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On Compositions of D.C. Functions and Mappings

Libor Vesely*

Dipartimento di Matematica, Universita degli Studs,
Via C. Saldini 50, 20133 Milano, Italy
vesely@mat.unimi.it

Ludék Zajicek!
Charles University, Faculty of Mathematics and Physics,

Sokolovskd 83, 186 75 Praha 8, Czech Republic
zajicek@karlin.mff.cuni.cz

Received: June 25, 2007
Revised manuscript received: April 1, 2008

A d.c. (delta-convex) function on a normed linear space is a function representable as a difference of
two continuous convex functions. We show that an infinite dimensional analogue of Hartman’s theorem
on stability of d.c. functions under compositions does not hold in general. However, we prove that it
holds in some interesting particular cases. Our main results about compositions are proved in the more
general context of d.c. mappings between normed linear spaces.
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Introduction

Let C be a convex set in a (real) normed linear space X. A function f: C — R is
called d.c. or delta-convex if it can be represented as a difference of two continuous
convex functions on C. We say that f is locally d.c. on C' if each ¢ € C has a convex
neighbourhood U such that f is d.c. on UNC. A mapping F': C' — R" is a d.c. mapping
if each of its n components is a d.c. function. There are many articles which work with
d.c. functions (see, e.g., the references in [11] and [7]).

In 1959, P. Hartman [10] proved the following interesting now well-known results.

(I) Let A C R™ be a convex set which is either open or closed. Let f: A — R be locally
d.c. on A. Then f is d.c. on A.

(IT) Let X be a normed linear space, A C X a convex set which is either open or closed,
and B C R™ an open convex set. If F': A — B is a d.c. mapping and g: B — R is
a d.c. function, then the function g o F' is locally d.c. on A.

In fact, Hartman [10] formulated (II) only for the case X = R™, but he mentioned (see
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the end of p. 707) that his proof clearly works also in more general settings (we could
even suppose that X is a topological linear space and A is an arbitrary convex set). For
a generalization of (II), proved in a quite different way, see Proposition 3.1.

Hartman also remarked that his proof of (I) does not work for infinite dimensional spaces.
A corresponding counterexample was provided by E. Kopecka and J. Maly [14]: given a
nonempty open convex set A C {5, there exists a locally d.c. function on A which is not
d.c. on A. (They also remark without proof that a similar example can be constructed
in each infinite dimensional normed linear space; we prove this claim in Corollary 5.6.)

The results (I) and (II) immediately imply the following superposition theorem.

Theorem H. Let A C R™ and B C R"™ be convex sets. Let A be either open or closed,
and let B be open. If F: A — B and g: B — R are d.c., then the function go F' is d.c.

Note that Hartman did not mention Theorem H explicitly, but he formulated its corollary
(obtained by putting F := (f1, f2) and g(z,y) := zy or g(x,y) := x/y):

Corollary H. Let A C R™ be either an open or a closed convex set. Let fi, fo be d.c.
on A. Then the product fi-fo and, if fo(x) # 0 for x € A, the quotient fi/fs are d.c.
functions on A.

Note that the case of the product can be proved in a more elementary way (see [11]),
but the stability with respect to quotients probably cannot be proved more easily.

Though (I) cannot be used to generalize Theorem H to infinite dimensions, it remained
open whether such a generalization is possible. The present paper concerns this ques-
tion. We show that an infinite dimensional analogue of Theorem H does not hold (see
Corollary 5.6):

For each infinite dimensional normed linear space X, there exists a positive d.c. function
f on X such that 1/f is not d.c.

However, using a modification of Hartman’s methods, we prove (Theorem 4.1) the fol-
lowing variant of Theorem H (for other variants see Theorem 4.2), in which the function
g is defined on the whole R".

Let X be a normed linear space. Let A C X be an open convex set, and F: A — R"™ and
g: R" — R be d.c. Then the function go F' 1is d.c.

/h_are d.c. on A

Consequently, if f, h are d.c. on A, then, for instance, exp(f) and TTe

(see the text after Theorem 4.1).

Another positive result, in which F' is a real continuous convex (or concave) function, is
Proposition 3.4. It implies (see Remark 3.5(i)) the following:

Let X be a reflexive Banach space and fi, fo be continuous convex functions on X. If
the quotient f1/f2 is defined on X, then it is d.c.

(Note that the above statement is true only in reflexive spaces, see [12].)

We prove our results in a more general context of d.c. mappings between normed linear
spaces. In particular, we prove (see Corollary 3.9) that, in some interesting cases, the
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inner product (and even a general “product” given by a bilinear mapping) of two d.c.
mappings is d.c. as well.

1. Preliminaries

We consider only normed linear spaces over the reals R. If X is a normed linear space,
we denote by By its closed unit ball. By B(z,r) we denote the open ball with center
x and radius r. We say that a Lipschitz mapping F' is L-Lipschitz if LipF < L, where
LipF is the (least) Lipschitz constant of F.

Throughout the paper, all mappings and functions are supposed to be defined on non-
empty sets.

Definition 1.1 ([16]). Let X, Y be normed linear spaces, C' C X be a convex set, and
F:C — Y be a continuous mapping. We say that F' is d.c. (or delta-convez) if there
exists a continuous (necessarily convex) function f: C' — R such that y*o F'+ f is convex
on C whenever y* € Y* ||ly*|| < 1. In this case we say that f controls F, or that f is a
control function for F'.

Remark 1.2. The following facts are easy to prove (cf. [16]).

(a) For Y = R™, the above definition of a d.c. mapping coincides with the one in the
beginning of Introduction. Moreover, if F' = (Fy,..., F,) and f; controls Fj, then f :=
fi+ -+ fn controls F.

(b) If g = f1 — f2, where f1, f> are continuous convex functions on a convex subset of a
normed linear space, then f; 4+ fy controls g.

(¢) The notion of delta-convexity does not depend on the choice of equivalent norms on
X and Y.

A theory of d.c. mappings on open convex sets was developed in [16]. Some further
results, together with a survey of main results from [16], can be found in [7]. We shall
need the following two propositions.

Proposition 1.3 ([16]). Let X,Y,Z be normed linear spaces, and let A C X and B C
Y be convex sets. Let F': A — B and G: B — Z be d.c. mappings with control functions
f:A— R and g: B — R, respectively. If G and g are Lipschitz on B, then G o F 1is
d.c. on A with a control function h = g o F'+ (LipG + Lipg) f.

Proof. This was proved in [16, Proposition 4.1] assuming that the sets A, B are also
open, since this was the context the authors were interested in. However, it is easy to
see that the proof does not need this additional assumption. Indeed, the proof is based
on the equivalence of (i) and (iii) in [16, Proposition 1.13], whose proof does not use the
openness of A. n

Proposition 1.4. Let X, Y be normed linear spaces, C C X a bounded open convez set,
and F: C —'Y a d.c. mapping with a Lipschitz control function. Then F is Lipschitz.

Proof. This was stated in [7, Theorem 18(i)] for X and Y Banach spaces, but the proof
therein works for normed linear spaces as well. (Note that the question for which open
convex sets C' the proposition holds was answered in [3].) O
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Notation 1.5. Let A, B, A,, B, (n € N) be subsets of a normed linear space X. We
shall use the notation:

e A CC B whenever there exists £ > 0 such that A+ B(0,¢) C B;
° A, /" A whenever A, C Apyq for each n € N, and (J,, oy An = A;
° A, /" A whenever A,, CC A, for each n € N, and J,, oy An = A.

Fact 1.6. Let C be a nonempty convex set in a normed linear space X, and f: C' — R
a convex function.

(a) If C is open and bounded, and f is continuous, then f is bounded below on C.
(b) If f is bounded on C, then f is Lipschitz on each D CC C.

(¢) If f is L-Lipschitz on C, then f admits a convex L-Lipschitz extension to the whole
X.

Proof. (a) follows from the fact that f is minorized by a continuous affine function (by
the Hahn-Banach theorem).

(b) can be proved in the same way as local Lipschitz continuity of continuous convex
functions. For the sake of completeness, we give a sketch of proof. Let |f| < M on C,

r > 0 be such that D + B(0,2r) ¢ C, and 2,y € D, © # . Then z :=y + "4=2) ¢ C,

ly—z|l

T Hk;ﬁllﬂz. By convexity, f(y) < mf(x) + ”ﬁ;ﬂr (2). Tt easily

follows that f(y)— f(z) < l=tlUE=IW) < 28y, 7|| The rest follows by interchanging
x and y.

and y =

(c) Tt is well-known (and easy-to-prove) that the function f: X — R, given by ]/C\(JJ) =
inf{ f(c) + L||z — c|| : ¢ € C}, is a convex, L-Lipschitz extension of f (cf. [4]). O

We shall need the following well-known and very easy fact. Let us recall that dist(A, B) =
inf{|la — b|| : a € A, b € B} with the usual agreement that inf() = +o0.

Fact 1.7. Let C be a convex set in a normed linear space X, and r > 0. Then the sets
(called “inner parallel set” and “outer parallel set” of C')

D :={zx e C dist(z,X \ C) >r}, E :={r e X :dist(z,C) < r}
are convez.

Observation 1.8. Let X, Y be normed linear spaces, C' C X a convex set, and F': C' —
Y a d.c. mapping with a bounded above control function f. Then both F' and f are
Lipschitz on each bounded convex set B CC C.

Proof. By Fact 1.7, there exist open, bounded, convex sets D and F such that B C
D cc E C C. By Fact 1.6(a), f is bounded on E. Hence f is Lipschitz on D by
Fact 1.6(b), and F' is Lipschitz on D by Proposition 1.4. O

Definition 1.9. A normed linear space X is said to have modulus of convezity of power
type 2 if there exists a > 0 such that dx(g) > ae? for each e € (0,2] (where dx denotes
the classical modulus of convexity of X; see, e.g., [5] for the definition).
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Fact 1.10.

(a)  The ly-direct sum (X @Yy, has modulus of convezity of power type 2 whenever
both X and Y do.

(b) All L,(p) spaces with 1 < p < 2 (u arbitrary nonnegative measure) have modulus
of convexity of power type 2 (in their canonical norms).

Proof. (a) follows immediately from the following result by Bynum [1]: X has modulus
of convexity of power type 2 if and only if there exists b > 0 such that 2||z||* + 2||y||* >
|z + y||* + b||z — y||? for each z,y € X.

(b) is due to Hanner [9]. O

Let X,Y be normed linear spaces, and A C X an open set. Recall that a mapping
F: A — Y is said to be C! on A if its Fréchet derivative F'(x) exists at each point
r€Aand F': A— L(X,Y) is Lipschitz.

The next proposition follows from the proof of the implication (i) = (i) in [7, Theo-
rem 11].

Proposition 1.11. Let X,Y be normed linear spaces, A C X an open convex set,
F: A—Y aC"! mapping. If X admits an equivalent norm |-| with modulus of convezity
of power type 2, then F is d.c. on A with a control function of the form f(x) = c|-|? for
some ¢ > 0.

2. A consequence of Hartman’s construction

Hartman’s construction [10], which gives the proof that locally d.c. functions in R"
are d.c., has some consequences also in infinite dimensional spaces. It was observed
(independently) already in [15] and [14] (cf. Remark 2.6). The main new observation
of the present article is that Hartman’s construction gives even a characterization of
d.c. mappings on open sets (Proposition 2.4) which (together with Proposition 1.3)
implies some infinite dimensional versions of Hartman’s superposition theorem. First we
formulate a lemma which describes Hartman’s construction in a general setting.

Lemma 2.1. Let XY be normed linear spaces, C' C X a nonempty conver set, and
F:C —Y amapping. Let ) # D,, C C (n € N) be convex sets such that D,, /* C and,
for each n, dist(D,,,C \ D,+1) > 0, D, is relatively open in C, and F|p, is d.c. with a
control function ~,: D, — R which is either bounded or Lipschitz. Then F is d.c. on C.

Proof. First, fix a € Dy, and observe that the bounded sets D,, := D, N B(a,n) satisfy
the same assumptions as the sets D,. Thus we can (and do) suppose that each D, is
bounded, and hence each ~, is bounded on D,,. Adding a constant to =, if necessary, we
can suppose that 0 < v,(z) < b, < oo for each n € N and z € D,,.

For each n € N, choose 0 < d,, < dist(D,,,C'\ D,1), and consider the Lipschitz convex
functions ¢, (z) := b;‘f dist(x, D,,) on C. Define

ho(x) := max{y,i1(x), on(x)}, © € Dpy1, and  hy(x) := ou(x), £ € C'\ Dy

If z € D,1, then there exists € > 0 such that h,(x) = max{vy,41(x), pn(x)} for z €
C N B(z,e), since D, 1 is open in C. If z € C'\ D,y1, then dist(z,D,) > d, and
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therefore there exists € > 0 such that ¢, (z) > b,41, and thus h,(x) = ¢,(z), for each
x € C'N B(z,¢). Therefore, h, is continuous and convex on C. Moreover, clearly

° h, > 0, and h,, is bounded on each bounded subset of C.
Since ¢, (z) = 0 for x € D,,, we see that h,(z) = yp41(x) for x € D,,. So,
° h,, is a control function for ¥ on D,,.

Let us define, by induction, a sequence {f,} of continuous convex functions on C' such
that:

(a)  f, is bounded on bounded subsets of C,

(b)  fo 20,
(¢)  fn controls F' on D, 4, and

(d)  foy1 = fanon D,.
Put f; := hy. Suppose we already have f1,..., f,. Set

s :=sup fn(Dni2), o :=sup h,42(D,) and

oc+s+1
dy,

Then clearly g, is continuous and convex on C, and it controls F' on D, 5. Define
for1 = max{f,,gn}. Clearly f,41 is continuous convex, f,+1 > f, > 0, and f,41 is
bounded on bounded subsets of C. If x € D, then g,(z) < 0 < f,(x), consequently
fn+1 = fn on Dy,.

Let us show that f,41 controls F' on D,,o; i.e., that the function ¢« 1= y* o F' + f,11 =
max{y* o F' + f,,y* o F + g,} is continuous and convex on D, o for each y* € By-.
To this end, fix y* € Bx+ and z € D, o. If 2 € D, .1, then there is ¢ > 0 such that
@y+ is continuous and convex on B(z,e) N C' (since D, is open in C' and both f,, and
gn control F on D, 1). If z € D19\ D41, then dist(z, D,,) > d,, and consequently
gn(2) > 0—0+4+ (0 +s+1) > f.(2). Therefore there exists ¢ > 0 such that U :=
B(z,e)NC C D,49 and ¢, equals to the continuous convex function y* o F'+ g, on U.
Hence we can conclude that ¢,+ is continuous and convex on D, 5.

Gn(2) = hpyo(z) — 0 + dist(x, D,,) for z € C.

Now, for each x € C, the sequence {fn(:v)} is constant for large n’s, hence f(z) :
lim,, o fn(z) is well defined on C. Since f = f,, on D,, (c) easily implies that f is a
continuous convex function which controls F' on C. O]

Remark 2.2. The assumptions of Lemma 2.1 allow the possibility that D, = D,,,; =
-+ = (C for some n.

Lemma 2.3. Let X be a normed linear space and let C C X be nonempty, open and
convez. Let {C,} be a sequence of convex sets with nonempty interior, such that C,, / C.
Then there exists a sequence {D,} of nonempty bounded open conver sets such that

D, 7 C, and D, CC C, for each n.

Proof. We can (and do) suppose that each C, is bounded. (If this is not the case,
replace, for each n, the set C,, with the set C,, N\ B(x, n) where ¢ is an arbitrary interior
point of C}.)

First we claim that C' = |, int C,,. Indeed, let x € C' be any point. Then = € C,, for
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some n. If z ¢ int C,, choose any y € int C,,. There exists z € C such that = € (y, 2)
(i.e., x is a relative interior point of the segment [y, z]). There exists k& > n such that
z € (. Then x € int (Y, since y € int C}.

Now, fix 4 > 0 such that C contains an open ball of radius 29, and define

D, :={z € C, : dist(z, X \ C},) > §/n}.

Obviously D,, CC C,, for each n, and the sets D,, are nonempty, open and (by Fact 1.7)
convex. Moreover

D, cc{x e C, :dist(x, X \Cy) >0/(n+ 1)} C Dpy1.

To finish the proof, fix x € C. Then x € intC,, for some n. Fix k > n such that
dist(xz, X \ C,,) > §/k. Then dist(z, X \ Cy) > dist(x, X \ C,,) > §/k which means that
x belongs to Dy. O]

Now, we are ready to state the main result of this section.

Proposition 2.4. Let XY be normed linear spaces, C C X a nonempty open convex
set, and F: C' —'Y a mapping. Then the following assertions are equivalent:

(i) Fisd.c onC;

(i) there exists a sequence {Cy} of convex sets with nonempty interior such that C, /"
C and, for each n, F|¢, is d.c. with a control function that is bounded above on
Ch;

(@ii) there exists a sequence {D,} of bounded open convez sets such that D,, /2" C and,
for each n, F|p, is Lipschitz and d.c. with a Lipschitz control function on D,,.

Proof. (i) = (ii). Let f: C — R be a control function for F. Fix xy € C' and consider
the sets C,, = {z € C : f(z) < f(x9) + n} (n € N). They are nonempty, open and
convex, and they obviously satisfy (i7).

(i1) = (di1). Let {C,} be as in (ii). Let D, (n € N) be the bounded, open, convex
sets constructed in Lemma 2.3 from the sets C,,. Then (iii) follows immediately from
Observation 1.8.

(7ii) = (i) follows from Lemma 2.1. O

Proposition 2.4 easily implies the following generalization of Hartman’s result (I) from
Introduction, which was stated (for open A) already in [16, Theorem 1.20] with only a
hint for the proof.

Corollary 2.5. Let A C R? be a convex set which is either open or closed, and let Y be
a normed linear space. Then each locally d.c. mapping F': A —Y s d.c. on A.

Proof. First we will show that F is d.c. on each compact convex set C' C A. Using
compactness of C' and [10, Lemma 1], we easily see that there exist continuous convex
functions f; on A, z; € C', and r; > 0,7 =1,...,k, such that C' C Ule B(x;,r;) and f;
controls F' on C'N B(z;,1;). Consequently, fo = fi + -+ fi controls F' on C.

Now, distinguish two cases. First suppose that A is open. Then choose compact con-

vex sets (), with nonempty interior such that C, ~ A. Since f¢, is bounded on C),,
Proposition 2.4 implies that F is d.c.
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If A is closed, choose z € A and put D,, := AN B(z,n). Since D,, C A is compact and
convex, F'is d.c. on D,, (with a bounded control function), and we can apply Lemma
2.1. m

Remark 2.6. It is known (see [2]) that, on each infinite dimensional Banach space,
there exists a continuous convex function which is unbounded on a ball. This implies
(via Fact 1.6(b) and Proposition 1.4) that the implication (ii) = (i) in Proposition 2.4
is a strict generalization of both [15, Theorem 2.3] and [14, Corollary 18], where delta-
convexity of F' was proved under the following stronger assumption: F' is d.c. on each
bounded closed convex B C C with a Lipschitz ([15]) or bounded ([14]) control function
on B.

3. Global delta-convexity of composed mappings

Let us start with the following generalization of (IT) (see Introduction) which is essentially
proved in [16, Theorem 4.2].

Proposition 3.1. Let X,Y, Z be normed linear spaces, A C X a conver set, and B CY
an open set. Let F: A — B and G: B — Z be locally d.c. mappings. Then G o F is
locally d.c.

Proof. Fix a € A. Since G is locally d.c. and each d.c. mapping on an open convex
subset of Y is locally Lipschitz (see [16, Proposition 1.10]), there exists an open convex
neighborhood By C B of F(a) on which G is Lipschitz and d.c. with a Lipschitz control
function. Find 6 > 0 such that, for Ay := B(a,d) N A, we have that F(Ay) C By and
F|4, is d.c. Then G o F|a, = (G|p,) o (F|4,) is d.c. by Proposition 1.3. O

Our results on global delta-convexity of composed mappings will follow from the next
basic lemma.

Lemma 3.2. Let XY, Z be normed linear spaces, let A C X and B C Y be convex
sets, and let F: A — B and G: B — Z be mappings. Suppose there exist sequences of
convex sets A, C A, B, C B such that F(A,) C By, G|p, is Lipschitz and d.c. with a
Lipschitz control function, and at least one of the following conditions holds:

(i) A, is relatively open in A, A, /A, dist(A,, A\ Any1) >0, F|a, is either bounded
or Lipschitz and it is d.c. with a control function which is either bounded or Lips-
chitz.

(1) A is open, F is d.c., intA, # 0, and A, / A.

Then G o F is d.c. on A.

Proof. Let (i) hold. As in the proof of Lemma 2.1, we can (and do) suppose that the
sets A,, are bounded. Then, on each A,, F' is bounded and admits a bounded control
function. Proposition 1.3 implies that the mapping G o F|4, = (G|g,) o (F|a,) is d.c.
with a bounded control function. By Lemma 2.1, G o F' is d.c.

Now, suppose that (i7) holds. By Lemma 2.3, we can (and do) suppose that A, /" A
and each A, is open. By Proposition 2.4, there exists a sequence {D,} of bounded,
open, convex sets such that D, " A and, for each n, F|p, is Lipschitz and d.c.

with a Lipschitz control function. Then the sets En .= A, N D, are open and convex,
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F(ﬁn) C By, and A, /" A. Thus the condition () holds with A,, replaced by A,. So
(G o F' is d.c. by the first part of the proof. [

As a simpler but still rather general consequence we obtain:

Proposition 3.3. Let X, Y, Z be normed linear spaces, let A C X and B CY be convex
sets, and let F': A — B and G: B — Z be mappings. Suppose that the restriction of G to
each bounded convex subset of B is Lipschitz and d.c. with a Lipschitz control function,
and at least one of the following conditions holds.

(i) The restriction of F' to each bounded conver subset of A is bounded and d.c. with
a bounded control function.
(i) A is open and F is d.c.

Then G o F is d.c.

Proof. To prove (i), choose an arbitrary a € A and, for each n € N, set A,, := B(a,n)N
A, B, = conv F(A,). It is easy to see that dist(A,, A\ A,41) > 0 and B, C B is
bounded for each n. Thus G o F'is d.c. by Lemma 3.2.

To prove (ii), use Proposition 2.4 to choose a sequence {A,} of bounded open convex
sets such that A, " A and, for each n, F|,, is Lipschitz and d.c. with a Lipschitz
control function. Then B, := convF'(A4,) is clearly bounded and convex, and thus G|g,
is Lipschitz and d.c. with a Lipschitz control function. Apply Lemma 3.2. O]

Most of the next results are corollaries of Proposition 3.3. One of the exceptions is the
following interesting proposition.

Proposition 3.4. Let C be an open convex subset of a reflexive Banach space X, and
f:C — R be a continuous convex function. Let I C R be an open interval containing
f(C). Then, for every normed linear space Z and every d.c. mapping G: I — Z, the
composed map G o f is d.c. on C.

Proof. Let {b,} C (inf f(C),supI) be an increasing sequence tending to sup /. Then
clearly the sets C,, := {z € C : f(z) < b,} are nonempty, open and convex, and
C, /" C. By Lemma 2.3, there exist nonempty bounded open convex sets D,, CcC C,
(n € N) with D,, ,2* C. Since f attains its infimum on the weakly compact set D,
(see e.g. [6, Theorem 25.1(b)]), we have a,, := min f(D,) > infI and hence f(D,) C
[an,by] C I (n € N). Since G and its control function are locally Lipschitz on I (cf. [16,
Proposition 1.10]), they are Lipschitz on each [a,, b,]. Apply Lemma 3.2 with A := C,
A, := D, and B,, := [ay, by]. O

Remark 3.5. (i) Proposition 3.4 implies that 1/f is d.c. whenever f is a positive con-
tinuous convex function on an open convex subset of a reflexive Banach space.

(ii) It is easy to see that Proposition 3.4 holds for concave (instead of convex) f as well.
However it is not true for all d.c. functions f (see Corollary 5.6).

(iii) Proposition 3.4 fails in any nonreflexive Banach space X: by [12], a Banach space
X is reflexive if and only if 1/ f is d.c. for each positive continuous convex function f on
X.
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Theorem 3.6. Let X,Y,Z be normed linear spaces, let A C X and B C Y be open
convez sets, and let F: A — B and G: B — Z be d.c. mappings. Then G o F is d.c. on
A, provided at least one of the following conditions is satisfied:

(a) B =Y and G admits a control function g that is bounded on bounded sets;
(b) Y is finite-dimensional and F(A) C B;
(¢) Y admits a renorming with modulus of convezity of power type 2, and G is C*' on

bounded open subsets of B.

Proof. Let (a) hold. Let E C Y be an arbitrary bounded convex set. Choose a bounded
convex set C' such that £ CC C'. Since g is bounded on C, Observation 1.8 implies that
both G and g are Lipschitz on E. Thus G o F' is d.c. by Proposition 3.3 .

Now, suppose (b) holds. By Proposition 2.4, there exists a sequence {4, } of nonempty
bounded open convex sets such that A, / A and F is Lipschitz on each A,,. Since each
F(A,) is a compact subset of B (Y is finite-dimensional!), B,, := conv F'(A,)) CC Bis a
compact convex subset of B. Let g be a control function of G. We can clearly find € > 0
such that ¢ is bounded on C' := B,, + B(0,e) C B. Observation 1.8 implies that both G

and ¢ are Lipschitz on B,. Now, Lemma 3.2 shows that G o F' is d.c.

Finally, let (¢) hold. For each bounded convex set E C B, let By C B be a bounded
convex open set containing F. Since G is C*! on By, it is also Lipschitz on By. Moreover,
Proposition 1.11 easily implies that G admits a Lipschitz control function on By, and
hence also on E. Thus, we can apply Proposition 3.3. O]

Let X,Y be vector spaces. Recall that a mapping (): X — Y is quadratic if there exists
a bilinear mapping B: X x X — Y such that Q(z) = B(xz,z) for each 2 € X. In this
case, we say that ) is generated by B.

Definition 3.7 ([13]). A normed linear space X is said to have the property (D) if every
continuous quadratic form on X can be represented as a difference of two nonnegative
continuous quadratic forms.

Proposition 3.8. Let X,Y,Z be normed linear spaces, C C X an open convex set,
F:C —Y ad.c mapping, and QQ: Y — Z a continuous quadratic mapping. Then
Qo F isd.c. onC, provided at least one of the following conditions is satisfied:

(a) Y admits a renorming with modulus of convexity of power type 2;
(b)  Z is finite-dimensional and Y has the property (D).

Proof. The case (a) follows immediately from Theorem 3.6(c), since each continuous
quadratic mapping is O,

Suppose (b) holds. We can suppose that Z = R? for some d € N. Then the components
Q; (j =1,...,d) of the quadratic mapping ) are continuous quadratic forms. Since Y
has (D), we can write @); = p; — ¢; where p;, ¢; are nonnegative continuous quadratic
forms, in particular, they are convex continuous functions that are bounded on bounded
sets. By Remark 1.2(a) and (b), @ is d.c. with a control function which is bounded on
bounded subsets of Y. Apply Theorem 3.6(a). O
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The following Corollary 3.9 improves [16, Corollary 4.3.] which states only that Bo(F, G)
is locally d.c. whenever Y and V' are Hilbert spaces.

Corollary 3.9. Let X,Y,V,Z be normed linear spaces, C' C X an open convex set,
F:C—=Y and G: C — V d.c. mappings, and B: Y XV — Z a continuous bilinear
mapping. Then the mapping B o (F,G): v — B(F(x), G(m)) is d.c. on C, provided at
least one of the following conditions is satisfied:

(a) bothY and V' admit renormings with modulus of convexity of power type 2;
(b)  Z is finite-dimensional and'Y x V' has the property (D).

Proof. Observe that B is also a quadratic mapping on Y X V; indeed, it is generated
by the bilinear mapping B((y,v), (v/,v")) = B(y,v’) on (Y x V) x (Y x V). Moreover,
by [16, Lemma 1.7}, the mapping = — (F(z),G(z)) is d.c. on C. Apply Fact 1.10(a)
and Proposition 3.8. O]

Remark 3.10. (a) By Fact 1.10(b), the assumptions in Proposition 3.8(a) and Corol-
lary 3.9(a) are satisfied, for instance, if each of Y, V' is isomorphic to a subspace of some
L,(p) with 1 < p <2 (not necessarily with the same p and pu).

(b) By [13, Theorem 1.6 and Observation 3.13], the assumptions in Proposition 3.8(b)
and Corollary 3.9(b) are satisfied, for instance, if each of Y, V' is isomorphic to one (not
necessarily the same) of the spaces C'(K), ¢o(I"), L,(p) with 2 < p < 0.

4. Global delta-convexity of composed functions

Here we present positive results which are formulated without using the notion of d.c.
operators, i.e., those which directly concern Hartman’s results. Probably most interesting
is the following immediate consequence of Theorem 3.6(a). Note that it is important
that the function g¢ is defined on the whole R™ (see Corollary 5.6(a)).

Theorem 4.1. Let X be a normed linear space. Let A C X be an open convex set, and
F:A—R"and g: R" — R be d.c. Then the composed function go F is d.c.

Since each C? function g : R® — R is d.c by Proposition 1.11 and (I) from Introduction,
applying Theorem 4.1 to F' = (f,h) and g(z,y) = zy, we obtain that f-h is d.c. on A,
whenever f and h are real d.c. functions on A. However, this fact is well-known (cf. [11])
and can be proved in a quite elementary way. But the fact that, for instance, exp(f)
and HJJZ% are d.c. on A seems to be new. (Hartman’s results only imply that these

functions are locally d.c.)
For compositions of special d.c. functions, we obtain the following.

Theorem 4.2. Let X be a normed linear space and A C X, B C R"™ convex sets. Let
F=(F,...,F,): A— B be ad.c. mapping and g: B — R a d.c. function. Then go F'
is d.c. on A, provided at least one of the following conditions is satisfied:

(a) A isopen, F is d.c., and g is a difference of two Lipschitz convex functions;

(b) each F; is a difference of two continuous convex functions which are bounded on
bounded subsets of A, and the restriction of g to each bounded convex subset of B
15 a difference of two Lipschitz convex functions;
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(¢) X =Rk, A is open or closed, F is d.c., and, for each a € A, there exists ¢ > 0
such that g is a difference of two Lipschitz convex functions on B N B(F(a),¢).

Proof. To prove (a), observe that, by Fact 1.6(c), we can suppose that g is a difference
of two Lipschitz convex functions on the whole R™. Hence go F'is d.c. on A by Theorem
4.1.

The part (b) follows from Remark 1.2(a) and (b), and Proposition 3.3.

Let (¢) hold. By Corollary 2.5 (or (I)), it is sufficient to show that g o F' is locally d.c.
on A. To this end, choose an a € A and find € > 0 such g is a difference of two Lipschitz
convex functions on BN B(F(a),¢). Since F' is continuous, we can find ¢ > 0 such that
F(B(a,0)NA) C BNB(F(a),e). Using Proposition 1.3 (and Remark 1.2(b)), we obtain
that g o F' is d.c. on B(a,d) N A. O

Note that the case (c¢) follows also from proofs in [10]. However, a claim of P. Hartman
(see [10], p. 708, lines 12-17), which would imply (via (I) from Introduction) that, in
(¢), it is sufficient to write “g is d.c. and Lipschitz” instead of “g is a difference of two
Lipschitz convex functions”, is false (presumably due to a misprint). This is shown by
the following example.

Example 4.3. Let d: R — R be the characteristic function of the set S:=J,, .[—27%""2,
—272"1) and put g(z) := [*, d for 2 € [~1,0]. First we will show that g is a Lipschitz
d.c. function which is not a difference of two Lipschitz convex functions on [—1/2,0].
Since d is bounded, g is clearly Lipschitz. Clearly ¢/, (z) = d(z), v € [-1,0), since d
is right continuous. For z € [—1,0), let v(x) be the total variation of d on the interval
[—1,z]. Tt is easy to check that v(z) =n — 1 for z € [-2!7",—27"), and consequently

fi)lv = > (n—1)27" < co. Thus both v and w := v — d are nondecreasing and
(Lebesgue) integrable on [—1,0). So, ¢i(z) := [ v and ¢o(z) := [, w are continuous

convex functions on [—1, 0], and

g(x):/id:/j(v—w):cl(x)—CQ(x), € [~1,0].

Therefore, ¢ is d.c. on [—1,0].

Now, suppose to the contrary that g = p—q on [—1/2,0], where p, g are convex Lipschitz
functions on [—1/2,0]. It is well-known that then the right derivatives p’,, ¢/, are finite,
bounded and nondecreasing functions on [—-1/2,0]. Further d = ¢, = p/. — ¢, on
[~1/2,0). Let V¢ denote the total variation of ¢ on [a,b]. Then, for x € [~1/2,0),

v(r) —v(=1/2) = V31/2<p/+ - qﬁr) < Wl/Qler + Vf1/2 qir
= (P () = P (=1/2)) + (¢ () — ¢} (=1/2)) = 2(=),

which is a contradiction, since lim,_o_ v(z) = oo and z is a bounded function.

Now, set F(x) := —|z| for z € [-1,1]. Then go F' is not d.c. even on (—1,1). Indeed,
otherwise g o F' would be a difference of two Lipschitz convex functions on [—1/2,0],
which is not true, since go F' = g on [—1/2,0].
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5. The main counterexample

The main result of this section (Theorem 5.5) provides a general construction of non-d.c.
composed mappings. Its proof uses some ideas from [14].

The following lemma, implicitly contained in [14], is useful for showing that certain
functions or mappings are not d.c.

Lemma 5.1. Let X,Y be normed linear spaces, let A C X be an open convex set with
0€ A, andlet F: A —Y be a mapping. Suppose there exist X € (0,1) and a sequence of
balls B(xy, 6,) C A such that {x,} C AA, 6, — 0 and F is unbounded on each B(zy, o).
Then F is not d.c. on A.

Proof. Suppose the contrary. Let f be a control function for F on A. We can suppose
f > 0 (otherwise choose an affine function g such that ¢ < f on A, and consider
f — g instead of f). For each n, let z, € A be such that z,, = Az,. Observe that
IR < 6, implies @, + h = Az, + (1 — )2 and [|1%] < 2. Now, fix m € N so

1-x
large that B(0, 1‘5_—’”/\) C A and both F' and f are bounded on B(0, f_—m)\) Then, using [16,
Proposition 1.13] or [7, Theorem 1], we get
h
h
< Af(zm) +(L=A)f <m) — f(@m + h)

<M (Gzm)+ @ =Nf <&> (2)

whenever ||h|| < d,,. But this is a contradiction since the expression (2) is bounded on
{h:||h|| < &,,} while (1) is not (because F'is unbounded on B(x,, d,,))- O

Lemma 5.2. Let X be a normed linear space. Let e € Sx, e* € Sx« and ¢ > 0 be such
that e*(e) = 1 and the implication

e'(u)>1—¢ and |u| <1 = Ju—c¢| <ce (3)
holds for w € X and € > 0. Then the following implication holds for x € X and
0<d<i:

1 2 1 2 *
Sl < Slel® +e'(@—e)+6 = |z —e|| < (14 2¢)V26. (4)
Proof. Let 2 € X and 0 < § < § satisfy the left-hand side of (4). Then

1 1 1
§||17||2 <e'(r) — 5 +6 < x| - 5 +9

which implies (1 — [|z]|)? < §. Thus 0 < 1 — v/26 < |jz]| < 1 + V20.
If |z]| < 1, then e*(z) > |z[>+4 -6 > 3(1 —v20)2+1 -0 =1 — V25 By the

2 2

assumption (3), ||z — e| < ¢v28 < (1 + 2¢)v/26.
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If ||z]| > 1, then (as above) e*(53;) > IIwH (3llz]*+ 5 —9) > H;/IIQTS > L? 1- 1+\/\75—
By (3), we have || —el| < ¢ ffﬁ Consequently, e —ell < llz — g5l + g —ell <
(2 = 1) + 22 < V25 (1+ 525 ) < (1 +20v25. O

Lemma 5.3. For each infinite dimensional normed linear space, there exists a countable
biorthogonal system {e,,eX} C X x X* such that:

llen]] =1 (n € N), R :=sup |le}|| < oo, r:= inf ||le, — e, > 0.
n m#n

Proof. The completion of X contains a normalized basic sequence {e,} (see [8, Theo-
rem 6.14]). By the “small perturbation lemma” [8, Theorem 6.18|, we may assume that
{en} € X. Let e (n € N) be Hahn-Banach extensions of the corresponding coefficient
functionals; it is well-known that they are equi-bounded (cf. [8, p. 164]). Moreover, for
m # n, we have |le, — ;|| > 1/R, since 1 = €} (e,, — em) < Rlle,, — €| O

Lemma 5.4. Let X,Y be normed linear spaces, X infinite dimensional. Then, for each
bounded sequence {y,} C Y, there exists a d.c. mapping ®: X — 'Y such that:

(a) @ =0 outside Bx;
(b) @ admits a control function that is Lipschitz on bounded sets;

(¢) A{yn} C ®(Bx) and ®(X) C conv[{0} U {yn }nen]-

Proof. Let {e,}, {e:}, Rand r be asin Lemma 5.3. Observe that R > 1 since e(e;) = 1.
Fix an arbitrary p € (0, %) The symmetric closed convex set

C = W(pBX U {j:en}neN)
is the unit ball of an equivalent norm || - || on X since pBy C C' C By.
Fix an arbitrary n € N. It is easy to see that ||ef|| = maxe}(C) = e} (e,) = 1, which
implies that also |le,|| = 1. Let ¢ > 0 and u € C be such that
ep(u)>1—e.
Observe that C' = conv ({e,} U C,,) where
Cn= m(PBX U {—ex}ren U {ek}keN\{n})-
Thus we can write u = (1 — A)e, + Av where v € C,, and 0 < A < 1. Since

1—5<62(u) <1—=A+Asupe(C,) <1—X+ ARp,

2e
1—Rp

lw = enll = Allv = enll <

Denote g(z) = 3|lz[|*>. By Lemma 5.2, for n € N, 2 € X and 0 < § < 3 the following
implication holds:

g9(x) < glen) +ep(z —en) +0 = [l —en] <flz—enf < (1 +

1_Rp) N
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Since the sequence {e,} is uniformly discrete, it is possible to fix a § € (0,%) so small

2
that the open convex sets
D,={re X :g9(x)<gle,) +e(r—e,) +d}

satisfy dist).| (D, D,,) > ¢ whenever m # n. We have e, € D,, for each n.
Define H: X — Y by

H(z) = % [g(en) +e(x —e,) +0 — g(x)]y, if x € Dy,

0 for x ¢ (J,,cy Dn-

It is easy to see that H is continuous since we have

H(z) = % max{g(x),g(e,) +e:(z—e,) +} —g(@)]yn, =€ D,+ Bx. (5)

Put s := sup,cy ||yn]|. We claim that the formula

() = 3 sup(max{g(z). g(e.) + s x — ) + 6)) + 3 9(x) ©)

defines a control function for H, which is Lipschitz on bounded sets. First, observe that
h(0) = $max{0,3 — 1+ 8} = 0. Moreover, since g is Lipschitz on bounded sets and
the functionals e (n € N) are equi-Lipschitz, (6) defines a real convex function that is
Lipschitz on bounded sets. Fix y* € By«. To prove that the function ¢ := y* o H + h
is convex, it is sufficient to show that it is locally convex. For x ¢ |J, D,, = |, Dy, we
have ¢(z) = h(x). For € D,, + §Bx, we have g(z) > g(ex) + € (z — ex) + 6 whenever
k # n, and hence

h(z) = 3 max{g(a). g(en) + €z — e2) + 6} + Sg(e), @ € Dy +6Bx.

Consequently, (5) implies that, on the set D,, + 0 Bx, the function

Y (Yn)

max{g(x), glen) + €} (x = e) + 6} + =" g(x)

p(a) = 2FL )

is convex (since it is a sum of convex functions).

Observe that H(e,) = y,. Moreover, for each z € D,,,

—_

% 1
0 < glen) +en(z—en) +0—g(z) < 5+ o] = 140 = Sl

1
=6 (lel - 1)° <.

Thus, for each n, the image H(D,) is contained in the segment [0, y,]. Since the support
of H is contained in 2By, the mapping ®(z) := H(2z) has all the required properties
(note that ¢(x) := h(2x) clearly controls @, cf. [16, Lemma 1.5]). O
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Theorem 5.5. Let X,Y, Z be normed linear spaces, X infinite dimensional. Let A C X
be an open convex set, let B C'Y be a conver set, and let G: B — Z be a mapping which
is unbounded on a bounded subset of B. Then there exists a d.c. mapping F': A — B
such that G o F is not d.c. on A.

Proof. We can (and do) suppose that 0 € A. Fix r € (0,1) such that B(0,2r) C
A. By [2], there exists a continuous convex function h on X such that h(0) = 0 and
SUD,ep(0,) M) =00 For k € N, set

Ay ={x e A: h(z) <k, ||z|] <k}

Clearly each A contains 0, is open and convex; moreover, A, / A. It is easy to
see that, for each £ € N, we can choose vy € B(0,7) and 0 < &, < 1/k such that
B(Uk, 261@) C Ak+1 \ Ak

We can (and do) suppose that 0 € B. Let {y,} C B be a bounded sequence such that
|G(yn)|| — o0, and let ® be the corresponding mapping from Lemma 5.4. For each
k € N, define Fi.: X — Y by

Fu(z) = ® (x gk”’“> .

Since the supports of these mappings are pairwise disjoint and each Aj intersects only
finitely many of them, the mapping

F:A—Y, F(x)=) F)

is well-defined and continuous. Observing that ¢y (z) := ¢(*5%) controls Fj, if ¢ controls

® (cf. [16, Lemma 1.5]), we obtain that F is d.c. on each Ay with a Lipschitz (hence
bounded) control function. By Proposition 2.4, F' is d.c. on A. Moreover, F(A) C
U, Frx(X) € B by Lemma 5.4(c). Since G o F' is unbounded on each B(vg,d;) and
v € %A, Lemma 5.1 implies that G o F' is not d.c. on A. O

Corollary 5.6. Let X be an infinite dimensional normed linear space, and A C X a
nonempty open convezx set.

(a)  There exists a positive d.c. function f on A such that 1/f is not d.c.
(b)  There exists a locally d.c. function g on A, which is not d.c.

Proof. Applying Theorem 5.5 with B = (0, 00) and G(y) = 1/y, we obtain (a). Now, (b)
follows from (a), since g := 1/ f is locally d.c. by Proposition 3.1 (or (II) in Introduction).
[l
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