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We consider weak solutions of second order nonlinear elliptic systems in divergence form or of quasi-
convex variational integrals with continuous coefficients under superquadratic growth conditions. Via
the method of .A-harmonic approximation we give a characterization of regular boundary points using
and extending some new techniques recently developed by M. Foss & G. Mingione in [15].

1. Introduction and results

In this paper we present a characterization of regular boundary points in the regularity
theory of vectorial elliptic and variational problems by extending the techniques and the
results of Foss & Mingione in [15] to the boundary. We first consider weak solutions
u € WHP(Q,RY) of a general homogeneous system of second order elliptic equations in
divergence form

div a(-,u,Du) =0 in 2, (1)

where Q is a bounded domain in R” and a: Q x RN x R™Y — R"V is a continuous vector
field on which we impose standard boundedness, differentiability, growth and ellipticity
conditions: z + a(-,-, z) is of class C', and for fixed 0 < v < L and all 2,7 € Q,
u, % € RV, and 2,2z, A € R™ there holds:

la(z,u, )| + |Dsa(z,u, z)| (1+|z]) < L (14",
D.a(z,u,2) A\ > v (1+ \z])p_z A%,

la(,u, 2) — a(®,,2)] < L (1+ |2 w (|2 — 2 + |u—al?) 2)
|D.a(x,u,z) — D,a(x,u,z)| < Lu (pl"z;lflzl) (14 |2+ |2)" 2.

Here n, N > 2, p > 2, and p,w: RT — RT are two moduli of continuity, i.e. bounded by
1 (without loss of generality), concave and non-decreasing such that lim, ,cw(p) =0 =

lim,_o p(p).

The role of the modulus of continuity w(-) will be the crucial point in our paper; we
remark that, in the sequel, we confine ourselves to the vectorial case. For the scalar case
we refer to [15] and the references therein. If we assume a Holder condition of the form
w(t) < t2 for some a € (0,1), t € RY, ie., (1 + |2])'Pa(x,u,2) is Holder continuous
in the variables (z,u) uniformly with respect to z, then it is known (see [17]; [14] for
the variational case) that standard growth and ellipticity assumptions on the coefficients
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imply partially Holder continuous first derivatives of the weak solution u, which means
Holder continuity outside the singular set of Lebesgue measure 0, with optimal Holder
exponent a. Moreover, assuming that the boundary data are sufficiently smooth, general
criteria for Du to be regular in a neighbourhood of a given boundary point were obtained
by Grotowski and Hamburger (see [20, 21]) using boundary versions of the method of
A-harmonic approximation and of the blow-up technique, respectively. The assumption
on w(-) was weakened to Dini-continuous coefficients, where for #dp < oo is fulfilled for

some r > 0, which still allows to conclude a partial regularity result for Du (see [8, 27]; [9]
for the variational case). Moreover, a condition of the form limsup,_,w(p) log(%) =0
ensures in the case of variational functionals under non-standard growth without u-
dependency (see [3], Theorem 2.1) to infer u € C*(Q, RY) for every a € (0, 1).

loc

Assuming merely the continuity of the coefficients with respect to the variable (x,u)
without any further structural assumptions, Campanato proved low order partial regu-
larity in [5], namely that the weak solution u is Holder continuous with every exponent
a € (0,1) outside a negligible closed subset of €2, for the low dimensional case, where
n < p+ 2 (cf. [6] for similar estimates up to the boundary; see also [23] for the vari-
ational setting). Moreover, the Hausdorff dimension of the singular set is bounded by
n — p from above implying that actually almost every boundary point is verified to be a
regular one. In contrast, in the case of quasi-convex variational integrals, these methods
do not apply, and a similar low dimensional result was obtained only under the assump-
tion w(t) < t2 (cf. [23], Theorem 1.5). However, for general dimensions, the question of
low order partial regularity under a continuity assumption remained unsolved for a long
time, until Foss & Mingione gave a positive answer in [15] both for weak solutions of
elliptic systems and for local minimizers of quasi-convex variational integrals. The aim
of our paper is now to extend the characterization of regular points up to the boundary.
For this purpose we denote by Regyyu the set of regular boundary points of u in the
sense that

Regyqu = {zg € 00: u € C**(U(zo) N Q,RY) for every a € (0,1)
and some neighbourhood U(zg) of zo},

and the set of singular boundary points by Singy, u := 092 \ Regy, u. Analogously for
fixed a € (0,1) we define

Regypoqu = {z0 €' u € C*(U(zo) N Q,RY) for some neighbourhood U () of z}

and Singyq , u := 0\ Regyg , u. Our first theorem then provides a characterization of
the regular boundary points analogous to the characterization of regular points in the
interior of © (see [15], Theorem 1.1):

Theorem 1.1. Consider p > 2, Q@ CR", n > 2, a bounded domain of class C! and a
map g € CHQ,RY). Let u € WHP(Q,RY) be a weak solution of system (1) under the
assumptions (2) with boundary values u = g on 0S2. Then there holds:

Dll xT u — Dz/ x u x P
Singyg u C { 2o € O liminf][ [Drgnan) = DrontanWanseol” ;-
p—0t QN B, (z0) (1 + ’(DV{)Q(«TO)U)QOBp(~TO) |)p

p—0F

or liminf pﬁ][ |Dyper(woytt)* dz >0
QﬂBp(Jr())
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for every 5 € (0,2); here vag (o) denotes the inward-pointing unit normal vector to OS2 in
xg. Moreover, for every a € (0,1) there exists s > 0 depending only onn, N,p,v, L, «, 3,
0, g, w(+) and u(-) such that the following inclusion holds for every B € (0,2):

Dl/ x - DV X x P
Singyo ot C 4 2o € 02 lim inf][ Drgnan)t = (Dronan)Weo dr > s
p—07F QN B, (z0) (1 + ‘(Dvag(wo)u)ﬂﬁBp(wo)Dp

or liminf pﬂ][ |Dypaoyul* dz > s ¢ .
QNB,(xo)

p—0T

We note that for general dimensions the problem of knowing whether there might exist
regular boundary points, even in the case of Holder continuous coefficients with exponent
o < %, remains open (cf. [12]), unless we have some additional structural condition (as
e.g. a splitting condition, see [22] for minima).

In the second part of the paper we consider variational integrals of the form
Flu] = / F(z,u, Du)dzx, (3)
Q

where the integrand F: Q x RY x R — R is strictly quasi-convex, continuous and
grows polynomially. More precisely, we assume that z — F'(-, -, 2) is of class C? and that
F satisfies for fixed 0 < v < L and all z,Z € Q, u, % € RY, and z, 7 € R™ the following
assumptions:

v(1+[2)7 < Fz,u,2) < L(1+[2])7

v fioa (L+ 21+ D)) 2IDp(y) P dy < [ 10 [Fla 2 + Doly)) — Fla,u, 2)]dy
|F(z,u,2) = F(z,0,2)] < L (1+4]2])" w(le =2+ |u—al),

ID.F(w,u,2) = DoaF(w,u,2) < L (i) (L 12+ 277

14|z|+|z|

@)
The functions u(-) and w(-) are those already considered in the elliptic case, and for
(4)2, which is called strict quasi-convexity condition, we assume ¢ € C§°((0,1)", RY).
We note here that quasi-convexity is an extension of convexity to a global property
and is essentially equivalent to lower semicontinuity (cf. [1]). Applying Step 2 of page
6 in [25], we may also assume a growth condition on the first derivatives of the form
D.f(x,u,z) < L(1 + |z|)P~!. Moreover, it can be verified that the conditions (4) above
(see [26], Theorem 4.3) imply the strict ellipticity of the matrix D?f in the sense of
Legendre-Hadamard, and therefore we may also assume

v(L+ )P Inl* < DeoF(wu,2)§®@n-E@n < L (1+ [2))"7*I€ Il
for all £ € RN 5 e R™

We note that in the case of Holder continuity of the coefficients a partial regularity
theory for the gradient of minimizers has been established in the by now classical papers
[14, 2, 7], while partial Hélder continuity in the interior in the case of general continuous
coefficients has been again proved in [15].

Our second theorem now yields a characterization of the regular boundary points of
minimizers of quasi-convex integrals corresponding to the elliptic case:
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Theorem 1.2. Consider p > 2, @ C R", n > 2, a bounded domain of class C! and a
map g € CHQ,RY). Let u € W'P(Q,RY) be a local minimizer of the functional F|-] in
(3) under the assumptions (4) with boundary values uw = g on 9. Then there holds:

Singyn u C {xo € 0Q): liminf dx >0

p—0F

][ ‘Dvag(ro)u - (DVaQ(Zo)u>QﬂBp(Io) ‘p
QNB,(z0) (1 + |(DV39($0)U)QﬂBp(J»‘0) |)p

or liminf pﬁ][ | Dy (woytt|” dz > 0
p—0+ QNB,(xo)

for every 5 € (0,p). Moreover, for every a € (0,1) there exists s > 0 depending only

on n,N,p,v,L,a, 3, 0, g,w(:) and p(-) such that for every 5 € (0,p) the following

inclusion holds:

Singgq o U C {xo € 002 liminf

p—0F

][ ’Duag(wo)u - (DVan(wo)u)QﬂBp(wo)’p dr > s
0nB,wo) (1 [(Drgg(zo))ons,@o)|)?

or liminf pﬁ][ | Dy (o) ut|? dz > S} :
p—0%F QNB, (x0)

Finally we briefly comment on the techniques used in the proofs and on the modifications
necessary to handle the boundary situation: regularity proofs for both nonlinear systems
and functionals are usually based on a comparison principle in order to establish an
excess decay estimate. In the present situation, the excess quantity introduced by Foss
& Mingione consists of three terms: the first involving the averaged mean deviation of the
derivative of the weak solution (re-normalized by the factor (1 4 [(Dy,q(z0)%)0nB,(w0)|)?
which might diverge due to the fact that we cannot expect to obtain Lipschitz estimates
even if the boundary data are smooth), the second involving the radius of the ball
B,(x¢) and finally the Morrey-type excess M (zo, p) quantifying the oscillations of the
weak solution u. The appropriate decay of this excess quantity is now obtained by a
linearization argument (combined with the Ekeland variational principle in the case of
variational integrals), namely by freezing the coefficients and the functional, respectively,
in order to obtain an elliptic system A with constant coefficients. In the second step, the
comparison with an A-harmonic map (for which good a priori estimates are available up
to the boundary) is made possible by the technique of .4-harmonic approximation (for
details we refer to [10] and, for a more general form in the setting of geometric measure
theory to [13]). Our main goal, the Holder continuity of u on a relative neighbourhood
of a given boundary point zy where the excess is small, can then be established in the
model case of the upper half unit ball (which is sufficient for the general situation) by
proceeding similarly to existing papers concerned with boundary regularity (see e.g. [20]);
here, we mention that our boundary excess describes only the behaviour of the normal
derivative of w but appropriate boundary versions of the Caccioppoli and the Poincaré
inequality allow us to control the full derivative of u. Hence, the excess at the boundary
is now used to get control over the corresponding excess quantity on balls in the interior
within a neighbourhood of x4, and a combination with the interior case then yields the
desired regularity result.

In the sequel, we set our main focus on the treatment of the boundary situation, but,
as indicated in [15], the methods also apply to cover inhomogeneous elliptic system and
almost minimizers of integral functionals.
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2. Preliminaries

We start with some remarks on the notation used below: we write B,(zo) = {x € R™:
|z — 20| < p} and B (79) = {z € R" : 1, > 0, |z — 2| < p} for a ball or an upper half-
ball, respectively, centred on a point o (€ R"™' x {0} in the latter case) with radius
p > 0. Sometimes it will be convenient to treat the n-th component of x € R" separately;
therefore, we set © = (2, x,,) where 2’ = (x4, ...,2,_1). Furthermore, we write

Ly(zg) = {z €eR": |z — x| < p, z, =0},

for zp € R™! x {0}. In the case 9 = 0 we set B, := B,(0), B := B as well as
Bf = Bf(0), BT := B with I', := I',(0), T' :== I';. We also introduce the following
notation for WhP-functions defined on some half-ball B () and which vanish (in the
sense of traces) on the flat part of the boundary:

WP (B (20), RY) := {u € W"P(B} (z0),RY) : u =0 on I'y(z)} .

Let £" denote the n-dimensional Lebesgue measure. For any bounded, measurable set
X C R™ with £"(X) =: | X| > 0, we denote the mean value of a function h € L*(X,R")
by (h)x = F y hdz, and, in particular, we use the abbreviation (h),,, for the mean
value on B,(xo) or on Bf (z¢), respectively. The constants ¢ appearing in the different
estimates will all be chosen greater than or equal to 1, and they may vary from line to
line.

We consider a bounded domain €2 in R", for some n > 2. The boundary of € is assumed to
be of class C'' with modulus of continuity 7(-); this means that for every point zq € 99
there exist a radius 7 > 0 and a function h : R"™! — R of class C! such that (up
to an isometry) 2 is locally represented by Q2 N B,.(z¢) = {x € B.(z¢) : x, > h(2)}.
Thus we can locally straighten the boundary 99 via a C'-transformation 7 defined by
T (2 x,) = (2, z, — h(2))).

We recall that u is a weak solution of (1) with boundary values g under the assumptions
(2) if w is a WHP(Q, RY)-map such that

/ a(z,u, Du) Dpdz = 0 for every ¢ € W, P(Q,RY)
Q

and if u = g on 0€2 in the sense of traces. Further, v is a local minimizers of the functional
F[] with boundary values g under the assumptions (4) if u is a WP(Q, RY)-map such
that

Flu] < Flv] for every v € u+ Wy P(Q,RY)

and if u = g on 02 in the sense of traces.

Firstly we recall a boundary version of Poincaré’s inequality Wy (Bj;, RY)-maps. The
fact that u vanishes on I' allows to estimate the integral over u by the integral of the
normal derivative D, u only rather than the full derivative.

Lemma 2.1 ([4], Lemma 3.4). For functionsu € Wi (B (o), RY) with zo € R 1x

{0} there holds:
RP
/ lulP de < —/ |DypulP dz .
B} (z0) D JBf(x0)
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We next want to state results from the linear theory. Firstly, we recall the following
up-to-the-boundary version of the A-harmonic approximation lemma:

Lemma 2.2 ([19], Lemma 2.4; [20], Lemma 2.3.). Consider fized positive v and L,
and n, N € N with n > 2. Then for any given € > 0 there exists 6 = §(n, N, \, L,€) €
(0, 1] with the following property: if A is a bilinear form on R™ satisfying

vIEPInf? < A€o c@n) < LIEP (5)

forall€ e RN, n € R, and if w € W%’2(B:{(m0),RN) (for some p > 0, o € R"™! x {0})
with f B (x0) |Dw|*dz < 1 is approzimately A-harmonic in the sense that

< ¢ sup |Dy|
B/ (z0)

][ A (Dw, D) dz
Bf (x0)

for all o € C3(Bf (o), RY), then there exists an A-harmonic function h € WI}’Z(B;“(JUO),
RY) such that

][ |Dh|?dz < 1 and p_Q][ lw—h*dr < €.
Bf (x0) Bf (x0)

That A-harmonic maps are indeed smooth, is the statement of the next lemma:

Lemma 2.3 ([19], Theorem 2.3). Consider fized positive v and L, and n, N € N
with n > 2. Then there exists a constant ¢, depending only on n, N, L and v such that
for every bilinear form A on R™ with upper bound L and ellipticity constant v and any
A-harmonic map h € er’Q(B;r(.ro),RN) (for some p > 0, o € R"™1 x {0}) there holds:

p~2 sup |Dh]*+ sup |D*h]* < chp_2][ |Dh|? dz .
B:/Q(CC()) B:/Q(xo) B (z0)

Given a functions u € L*(B/ (z9),R") we denote by P;f | the unique function minimizing
the functional P — | B (20) |u — P|? dx amongst all functions P of the form P(x) = Q z,,

N + N+ . . .
for some QQ € RY. P = Q; , % is then given via

= o) f () oo
By (wo)

for cg = (f By 22 dz)™' = n + 2. The following lemma provides explicit estimates for

+
Z0o,pP

Lemma 2.4. Let u € WF1’2(B;(IO),]RN) for some xo €', 0 < 0 <1, P the polyno-
mial defined above. Then the following estimates hold:

(0) WLW—@WQSdmwm*f u— Pt Pda

By (o)

@) Q€ < etw) D¢ da
B (x0)

similar to [24], Lemma 2:

where £ € RY.
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Proof. Using both the definitions of Q:O,(, , and of the constant ¢ and Holder’s inequal-
ity we compute

2 _
xo

2
= lcg (0,0)_2][ [w(z) z, — QF ,a2] dx
B;p(xo)

< ¢ (6p)~" ][ lu(z) — @, xnf dx ][ 22 dw
By, (z0) By, (z0)

_ 2
< ¢q (6p) 2][ u(z) — QF ,an|” du.
B;ﬂ(xo)

For the second inequality we proceed analogously and apply at the end the Poincaré-
inequality in the zero-boundary-data-version in order to derive:

2

|Q;—0,p o 5}2 -

co ,0_2][ [u(z) z, — 22 da
Bf (z0)
<cop? f fule)~ ol da
By (w0)

< cpcg ]i*( )|Dnu(x) — & du.
p \T0

Moreover, we will need an iteration result (cf. [18], Lemma 7.3):

Lemma 2.5. Let ¢: [0, p] — R be a positive non-decreasing function satisfying
p(01p) < 07 p(6"p) + B (0"p)"

for every k € N, where 6 € (0,1) and v € (0,n). Then there exists a constant ¢ depending
only on n,0 and ~y such that for every t € (0, p| the following holds:

p(t) < c l(%)vs&(/)HBtV} ~

For the proof of the characterization of regular boundary points we will concentrate
on the model situation of a half ball and we will make use of a slight modification of
Campanato’s integral characterization of Holder-continuity up to the boundary:

Theorem 2.6 ([20], Theorem 2.3). Consider n € N, n > 2 and zo € R"' x {0}.
Suppose that there are positive constants o € (0,1], K > 0 such that, for some v €
L*(Bgp()), there holds the following:

2a
inf ][ v —plPdry < K2 ( )
HeR B w)

nv] RS
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for ally € Taog(xo) and p < 4R; and

2a
inf Culde b < k2 (2
iER{]{Bp(y)W Hl x} S <R>

for all y € Bygp(wo) with B,(y) C Bip(wo). Then there exists a Hélder-continuous

representative U of v on B_E(xo), and for v there holds: |v(z) —v(z)| < ¢k (%)a for

all x,z € B_E(xo), for a constant ¢ depending only on n and a.

3. Elliptic Systems
3.1. Decay estimate

The first step in proving a regularity theorem for solutions w of elliptic systems is to
establish a suitable reverse-Poincaré or Caccioppoli inequality. In the case of continuous
coefficients a(-,-,-) with respect to the first two variables (instead of Holder or Dini
continuous coefficients) we have to state here the exact dependency for some linear
disturbance of the weak solution u for the system

diva(-,u, Du) = 0 in BT . (6)

Lemma 3.1 (Caccioppoli inequality). Let u € W2 ?(B*,RY) be a weak solution to
(6) under the assumptions (2), & € RN and Bf (xq), z0 € T, p < 1 — |xo| be an upper
half ball. Then there exists a constant ¢ = c¢(n, N, p, L,v) such that

]{9+ (o) [(L+[£])"*|Du — £ @ e,)* + |[Du — £ @ €, "] da
p/2\%0

<c ][
B (x0)

rer ) £ ol + ) + ol 6] da.

By (w0)

2 p

u—Exy,
p

(1+ g2 |2 da

- gxn
p

Proof. Since there holds u — £z, = 0 on I', the map nP(u — £ x,,) with n € C5°(B,(xo),
0, 1]) a standard cut-off function may be taken as a test function in the weak formulation

of (6). Now we refer to the proof of the Caccioppoli inequality for the interior case, see
[15], Proposition 3.1. O

In the next step we define the excess functionals analogously to [15], Section 3.2, in a
boundary version (i.e., replacing full balls by half balls and restricting ourselves to the
mean value of the normal derivative instead of the full derivative of u): For any half-ball
B (xo) C Bt with zp € T, a fixed function u € Wp?(B+,RY) and ¢ € RY we define the
Campanato-type excess

O(:EO? p) = ][ |: ‘Du _ (Dnu)xo’p ® S”‘Q |Du - (Dnu)xo,p X €n‘p dz |
By L (L4 [(Dntt)a,p|) (1 + [(Do)ay )7

the Morrey-type excess

Miop) = ¢ f D ds or g (0.2

Bf (z0)
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and finally the excess functional

E(xo,p) = C(xo, p) + Vw(M(xo, p)) + Vw(p).

The next proposition provides a suitable decay estimate, under the assumption that the
excess E(xg, p) and the radius p are sufficiently small, and will be an essential tool for
the iteration later on.

Proposition 3.2 (cf. [15], Propostion 3.2). For each 3 € (0,2) and 0 € (0, }) there
exist two positive numbers

€0 = e (n,N,p,v, L, 3,0,u(-)) >0 and e (n,p,[,60) >0 (7)

such that the following is true: If u € WYP(B* RYN) is a weak solution to (6) under
the assumptions (2), and if B} (xg), zo € I', p < 1 — |xol, is a half ball satisfying the
smallness conditions
E(zo,p) < € and p < €, (8)
then we have
C(;Uo,@p) < G 6 E('TOHO) (9)

for a constant c, depending only on n, N,p,v and L.

Proof. In the first step, we deduce an approximate A-harmonicity result following the
estimates in the proof of [15], Proposition 3.2, Step 1 and we obtain: for every B (zo),
29 € I', p < 1 — |xo|, and all functions ¢ € C5(B; (x0), RY) with [[Do|| po(pt () < 1
there holds

][+ D.a (20,0, (Dptt)zy.p @ €n) (Du — (Dptt) g, @ €, Dip) dz
By (wo)

< ¢ (14 [(Dat)aol)” [u( Eenp))” + E<xo,p>} (B0, + Bleo,n) 4]

and the constant ¢ depends only on n, N,p and L (note () < 1 and the fact that u = 0
on I' in order to apply the Poincaré inequality in the boundary version). Now we define

Dza'(x07 0, (Dnu)cco,p X en)
A= —
(1 + [(Dntt)ag,p])?

U — (Dnt)y,p Tn,

~ VE@0p) (14 |(Dat)ag )
H(t) == {u (VE)" + \/E} 1+ (10)

we note here that A fulfills condition (5), i.e., it is bounded from below and above, and
further, by the definition of the excess functional E(zg, p), there holds f B (z0) |Dw|? dx

< 1. These definitions enable us to rewrite the previous estimate after a rescaling
argument:

< Cl(n7 N7p7 L) H(E(l‘o, p)) HD()O”LOQ(B;'(mO))

][ A (Dw, Dyp) dx
Bf (z0)
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for all ¢ € C§(B/(x0),RY). For € > 0 to be determined later, we now take § =
d(n, N,v, L,€) to be the corresponding constant from the A-harmonic approximation
Lemma 2.2. Provided that the smallness condition

H(E(xo,p)) < 0/cy (SC.1)

holds, we find, according to Lemma 2.2, an A-harmonic map h € W;’Z(B;(wo), RY) such
that

][ |Dh|*dr < 1 and p_2][ lw— h*dr < e, (11)
By (x0)

B (w0)

and by Lemma 2.3 on A-harmonic maps A is indeed smooth and satisfies, due to the

last line, the estimate SUD B (a0) |D?h|* < ¢p(n, N, v, L)p~2. We now consider § € (0,1)
P

fixed, to be specified later, and deduce from Taylor’s theorem (keep in mind A = 0 on
Lp(0)):
sup  |h(z) — h(zo) — Dh(zo)(x — 9:0)|2 = sup |h(x)— Dnh(xo)xn|2
xGB%p(wo) xGB;GP(zQ)

< np?(20p) = 0", (12)

and the constant ¢ depends only on n, N, and L. (11) and (12) now ensure that

(20p) 2 ]{B+ . |w(x) — Dph(wo)z,|* do

< 2(20p)2 <][ lw(x) — h(z)|* dx + ][ |h(z) — Dyph(xg)z,|? dx)
B;ep(xo) B;ep(xo)
< 2(20p)7* ((20)"p*e +c0'p®) < c(n, N,v, L) 0?

where we have chosen € = #"™ in the last inequality. By the definition of w we easily
conclude

2
@07 [u@) = (Dut)aap 0 = VB0 9) (4 |yt l) Dalrofe|

< e(n, N,v, L) 8% (14 |(Dot)ay o) Eo, p) - (13)

Denoting by Q;’O’er the value minimizing the functional ) +— fB;(xo) lu — Qx,|*dx

amongst all Q € RY, and Py = Q3 , 7, we obtain from the last inequality
_ 2
(20p) 2]{9+ P e < O (4 (D B0 p) (10
20p o

with ¢ still depending only on n, N,;v and L. To derive a corresponding estimate with
exponent p instead of 2 in (14) (in the case p > 2) we use an interpolation argument.
To this end we define p* the usual Sobolev-Exponent (i.e. p* = n"Tpp if p<nandp*>p

arbitrary if p > n) and choose ¢t € (0,1) such that % =14 tz% is satisfied. Using the
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inequalities of Holder and of Sobolev-Poincaré and (14) we infer

+ P
][ . ‘ Pxo%’p‘ dx
1329p(x0)

P
3

(-0} t]
< <][ = P " ) (][ = P g, )
B, (x0) By, (a0)
P t
Scww*mu+qunww“ﬂE@mm“”2(f [Du— DE}, | dr)
By, (w0) ’

where ¢ depends now on n, N,p,v and L. Applying Minkowski Lemma 2.4 and the
Poincaré-inequality at the boundary (keep in mind that P 5 = Qjo ,Tn vanishes on T')
we obtain for the latter integral

< ]i+ (z0) ‘D DP; 29P|p dx) ;
1

<(f, Py @ el d) 4Dy = Qlya)
20p o

1 1

< ( ][ DU = (Dytt)zp ® eal? dz)” + c(m) ( ][ Dot = (Dot} o dr)*
B;gp(:vo) B;ep(wg)

1

< ¢(n,p) 0 » <][ |Du — (D) zp ® €nl” dx) '
By (x0)
_n 1
= c(n,p) 07 (14 [(Dnt)aq,pl) E(0,p)7 -

Hence, inserting this in the inequality above, we get

(20p) 7" ][ L e Pl,|" de
26p(z0)
< 0" B(ao, )T (14 [(Dat)an ol Eo, ).

We now assume the additional smallness assumption

2[(t—1)p+tn+2]

E(zg,p) < 0002 ifp> 2. (SC.2)

One easily checks that this condition is not necessary for p = 2. We finally arrive at
(20p)7" ][ . lu—Pf oy, dr < 07 (1+ |(Dytt)ay )P E (0, p) (15)
329p xQ

with a constant ¢ = ¢(n, N, p,v, L). We now want to produce mainly via Caccioppoli’s
inequality and dividing by (1 + [(D,©)4,,|)? the Campanato Excess quantity C(zo,8p).
Hence we have to estimate (D,u),, ;7 in terms of (D,u),, ¢, in the following form:

1+ [(Dnt)ag 5l < 2 (1+ [(Dntt)aggp])  for all p € [6p, p] . (16)



298 L. Beck / Boundary Regularity for Elliptic Problems

To this end, we compute for all p € [0p, p| via the minimizing property of the meanvalue:

L4 |(Dnw)ag 5l < 14+ [(Dntt)ag.0p = (Dnt)a ] + | (Dnth) o 0|

(;

N

%lb

> ( B*( |D”u - (Dnu)mo,ﬁ|2 d:(:) + 1+ |(Dnu>zoﬂ9p|
E)

1
2

( ) (l)nu)ﬁvo,p’2 dl') + 1 + ’(Dnu)xoﬁ.O’
370

V E(z0, p) (14 [(Dntt)a,pl) + 1+ [(Dntt) o g -

I/\
M\S

w\z

Therefore if we assume the smallness condition

w3

2\ E(zg,p) <0 (SC.3)

we obtain firstly by absorption in a standard way the result (16) in the special case
p = p. Secondly we consider p € [0p, p] arbitrary and now take into account (16) for
p = p to infer (16) for all possible choices of p. Hence we may rewrite (14) and (15) in
the following form:

@) [ fu= Pl de < e (14 (Dut)agay))* Elan, )
@) | Ju= Pl do < 6 (14 [(Du)agan ) Bl p)

By, (w0)

for a constant ¢ depending only on n, N, p,v and L.

In the last step we have to derive the full decay estimate for the Campanato-type excess
C(z9,p). We apply the Caccioppoli inequality (Lemma 3.1) with the choice £ = Q3 , to
derive

][B+( )[(HIQW% )72 | Du — QF 05, ® €n|” + | Du— QF 5, @ €n” } d
Op Zo

+ p
u—= Qwo,Qeﬂx”

20, dx

< c][ 1+|Q;
B;’gp(xo) ‘ 029P|

e+ QP £ ) )+ Q] e (1)

B29p(mo)

with ¢ = ¢(n, N,p,v,L). We will now get the expressions comprising w and on 20p°
which appear in the last formula, under control. Using Lemma 2.4 we have (keep in
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mind p < 1):

p2 |Q:o,20p|2 (]‘9)
< 20" (1Q4 20p = (Dntt)ao 20" + |(Dntt) g 20,|°)

< cp? <][ | Dot — (D) | d + ][ |D,ul? dq:>
B;Gp(‘ro) B;_ep(.l‘())

_ |Dpu — (Dpu), |2 2
<O | (14 |(Dptt) g, |)2][ OP dx + |Dyu|® dx
< P ) B o) (14 [(Dpte) g 0])? B (x0)

< ca(n) 6 (ﬁ Elanp)+ 9 Blaoip) | Dyl o+ 6 |Dnu|2da:)
By (wo)

B (x0)
2 P2 2 PB 2
<pi 4= |Dyul®de + — |Dyu|® dx
2 J B} (@) 2 JBf (@)
< o+ M(z0,) (20)

provided that the smallness conditions

Blop) < - and p< (2 = (SC.4)
Lo, P) = 2C2 an TS 262 .

hold true. We further have, by possibly increasing the value of ¢y, but keeping the
dependency on only n, via Poincaré’s inequality (Lemma 2.1) and (SC.4)

B (x0)

][ lu|? do < (20)_”][ lul?>do < cy 9_",02][ |Dyul?de < M(zq,p);
B, ,(xo0) B (20)

combined with the concavity of w(-) this implies immediately

][ w([uf)de < w (f |u|2d:c> < w(M(zo, p))
B;ep(l’o) Bgrep(%)

meaning that we have (note that w is sublinear)
Foo o Tl o) + 7 @20, )] dr < 2(6) +20(M (o) (21
B29p xo

Now it still remains to bound Q;O,QHp in terms of (Dyu)4,0,. Using again Lemma 2.4, the
smallness condition (SC.4) (possibly increasing ¢;), and (16) with p = 20p and p = p,
respectively, we see that

|Q;—0,29P| < |Q;0,29p - (Dnu)x0729p| + |(Dnu)wo,29p|

< @) (1+I(DnU)xo,ep|)][ | Dnte = (Dntt) |
N 0" Bf (o) (14 [(Dntt)ag o)

< 3 (14 [(Dntt) o 0]) - (22)

dx + 2 (1 + ‘(Dnu>xo,9p‘)
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Hence, if we employ the following smallness estimate /w(M (zg, p))++/w(p) < E(xo,p)
< 6" < #?* being derived from the latter smallness condition (SC.4) and combine this
with (22) and (21), we may estimate the second integral on the right-hand side of (18)
by

(L 1Ll f o)+ wllul?) + (1 )]

BQ@p(zo)
< c0® (14 |(Dutt)an,60])” E(z0,p). (23)

Next we turn to the left-hand side of (18) and find for p > 2 using Young’s inequality
and Lemma 2.4

][+ (1+ |(Dnu)axo,9p|)p_2 |Du - (Dnu)xoﬁp ® 6n|2 dx
By, (z0)

IN

C(p) ]{B+ ( [( + ’Qwo 29p’)p_2 ’Du - (Dnu)xo,ap ® en‘Q + |Du - (Dnu)xoﬁp & en‘p] dz
6p o
+ C(p) |(Dnu>$079,0 T W, 0p|p + C( ) |Qaco Op — %z, 29p|p
< clnp) | 1 1QE a2 1D = (Dat)agsy ® ol 1D = (D)oo & enl’) o
BGP B2

T e(n.p) (26p) 7 ][ ju— Py P da (24)

20, (%0)

If we take into account the following two inequalities

][ |Du — (Dpt)z.0p ® €|’ dz < 2p][ |Du — Q;“()’Q@p ® en|P dx
B (z0) By, (wo)

and
][ |Du — (D) sy 0, ® €] dx < ][ |Du— Q7 55, ® enl? da
By, (xo) op(@0)

we further calculate combining (24) with (18) and (23)

][ (14 [(Dntw)ao.0p))" | Du = (D) 8p ® €n|* + | Dt = (D) s 5, ® €[] div
(wo)

u—QF o T, 2 u—ot z, [
B, (w0) ’ 20p 20p
+c0? (14 [(Dptw)ag 6o])" E(0,p)
< .07 (14 [(Dnt)ag 00])” E(0,p) (25)

where we took advantage of (17) and (22) in the last inequality and where the constant
¢, depends only on n, N,p,v and L. Dividing both sides by (1 + [(Dpu)s.0,|)7 and
taking into account the definition of C'(zy,0p) this is exactly the desired excess decay
estimate stated in the proposition provided that all smallness conditions (SC.1), (SC.2)
and (SC.4) hold true (observe that the smallness assumption (SC.3) is weaker than
(SC.4)). The dependency of the constants ¢, and €; claimed in (7) is now obtained by
taking into consideration the dependencies in all the smallness conditions needed within
the proof. O
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3.2. Proof of Theorem 1.1

In what follows we are going to combine the results concerning the decay estimates of the
interior situation in [15], Proposition 3.2, and the boundary situation, Proposition 3.2, in
which the constants ¢, and smallness parameters ¢y and ¢; have the same dependencies
(at least for the model situation). Therefore, we may assume without loss of generality
that both propositions are valid for the same set of parameters.

Step 1: Choice of the constants. We fix § € (0,2) and a € (0,1). We choose v = y(«) €

(n —2,n) such that

n—ro
2

a =1~

(26)

and 0 € (0, 1) such that

=) ()6}

for ¢, being the constant according to Proposition 3.2. This choice fixes € in dependency
of n, N,p,v, L,a and 3. We further fix a constant €5 and an iteration quantity ¢; < 1:

N AN o
€y 1= mm{Z’ZO}’ it = Fyen (28)

where €y appears in Proposition 3.2, and therefore they depend on n, N, p,v, L, « and (3,
and ey additionally on pu(-). Next, we fix 4; > 0 such that

w(d1) < €€ (29)

(note that this implies due to the monotonicity of w that \/w(t) < €;€2 whenever ¢t €
[0,d1]). This fixes §; in dependency of n, N,p,v, L, a, 5, pu(+) and w(-). Lastly we define
the maximally admissible radius

Pm = min {5f,51,61} > 0. (30)

Here, € is the radius from Proposition 3.2 and p,, depends on n, N, p,v, L, a, 3, pu(+) and
w(+). For what follows we will always assume p < p,,, < 1.

Step 2: An almost BMO-estimate. We now consider a boundary point zo € I' and a
radius p < min{p,,, 1 — |zo|} for which
C(zo,p) < €rea and  M(xg,p) < €401 (31)

is satisfied for some iteration parameter €; € [¢;, 1]. Without loss of generality we may
assume ro = 0. We shall now show that due to the choice of constants above and due
to the decay estimate in Proposition 3.2 this smallness estimate is also valid on smaller
radii, namely for every k € Ny there holds

C(0,0p) < €e and M(0,0%p) < €, 6. (I)
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We shall establish (1), by induction: k& = 0 is given by (31), and therefore we assume (/)
and prove (I);1. We begin by noting that by definition of C'(0, #*p) and the assumption
(1) of the induction we calculate

][ Du— (Do, ® en de < (14 |[(Dat)o,])* C(0,0%0)
B

+
ka

< 2@t€2+2@t€2][

- |Dyul? da . (32)

Okp

The latter estimate enables us to derive the second inequality in (1)1 exploiting the
choices of 0, €5 and p,,, in (27), (28) and (30), respectively:

M(O, 9k+1p)
<2 (9k+lp)ﬂ][ |Du — (Dnt)o g, ® en|” dz +2 (0% p)° |(Dnu)0,ekp|2
B;k+1
< 260°7" (0% p)? ][ X |Du — (Dyu)ggr, ® en|* dz +26° (0% p)° ][ . |Dyul|? da
Bekp Bekp

<407 " Erer ((65p)7 4+ M(0,0%p)) +26° M(0,6%p)
< 30°M(0,0%p) + & 0° p° < €10y

Moreover, the first inequality in ()4 is a direct consequence of Proposition 3.2: the
first assumptions in (8) is satisfied since (1), and the choices in (28), (29) and (30) imply

E(0,0%p) = C(0,0%p) + /w(M(0,0%p)) + v/w(6"%p)
< Erer +/w(d) +Vw(p) < 366 < €,

and the second assumptions in (8) is fulfilled by the choice of p,, in (30). Hence, the
statement of Proposition 3.2 implies, taking into account (27), the following inequality:

C(0,0"p) < ¢, 0> E(0,60%p) < 3¢, 0%€rey < €6y

which finishes the proof of (1), such that (I) holds for every k € Nj.

Step 3: Iteration. We still consider 0 € I" and a radius p < p,, such that (31) (and hence
(I) for all k € Ny) is satisfied. Then the calculation (32) above and the choices of €, in
(28) and of € in (27) yield with w,, = |By| that

/ |Dul? dx < w, (051 )" [(Dow)ogr,|* + 2 |Du — (Dypu)g g, @ en|” da
B, By,

< 2(9”+262)/

. |Dpul? de + 2w, e (6% p)"
B

Hkp

< 36" 97/ |Dyul? do 4 2w, (6% p)"
Bt

Qkp

< m/ Dul? da + 20, (65 p)"
B

+
Qkp
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for v defined via equation (26) and where we have neglected the factor €; < 1. Setting
ot) = [ B} | Du|? dz the last inequality may be rewritten by

p(0° 1) < 07 p(0p) + 2w, (6%p)"

and the application of the iteration Lemma 2.5 yields

o(t) < ¢ K%)V v(p) +t”]

for all t < p for a constant c3 = c3(n, N,p,v, L, «, 3), i.e. there holds

/ |Dul? dz < c—i [/ |Du|? dz + 1
B; P BF

Step 4: Holder continuity at boundary points. Now we are going to combine the estimates
in the interior and at the boundary. For fixed « € (0, 1) we define

t7 forallt <p. (33)

Regr , u = {zg € T': uw € C¥*(U(zo) N BT, RY) for some neighbourhood U (z) of z}

and Singr , u :=I" \ Regr , u. Now we set

5 1= min{qt o1, <%>§} (34)

and choose a point zy € I', w.l.o.g. xg = 0, for which the following two estimates hold
true:

Du — Dn n P .
liminf][ [Du = (D)o, @ en dv < s and liminf pﬁ][ |Dyul*dx < s.
p=0% ) BF(0) (1 + [(Dnu)o,l)? p—0% B (0)

The aim is now to show that 0 € Regr , u, i.e., that u is Hélder continuous with exponent

o in a neighbourhood of 0 in B*. For this purpose we first determine a radius po < 2
such that

][ [Du = (Dntt)o.op @ en| dr < s and (6po)ﬁ][ |Dpul*dz < s.
Bf, (0) (14 |(Dntt)o,6p, )P B (0)

(which is possible due to the two estimates above). Then, taking into account the
definitions of C(0,6pq), M(0,6p¢) and the parameter s < 1 in (34), a straightforward
calculation yields

C(0,6p9) < €rea and M(0,6pp) < €67,

and therefore, the assumptions in (31) of Step 2 are satisfied for xy = 0 such that also

C(0,60%py) < eies and M(0,660%py) < €0y (35)
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is fulfilled for all £ € Ny. In the remainder of the proof we will take advantage of the
following fact which is derived analogously to (16) in the proof of Proposition 3.2: when-
ever we have two (half-) balls BS) (25) C B (1) (with 2y € ), for which C(z1, p1) <
(cf. (SC.3)) and £2 > 6 is satisfied, then we have:

1+ |(Dnu)z1,p1| <2(1+ |<Dnu)x2,pg|) . (36)

This allows us to estimate the Campanato-type and the Morrey-type excess in 0 also for
intermediate radii: for any p € (0, 6po] there exists a unique k € Ny such that there holds
60 1py < p < 660%py. Applying (36) with the centre z; = x5 = 0 and radii p; = 6 6% py.
p2 = p we find:

Du — (D)o 5 ® enl? Du — (Dpu)o; @ e,|P
cop- [ [2eoDabsoal |- Duisoal],
g L (1+|(Dat)osl) (1 + [(Dnu)osl)
< ][ { o |Du — (Dpu)o gk p, @ en? o2 | Du, — (D)o gk py @ €n|p:| dr
~ JBS (1 + [(Dnt)o,60%p|)? (14 [(Dnw)o,60%po | )P
< 2207 C(0,60%py) < 270 " ey €y, (37)

3 9 69kp0 o k \8 2
M(0,p) = p |Dyul”de < 5 (60" po) | Dyu|® dx
Bt +

< 077 M(0,660%py) < 07" ey 0y (38)

66% pg

Similar to [20], p. 378-379, we now have to show decay estimates on a variety of balls
B,(y) and half balls B (y):

Case 1: y € Iy, ly| < p < 4po:
Here, we may compare the excess functionals in B (y) via (36) and (37) with the excess

functionals in B;—Hy| and we obtain similar to the last computation
Cly,p) < 277 C(0,p+y]) < 2770 " ey ea,
M(y,p) < 2" P M(0,p+lyl) < 2"0 "€y 6
and via (33) we find
ey

2
/ |Du|? do < / |Du|? do < [/ | Dul|? dz + 1] P (39)
Bf () B+ (6p0)7 |/ g+

p+lyl

Case 2: y € T'yp, 0 < p < |y| < 2pp:
Here we have to verify that the assumptions (31) for the iteration are satisfied for the
half-ball Bj, (y) (keep in mind 6 € (0, ;) in order to apply (36)):
Cly,2p0) < 273" C(0,6p0) < 273" i €a,
M(y,2po) < 3P M(0,6p0) < 3" €6, .

i.e., (31) is valid for the iteration parameter €; := 22 3" ¢;; < 1 by definition of ¢;;. There-
fore we may conclude for all k& € Ny there holds C(y, 260%py), M (y,20%py) < 227 3" ¢34 €5.
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From the calculations in (37) and (38) we now easily infer that the excess functionals
for intermediate radii can only be increased by the factor 22260~" such that for all radii
p € (0,2p0] we have

Cly,p) < 4%3"0 "eyea  and  M(y,p) < 3"2%0 "€, 6, .

Moreover, as a consequence of (31) on the half-ball B;, (y), we note that due to the
calculations in Step 3 (see (33)) there holds

C3 2
Duldz < V Dl dm+1] o (40)
/Bﬁ(w (200)7 [/p+
Case 3: y € By, , B,(y) C By,

Let v = (y1,-.,Yn_1,0) be the projection of y onto R"™! x {0}. Here we have the
inclusions

B,(y) C By, (y) C B3, (¥").

We shall now show that the assumptions for the iteration and thus for the excess-decay
estimate in the interior (see [15], (3.50) and (3.57)), which are analogous to (31) and
(33), respectively, are satisfied on the ball B, (y). If |y"| < 2y, (< 4py) we can apply
Case 1 with centre y” and radius 2y, otherwise if 2y, < |y”| < 2pp we can apply Case

2 (note that we have in particular By, (y") C By, (y”)) and we obtain for both cases

C(y',2yn) < 43"0 "eea and  M(y",2yn) < 3"2% 0 "€ 5y .

Then, recalling (36) and the definition of €;, we arrive at the conclusion that
Du — (D 2 |\Du— (D P
By L L+ D)y, )? - (14 |[(Du)yy, |)?

B e o L e T
B Byn(y) (1 + |(Dnu)y”,2yn|)2 (1 + ’(Dnu)y/’72yn‘)p

< 2" Oy 2yn) < 46" 0 e e0 < €.

Moreover, we have
M(y,yn) = yg][ |Dyul*doe < 2" M(y",2y,) < 6"2%0 "€y 61 < 6.
Byn(y)

Hence, the smallness conditions for the iteration in the interior are satisfied, and Step 2
in the Proof of [15], Theorem 1.1, combined with (39) and (40), respectively, yields

/ |Du|? dz < Cs y;w/ |Dul? dx + 1
By(y) Byn (y)

o’

< ¢ y;”/ |Du|? dx + 1
B3, (y")

pr < CZVC?’ V IDUIdeJrQ] P
0 Bt

(41)
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where the constant ¢3 = ¢3(n, N,p,v, L, a, ) denotes the corresponding constant ap-
pearing in the interior.

Combining (39), (40) and (41) and applying Poincaré’s inequality on the left-hand side
of each inequality, we may apply Theorem 2.6 to conclude: u € C**(B} RN) for oo =

1—"51, and therefore, 0 € Regr , u. This means, we have proved so far a model analogon
of Theorem 1.1 (in the sequel, we will now denote by v the solution of the corresponding

problem on a half-ball), i.e., we have

Theorem 3.3. Letp > 2 and o € WA (BT, RY) be a weak solution of system (6) under
the assumptions (2). Then if y € Regp, 0 there holds: for every o € (0,1) there ewists
§ > 0 depending only on n,N,p,v, L,a, 3, w(-) and u(-) such that for every g € (0,2)
the following inclusion holds:

V

Dv— (D,v ® e,|P
Singp , v €< yp € I': lim inf][ | ( )B+ﬁBp(yo) | du
’ P=0" BB, (y0)

(14 |(Dn®) B8, (4o | )P -

or liminf pﬂ][ D, 0| dx > 53 .
=0t BB, ()

Step 5: Transformation of the system to the model situation. In the next step we sketch
for convenience of the reader why the handling of the model case of a half ball is sufficient
in order to deduce a criterion for a weak solution of a general elliptic system of type (1)
with boundary data g to be regular in the neighbourhood of a given boundary point
z € 09). Without loss of generality we may assume z = 0 and vyq(z) = e, where vy (2)
denotes the inward-pointing unit normal vector to 0€) in z. The regularity assumption
on Of ensures the existence of a function h: R"™! — R of class C* with modulus of
continuity 7(-), satisfying ~(0) = 0 and VA(0) = 0, and the existence of a radius r > 0
such that QN B, = {x € B, : z, > h(2')}. For ease of notation also the modulus of
continuity of Dg is denoted by 7(-). We further choose r sufficiently small such that
|Vh(z')| < 4 for all 2’ € B s,. For the functions 7 (z) = (2/,x, — h(z’)) introduced
in Section 2 and its inverse 7 '(y) = (v, yn + h(y')) (both of class C' with modulus
of continuity 7(-)) we thus obtain Lipschitz constants between LQ and /2 as well as

DT ||oos [|DT " '||oe < V2. Furthermore, we have det DT = 1 = det DT ~' and the
inclusions

+ +

Bp/\/5 CT(QNB, C B,

for all p < v/2r (cf. e.g. [19], Chapt. 3.7). Note that this also implies |B;r/ﬁ| <|Qn
B,| < |B$§p\. Setting 0(y) := wo T y) — g o T '(y) allows us to calculate that
o € WAP (B}, RY) is weak solution of

diva(-, 3, D7) = 0 in BF
for coefficients af(-, -, ) defined by

i(y,v,2) = a (T (y),v+3(y), 2 DT(T'(y)) + Dg(T () DTHT '(v))

for all (y,v, z) € Bf x RN x R"V. Keeping in mind the the assumptions on a(-, -, -) given
in (2) we easily calculate that the new coefficients satisfy structure conditions analogous
to (2), namely that there holds for all y,y € B, v,v € RY and z,z,C € R™:

T



L. Beck / Boundary Regularity for Elliptic Problems 307

o la(y,v,2)] < 2% L1+ Dglloc)?™ (14 |2y,
o [D.i(y,v.z)| < 28 L(1+ | Dglloe)?™ (1+[2])",
o D.aly,v,2)(C.C) = v (L4 |Dgllec)* P 27% (14 |2])"" |CP,
¢ |(d(y,v,2) - d(gﬂjvz)”
< 2L (1+[|Dglloo)” (L+ 12" (0 (ly = gl + v = 2]) +7 (ly —9D),

~ ~ _ P _ —\p—2 Z2—Z
o ID.i(y,0,2) ~ Dedly,v,7)] < 255 L(1+ | Dyl (14 [o] + 27 iy ).

Therefore, the corresponding assumptions in (2) are also satisfied for the new coefficients
d('a " ) for L = LC(p, 8979)7 V= l/C(p, g) and (I)() = w() + T()

Step 6: Transformation of the smallness conditions and final conclusion. In the last step
there still remains to show that the smallness conditions in Theorem 3.3 for the trans-
formed system are satisfied provided that the smallness conditions required in Theorem
1.1 are fulfilled. We still assume z = 0, vso(2z) = e, and use the notation introduced in
Step 5. Keeping in mind D, 7! = 1, hence D,(uo 7 ) (y) = D,u(7 '(y)), and the
inclusion 7-'(B) € QN B 5, we find for the second of the smallness conditions

QONB
o f il < 20 Byl Lo p-gpa
+ |B+ QNB
V2p

(va)

Choosing s sufficiently small and using the change of variables formula we may proceed
similar to (16) to obtain

< ¢(n)

|DnUI2dﬂf+Pﬁl|D9||oo] - (42)
ﬂBﬂp

L+ |(Datans |+ 1(Dat) g | < e(lDglloc) (1+1(Dad) 1) (43)

T

for all p < - The latter inequality combined with the application of Caccioppoli’s

and Poincaré’s inequality (in the boundary version) yields for the first of the smallness
conditions in Theorem 3.3 that

dx

][ |D1~) — (D”{))B:/z X en|P
R (A (2 oy

+
p/2

| D0 — (an})Bﬂ? | Dy — (Dn@)Bﬂp
=¢ J[ AT 1Da0) 5 )2 (0 [(Da) g 7 ]
o f )+ 20 + 506 (D) ] e (44)

for a constant ¢ depending only on n, N,p, 7, L and ||Dgl|o. Moreover, applying the
diffeomorphism 7" and (43) we infer

) ][ D= 9) 0 T~) = (Dl(u — g) 0 T~1)) gy
5 L+ (Dat)ans,, |

< ][ |Dnu - (Dnu)QﬂBﬁPV;
<ec
ONB s, (1+ |(Dnu)QﬂBﬁp|)p

dr < dx

][ | D0 = (Dn0) g |7
gp (14 [(Dn0) gt [)?

dx +c7(p) (45)
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where the constant depends only on n,p and ||Dg||~. Keeping in mind

][B+ [©(p%) + @ (10%) + @(p* |(Dn) g [)] da < D(p) + 2771 & (p,a ]{9+ |Dn6|2dx)

P

we may combine (42), (44) and (45) and infer

lim inf
p—07F

| D0 — (Dy0) g+ @ ey|P 9
][ — dr <§ and liminf pﬁ][ |D,0|*dx < §
i (L4 [(Dno)gs])P p—0t B

p

provided that

Du — (D, nl? o
][ [Du = (Dnt)ang, © el dr <s and liminf pﬁ][ |Dyul?dz < s
QNB, (1 + [(Dnu)ans,|)? p—0F QNB,

lim inf
p—0T
for s sufficiently small. As a consequence of Step 4 we then obtain @ € C%“ locally in a

neighbourhood of 0 in B+, and therefore, via transformation, © € C%® in a neighbour-
hood of 0in Q, i.e., 0 € Regpq o u. This finishes the proof of Theorem 1.1. 0

Remark 3.4. Similar to the situation in the interior there are better inclusions available
for the singular set in the case p > n. Via the Sobolev embedding we obtain that wu is

Holder continuous everywhere with exponent 1 — % if p > n. Otherwise if p = n we

first deduce higher integrability of Du, i.e., Du € L%(,R™Y) for some ¢ > p, and

then conclude that u is Holder continuous everywhere with exponent 1 — = (cf. [18],

Remark 6.13). Hence the existence of regular boundary points is ensured in this case,
actually we have Regyqg ,u = 00 for all a < 1 — 2+ In contrast, Theorem 1.1 gives a
characterization of regular boundary points where u is locally Holder continuous with
any exponent o < 1, even though now the question of existence of regular boundary

points is open. Moreover, we have the better inclusion for the singular set Singj, u given
by

Dl/ € u — Dy xX (% X p
Singyg u C { o € 9N liminf][ [Dranan)t = DronanWans,eol” ;o1
p=0" JonB,(z0) (1+ ‘(DVasz(xo)u)QﬂBp(xo)Dp

To this aim we go back to the model situation: the application of Caccioppoli’s (note
w(-) < 1) and Poincaré’s inequality and the Hoélder continuity o € C’O’l_%(ﬁ, RY)
reveals

p
pﬁ][ |D,o|? da < p° ][ | D, 0P dx
Bf (x0) Bf (z0)
< Cpﬁ <][ v
B3, (x0)

p

n

p P
dr +1 < cpﬁ_Qﬁ

where the constant ¢ depends on n, N, p, L and . Choosing 3 € (2(131, 2) the left-hand
side of the last inequality converges to 0 for p — 0, and the smallness condition on
M (zy, p) in Theorem 3.3 and hence in Theorem 1.1 is trivially satisfied.
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4. Quasi-convex functionals
4.1. Decay estimate

Also in the case of minimizers we consider the model case of the unit half-ball, i.e., we
deal with local minimizers u € Wi P(B+, RN) of the functional

Fplu] = /B+ F(z,u, Du)dzx . (46)

We start again by stating a Caccioppoli inequality involving the exact dependency for
some linear disturbance of u:

Lemma 4.1 (Caccioppoli inequality). Let u € WP (BT, RY) be a local minimizer
of (46) under the assumptions (4), £ € RY and B (x0), 7o € I', p < 1—|zo| be an upper
half ball. Then there exists a constant ¢ = c(n, N, p, L,v) such that

p

f (L4 1€)7 21 Du— € @ enf? + |Du — £ @ )] da
B )5(0)
u—&xy,

<c ][
B (x0) Y

te ]{B+( ) w(p”) +w(lul’) +w(p” [§[")] (1 + [§] + [Dul) dz .

u—&x,
p

2
(14 )¢)P2 + drx

Proof. This lemma is proved as in the interior situation. We only have to pay attention
to the application of the quasi-convexity condition (4)s, where zero-boundary data of the
testfunction ¢ is requested: hence we have to choose ¢ = n(u — ¢ x,,) for a standard cut-
off function (for the later application of the hole-filling argument) n € C§°(B: (o), [0,1]),
0<p/2<s<t<p. 0

The second ingredient are two higher integrability results (in order to enable an appro-
priate estimate for the last integral arising on the right-hand side of the Caccioppoli
inequality): firstly, we may prove analogously to [16], Theorem 4.1, via the application
of a Gehring-Lemma in the up-to-the-boundary version, see [11], Theorem 2.4:

Lemma 4.2. Letu € WrP(B*, RY) be a local minimizer of (46) under the assumptions
(4)1. Then there exists a higher integrability exponent q; > p and a constant ¢ both
depending only on n, N,p,v and L such that for any half-ball B} (xy) C B*, mop € T
there holds

<][ | Du| dx) <c <][ (1 + |Du|)? dw) .
B}y (o) Bjf (w0)

The second higher integrability result provides an estimate up to the boundary (provided
that the boundary values are higher integrable), concerns solutions of functionals without
(x,u)-dependency and will later be applied for the frozen functional F. For a proof we
refer to the similar result [11], Lemma 3.2.
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Lemma 4.3. Letu € WrP(B* RY) be a local minimizer of (46) under the assumptions

(4)1, and let vy € u+WyP(BF

p/g(ﬂio), RN) be a solution of the following Dirichlet problem:

vy min][ G(Dw)dx  with w € u+ Wy (B}, (z0),RY), (47)
B /2(300)

w p/2

where G: R™ — R is continuous and satisfies v|z[P < G(z) < L(1 + |z|)?, and
B;T/Q(mo) C B, xg € T a half-ball. Then there exists another higher integrability ex-
ponent q € (p, 1] depending only on n, N,p,v and L such that

1

<][ | Dug|? dm) <c <][ |Dv0|pdx> +c <][ (1+ |Dul)* dx) :
B5(@0) B5(@0) B, (o)

In the next step we define the excess functionals analogously to the elliptic case (cf.
[15], Section 4.2): For any half-ball Bf (vo) C BT with 7, € T, a fixed function u €

Wll’p (BT, RY) and ¢ € RN we define the Campanato-type excess C(zg, p) and as in the
elliptic setting, but we redefine the Morrey-type excess M (xg, p) and the excess functional
E(xg, p) by setting

Maop) = ¢ | |DuPds for 5 (0.p)

B (x0)
qa—-p qa—p
E(x(% p) = C(l’o, p) + w(M<:C07 p)) w + w(lo) )
where ¢ € (p, ¢1] is the higher integrability exponent introduced in Lemma 4.3.

The technique for deriving a partial regularity result and the characterization of reg-
ular boundary points now consists in comparing the minimal map v on some half-ball
B:/Q (0) with the minimizer of the functional frozen in the first two variables (amongst

all functions w € u 4+ W, (B,

variational principle due to Ekeland (see e.g. [18], Chapter 5), we may now proceed as
in [15], Proposition 4.4, and obtain the existence of a function v which is close to the
original minimizer u with respect to the L?-distance and which is an almost minimizer
of the frozen functional; this provides the following comparison result:

(z0),R)). Via an approximation Theorem based on a

Lemma 4.4. Letu € WpP(B+ RY) be a local minimizer of (46) under the assumptions
(4), and let B} (wo) C B, xo € T', be a half ball such that

E(zo,p)+p < 1. (48)

Then there exists a map v € u+ WyP(BF,(x0), RY) such that

p/2
]{3+ . |Dv — DulP dz < K(zo,p) (49)
p/2\ 0

and

}, cooa

B; ) (w0)

hSAl

< ][ G(Dv + Dy) dx + c. K(io,P)k% (][ |D<P|pdf> ; (50)
B /2(10) B+/2($0)
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1,
for every ¢ € Wy*(B),

and L. The exponent q > p is the higher integrability exponent in Lemma 4.3, and the
integrand G(z) := F(x,0, 2) is defined by freezing F(-,-,z) and

(z0),RY), and c. is a constant depending only on n, N,p,v

a—p

K (w0,p) = (14 [(Dat)ag, )" (w(M (0, )T +(p)'T")

Analogously to the elliptic case we next prove the excess decay estimate for the corre-
sponding excess quantities defined above:

Proposition 4.5 (cf. [15], Proposition 4.5). For each (3 € (0,p) and 0 € (0, ) there
exist two positive numbers

€0 = eo(n,N,p,v, L, 3,0,u(-)) >0 and e (n,p,[3,60) >0 (51)

such that the following is true: If u € W'P(B* RYN) is a local minimizer to (46) under
the assumptions (4), and if B} (wo), wg € I', p < 1 — |wol, is a half ball satisfying the
smallness conditions

E(zo,p) < € and p < €, (52)

then we have

C(20,6p) < c. 6 E(zo,p) (53)

for a constant c, depending only on n, N,p,v and L.

Proof. In the first step of our proof, we infer approximate A-harmonicity (with A an
adequate freezing of D,,F introduced later on). For this linearization we will use the
last Proposition 4.4: Hence we assume the smallness condition (48), i.e.,

E(zo,p)+p < 1. (SCF-1)

Then the map v € u + Wy (B}

5/2(Zo0), RY) found in Proposition 4.4 minimizes the func-

tional

P

£ ][ G(DE) dx + co K (2, p)" v ][ |DE — DvlPdz |
B}, (o) B}, (o)

for every £ € u + W017p(B;L/2(:1:0),]RN), G(z) = F(x0,0,z2), K(x¢,p) and ¢, chosen ac-
cording to Proposition 4.4. Deriving the Euler-Lagrange equation for this variational

integral we see that there holds

3=

0= ][ D.G(Dv) Dy dx + ¢, K(xo,p)k% ][ |Dpl? dx
Bf,(xo0) Bt

p/2(%0)

for all p € WS’P(B;“/z(xO), RY). Assuming ¢ € C5(B, (7o), RY) with ||Dg0HLoo(B:/2(xO)7RN)

< 1 we infer

1

S Ce K(ZE(), p)l_g ;

][ D.G(Dv) Dy dx
B)5(@0)
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and therefore, introducing the abbreviation A, := (D,u),, , and taking into account (4),
and the fact that 5 D.G(A, ® e;) Dy dz = 0, we have
p/2

]{3+ . D..G(A,®e,) (Dv—A,®e,, Dp) dz
p/2\T0

IN

1
Lé+()AIDMGMW®%)—D%Gmp®%+¢@M—Ap®%D
/2170

(Dv—A,®e,, Do) dtdx| +

]é+ - [D.G (Dv) — D.G (A, ®e,) Dypdx
p/2\T0

\DU—A,)@en\) p

< L][ |Dv— A, @ e, (1+]Ap!+!Dv—Ap®en!)”_2u(
By )5(@0) 1A

+

][ D.G (Dv) Dy dx
B.5(w0)
< I+ ¢, K(xo, p)l_% (54)

with the obvious labelling. To estimate I we first have to derive some preliminary
estimates: via (49) we find

][ |Dv— A, ®e,|P dx
B,)2(20)

c][ |Dv—Du]pd:c—|—c][ |Du— A, ® e, |’ dz
B.)2(w0)

Bs(w0)
¢ K (2o, p) + ¢ (1 +[A,])” Clzo, p)
¢ (1+[A,)" E(zo, p)

IN

<
<

for a constant ¢ = ¢(n, p), and where we used the estimate K (x¢, p) < (14|A,|)PE(xo, p)?
< (1+|A,|)PE(xo, p) in the last line. Applying Hélder’s inequality and the same calcu-
lations, we obtain the analogous result for the exponent p replaced by 2:

][ |Dv— A, ®e,|* dx
B;L/Q(xo)

(£,

p/2
< e(n,p) (1+|A,])* E(xo,p).

IN

»
|Dv — Dul|? dx +c][ |Du— A, ® e, |* dz
(zo) B+/2(SB0)

Combining the last two estimates we find an estimate for the excess functional concerning
Dv instead of Du:

Dv—A,@enl* | |Dv—A, @ el
f Pv p@enl” | |D P@”}MSQMMM7 (55)
B:,F/Q(:vo)

(14 [A,])? (14 [Ap[)7
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and the constant ¢, depends only on the parameters n and p. (55) now allows us to
estimate I using Holder’s and Jensen’s inequality (note p(-) < 1):

Dv—A,® e,
I:Lf |DU—AP®€n| <1+|AP|+|DU_Ap®€n|)p2p<| (% p®€|) dr
o) 1A

_ Dv—A,® e, |Dv— A, ® e,
c(1+]A,])? 1][ | £ < “ d
(14 1A,0) B (LT A 1+ [A,|

_ Dv— A, ®e,[P7? |Dv — A, ® e,
T 1+ A p 1][ ’ 14 ( P d
1+ 1) By (LA L+ (A,

N Dv—A,®e,|? : |Dv— A, ® e, :
<1+ |A, )P ][ | P dx u( dx
L+ 1) ( SRR (eI W) /M T+ A

L

— A, ®e,l? |Dv— A, ®en])

e(1+ A d d
(414D 1+\A\) 3“”) ( O U TV R

1 ES

14 A, )P (E 20, p)? L E(mo,p)>é + E(xo, p) P u( E(xo,P))p>

3=

c(L+]A, )P [E 20, p)? + E(wo, p) ’ﬂ u( E(:vo,p)) :

where the constant ¢ depends only on n,p and L. Combining the latter estimate for [
with (54) and

K(w0,p)' ™7 < (14 AP B, p) ™" < (1+ |A, )" B(o, p)

we finally arrive at

][ D..G (A, ®e,) (Dv—A,®e,, D) dx
B / (z0)

1

@Y [ (VB0 + VB )| [Blrn 0+ B )

for all p € C}( p/Q(ZEQ),RN) with HDQOHLOO(B:/Q(M)) <1land c=c¢(n,N,p,v,L). Now we
define the functions A and w analogously to the elliptic case
D..F(x9,0,A, ® e,)
(T+ A2
v—A,z,
¢y E(0, p) (1+ [Ap])
and H (t) as in (10); we note that A fulfills condition (5), i.e., it is bounded from below (in

the sense of Legendre-Hadamard) and above, and further, by the definition of the excess
functional E(zo,p) and the constant c,, see (55), there holds f ,+ (20) |Dw|*dz < 1.
p/2

A=

These definitions enable us to rewrite the previous estimate after a rescaling argument:

][Jr ( )"4 (Dw,Dgo) dr < C4(n7N7pa v, L) H(E(:L‘()?p)) ||DQ0||L°°(B+/2(900))
Bp/2 o ’
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for all ¢ € C&(B;r/z(xo),RN ), which is completely analogous to the elliptic situation,

apart from the fact that we have the take the radius £ instead of p due to the comparison

technique. For € > 0 to be determined later, we now take 6 = d(n, N,v, L,€) to be the
corresponding constant from the 4-harmonic approximation Lemma 2.2. Provided that
the smallness condition

H(E(xo,p)) < 0/cq (SCF.2)

holds, we find, according to Lemma 2.2, an .A-harmonic map h € W%’Q(B:m(aro),]RN)
such that

][ |Dh|*dr < 1 and p_2][ lw—h|*dz < e, (56)
Bya(@o) By/2(o)

and via Lemma 2.3 we see SUPB* (a0) |D?h|? < ex(n, N,v, L)p~2. We now consider 6 €
P

(0,1/8) fixed, to be specified later, choose € = §"™* and deduce for the polynomial
jS = Apxn'i_ CvE(anp) (1+|Ap|)Dnh(w0)xn

exactly as in (13)

(20p)~* ][
B3y, (x0)

Provided that the smallness condition

2
v—P| dr < c(n,N,v,L)60*(1+ |A,])*E(x0, p) .

E(z0,p) < 0™ (SCF.3)

is fulfilled, this estimate is easily carried over to u using Poincaré’s and Jensen’s inequality
and the comparison estimate (49):

~2
(20p)_2][ u— P‘ dx
B;'gp(xo)

2
< 2(29,0)2][ lu —v]? dx+2(29p)2][ v—P| dx
By, (o) B, (o)
< 00_”_2][ |Du — Dv|* dx + c62 (1 + |A,|)2E (0, p)
B:/Q(IO)
< c(n, N,v, L) 0* (1 + |A,])*E(x0, p) .
Denoting by Q) 4, the value minimizing the functional Q — [ B (a0) lu — Q x,|* dx
amongst all @ € RY, and P} = QF  x,, we can proceed as in (14)-(17) to derive
under the additional smallness assumption (see (SC.2) if p > 2)
2[(t—1)p+tn+2]
E(xg,p) < 0 0-00-2 (SCF.4)

and (SCF.3) that there holds

L+ [Ap] 4 [Aagy| < 4 (1 +|Agp]) (57)
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and further

@09 [ Ju= Pl do < 8 (14 [Ag, ) Bl
;Gp(xo) (58)
(20p) = P gy |” dz < ¢62 (14 A |)? B0, p)

B;GP(CC())
for a constant ¢ depending only on n, N, p, v and L.

In the last step we have to derive the full decay estimate for the Campanato-type excess
C(xg, p). We apply the Caccioppoli Lemma 4.1 with the choice £ = QF, to derive

20p
£

gﬂ(xO)

[(1+\Q$029p p72|Du— xo%p@en} +‘Du Qm029p®€n| } dx

2 p
_Q+29$n U_QJrzexn
< Zo,20p x0,20p d
= égep(xo) ( N |Q$0 QQPD 2610 20P !
4 cw(pp>][ (1+1Q5, | + [Dul)? da
B, (x0)
e ][ w(lul?) (1+ @, | + | Dul)? da
B;rep(xo)
s Q) (14 QG + | Dul ds
30, (0)
= I+ I1IT+1IV+V (59)

with ¢ = ¢(n,N,p,v, L) and the obvious labelling. In what follows we shall assume
smallness conditions of the type (SC.4):

on on \ -5
E < — < | — F.
o) < 5 ond g < () (SCF.5)

for a constant cs being determined in the course of the proof in dependency of n, N, p, v
and L analogously to the proof of Proposition 3.2. First we calculate using the definition

of E(xg,p) and (57)

L Oepupaser) fDu-seard ) 058l
20p o

B;rep(xo)
< c(n,p) [07" E(zo,p) + 1] (1+|A,])7
< c(p) (1 + [Agp|)? (60)

and, with 40 < 1, we also have
Fo @rDupdr< ) 0+ Al (o1
BZ@p(mO)

The smallness assumptions in (SCF.5) allow us in particular to proceed as in (19) and
(22) to derive

P 1Qz,l" < p+ M(zo,p) and  |Qg,|" < c(1+][Ag)"
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We shall start to estimate the terms /711, IV and V: the latter estimate combined with
(61) allows us to compute

HI< col) § (14 |Qh,| + 1Dul) do < cwlp) (1+[Aa )
BZOp(xO)

Moreover, by concavity of the modulus of continuity w, Jensen’s inequality, Poincaré
and (SCF.4) we find f B, (w0) w(|ulP) de < w(M(xg, p)) and hence, applying Holder and
20p

Lemma 4.2 on the higher integrability of Du (keep in mind ¢ < ¢;), we see that

IV <c <][ w(|u|p)ﬁ dx) <][ (1+|Q;9p|+|Du|)qu>
B;rgp(mo) B;gp(:ro)
<e (][ w(Juf?) dx) fo @ iQul+ DUy
B;ep(xo) BZLGP(IO)

< cw(M(zo,p)) "7 (14 [Agg])"
Finally, the last term is estimated via the bound for p?|Q3, p]p above and the sublinearity
of w by
V< cwlpt Mlaop) f - (1+1Qi,) + |Dul) ds
B29p(x0)

< e [w(0)T" +w (M@0, 0) 7| (14 |40,])"

where all the constants ¢ depend only on n, N, p,v and L. Collecting now the estimates
for the various terms (note w(-) < 1) we come to the conclusion that

[II+IV+V<e [wm% oy (M(xo,p))ﬂ (1 + [Ag,))?

< CE<J:0’ p)p_l (1 + |A¢9p|)p E(I‘J?p)
< ¢ (14 |Ag,|)? E(x0,p) .

In the last line we used the fact that E(zg,p)?~' < D P-1 < 62 due to (SCF.3).
Combining the latter inequality with (59) we arrive at

]{Eﬁ( )[(1+‘Q$0290 p72‘DU_Qz020p®en‘ —|—|Du Q$020p®€n| } dr
p\T0

p

2
U= Qjo,erxn
20p

+
u— Q$0,29Px"

20p du

<cf Ot IQhalr
B;gp(ro) 0,40p

+ 0% (14 [Agp|)? E(zo, p)
and the constant ¢ depends only on n, N, p,v and L. At this stage we argue exactly as
we did to achieve (25) in the elliptic situation, i.e., we replace in the inequality above
Q3200 DY Nop = (D)2 9p, and via (58) we obtain
Fo L0 D™ 1D = (Datagiy @ ol + 1D = (Dt © €al”] da
By, (o)

< ¢ 0% (14 |[(Duw)asp])” E(0,p).
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where the constant ¢, depends only on n, N,p,v and L. Dividing both sides by (1 +
|(Dptt)0,00])F and taking into account the definition of C(xg,fp) this is the desired ex-
cess decay estimate provided that all smallness conditions (SCF-1), (SCF.2), (SCF.3),
(SCF.4) and (SCF.5) hold true. The dependency of the constants ¢, and €; claimed
in (51) is obtained by taking into consideration the dependencies in all the smallness
conditions needed within the proof. O]

4.2. Proof of Theorem 1.2

Here, we will only sketch the proof and remark the necessary modification with respect
to the proof of Theorem 1.1 in Section 3.2.

Step 1: Choice of the constants. We first fix 5 € (0, p), and for the choice of o we now
distinguish two situations: if n > p we choose a € (0, 1) arbitrary. Otherwise if n < p,
due to the Sobolev embedding, only the case a € (1 — %, 1) has to be considered. Hence,

we choose 7 = v(a) € (max{0,n — p},n) such that
n—v
p

a=1- (62)

and 0 € (0, 3) such that

0 = mm{(%)ﬁ(;)(%)} (63)

for ¢, from Proposition 4.5. Further we fix a constant €5 and an iteration quantity ¢; < 1
via
. o" €0 o"
€y = mln{g,z} y €t — W (64)
with €y from Proposition 4.5. Next, we fix 9; > 0 such that

w(él)% < €4+ €

with ¢ the higher integrability exponent determined in Lemma 4.3. Lastly we define the
maximally admissible radius as in (30) via

Pm = min{éf,(ﬁ,q} > 0.

Here, € is the radius from Proposition 4.5 and in conclusion, all the quantities 0, €5, 01
and p,, have the same dependencies as in Section 3.2 for the elliptic case. Note that in
the definitions of a, 0 and €, there appears the the parameter p (instead of 2 in (26),
(27) and (28), respectively) due to the fact that the Campanato-type excess C/(zo, p)
was redefined with exponent p instead of 2 for the case of variational integrals. For what
follows we will always assume p < p,,, < 1.

Step 2: An almost BMO-estimate. We consider a boundary point zy € I', without loss
of generality we may assume zy = 0, and a radius p for which

C(zo,p) < €rea and  M(xzg,p) < €101 (65)
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is satisfied for some iteration parameter ¢; € [e;, 1]. Taking into account that this time

we have
/

we prove exactly as in Section 3.2 that, due to the choice of constants above and due to
the decay estimate in Proposition 4.5, there holds for every k € Nj

Du — (Dpu)ge, @ ep|>de < 2771 € 60 + 2P € €
p

- |D,ul*dz  (66)

+
ka ka

C(0%p) < €1ea and M(0Fp) < €, 0;.

Step 3: Iteration. We still consider 0 € I" and a radius p < p,, such that (65) is satisfied.
Then the inequality (66) above and the choices of €5 in (64) and of 6 in (63) yield that

/ Dl dz < m/ \DulP d + 47 w, (6% p)"
B BT,

9k+1p gkp

for v defined via equation (62). Setting ¢(t) := | B | Du|? dx and applying the iteration
Lemma 2.5 in a standard way we obtain

/ Duf dz < 2 [/ |Dul? da + 1
B p Bf

Step 4: Holder continuity at boundary points. Exactly as we proceeded in Step 4 of the
proof of Theorem 1.1 we combine the estimates in the interior and at the boundary. For
fixed a € (0,1) we consider the quantities defined in Step 1, we set

. { €t €2 g
s := min < €; I, <T>

and we look at a point xy € I', w.l.o.g. g = 0, for which

t7 for all t < p. (67)

lim inf][ |Du — (Dpu)o, @ e,|Pdr < s and  liminf pﬁ][ |Dul*dz < s
By (0) B3 (0)

p—0t p—0t

holds true. Then we conclude, again by deriving decay estimates of the form (67) on
various balls and half balls and applying Theorem 2.6, that 0 € Regp, u, i.e., that
u is Holder continuous with exponent « in a neighbourhood of 0 in B*. Hence, we
have proved a result corresponding to Theorem 3.3 for variational integrals in the model
situation of the half ball.

Step 5: Transformation to the model situation. We assume z = 0 and vpo(z) = e,.
Keeping the notation of Step 5 in Section 3.2, we choose r > 0 sufficiently small such
that [Vh(z')| < 1 for all 2’ € B s5,. Setting 9(y) :=uo7 *(y) — go T *(y) here allows

us to calculate that & € WpP(B;H, RY) is a local minimizer of

Flu] = /g)ﬁ(y,v,Dv)dy,
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where the integrand is defined by

F(y,v,2z) == F(T '(y),v+3(y),2DT(T ' (y)) + Dg(T ' (y))) ,

and proceeding as in Section 3.2 we calculate that F satisfies structure conditions analo-
gous to (4) for new coefficients (depending on the original constants, the boundary data
and p), namely that there holds for all 4,5 € B}, v,v € RY and 2,z € R™ the following
estimates:

o 272y (1+|Dglo)™ (1+|2)" < F(y,v,2) < 25 L(1+ ||Dgllo)” (14 2],
2742y (14 || Dglloc)® ™ [ig1ye (1 + 2] + |Dep(a)] )2 Dip(2) | d
< Jioay |[Fly,v,2 + Do(a) = F(y,v,2)| do - for all ¢ € CH((0,1)", RY),

o [P -Fo2)
< 2L (14 ||Dglleo)® (1412 (w |y — 3]+ [v—o]) + 7 (Jy — ])),

° ’Dzzl?(y,v,z) — Dzzﬁ(y,v,z)

) B _\p—2 Z2—Z
< 22 L(1+][Dglleo) ™ (L4 [z + 2D n <ﬁ>

Step 6: Transformation of the smallness conditions and final conclusion. The last step
of Theorem 1.2 is achieved as in the setting of elliptic systems. The only point where we
have to proceed by a slight modifications of the arguments above is when transforming
the second of the smallness assumptions since in the case of variational integrals, we
have defined the Morrey-type excess M (zg, p) using the full derivative instead of only the
normal derivative. Applying Caccioppoli’s and Poincaré’s inequality, M (zq, p) is reduced
to considering only the normal part of the derivatives of ¢, and the result follows as in
the proof of Theorem 1.1. O

Remark 4.6. Also in the case of variational integrals, we obtain for n < p a better
inclusion presented in Remark 3.4.

References

[1] E. Acerbi, N. Fusco: Semicontinuity problems in the calculus of variations, Arch. Ration.
Mech. Anal. 86 (1984) 125-145.

[2] E. Acerbi, N. Fusco: A regularity theorem for minimizers of quasiconvex integrals, Arch.
Ration. Mech. Anal. 99 (1987) 261-281.

[3] E. Acerbi, G. Mingione: Regularity results for a class of functionals with non-standard
growth, Arch. Ration. Mech. Anal. 156(2) (2001) 121-140.

[4] L. Beck: Partial regularity for weak solutions of nonlinear elliptic systems: the sub-
quadratic case, Manuscr. Math. 123(4) (2007) 453-491.

[5] S. Campanato: Holder continuity and partial Holder continuity results for W14-solutions
of non-linear elliptic systems with controlled growth, Rend. Sem. Mat. Fis. Milano 52
(1982) 435-472.

[6] S. Campanato: Elliptic systems with non-linearity ¢ greater or equal to two. Regularity of
the solution of the Dirichlet problem, Ann. Mat. Pura Appl., IV. Ser. 147 (1987) 117-150.

[7] M. Carozza, N. Fusco, G. Mingione: Partial regularity of minimizers of quasiconvex inte-
grals with subquadratic growth, Ann. Mat. Pura Appl., IV. Ser. 175 (1998) 141-164.



320 L. Beck / Boundary Regularity for Elliptic Problems

[8] F. Duzaar, A. Gastel: Nonlinear elliptic systems with Dini continuous coefficients, Arch.
Math. 78 (2002) 58-73.

[9] F. Duzaar, A. Gastel, J. Grotowski: Partial regularity for almost minimizers of quasi-
convex integrals, STAM J. Math. Anal. 32(3) (2000) 665—687.

[10] F. Duzaar, J. Grotowski: Optimal interior partial regularity for nonlinear elliptic systems:
the method of A-harmonic approximation, Manuscr. Math. 103 (2000) 267-298.

[11] F. Duzaar, J. Grotowski, M. Kronz: Partial and full boundary regularity for minimizers
of functionals with nonquadratic growth, J. Convex Analysis 11(2) (2004) 437-476.

[12] F. Duzaar, J. Kristensen, G. Mingione: The existence of regular boundary points for
non-linear elliptic systems, J. Reine Angew. Math. 602 (2007) 17-58.

[13] F. Duzaar, K. Steffen: Optimal interior and boundary regularity for almost minimizers to
elliptic variational integrals, J. Reine Angew. Math. 546 (2002) 73-138.

[14] L. Evans: Quasiconvexity and partial regularity in the calculus of variations, Arch. Ration.
Mech. Anal. 95 (1986) 227-252.

[15] M. Foss, G. Mingione: Partial continuity for elliptic problems, Ann. Inst. Henri Poincaré,
Anal. Non Linéaire 25 (2008) 471-503.

[16] M. Giaquinta, E. Giusti: On the regularity of the minima of variational integrals, Acta
Math. 148 (1982) 31-46.

[17] M. Giaquinta, G. Modica: Almost-everywhere regularity results for solutions of nonlinear
elliptic systems, Manuscr. Math. 28 (1979) 109-158.

[18] E. Giusti: Direct Methods in the Calculus of Variations, World Scientific, Singapore (2003).

[19] J. Grotowski: Boundary Regularity Results for Nonlinear Elliptic Systems in Divergence
Form, Habilitation Thesis, University of Erlangen-Niirnberg, Erlangen (2000).

[20] J. Grotowski: Boundary regularity for nonlinear elliptic systems, Calc. Var. Partial Differ.
Equ. 15 (2002) 353-388.

[21] C. Hamburger: Partial boundary regularity of solutions of nonlinear superelliptic systems,
Boll. Unione Mat. Ital., Sez. B, Artic. Ric. Mat. (8) 10(1) (2007) 63-81.

[22] J. Jost, M. Meier: Boundary regularity for minima of certain quadratic functionals, Math.
Ann. 262 (1983) 549-561.

[23] J. Kristensen, G. Mingione: The singular set of minima of integral functionals, Arch.
Ration. Mech. Anal. 180(3) (2006) 331-398.

[24] M. Kronz: Partial regularity results for minimizers of quasiconvex functionals of higher
order, Ann. Inst. Henri Poincaré, Anal. Non Linéaire 19(1) (2002) 81-112.

[25] P. Marcellini: Approximation of quasiconvex functions and lower semicontinuity of of
multiple integrals, Manuscr. Math. 51 (1985) 1-28.

[26] C. B. Morrey, Jr.: Quasi-convexity and the lower semicontinuity of multiple integrals,
Pacific J. Math. 2 (1952) 25-53.

[27] J. Wolf: Partial regularity of weak solutions to nonlinear elliptic systems satisfying a Dini
condition, Z. Anal. Anwend. 80(2) (2001) 315-330.



