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In this paper we use the penalty approach in order to study a large class of inequality-constrained
minimization problems in Banach spaces. A penalty function is said to have the generalized exact
penalty property if there is a penalty coefficient for which approximate solutions of the unconstrained
penalized problem are close enough to approximate solutions of the corresponding constrained problem.
In this paper we show that the generalized exact penalty property is stable under perturbations of cost
functions, constraint functions and the right-hand side of constraints.
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1. Introduction

Penalty methods are an important and useful tool in constrained optimization. See, for
example, [1-7, 9-15] and the references mentioned there. In this paper we use the penalty
approach in order to study inequality-constrained minimization problems in Banach
spaces. A penalty function is said to have the exact penalty property [3, 4, 7, 11, 12] if
there is a penalty coefficient for which a solution of an unconstrained penalized problem
is a solution of the corresponding constrained problem. The notion of exact penalization
was introduced in [9, 13]. For a review of the literature on exact penalization see [3, 4,

7).

In this paper we will establish the exact penalty property for a large class of inequality-
constrained minimization problems

(P) f(x) = min subject to z € A

where
A={reX:g(r)<c¢fori=1,...,n}.

Here X is a Banach space, ¢;, 2 = 1,...,n are real numbers, and the constraint functions
gi, © = 1,...,n and the objective function f are lower semicontinuous and satisfy certain
assumptions.

We associate with the inequality-constrained minimization problem above the corre-
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sponding family of unconstrained minimization problems
f(2)+7)_max{gi(z) — ¢;, 0} — min, z€X
i=1

where v > 0 is a penalty. In this paper we establish the existence of a penalty coefficient
for which approximate solutions of the unconstrained penalized problem are close enough
to approximate solutions of the corresponding constrained problem. This novel approach
in the penalty type methods was used in [14, 15]. In the present paper we obtain a
generalization of the main results of [15].

Consider a minimization problem h(z) — min, z € X where h : X — R! is a lower
semicontinuous bounded from below function. If the space X is infinite-dimensional,
then the existence of solutions of the problem is not guaranteed and in this situation
we consider d-approximate solutions. Namely, z € X is a d-approximate solution of the
problem h(z) — min, z € X, where § > 0, if h(z) < inf{h(z):z € X} + 0.

In [15] and in this paper we are interested in approximate solutions of the unconstrained
penalized problem and in approximate solutions of the corresponding constrained prob-
lem. Under certain assumptions which hold for a large class of problems we show the
existence of a constant Ay > 0 such that the following property holds:

For each € > 0 there exists d(¢) > 0 which depends only on € such that if = is a d(e)-
approximate solution of the unconstrained penalized problem whose penalty coefficient
is larger than Ay, then there exists an e-approximate solution y of the corresponding
constrained problem such that ||y — z|| <e.

This property implies that any exact solution of the unconstrained penalized problem
whose penalty coefficient is larger than Ag, is an exact solution of the corresponding
constrained problem. Indeed, let  be a solution of the unconstrained penalized problem
whose penalty coefficient is larger than Ag. Then for any € > 0 the point x is also a §(€)-
approximate solution of the same unconstrained penalized problem and in view of the
property above there is an e-approximate solution y. of the corresponding constrained
problem such that ||z — y.|| < e. Since € is an arbitrary positive number we can easily
deduce that z is an exact solution of the corresponding constrained problem. Therefore
our results also includes the classical penalty result as a special case.

It should be mentioned that if one uses methods in order to solve optimization problems
these methods usually provide only approximate solutions of the problems. Therefore our
results are important and useful even when optimization problems have exact solutions.
Note that exact penalty results in the classical sense for convex minimization problems
on finite-dimensional spaces were obtained in [6, 9] and our results are their extensions.

In [15] we established the existence of exact penalty for the problem (P) with convex
constraint functions g;, ¢ = 1,...,n and assuming that the objective function f belongs
to a large class of functions. This class of functions includes the set of all convex bounded
from below semicontinuous functions f : X — R! which satisfy the growth condition
lim)|3)|—o0 f(2) = 00 and the set of all functions f on X which satisfy the growth condition
above and which are Lipschitzian on all bounded subsets of X.

In this paper we study the stability of the generalized exact penalty property under
perturbations of the functions f and g¢i,...,¢g, and of the parameters ci,...,c,. The
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stability of the generalized exact penalty property is crucial in practice. One reason is
that in practice we deal with a problem which consists a perturbation of the problem we
wish to consider. Another reason is that the computations introduce numerical errors.

In this paper we continue to study the problem (P) with constraint functions g, ..., g,
and an objective function f as in [15]. More precisely, we consider a family of con-
strained minimization problems of type (P) with an objective function close to f and
with constraint functions close to gi,..., g, in a certain natural sense. We show that
all the constrained minimization problems belonging to this family possess the general-
ized exact penalty property with the same penalty coefficient which depends only on f,
J1s- -y Gn, C1y...,Cqn. It should be mentioned that for a general natural number n we
suppose that constraint functions of any problem from our family are convex while for
n = 1 constraint functions are not assumed to be necessarily convex.

2. Preliminaries and the main result

In this paper we use the convention that \- oo = oo for all A € (0,00), A + 0o = 0o and
max {\, 00} = oo for any real number A\ and that supremum over empty set is —oo.

Let (X, ]| -||) be a Banach space. For each x € X and each r > 0 set
Bla,r)={ye X:llx—yll<ry,  Ber)={yeX:|r—yll<r}.
For each function f: X — R'U {oo} and each nonempty set A C X put
dom(f) ={r € X : f(z) < o0}, inf(f) =inf{f(z): z € X},
inf(f; A) =inf{f(z): z € A}.
For each x € X and each B C X set
d(z, B) = inf{|[z —y|| : y € B} . 1)

Let n be a natural number. For each x € (0,1) denote by €, the set of all v =
(M-, 7m) € R such that

k<min{y,:i=1,...,n} and max{y:i=1,...,n} =1 (2)
Assume that ¢ : X — R! satisfies

lim ¢(x) =00 and inf(¢) > —oc. (3)

[l|| =00

In this paper we will consider problems of type (P) with objective functions f which
satisfy f(x) > ¢(x) for all z € X.

Let o e R, ¢=(¢1...,6,) € R"and let f; : X — R'U{oo}, i =1,...,n be convex
lower semicontinuous functions and put

A={reX: fi(r)<¢ foralli=1,...,n}. (4)

In this paper we will consider a family of problems of type (P) with constraint functions
close to f1,..., f, in a certain natural sense. We assume that 6 € X satisfies
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Let us now describe the collection of objective functions (denoted by A) which corre-
sponds to our family of constrained minimization problems.

By (3) there is a real number M, such that
10]] + 4 < My,

¢(z) > o+ 4 for all z € X satistying ||z|| > My — 4. (6)
Let Xy be a nonempty convex subset of B°(0, M) such that 6 € Xj.

Assume that a function h : B°(0, My) x Xy — R' U {oo} satisfies the following assump-
tions:

(A1) h(z,y) is finite for all y, z € Xy and h(y,y) = 0 for each y € Xo;
(A2) for each y € X, the function h(-,y) : B°(0, My) — R' U {oco} is convex;
(A3) for each z € X

sup {h(z,y) 1y € Xo} < 0.

Let M; > 0. We denote by A a set of all lower semicontinuous functions f : X —
R'U{oo} such that

f(z) > ¢(x) forall x € X, (7)
f(0) < ¢,
BO(O, Mo) N dom(f) - X()

and that the following assumption holds:

(A4) for each y € dom(f) N B°(0, M) there exists a neighborhood V of y in X such
that V' C B°(0, My) and that

f(z) = fly) < Mih(z,y) forall z € V.

Below we consider two examples of the function A and the set A.

Example 2.1. Assume that a function fy : X — R! is Lipschitz on bounded subsets of
X, fo(f) < ¢ and that fo(x) > ¢(x) for all z € X. Then there exists Ly > 0 such that

|f0<21) — fo(Zg)‘ S Lo”Zl — ZQH for all 21,22 € B(O,Mo)

Let L; > 0 and set
Ml = LO+L17 h(Z,y) = ||Z_y||7 zZY € Xa

Xo = B°(0, My).

It is not difficult to see that the set A contains all lower semicontinuous functions f :
X — R'U {oo} such that f(z) > ¢(z) for all z € X, f(0) < &, f(z) is finite for all
z € B°(0, M) and that

’(f - fo)(Zl) — (f — f[))(ZQ)‘ S Llel — 22H for all 21, %2 € BO<M0).
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Example 2.2. Assume that fo : X — R!' U {oo} is a lower semicontinuous convex
function such that fo(x) > ¢(z) for all x € X and fy(0) < &. Let L; > 0 and set

Xo = dom(fo) N B°(0, My).
Clearly, 0 € Xy. Put M; = 1.
For each z € B°(0, M) and each y € X, define
h(z,y) =sup{&(2) —&(y) + € € B} + Lallz — gl (8)
where B is the set of all convex functions ¢ : B°(0, M) — R' U {oo} such that
1€(v) — fo(v)| < Ly for all v € dom(fy) N B°(0, My).

It is not difficult to see that the function A(-,-) is well defined and that the assumptions
(A1), (A2) and (A3) hold.

Assume that f: X — R' U {oo} is a lower semicontinuous function such that
f(0) <o, f(z) = ¢(x) forallz e X, (9)
dom(f) N B?(0, My) = dom( fo) N B°(0, M)
and that there exists a convex function g : B°(0, My) — R' U {oco} such that
dom(f) N BY(0, My) = dom(g) N B°(0, M), (10)
|fo(2) — g(2)| < Ly for all z € dom( fy) N B?(0, M), (11)
[(f =9)(z1) = (f = 9)(z2)| < Ll[z21 — 2| forall 21,z € dom(fo) N B*(0, My).
We show that f € A. In order to meet this goal it is sufficient to show that (A4) holds.
Let y € B°(0, My) N dom(f) and z € B°(0, My). If f(z) = oo, then fy(z) = oo and
Wz,y) 2 folz) = foly) = o0 = f(2) = f(y)
by definition.

If f(z) < oo, then it follows from (9) and (10) that fo(z) < o0, g(z) < o0, fo(y) < o0
and g(y) < oo. Together with (8)—(12) this implies that

()= fly) = 9(z) —g(y) + [(f —9)(2) = (f —9)(W)]
< 9(z) = 9(y) + Lallz =yl < h(z,y).
Thus f(z) — f(y) < h(z,y) in both cases, (A4) holds and f € A.

Let us now describe the collections of constraint functions which correspond to our family
of constrained minimization problems.

For each i € {1,...,n} and each ¢ > 0 denote by V(i,¢) the set of all convex lower
semicontinuous functions g : X — R' U {oo} such that

dom(g) N B?(0, My) = dom(f;) N B°(0, M), (12)

|fi(z) — g(x)| < e for all z € dom(f;) N B°(0, My). (13)

We will establish the following result.
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Theorem 2.3. Let k € (0,1). Then there exist Ag > 0 and Ay > 1 such that for each
€ > 0 there exists § € (0,€) for which the following assertion holds:

Ifgo€ A g eV(E, AN, i=1,....,n, 7€ Qe, A\> Ay, c= (c1,...,¢,) € R" satisfies
|Ei_ci| SAal, izl,...,n
and if x € X satisfies

go(x) + Z Avimax {g;(z) — ¢;, 0}

i=1

< inf{go(Z) + Z)\%' max {g;(z) — ¢;,0} : 2 € X} + 9,

i=1
then there is y € X such that
lly—z|| <e, gly)<c, i=1,...,n,
go(y) <inf{go(z) :z€ X and g;(2) < ¢, i=1,...,n} + e

Theorem 2.3 implies the following result.

Corollary 2.4. Let k € (0,1) and let Ag > 0 and Ay > 1 be as guaranteed by Theorem
2.3. Then for each gy € A, each g; € V(i,Ay1), i =1,...,n, each v € Q. each A > Ay,
eachc = (cy,....,c,) € R" which satisfies |¢;—c;| < Ag', i =1,...,n and each sequence
{x;};2, C X which satisfies

J—00
i=1

lim [go(:cj) + Z Ay max {g;(x;) — ¢, 0}]

= inf{go(z) + Z)\% max {g;(z) — ¢;,0} : z € X}

i=1
there is a sequence {y;}~, C{z € X : gi(z) < ¢, i=1,...,n} such that

lim go(y;) = inf{go(2) : 2 € X and ¢;(2) < ¢;, i=1,...,n},
j—o0
lim |2 — g3 = 0.

3. Proof of Theorem 2.3
We show that there is Ag > 1 such that the following property holds:
(P1) For each e € (0,1) there is § € (0, ¢) such that for each gy € A, each g; € V(i, Ag?),

i=1,...,n,each c=(cq,...,c,) € R" satisfying

|EZ‘—CZ‘|§AO_1, i:17...,n,
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each v € €),, each A > Ay, each x € X which satisfies

go() + Z Ay max {gi(z) — ¢;, 0}

< inf{go(z) + Z)\% max{g;(z) —¢;,0} : z € X} +0

i=1
there is y € X such that

lly —z|| <€, gi(y;) < ¢ foralli=1,...,n,

9o(y) + Z Avimax {gi(y) — ¢, 0} < go(w) + Z Avyimax {gi(x) — ¢;,0}.

It is clear that Theorem 2.3 easily follows from the property (P1).

Assume that there is no Ag > 1 such that (P1) holds. Then for each natural number k
there exist

ae(0,1), ¢Ped ¢Mevik) i=1,...,n, (14)
k) = (cgk), e ,c%k)) € R" satisfying
)cg’“)—@- <1k, i=1,...,n, (15)
y* = <7§k), - mf{”) €, M=k (16)
and x;, € X which satisfies
9% @) + > e max { o ) — 9,0 (17)

i=1

i=1

< inf {gék)(z) + Ak Z%-(k) max {gz(k)(z) — O} 1z € X} + 27 ek

and

{y € B(wxg, €) : gZ(k)(y) < ¢ foralli=1,...,n and
37 (y) + > A max {g§k)(y) — 0} (18)
i=1

< 967 (@) + > A max {gi(wk) -, 0} } =0.

i=1

For any integer k£ > 1 set

Un(2) = 97(2) + > e max { g (2) - P 0}, ze X, (19)

=1
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Clearly, for any natural number k& the function ¢, is lower semicontinuous and
Yp(z) > ¢(z) forall z € X. (20)

Let k be a natural number. It follows from (17), (19) and Ekeland’s variational principle
[8] that there is y, € X such that

Vr(yr) < Yulzr), (21)
llyr — el] < (20) e, (22)
Ur(yr) < Ur(2) + k7|2 — yi|| forall z € X. (23)

By (18), (19), (21) and (22) for all natural numbers k

ka’{ZEX:g(k)(z)gcgk) for allz':l,...,n}. (24)

i
For each natural number k& we set

e e e ) &

Ly = {z e{l,...,n}: ggk)(yk) = cgk)} :
I3y, = {Z e{l,...,n}: g§k)(yk) < cgk)} :
In view of (24) and (25),
Ly # (0 for all integers k > 1. (26)
Extracting a subsequence and re-indexing we may assume without loss of generality that
Ly =11, Iy =1y, I3 =I5 for all natural numbers k. (27)
By (5) there exists a natural number ky such that
8ky' <min{e — fi(0):i=1,...,n}. (28)

Assume that an integer k& > ko. In view of (14), (15), (5), (6) and (28) for all integers
1=1,...,n

B g™y >~k e — fi(0) — k> 8k — 3k > 0. (29)
By (14), the definition of A, (29), (19), (17), (14), (21) and (25)—(27),
Co > g(()k)(ﬁ) > inf {g(()k)(z) :z € X and gz(k)(z) < cgk) for all integers i =1, ... ,n}
= inf{wk(z) :z€ X and glgk)(z) < cgk) for all integers i =1, ... ,n}

> inf(¢y) > Yp(or) — 1 > i(ye) — 1
=057 () + > A (9§k)(yk) - CE'“)) -1

icliq

(30)
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Relations (25)—(27) and (30) imply that
g(()k) (yx) < ¢+ 1 for all natural numbers k& > ky. (31)
Together with (14) and (7) this implies that
o(yr) < ¢+ 1 for all natural numbers k > k. (32)
Relations (32) and (6) imply that
llykl| < My —4 for all natural numbers k > k. (33)

Let k > ko be an integer. By (A4), (14), (31) and (33) there exists a neighborhood V
of yr in X such that
Vi € B°(0, My),
k) _ )
9o (2) — g5 (k) < Myh(z,yx) for all z € V. (34)

In view of (30), (25)—(27), (16), (14), (7), (3) and (2) for each i € I;; and each integer
k > kOu

1
0<gm) — e < [L e —imt ()] (21) 47
< [1+ 6 —inf(¢))k 'k (35)

Let k > ko be an integer. Since the functions gZ(k), 1 =1,...,n are lower semicontinuous

it follows from (25)—(27) that there exist a positive number 7, < 1 such that for each

Yy e B(yk7 Tk)

ggk)(y) > cgk) for each i € I4;. (36)

It follows from (19), (25)—(27), (36), (21), (17), (30), (31) and (23) that for each z €
B(yk, rx) N dom (g(()k)>

S aer® (gf“)(z) - cE’“) + 3w max {gPz) - 0}

i€l 1€l21Ul31

i€l i€la1Ul31
= i(2) — Yelwe) — 0822) + 08 () = =k "1z — will + 98 (i) — 9P (2).

This relation implies that for each z € B(yg, %)

Z fyzk)gz Z 7@ maX{ )< ) - Cgk)a O}

i€l 1€l21Ul31

> W - > A maX{gz)(y) f)o}

i€l 1€l21Ul31

A (gé’“><z> = 7)) = =27kl — 21 (37)
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In view of (37) and (34) for each z € B(yx, rx) N Vi

k) (k k k k
S PP e+ Y AP max{g () - o, 0}

i€l 1€l21Ul31
+ A Mih(z, ye) + AR [y — 2]
k k k k k
> > PP+ Y Y max {gi( Y(ye) — ¢} ),0}' (38)
i€l 1€121Ul31

By (14) the functions ¢, i = 1,...,n are convex. It follows from (A2), (31), (14), (33)

2

and (7) that the function

Z% 9; Z ’y max{ )()—cg’“),o}

i€l 1€121 U131
+ N MyR(z,u) + AR 2 = wel], 2 € BO(0, My)
is convex. Combined with (A1) this implies that (38) is true for all z € B°(0, My).

Extracting a subsequence and re-indexing we may assume without loss of generality that
for each i € {1,...,n} there is

7 = lim v e 0,1]. (39)
Clearly,

Y=y V) € Q.
Let

z € B%(0, My) N [N, dom(f;)] N Xo. (40)
Relations (16) and (33) imply that

klim Mz — ]| = 0. (41)

In view of (16), (A3), (40), (33), (31), (14) and (7),
lim A\, ' Mih(z, yx) = 0. (42)

k—o0

By (40), (14), (25), (13), (15), (41), (42), (38) which holds for z, (25), (27), (39) and
(35)’

Z’yifl-(z)—l— Z v; max { f;(z) — ¢, 0}

i€l 1€l21Ul31
o ), # © max {g9(z) — 4,0}
tim |3 ")+ Y 9 maxqg”(2) = ¢, 0
i€l 1€l21Ul31

+ A kT2 = il 4+ A Mah(z, yk)]

> lim sup Z % Z Z hm ( l > Z YiC;-

k—o0 €111 €111 €111
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Therefore we have shown that for each z € X satisfying (40) we have
Z Vifi(z) + Z vimax {fi(z) — ¢,0} > Z ViCi-
1€l 1€121Ul31 i€l

Combined with (5), (6) the inclusions 0 € X, and v € Q,, (5) and (25)-(27) this implies
that

Z YiCi < Z 7fi(0) + Z ~vimax { f;(0) — &, 0}

i€l i€l i€l21Ul31
= E 7 fi(0) < E ViCi-
€111 1€l

The contradiction we have reached proves that there exists Ay > 1 such that the property
(P1) holds. This completes the proof of Theorem 2.3.

4. An extension of Theorem 2.3 for minimization problems with one con-
straint function

In this section we assume that n = 1 and use the notation and definitions from Section
2. In this case

ce R (43)
Set
f= T (44)
In this case we also have that
A={ze X : f(x)<c}, f(0)<ec (45)

For each ¢ > 0 denote by U(e) the set of all lower semicontinuous functions g : X —
R' U {oc} for which there exists a convex function h: X — R' U {oo} such that

dom(g) N B?(0, My) = dom(f) N B°(0, My) = dom(h) N B°(0, M), (46)
|f(z) — h(z)] <e for all x € dom(f) N B°(0, My), (47)
[(h—g)(z1) — (h — g)(22)| < €||z1 — 22| for all z1, 25 € dom(f) N B°(0, My), (48)
|h(z) — g(2)] <€ forall z € dom(f) N B?(0, My). (49)

We will establish the following result.

Theorem 4.1. There exist Ag > 0 and Ay > 1 such that for each € > 0 there exists
d € (0,€) for which the following assertion holds:

Ifgo €A, geU(AGY), N> Ao, c € R satisfies |¢ — c| < Ay' and if v € X satisfies
go(x) + Amax {g(z) — ¢,0} <inf{go(z) + Amax{g(z) —¢,0} : z € X} + 6,
then there is y € X such that

ly — || <, 9(y) <c,

go(y) <inf{go(z): 2 € X and g(z) < c} +e.
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Since the set U (€) is larger than the set V(1, €) Theorem 4.1 is a generalization of Theorem
2.3 in the case n = 1.

Theorem 4.1 implies the following result.

Corollary 4.2. Let Ag > 0 and Ay > 1 be as guaranteed by Theorem 4.1. Then for each
go € A, each g € U(AY), each N > Ay, each c € R' which satisfies |¢ — c| < Ay', and
each sequence {x;};-, C X which satisfies

lim [go(z;) + Amax {g(z;) — ¢,0}] = inf{go(2) + Amax{g(z) — ¢,0} : z € X}

J—o0
there is a sequence {y;};~, C {z € X : g(z) < ¢} such that

lim go(y;) =1inf{go(2) : 2 € X and g(2) <c} and lim ||z; —y|| =0.
j—00 1—00

5. Proof of Theorem 4.1
We show that there is Ag > 1 such that the following property holds:

(P2) For each e € (0,1) there is 6 € (0,¢€) such that for each gy € A, each g € U(A;),
each ¢ € R! satisfying |¢ — ¢| < Ay', each A > Ay and each z € X which satisfies

go(z) + Amax {g(x) — ¢,0} < inf{go(z) + Amax{g(z) —¢,0} : z€ X} +0
there is y € X such that
ly—zl[<e gy <c

90(y) + Amax {g(y) — ¢,0} < go(x) + Amax {g(z) — ¢, 0}.
It is clear that Theorem 4.1 easily follows from the property (P2).

Assume that there is no Ag > 1 such that (P2) holds. Then for each natural number k
there exist

ae(.1),  g'ed  gWeur™), (50)

c®) ¢ R' satisfying
ek — ¢ < 1/k, (51)
Ae > k (52)

and x;, € X which satisfies

g
< inf{gék)(z) + Mpmax {g®)(z) — ¢,0} 1 2 € X} + 27 ek (53)

(k)(xk)—i-)\kmax{g (g —ck,()}

and

{y € B(zp, &) : g¥(y) < ¢, and
k (54
98" () + Aemax {g®) (y) = e, 0} < g (@) + Nemax {g®(ax) — 1,0} } = 0.
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For any integer k£ > 1 set
Y(z) = gék)(z) + Ar max {g(k)(z) — e, 0}, z€X. (55)
Clearly, for any natural number k the function ¢ is lower semicontinuous and
Ye(z) > ¢(z) forall z € X. (56)

Let k£ be a natural number. It follows from (53), (55), (56) and Ekeland’s variational
principle [8] that there is y, € X such that

Vr(yr) < Yr(zr), (57)
[y — zel] < (2k) e, (58)
@Dk(yk) < @bk(z) + k_1||Z - yk|| for all z € X. (59)
By (54), (55), (57) and (58) for all natural numbers k
9" (ye) > . (60)

By (52) there exists a natural number kg such that
8ko' <e— f(0). (61)
Assume that an integer k > ko. In view of (51), (50), (54), (52), (55) and (61),
ar—gP0) > -kt +e—f(O) -kt >8kyt — 2kt > 0. (62)

By (50), the definition of A, (55), (53), (50), (57) and (60),

co > g"(0) 2 inf {g"(2) : 2 € X and gV (2) < o}
= inf{¢p(2) : 2 € X and ¢™(2) < ¢}
> inf(yr) > Yi(wr) — 1> Ylye) — 1= g8 (yn) + M (9™ (yk) — ) =1 (63)
Relations (60) and (63) imply that

g(()k)(yk) < ¢ + 1 for all natural numbers k > k. (64)

Together with (50) and (7) this implies that
d(yr) < G+ 1 for all natural numbers k > k.
Combined with (6) this implies that
llukl| < Mo —4 for all natural numbers k > k. (65)

Let k > ko be an integer. By (A4), (50), (65), (64) and (7) there exists a neighborhood
Vi of y, in X such that
Vi C B°(0, M),

9P (2) = P () < Myh(z, ) for all = € V4. (66)



274 A. J. Zaslavski / Existence of Exact Penalty and its Stability

In view of (60), (63), (50) and (7) for each integer k > ko,
0 < g®(g) — e < |1+ — inf (g) | A\ < [1+ & — inf(g)]k ", (67)

Let k > ko be an integer. Since the function ¢¥) is lower semicontinuous it follows from
(60) that there exists a positive number r, < 1 such that

B(yk, %) C Vi,
g(k) (y) > ¢ for each y € B(yx, ri)- (68)

It follows from (68), (65) and (64) that for each z € B(yg, ) N dom (g(()k)>

Mg (2) = ) = Melg® (n) — i) = (2) — Yuln) — g5 (2) + 98" ()
> — k|2 =yl + 057 () — 08 (2)

and
99(2) = g () = A (0 () = a8 (2)) = ARl — 211 (69)

By (50) and the definition of U (k1) there exists a convex function hy : X — R' U {oo}
such that

dom (¢™) N B°(0, My) = dom(f) N B°(0, My) = dom(hy) N B°(0, My),  (70)

|f(z) — hg(x)] < 1/k for all x € dom(f) N B°(0, M), (71)
(=4 )~ (1= o) )| )

< ||z1 — 22]|/k for all zy, zo € dom(f) N B°(0, M),
|hi(z) — g(k)(z)‘ < 1/k for all z € dom(f) N B°(0, My). (73)

It follows from (68), (66), (70), (67), (72) and (65) that for each z € B(y,7%) N
dom (g(()k)> N dom(f),

hi(2) — he(yx) = g(k)(z) - g(k)(?/k) + ((hk - g(k)) (2) — (hk - g(k)) (yk))
99 (2) = g™ (k) — ||z — well /&

11z = wll /A (08 ) = 7 (2)) = Al = 21

v

v

Combined with (66) and (68) this implies that for each z € B(yy, ) N dom(f),
0 < hy(2) = (i) + 112 = il (1/k + (k) ™) + 47 (9(()k)(2) - g(gk)(yk))
< hi(2) = hielyi) + [z = il (1/k + (k) ™) + A Mih(z, ye)-
Combined with (70), (66) and (68) this implies that for all z € B(yg, i),

hi(yr) < hi(2) + |1z = wel | (1/k + (Ak)™Y) + X Mih(z, ur). (74)
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It follows from (A2), (65), (64), (50) and (7) that the function
z— hi(z) + A\ Mih(z,y6) + (AR + KN ||z — k], 2 € B°(0, M)

is convex. Combined with (A1), (7), (64), (65), (50) and (67) this implies that (74) is
true for all z € B%(0, My).

By (65) and (52) for all z € B°(0, M)

lim (K 4+ X6 ||z — wel| = 0. (75)

In view of (52), (65), (A3), (64), (50) and (7) for all z € X

lim A; ' Mih(z,y) = 0. (76)

k—o0

By (75), (76), (71), (74) which holds for all z € X, Ndom(f), (65), (67), (70), (73), (60)
and (51),
f(z) = Jim [he(z) + A Mih(z, ye) + (AR + 570 [z =yl ]
> limsup hy(yi) = limsup ¢ (y;) > klim ¢ = C.

k—o0 k—o0 -0

Since 6 € XoNdom(f) (see (45)) we conclude that f(6) > ¢. This contradicts (45). The
contradiction we have reached proves that there exists Ag > 1 such that the property
(P2) holds. This completes the proof of Theorem 4.1.
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