwn))

1 1
+ (2", Ny (thv + §tiwn, thv + §tiwn)) +o(t2) < (y*, d,).

Therefore, by assumption (7),

1 1
(y*, Pywy) + (2%, Quwn) + 2(y*, My, (v + étnwna v+ §tnwn)>

. 1 1 o(t2 y*, d,
+2(z ,Nn(U+§tnwnuU+§tnwn)> + %(t%) < < %t% >

(19)

We can assume P, 2 P € p-cl As(g), Qn = Q € p-cl Ay(x0) and N,, & N € p-cl B, (o)
by the assumed norm boundedness.

Now if {M,} is also norm bounded then M, 2+ M € p-cl By(xo), then from (19) we get
in the limit the following contradiction with assumption (ii) (a):

(y*, Pw) + (z*, Qu) + 2(y*, M (v,v)) + 2(z*, N(v,v)) < 0.

My
M € p-Bf(xg) \ {0}. Dividing (19) by ||M,|| we obtain in the limit (y*, M (v,v)) <
contradicting (7).

If {M,} is unbounded, without loss of generality assume that ||M,| — oo and ”M—”” 2
0,

(8) wy = Egzo=tet) _, 4 € T"(g1(=K), o, v) M-\ {0}, where r, — 0+ and % — 0.

§tnrn
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Consequently, by (i), we get similarly as (19)

2, 1 1
(y*, Powy) + (2%, Qnwy) + (T Wy*, My, (v + 5 nWn, 0 F 2rnwn)>
! 20)
o | I ot2) _ (v 1du) (
+ (E<Z N0+ ot U §r"w”)> * ltnrn ~ Yar,

2

Similarly as before, P, & P € p-cl Af(z0) and Q, 2 Q € p-cl A,(xq). As B,(xo) is
bounded, (Qt")N — 0. Now we have the following three subcases.

o (zrt—:)Mn — 0. From (20) we get in the limit the contradiction with (i7) (b)

(y*, Pw) + (%, Qu) <0

o ||(2Tt”)M | = a > 0. Then, since we can assume that ||M,|| — oo and ”M H P
M € p-B¢(z0) \ {0}, (20) implies that
(y", Pw) + (=%, Qu) + {y*, aM(v,v)) < 0.
Since p-By(zo) is a cone, this contradicts (w) (b)
. ||(2t")M | — oo. Then, ||M,| — oo and ”M i — M € p-By(zo)s \ {0}. Di-

viding (20) by (Qt")HM | and passing to the limit we get a contradiction that
{y"; M(v,v)) < 0.

]
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