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1. Introduction

Consider the nonlinear Dirichlet boundary value problem

{—div(a(x, Vu)) = f(z,u) inQ (1)

u=>0 on 0f),

where Q is a bounded domain of RY (N > 1) with smooth boundary.

One of the common approaches to the weak solvability of the problem (1) when f is
independent of w is based on the Browder Theorem and assumes the following Leray-
Lions type conditions are satisfied (see [4, 19]):

(Hy): The function a : 2 x RY — RY is a Carathéodory function (continuous in & for
a.e. z € Q and measurable in z for every ¢ € RY) and there exist p € (1, N), A > 0 such
that

a(z,£).6 = ¢
holds for every ¢ € RY and a.e. z € Q.
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(Hy): For every € and n € RN € # 1, and a.e. z € § there holds

(a(z,€) —a(z,n)) .(§ —n) > 0.
(Hs): There exists A > 0 such that

la(z, &)] < A(j(2) + €77

holds for every £ € RY with j € LP(Q), p’ = p/(p — 1). Tt is then natural to look for a
weak solution in the Sobolev space W, ”(Q).

Consider a more general situation, when Q = Q; Uy, 1 < p; < po < N, and conditions
(Hy) — (Hj3) are satisfied with p; on Q;. If we simply use the above scheme to find the
weak solution of (1) in W*P(Q), we see that the validity of conditions (H;)—(Hs) requires
p = max {p1,p2} and p = min {py, p2}, respectively. Even more difficult situations occur
when p is a function of x € €.

If p is a function of z € €2, appropriate analogues of the Lebesgue spaces LP and of the
Sobolev spaces W*P may be suggested. It is clear that we cannot simply replace p by p(z)
in the usual definition of the norm in L?. Kovacik and Rakosnik in [16] studied the spaces
LPO(Q) and WFPO) (Q) where they proved that LP¢)(Q) and LP(Q) have many common
properties except a very important one: the p-mean continuity. In general, LP)(Q) is not
invariant with respect to translation (cf. [16, Ex. 2.9]). They also showed that, in general,

the Sobolev space W'P()(Q) is not embedded in LP"¢)(Q), where p*(.) = A],Vf;'().) is the

variable Sobolev exponent (see [16, Ex. 3.2]), but when p is continuous, they showed that
the embedding W0 (Q) in LW (Q) for 1 < ¢(.) < p*(.) — € holds true for some € > 0.
Ruzicka (cf. [26]) proved another interesting result by considering the level sets of p and
using the power series expansion of the exponential function. Afterwards, Edmunds and
Rakosnik showed (cf. [9]) that if p(.) is a Lipschitz function such that supg p(.) < N, then
the embedding W) (Q) in LP")(Q) holds true. To compare the three results mentioned
above in the study of Lebesgue and Sobolev spaces with variable exponent, we first note
that each concerns a different class of functions p(.). The function p(.) in [16] is assumed
only continuous but the target space is rather far from the desired optimal case. The
function p(.) in [26] can be even discontinuous but there is the Logarithmic defect on the
estimation. On the other hand, Lipschitz (and even C*°) functions p(.) do not, in general
satisfy the assumptions in [26]. In [10], Edmunds and Rakosnik improved their result in
[9] by showing that if p(.) : Q — [1, N) is a function in W (Q) for a ¢ € (N, o0) and
such that supg p(.) < N, the embedding W*0)(Q) in LP")(Q) holds true. Recently,
Diening (cf. [7]) improved the result by Edmunds and Rakosnik in [10] by showing that
for a merely log-Holder continuous p(.), the embedding W) (Q) in LP"()(Q) holds true
and that whenever ¢(.) < p*(.) — € for some € > 0, the compact embedding W'?()(Q) in
L0 () holds true.

The interest of the study of Lebesgue and Sobolev spaces with variable exponent lies
on the fact that most materials can be modelled with sufficient accuracy using classical
Lebesgue and Sobolev spaces LP and WP where p is a fixed constant, but for some
materials with inhomogeneities, for instance electrorheological fluids (sometimes referred
to as “smart fluids”), this is not adequate, but rather the exponent p should be able to
vary (cf. [26]). These fluids are smart materials which are concentrated suspensions of
polarizable particles in a non-conducting dielectric liquid. By applying an electric field,
the viscosity can be changed by a factor up to 10°, and the fluid can be transformed
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from liquid state into semi-solid state within milliseconds. The process is reversible. An
example of electrorheological fluids are alumina Al,Oz particles.

Using the results by Edmunds and Rakosnik (cf. [9]), Sanchon and Urbano (cf. [27])
studied problem (1) for f € L'(Q) independent of u and showed that this problem has a
unique entropy solution with some regularities results of the entropy solution and then,
extended the results by Bénilan et al (cf. [4]) for variable exponent case. Their work was
done under the following condition on p(.):

(Hy): p(.) is a measurable function such that

p(.) e WH®(Q) and 1 <ess insfzp(x) < esssupp(x) < N.
z€ €N

Assumption (Hy) allowed them, in particular to exploit the embeddings Theorems of
Lebesgue and Sobolev spaces with variable exponent (as in the constant exponent case)
arising in the study of problem (1). Note also that in (H,), the Lipschitz condition al-
lowed Sanchon and Urbano in particular to perform some estimates needed for existence,
uniqueness and regularities results in [27] since they can differentiate p(.). In this paper,
we study problem (1) with less regularity on the variable exponent p(.), more precisely,
we assume that

p(.) : © — R is a measurable function such that

1 < ess inf p(z) < esssupp(z) < +o0. (2)
zed z€

For the vector fields af(.,.), we assume (cf. [21]) that a(z,&) : Q x RY — R is the
continuous derivative with respect to ¢ of the mapping A : Q@ x RY — R, A = A(x,§),
ie. a(z,&) = VeA(x,€) such that:

e  The following equality holds
A(z,0) =0, (3)

for almost every x € Q.
e  There exists a positive constant C; such that

ale, )| < Gy (j(2) + 6P (4)

for almost every x € Q and for every £ € RY, where j is a nonnegative function in
LPO(Q), with 1/p(z) + 1/p/(z) = 1.
e The following inequalities hold

for almost every x € Q and for every &, n € RV, with £ # 7, and
P < af,€).£ < pla)Alx, ) (6)

for almost every x € Q and for every £ € RV,

As examples of models with respect to above assumptions, we can give the following:
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(i) Set A(z, &) = (1/p(x)) |€]P™), a(z, €) = |¢[P™) 72 ¢ where p(z) > 2. Then we get the
p(z)-Laplace operator

div(| V"™ 2 V).
(i) Set A(z,6) = (1/p(@)) [(1+16P)"" = 1], a(e,©) = (1+16P)"7 "¢, where

p(z) > 2. Then we obtain the generalized mean curvature operator

div ((1 + |Vuf?) PO w) .

Remark 1.1. (a) Since for almost every = € 2, a(z,.) is a gradient and is monotone
then the primitive A(x,.) of a(x,.) is necessarily convex.

(b) Stationary PDE’s with operator A satisfying (3)-(6) (as well as examples (i) and
(ii)) have been studied for the first time by Mihailescu and Radulescu (cf. [21]) in the
framework of existence and multiplicity of weak solutions.

The novelty of this work is on three orders. Firstly, note that in [27], for the proof of the
existence of entropy solution, the authors used a classical approximation method and
assumed that the approximated problem is well posed by the work of Fan and Zhang
(cf. [11, Theorem 4.2]). But in [11], the authors studied the model case of example (i)
above which is a particular case of the problem considered in [27]. Consequently, to
avoid this error, we have made in this work some additionnal assumptions on the vector
field af(.,.) (cf. assumptions (3) and (6)) in order to study first, existence result of (1)
when the right-hand side f = f(z) € L*>°(Q2) which will permit us following [27] to use
approximation method in a right way. Secondly, the exponent p(.) is assumed less regular
than in [27] since it can be discontinuous. Thirdly it is the study of weak energy solution
when the right-hand side in (1) depends on u.

The paper contains five sections. In Section 2, we recall the definitions of Lebesgue and
Sobolev spaces with variable exponent and some of their properties. In Section 3, we
prove the existence and uniqueness of weak energy solution of (1) when the right-hand
side f is independent of u and has enough integrability i.e., f € L*(Q2). Using the
results of Section 3, we study in Section 4, the question of the existence and uniqueness
of entropy solution of (1) for f € L'(2) and independent of u. Finally, in Section 5, we
prove some existence results of weak energy solution of problem (1) for an f assuming
to be dependent of wu.

2. Lebesgue and Sobolev spaces with variable exponent

In this section, we define Lebesgue and Sobolev spaces with variable exponent and give
some of their properties. Since p(.) is not continuous or merely log-Holder continuous,
we don’t expect embedding Theorems (cf. [16, Ex. 3.2]).
Given a measurable function p(.) : @ — [1,00), we will use the following notation
throughout the paper:
p_:=essinf p(x) and p; :=esssupp(x).
Sy zeQ

We define the Lebesgue space with variable exponent LP()(Q) as the set of all measurable
function u : 2 — R for which the convex modular

Pp()(u) = /Q Jul"™) da
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is finite. If the exponent is bounded, i.e., if p, < oo, then the expression
|ul,) = inf {X > 0: py)(u/X) <1}

defines a norm in LP)(Q), called the Luxembourg norm. The space (LP()(Q), |-[,)) is a

separable Banach space. Moreover, if p_ > 1, then LP()(Q) is uniformly convex, hence
reflexive, and its dual space is isomorphic to L” ) (€2), where zﬁ + zﬁ = 1. Finally, we
have the Holder type inequality:

/ uvdx
Q

for all u € LPO)(Q) and v € LF'O)(Q).
Now, let

1 1
< (p— ; p—,) ful ol )

WLp(.)(Q) — {u € L”(‘)(Q) - |Vul € LP(.)(Q>}7

which is a Banach space equipped with the norm

[l py = lulyy + [Vl -

Next, we define Wy * () as the closure of C£°(€2) in W'2()(€2) under the norm

[l = [Vuly) -

The space <W01 P (')(Q), ||u||> is a separable and reflexive Banach space.

An important role in manipulating the generalized Lebesgue-Sobolev spaces is played by
the modular p,() of the space LP1)(€2).

We have the following result (cf. [12]):

Lemma 2.1. If u,,u € LPY(Q) and p, < +oo then the following relations hold:

(4) ‘u|p(.) >1= Mii) < pp(y(u) < |U|Z?)§

() Julyy < 1= Julyly < ppoy(u) < fuly)s

(#di) |ulpoiyqy <1 (respectively = 1;> 1) < py)(u) < 1 (respectively = 1;> 1);

(

(

W) |tn| o)) — O (respectively — +00) < pp()(un) — 0 (respectively — +00);

V) Pp() <U/ |u’LP(~)(Q)> =1

Let us introduce the following notation: given two bounded measurable functions
p(.),q(.) : Q@ — R, we write

q(.) <p() if ess inf (p(z) —q()) > 0.

3. Existence and uniqueness of weak energy solution for f € L>(Q)

In this section, we study the weak energy solution of (1).
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Definition 3.1. A weak solution of (1) is a function v € W' () such that a(., Vu) €
(L ()" and

loc
/ a(z, Vu).Vedr = / f(z)pdz, for all p € CF°(Q). (8)
Q Q
A weak energy solution is a weak solution such that u € W, (')(Q).

The main result of this section is the following

Theorem 3.2. Assume (2)—(6) and f € L*(Q2). Then, there exists a unique weak
energy solution of (1).

Proof. % Existence. Let E denote the generalized Sobolev space Wy (')(Q).
Define the energy functional I : E — R by

mo:LAmvmw—lﬁmm

We first establish some basic properties of .

Proposition 3.3. The functional I is well-defined on E and I € C'(E,R) with the
deriwative given by

(. = [

a(x,Vu).Vgoda:—/fgodx,
Q Q

for allu,p € E.

To prove Proposition 3.3, we define the functonal A : F — R by
A(u) = / A(z,Vu)dz, forallue E.
Q

Lemma 3.4.

(i)  The functional A is well-defined on E.
(i1)  The functional A is of class C*(E,R) and

(N (u), o) :/Qa(x,Vu).Vgod:c,

for allu,p € E.

Proof of Lemma 3.4. (i) For any z € Q and £ € RY, we have

1y 1
A(:p,ﬁ):/o %A(x,tg)dt:/o a(x, t€).&dt.
Then by (4),

3

p(z)
p(z) -

1
Ma@sql(wwﬂwmlﬂwﬁmﬁgcmmm+
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The above inequality and (6) imply
: ¢ p(z)
0< [ A(z,Vu)de < Cy | j(z)|Vulde+— | |Vu"*" dz, forallue E.
Q Q P-Ja

Using (7) and Lemma 2.1, we deduce that A is well-defined on FE.

(1) Existence of the Gateaux derivative. Let u,p € E. Fix x € Q and 0 < |r| < 1. Then
by the mean value Theorem, there exists v € [0, 1] such that

(e, Vu(a) + vr¥e(@)] [Ve(@)] = [Alr, Vu(@) + rVe(@)) - Az, Vu(z))|/ Ir
< [Cui@) + 2 (Vul) P+ V()] (Vo).

Next, by (7), we have

/Q C1j(#) V()| dz < B1Cuil s - [Vl

and
|Vu|p(x)71|Vgp|dx<oz‘|Vu|p(‘r)71‘ AVl .
Q P (z) p()

The above inequalities imply
Cy [j(w) + 2 (IVu(@) " + V(@) ™) | [Ve(a)] € L),

It follows from the Lebesgue Theorem that

(N (u), o) :/a(x,Vu).Vgodx.

Q

Assuming now u, — u in E. Let us define ¢(z,u) = a(x, Vu). Using assumption (4),
Theorems 4.1 and 4.2 in [17], we deduce that ¥ (z,u,) — ¥(z,u) in (LF@®(Q))N. By
(7), we obtain

(A (un) = M(w), @) < C (2, un) = (@, 1)) VO

and so

[N (un) = A ()| < Cl(x, un) = (@, u)l ) — 0, asn — oo
The proof of Lemma 3.4 is complete.
By Lemma 3.4, it is clear that Proposition 3.3 holds true and then, the proof of Propo-
sition 3.3 is also complete.
Lemma 3.5. The functional A is weakly lower semi-continuous.
Proof of Lemma 3.5. By Corollary I11.8 in [5], it is enough to show that A is lower

semi-continuous. For this, fix u € E and € > 0. Since A is convex (by Remark 1.1 (a)),
we deduce that for any v € E, the following inequality holds

/QA(:E,VU)da: > /QA(;C,vu)dH/Qa(x,vu).(w—vu)dx.
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Using (4) and (7), we have
/A(x,Vv)dx > / Az, Vu)dx —/ la(z, Vu)| |Vv — Vu| dx
Q Q Q

> / Az, Va)dz — C, / i(2) V(0 — u)| dz — 01/ Vul @ 1V (0 — )| de
Q Q Q

= / Az, Vu)de — Ca || ) IV (0 — )]y — Cs (|vu|f’<%>—1
Q

V(0 = u)ly

p'(z

> /A(:U,Vu)dx—04||v—u|| E/A(x,Vu)da:—e,
Q

Q

for all v € E with ||v — u|| < § = €/C4, where Cy, C5 and Cy are positive constants.
We conclude that A is weakly lower semi-continuous. The proof of Lemma 3.5 is com-
plete.

Proposition 3.6. The functional I is bounded from below, coercive and weakly lower
semi-continuous.

Proof of Proposition 3.6. Using (6), we have

I(u) = /QA(x,Vu)dx—/qude/Q]ﬁ|Vu|p(x)dx—/qudx

1 1
> Vul"'™ dz — f R Z—/ VulP® do — ¥ Ml
[ oo 19 Sl = [ 9P de = U7l o

where [[ull, = (f, |uf’~ dz)> .

For the coerciveness of I, we want to show that limj,—4c I(u) = 400. For this, we
can assume that [lul| = |Vul,,) > 1 and then, by Lemma 2.1 we obtain from above
inequalities that

p(z

1 1
I(u) > — |VulPr, = Cllul|,. > — ||~ =" |,
(u) p+| o) [Jwll,,_ o ] ]

since E is continuously embedded in LP~(£2).

As p_ > 1, then [ is coercive. It is obvious that I is bounded from below. By Lemma
3.5, A is weakly lower semi-continuous. We show that I is weakly lower semi-continuous.
Let (u,) C E be a sequence which converges weakly to w in E. Since A is weakly lower
semi-continuous, we have

A(u) < liminf A(u,). (9)

n—-+o0o

On the other hand, E is embedded in LP-(2). This fact together with relation (9) imply

I(u) < liminf[(un).
Therefore, I is weakly lower semi-continuous. The proof of Proposition 3.6 is complete.

Since [ is proper, lower semi-continuous and coercive, then I has a minimizer which is a
weak energy solution of (1). The proof of existence is then complete.
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« Uniqueness. Let uj, uy be two weak energy solutions of (1). Then
/Q (a(z, Vuy) — a(z, Vuz)) .(Vu; — Vug)dx = 0. (10)
Using (5) in (10), we obtain
/Q IVuy — V[P dz = 0. (11)
We deduce from (11) by using Poincaré Inequality (since Wy ™" (Q) € Wy~ () that

/Q|u1 — ug|’” dz = 0. (12)

From (12) it follows
Uy = Ug.

4. Entropy solutions

In this section, we study the problem (1) for a right-hand side f € L'(Q2). In the L'
setting, the suitable notion of solution for the study of (1) is the notion of entropy
solution. We refer to [4] for more details.

We first define the troncation function T3 by Ti(s) := max {—t, min {t, s} }.

Definition 4.1. A measurable function u is an entropy solution to problem (1) if, for
every t > 0, Ty(u) € Wy (Q) and

/Qa(x, Vu).VTi(u — ¢)dx < /Qf(x)Tt(u — @)dx (13)

for all ¢ € Wy (Q) N L=(9).

Remark 4.2. A function u such that Tj(u) € Wy © () for all £ > 0 does not necessarily
belong to W, (). However, it is possible to define its weak gradient, still denoted by
Vu.

Our main result in this section is the following:

Theorem 4.3. Assume (2)-(6) and f € L' (). There exists a unique entropy solution
u to problem (1).

Proof. * A priori estimates. We start with the existence of the weak gradient for
every measurable function u such that T)(u) € W, (')(Q) for all ¢ > 0.

Proposition 4.4. If u is a measurable function such that Ty(u) € Wol’p(’)(Q) for all
t > 0, then there exists a unique measurable function v : Q — RY such that

UX{lul<ty = VTi(u) for a.e. x € Q, and for all t > 0,

where xp denotes the characteristic function of a measurable set B. Moreover, if u
belongs to WOI’I(Q), then v coincides with the standard distributional gradient of w.
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Proof. As T;(u) € Wol’p(')(Q) C WyP~(Q) for all ¢ > 0, then by Theorem 1.5 in [3], the
result follows.

Proposition 4.5. Assume (2)-(6) and f € L*(2). Let u be an entropy solution of (1).
If there exists a positive constant M such that

/ 1@ de < M, for all t > 0, (14)
{lul[>t}

then
/ 1@ dx < || f|l, + M for all t > 0,
{IVu[*>t}

where a() = p()/(a() + 1).
Proof. We know that

/ VT )P dx < ¢ |||, , for all £ > 0.
Q

Therefore, defining ¢ := T;(u)/t, we have, for all t > 0,
1
[t woran =g [ 19a)de <71
Q t Ja
From the above inequality, the definition of «(.) and (14), we have

/ 1@ < / 1 + / 11 dx
{IVu[*O>t} {IVul*O>t}n{lul<t} {Jul>t}

p(x)

|Vu|a(a7) a(z)
< / @) (L de+ M < ||f|l, + M, forallt>0.
{lul<t} t

Proposition 4.6. Assume (2)-(6) and f € L'(Q). Let u be an entropy solution of (1),

then
1

. / VT ()P de < M
{lu|<h}

for every h > 0, with M a positive constant. More precisely, there exists D > 0 such

that
1+h

P —
meas {|u| > h} < D T

Proof. Taking ¢ = 0 in the entropy inequality (13) and using (6), we obtain
/ VT (u) [P dae < / a(z, Vu).Vudz < / f(@)Th(u)de < h|f]l, < Mh
{lul<h} {lul<h} Q
for all A > 0. Next,

/ VT ()" de < Mh = VTh(w)P- de < C(1+ h).
{lul<h} {Jul<h}
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By the Poincaré inequality in constant exponent, we obtain
1
[Tn(u)l - (@) < D1+ h)r-.

The above inequality implies that
/ Th()lP- dx < D (1+ h),
Q

from which we obtain
1+h

hr-

meas {|u| > h} < DP-

* Uniqueness of entropy solution. Let h > 0 and u, v two entropy solutions of (1).
We write the entropy inequality (13) corresponding to the solution w, with Tj,v as test
function, and to the solution v, with Tju as test function. Upon addition, we get

/ a(x,Vu).V(u — Tpv)dz + / a(x,Vv).V(v — Thu)dz
{lu—Thv|<t} {lv=Thul<t} (15)

< / F@)(Tilw = Tho) + To(v — Thu))da.
Q
Define
Ey = {|lu—v| <t |v] <h}, Ey :=E N{Jul <h} and Es;:=E N{|ul>h}.

We start with the first integral in (15). By (6), we have

/ a(z,Vu).V(u — Typv)dz
{lu—Thv|<t}

a(z, Vu).V(u — Tyv)dx

—

{lu=Thv|<t}N({[v|<h}U{|v[>h})

a(z, Vu).V(u — Tyv)dz

I
—

{lu=Thv|<t,|Jv[<h}

+ / a(z, Vu).V(u — Tyv)dx
{lu=Thv|<t,|v[>h}

= / a(x,Vu).V(u —v)dz + / a(x, Vu).Vudx
{lu—v|<t,|v|<h} {lu—h|<t,|v[>h} (16)
> / a(z, Vu).V(u —v)dx = / a(z, Vu).V(u —v)dx
{|u—’l}|§t,|’l}|§h} Ey

a(x,Vu).V(u —v)dz

1N({lul<h}U{|ul>h})
a(z, Vu).V(u —v)dx + / a(z, Vu).V(u —v)dx
E3

a(z, Vu).V(u —v)dx + /

Es

a(x,Vu).Vudx—/ a(z, Vu).Vudx

Es

N

a(z, Vu).V(u —v)dx — / a(z, Vu).Vudz.

E3

,
)
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Using (4) and (7), we estimate the last integral in (16) as follows

/ a(x, Vu).Vodz| < C’1/ (j(x) - ]Vu|p(x)71) |Vl dx
b . (17)

< ¢ (Il + v

P’(~),{h<|u§h+t}) |VU|P(-)7{h—t<|v|§h} .

where ’|Vu\p(m)_1

_ H ‘Vu‘p(x)_l

LP' O ({h<|u|<h+t})

) is finite, since u € Wol’p(')(Q) and

P’ () {h<|ul<h+t}

The quantity C (|j|p,() 4 |Vu|p(z)—1

P’ () {h<|u|<h+t}
j € LP0); then by Proposition 4.6, the last expression converges to zero as h tends to
infinity. Therefore, from (16) and (17), we obtain

/ a(z, Vu).V(u — Tpv)dx > I, + / a(z, Vu).V(u —v)dz, (18)
{lu—Tpv|<t}

E>

where [;, converges to zero as h tends to infinity. We may adopt the same procedure to
treat the second term in (15) to obtain

/ a(z,Vv).V(v — Thu)dx > J, — / a(z, Vv).V(u —v)dz, (19)
{|’U Thu|<t}

Es

where J}, converges to zero as h tends to infinity.
Next, consider the right-hand side of inequality (15). Noting that

Ti(u — Tho) + Ty(v — Thu) = 0 in {|u| < h,|v| < h};

we obtain

Tt(u — T}ﬂ)) + E(U - Thu))d

'/ z)(Ti(uw — Thv) + Ty (v — Thu))dz
{|lu|>h}

-+/ F@) (Ty(u = Tho) + Ty (v — Thu))da
{lu|<h}
‘/| . z)(Ty(u — Tpo) + Ty (v — Thu))dx
‘ﬁ/ F@)(T(u — Tho) + Ty(v — Thu))da
{lu|<h,|v|>h}

g%(/ |ﬂm+/‘ um@.
{lu|>h} {lv|>h}

According to Proposition 4.6, both meas {|u| > h} and meas {|v| > h} tend to zero as
h goes to infinity, then by the inequality above, the right-hand side of inequality (15)
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tends to zero as h goes to infinity. From this assertion, (15), (18) and (19), we obtain,
letting h — 400,

/ (a(z, Vu) —a(z, Vv)).V(u —v)dz <0, forall t> 0.
{lu—v|<t}

By assertion (5), we conclude that Vu = Vu, a.e. in Q.
Finally, from Poincaré inequality, we have

/ 1Ty (1 — )P~ da < c/ IV (Ty(u — v)P- da = 0, for all ¢ > 0;
Q Q

and hence u = v, a.e. in ().

* Existence of entropy solutions. Let (f,), be a sequence of bounded functions,
strongly converging to f € L'(Q) and such that

Ifully <A fIlys - for all m. (20)

Note that this choice is possible by taking for example f,, = T,,(f).
We consider the problem

{—dw(a(:c, Vuy,)) = fn in Q (21)

u, =0 on 0f).

It follows from Theorem 3.2 that problem (21) has a unique weak energy solution w,, €

VVO1 P (‘)(Q). Our interest is to prove that these approximated solutions u,, tend, as n goes
to infinity, to a measurable function u which is an entropy solution of the limit problem
(1). We start the proof of existence by proving that the sequence (u,,)nen of solutions of
problem (21) converges in measure to a measurable function u.

Proposition 4.7. Assume (2)-(6), f € L'(Q) and (20). Let u, € Wy"(Q) be the
solution of (21). The sequence (Uy)nen is Cauchy in measure. In particular, there exists
a measurable function u and a subsequence still denoted wu,, such that u, — u in measure.

Proof of Proposition 4.7. Let s > 0 and define
By = {|uy| > t},  Eyi={|lun| >t} and FEz:={|T(u,) — Ti(un)| > s},
where ¢ > 0 is to be fixed. We note that
{|tn — um| > s} C By U Ey U Ej,
and hence
meas {|u, — upy| > s} < meas (Ey) + meas (Ey) + meas (Es) . (22)

Let € > 0. Using (20) and the uniform bound given by Proposition 4.6, we choose t = t(¢)
such that
meas(Ey) < ¢€/3 and meas(Es) < €/3. (23)
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On the other hand, taking ¢ = 0 in the entropy condition (13) for u, yields
/Q VT3 () P@ dz < ¢ f||,, for all n >0,
by using (6) and (20). The above inequality implies that
/Q \VTi(u,) [P~ de < M(1+4t), foralln >0, (24)

therefore, by Sobolev embedding, we can assume that (73(u,)), is a Cauchy sequence in
LP-(Q). Consequently, there exists a measurable function u such that

Ti(un) — Ty(u), in LP~(Q) and a.e.

Thus,

meas(Es) < /

Q

9

Ll m

S

([Ten) =Tl Y,

for all n,m > ng(s,e€).
Finally, from (22), (23) and the last estimate, we obtain that

meas {|u, — uy,| > s} <e, forall n,m > ngy(s,e), (25)

i.e., (up)nen is a Cauchy sequence in measure.
Next, in order to prove that the sequence (Vu,),en converges in measure to the weak
gradient of u, we need two technical Lemmas.

Lemma 4.8 (cf. [27, Lemma 5.2]). Let (v,), be a sequence of measurable functions.
If v,, converges in measure to v and is uniformly bounded in LPV)(Q) for some 1 < p(.) €
L>(Q), then v, — v strongly in L'(Q).

The second technical Lemma is a standard fact in measure theory (cf. [14]).

Lemma 4.9. Let (X, M, pn) be a measure space such that (X) < +oo. Consider a
measurable function v : X — [0,400] such that

i({x € X :y(z) = 0}) = 0.

Then, for every € > 0, there exists § > 0 such that

w(A) <e, forall A e M with / ~ydp < 0.
A

We can now prove the convergence in measure of the weak gradient, the last ingredient
in the proof of existence.

Proposition 4.10. Assume (2)-(6), f € L'(Q) and (20). Let u, € Wy (Q) be the
weak energy solution of (21). The following assertions hold:
(i)  Vu, converges in measure to the weak gradient of .

(i) a(x, Vun) converges to a(z, Vu) strongly in (L*(2))".



S. Ouaro, S. Traore / Second Order Elliptic Equation 537

(i) a(z, Vu) € (LPO()".

Proof of Proposition 4.10. (i) We claim that (Vu,), is Cauchy in measure. Indeed,
let s > 0, and consider

By = {|Vug| > By U{|[Vum| > B}, By = {|tn — un| > t},

and
Eg = {\Vun] S h, |Vum‘ S h, |Un - uml S t, ‘vun - vum‘ > S}?

where h and ¢ will be chosen later. We note that
{|Vun—Vum| > S} C E1 UFEyU Ejs. (26)

Let ¢ > 0. By Proposition 4.5, we may choose h = h(e) large enough such that
meas(E,) < €/3 for all n,m > 0. On the other hand, by Proposition 4.7 (see (25)),
we have that meas(Es) < ¢€/3 for all n,m > ny(t, €). Moreover, by assumption (5), there
exists a real valued function v : Q@ — [0, +0o0] such that meas ({x € Q: v(xz) =0}) =0
and

(a(z, &) — a(z,£).(§ = &) = (), (27)

for all £,& € RY such that [¢],|¢| < h, |€=¢| > s, for ae. x € Q. Let § = d(¢) be
given from Lemma 4.9, replacing € and A by €/3 and FEj3, respectively. Using (27), the
equation and (20), we obtain

/ ydx < / (a(x, Vu,) — a(z, Vuy)) .V (u, — wy)de < 2| f|l t <9,
E; Es

by choosing t = 6/(4||f|l;). From Lemma 4.9, it follows that meas(Es) < €/3. Thus,
using (26) and the estimates obtained for Ey, Fy and Ej, it follows that

meas ({|Vu, — Vu,| > s}) <e, forall n,m > no(s,e),

and then the claim is proved.
As a consequence, (Vu,),eny converges in measure to some measurable function v.

Finally, since(VT}(uy)), cy is uniformly bounded in (Lp(‘)(Q))N for all t > 0, it converges
weakly to VT3(u) in (L*(Q))". Therefore, by Proposition 4.4, v coincides with the weak

gradient of u.

(73)—(i7i) By part (i) and Nemytskii Theorem (cf. [17, Lemma 2.1]), we obtain that
a(z, Vu,) converges to a(z, Vu) in measure. Moreover, using (4), we have

ale, V)| < G (j(@) + [Fu 7

with j € LP)(Q). By (20), we have that (]Vun\p(x)_l> is uniformly bounded in
neN

LP”()(Q). hence, using Lemma 4.8, we obtain that a(x, Vu,) converges to a(z, Vu)
strongly in (L'(€))", and a(z, Vu) € (LFO(Q)V.
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Now, fix t > 0, ¢ € Wol’p(')(Q) N L>(2), and choose T;(u, — ¢) as test function in (8),
with u replaced by u,, to obtain

/ a(x,Vu,).V (Ti(u, — ¢)) dx = / fol@)Ti(u, — @)d.
Q Q

Note that this choice can be made using a standard density argument. We now pass to
the limit in the previous identity. For the right-hand side, the convergence is obvious
since f, converges strongly in L' to f and Ti(u, — ¢) converges weakly-* in L>, and
a.e., to Ty(u — ).

Next, we write the left hand side as

/ a(x, Vuy,).Vup,dr — / a(x, Vuy,).Vedr (28)
{lun—op|<t}

{lun—p|<t}
and note that {|u, —¢| <t} is a subset of {|u,| <t + ||| }. Hence, taking s =t +

|ell,, we rewrite the second integral in (28) as

/ a(x, VT(uy,)).Vedz.
{lun—p|<t}

Since a(x, VT, (uy,)) is uniformly bounded in (LP'0)(Q))N (by (24) and assumption (4)),
by Proposition 4.10 (i), we have that it converges weakly to a(z, VTy(u)) in (L) (Q))V.
Therefore, the last integral converges to

/ a(x,VTs(u)).Vedz.
{lu—pl<t}

The first integral in (28) is nonnegative by (7), and it converges a.e. by Proposition 4.10.
It follows from Fatou’s Lemma that

/ a(z, Vu).Vudr < lim inf/ a(x, Vuy,).Vuydz.
{|u*¢‘§t} {‘u'n_‘;o‘gt}

n—-+00

Gathering results, we obtain

/ a(z, Vu).VTi(u — ¢)dr < / f@)Ti(u — ¢)dz,
0 Q

i.e., u is an entropy solution of (1).

Remark 4.11. In [27], for the proof of uniqueness of entropy solution, the authors used
a so-called “Poincaré inequality” (cf. [27, Proposition 2.1]) which was presented for the
first time by Y. Fu (see [13, Lemma 2.14]) and also used in [6] for the study of existence
of weak solution. But, the “Poincaré inequality” claimed by Y. Fu is incorrect (see [25]
for more details) in the context of assumptions used by Fu and by Sanchon and Urbano
and then, the proof of uniqueness in [27] may be done in the same way as in this paper.
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5. Weak energy solutions for a right-hand side dependent of

In this section, we study problem (1) for an f more general. We assume that
f: Q2 xR — Ris a Carathéodory function. (29)
Let
t
F(z,t) :/ f(zx,s)ds.
0
We assume that there exists C; > 0, Cy > 0 such that
|z, 1) < CL+Colt]”™", where 1< 3 < p_. (30)

We have the following result.

Theorem 5.1. Under assumptions (2)—-(6), (29) and (30), the problem (1) has at least
one weak enerqy solution.

Proof. Let g(u) = [, F(x,u)dz, then ¢’ : E — E* is completely continuous i.e. u, —
u = ¢'(u,) — ¢'(u), and thus the functional g is weakly continuous.
Consequently,

I(u) :/QA(I,Vu)dx—/QF(x,u)dx, weE

is such that I € C'(E,R) and is lower semi-continuous. We then have to prove that I

is bounded from below and coercive in order to complete the proof. From (30), we have
|F(z,t)| < C(1+]t|°) and then

I(u) > i/ |Vl da:—C/ u|® dz — Cs.
P+ Ja Q

We know that E is continuously embedded in L7(§2). It follows that there exists Cy > 0
such that
|ull > Cyluly, forallue E.

On the other hand, by Lemma 2.1, we have
/ Vul'®@ de > |ulfP-, for all u € E with [[uf > 1.
Q

Then, we get
I(u) > |lulf”~ = Cs |ul|’ = C5 — +o00 as |lul| — +oo.
Consequently, I is bounded from below and coercive. The proof is then complete.

Assume now that F*(x,t) = fg 1 (x, s)ds is such that there exists C; > 0,Cy > 0 such
that
[Tz, 1) < C1+ Co t]°~" ) where 1 < 8 < p_ (31)

Then we have the following result
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Theorem 5.2. Under assumptions (2)—(6), (29) and (31), the problem (1) has at least
one weak enerqgy solution.

Proof. As f = f*— f~, let F~(x,t) = [, f~(x,s)ds. Then

I(u) = /Q A, Va)dz + /Q F(x, u)dz — /Q F*(, u)da
> /Q Az, Vu)da — / F* (o, u)dz.

Q

Then by the same way as in the proof of Theorem 5.1, the result of Theorem 5.2 follows.

Remark 5.3. There is no uniqueness of weak energy solution of (1) under assumptions
(30) or (31). Indeed, the function

fz,t) = A1 =771 (32)

where 1 < f < v < p_ and A > 0 verify (29) and (30). Then by Mihailescu and
Radulescu’s work (see [21, Theorem 2.1]), problem (1) with particular data (32) has at
least two distinct non-negative non-trivial weak energy solutions.
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