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In this paper, we prove strong convergence theorems for finding a common element of the zero point
set of a maximal monotone operator and the fixed point set of a relatively nonexpansive mapping in a
Banach space by using two hybrid methods. Using these results, we obtain new convergence results for
resolvents of maximal monotone operators and relatively nonexpansive mappings in Banach spaces.

1. Introduction

Let E be a real Banach space and let E* be the dual space of E. Let A be a maximal
monotone operator from E to E*. Then we know the problem of finding a point © € E
satisfying

0 € Au.
Such a problem contains numerous problems in physics, optimization and economics. A

well-known method to solve this problem is called the proximal point algorithm: z; € F
and

Tpg1 = Jp, Tny, Nn=1,2,...,
where {r,} C (0,00) and J,, are the resolvents of A.

Many researchers have studied this algorithm in a Hilbert space, see, for instance, [2, 3,
5, 10, 12, 16, 20, 22] and in a Banach space, see, for instance, [7, §].

A mapping S of C' into E is called nonexpansive if
Sz = Sy|| < [lo —yll, Va,yeC.
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We denote by F(.S) the set of fixed points of S.

There are some methods for approximation of fixed points of a nonexpansive mapping;
see, for instance, [4, 11, 18, 21, 27]. In particular, in 2003 Nakajo—Takahashi [15] proved
the following strong convergence theorem by using the hybrid method:

Theorem 1.1 (Nakajo and Takahashi [15]). Let C be a nonempty closed convex sub-
set of a Hilbert space H and let T' be a nonexpansive mapping of C into itself such that
F(T) # 0. Suppose x1 =z € C and {x,} is given by

Yn = Qndyp + (1 - Oén)TLUn,
Cn={2€C:|lyn — 2|l < llz0 — 2|I},
Qn={2€C:(xr,—z,x—x,) >0}
Un+1 = Po,ng,r, n €N,

where P, nq, is the metric projection from C onto C, N Q, and {a,} is chosen so that
0 <a, <a<1. Then, {x,} converges strongly to Pp(pyx, where Ppry is the metric
projection from C' onto F(T).

Let us call the hybrid method in Theorem 1.1 the normal hybrid method. Very recently,
Takahashi-Takeuchi-Kubota [25] proved the following theorem by using another hybrid
method called the shrinking projection method.

Theorem 1.2 (Takahashi, Takeuchi and Kubota [25]). Let H be a Hilbert space
and let C' be a nonempty closed convex subset of H. Let T be a nonexpansive mapping
of C into itself such that F(T) # 0 and let xo € H. For C; = C and uy = Pg,xq, define

a sequence {u,} of C' as follows:

Yp = Qply + (1 - an)Tun7
Coi1 =12 € Cn: [lyn — 2|| < [lun — 2|1},

Un4+1 = Lc, 1 To, NE Na
where 0 < o, < a <1 for alln € N. Then, {u,} converges strongly to zo = Pp(r)o.

In this paper, by using the normal hybrid method and the shrinking projection method,
we study two strong convergence theorems for finding a common element of the zero point
set of a maximal monotone operator and the fixed point set of a relatively nonexpansive
mapping in a Banach space. Using these results, we obtain new convergence results
for resolvents of maximal monotone operators and relatively nonexpansive mappings in
Banach spaces.

2. Preliminaries

Throughout this paper, we denote by N and R the sets of positive integers and real
numbers, respectively. Let E be a Banach space and let E* be the topological dual of
E. For all z € E and 2* € E*, we denote the value of z* at x by (z,2*). Then, the
duality mapping J on E is defined by

J(@) ={2" € B+ (w,2") = ||=||* = [|="*}



G. Inoue, W. Takahashi, K. Zembayashi / Hybrid Method and Shrinking Method 793

for every € E. By the Hahn-Banach theorem, J(x) is nonempty; see [23] for more
details. We denote the strong convergence and the weak convergence of a sequence {x,,}
to z in F by x,, — z and z, — x, respectively. We also denote the weak™ convergence of
a sequence {z}} to z* in E* by x} X z*. A Banach space F is said to be strictly convex

if M < 1 for z,y € F with ||z]| = ||y|| = 1 and = # y. It is also said to be uniformly

convex if for each € € (0, 2], there exists § > 0 such that M <1-9 for x,y € F with
llz|| = |ly|| = 1 and ||z — y|| > €. The space E is said to be smooth if the limit

t _
oty — o
t—0 t

exists for all z,y € S(F) ={z € E : ||z|| = 1}. It is also said to be uniformly smooth
if the limit exists uniformly in z,y € S(E). We know that if E is smooth, strictly
convex and reflexive, then the duality mapping J is single-valued, one-to-one and onto;
see [23, 24] for more details.

Let E be a smooth, strictly convex and reflexive Banach space and let C' be a nonempty
closed convex subset of E. Throughout this paper, define the function ¢ by

oy, ) = |lylI* — 2(y, Jx) + ||=|]*, Vy,z € E.
Following Alber [1], the generalized projection I1¢ from E onto C' is defined by

llg(z) = argmin ¢(y, z), Vz € E.
yeC

If E is a Hilbert space, then ¢(y,z) = ||y — z||* and Il¢ is the metric projection of H
onto C'. We know the following lemmas for generalized projections.

Lemma 2.1 (Alber [1], Kamimura and Takahashi [6]). Let C' be a nonempty
closed convex subset of a smooth, strictly convex and reflexive Banach space E. Then

o(x, 1ey) + o(lley,y) < ¢(z,y), YreCandy € E.

Lemma 2.2 (Alber [1], Kamimura and Takahashi [6]). Let C' be a nonempty
closed convex subset of a smooth, strictly convex, and reflexive Banach space, let x € F
and let z € C'. Then

z=1lcz = (y—zJor—Jz) <0, VYyeC.

Let E be a smooth, strictly convex and reflexive Banach space, and let A be a set-valued
mapping from E to E* with graph G(A) = {(z,z*) : 2* € Az}, domain D(A) = {z €
E : Az # (0} and range R(A) = U{Az: z € D(A)}. We denote a set-valued operator A
from F to E* by A C F x E*. A is said to be monotone if

(x —y, " —y*) >0, V(z,z"),(y,y") € A.

A monotone operator A C E x E* is said to be maximal monotone if its graph is not
properly contained in the graph of any other monotone operator. We know that if A is
a maximal monotone operator, then A™10 = {z € D(A) : 0 € Az} is closed and convex;
see [23, 24] for more details. The following theorem is well-known.
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Theorem 2.3 (Rockafellar [19]). Let E be a smooth, strictly convex and reflexive Ba-
nach space and let A C E x E* be a monotone operator. Then A is mazimal if and only
if R(J +rA) = E* for allr > 0.

Let E be a smooth, strictly convex and reflexive Banach space, let C' be a nonempty
closed convex subset of E and let A C E x E* be a monotone operator satisfying

D(A) Cc C C J ' (NpsoR(J +1A)).
Then we can define the resolvent J, : C'— D(A) of A by
Jyx={z€ D(A): Jv € Jz+rAz}, Vrxel.

We know that J.x consists of one point. For all » > 0, the Yosida approximation
A, : C — E* is defined by A,z = M for all x € C. We also know the following
lemma; see, for instance, [9].

Lemma 2.4. Let E be a smooth, strictly convexr and reflexive Banach space, let C' be
a nonempty closed conver subset of E and let A C E x E* be a monotone operator
satisfying

D(A) Cc C C J ' (NpsoR(J +1A)).

Let r > 0 and let J, and A, be the resolvent and the Yosida approzimation of A, respec-
tively. Then, the following hold:

(1) o(u, Jyx) + ¢(Jyz,z) < ¢(u,x) for all x € C' and u € A~10;
(2) (Jox,Ayx) € A forallz e C;
(3) F(J,)=A"10.

Let C' be a nonempty closed convex subset of a smooth, strictly convex and reflexive
Banach space E, let T" be a mapping from C' into itself. We denoted by F(T') the set
of fixed points of 7. A point p € C' is said to be an asymptotic fixed point of T [17]
if there exists {z,} in C' which converges weakly to p and lim, . ||z, — Tz,|| = 0.
We denote the set of all asymptotic fixed points of T' by F (T'). Following Matsushita
and Takahashi [13], a mapping T : C' — C is said to be relatively nonexpansive if the
following conditions are satisfied:

(1) F(T) is nonempty;

(2) o(u,Tx) < Pp(u,z), Vue F(T), z € C,

(3) F(T)=F(T).

The following lemma is due to Matsushita and Takahashi [13].

Lemma 2.5 (Matsushita and Takahashi [13]). Let C' be a nonempty closed convex

subset of a smooth, strictly convex, and reflexive Banach space E, and let T be a relatively
nonezpansive mapping from C into itself. Then F(T) is closed and conver.

We also know the following lemma.

Lemma 2.6 (Kamimura and Takahashi [6]). Let E be a smooth and uniformly con-
vex Banach space and let {z,,} and {y,} be sequences in E such that either {x,} or {y,}
is bounded. If lim,, ¢(xp,y,) =0, then lim, ||z, — y,|| = 0.
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3. Convergence theorem by the normal hybrid method

In this section, we prove a strong convergence theorem for finding a common element of
the zero point set of a maximal monotone operator and the fixed point set of a relatively
nonexpansive mapping in a Banach space by using the normal hybrid method.

Theorem 3.1. Let E be a uniformly smooth and uniformly convex Banach space, and
let C be a nonempty closed convex subset of E. Let A C E x E* be a maximal monotone
operator satisfying

D(A) c C C J ' (NysoR(J +1rA))

and let J, = (J+rA)~1J for allr > 0. Let S be a relatively nonexpansive mapping from
C into itself such that F(S)NA™'0 # 0. Let {x,} be a sequence generated by xo = x € C
and

Uy, = J HapJr, + (1 — ) IS, ),
H'ﬂ = {Z S O : Qb(Z,Un) S QZS(Z,ZD,J},
W,=4{2€C:{(x, — 2z Jor— Jx,) >0},
Tp1 = Ug,ow,
for every n € N U {0}, where J is the duality mapping on E, {a,} C [0,1) satisfies

liminf, ,o(1—ay) > 0 and {r,} C [a,00) for some a > 0. Then, {x,} converges strongly
to I p(syna-10x, where Ilpg)na-10 is the generalized projection of E onto F(S) N A710.

Proof. We first show that H,, "W, is closed and convex. It is obvious that H,, is closed
and W, is closed and convex. Since

o(z,up) < (2, xn)

<~ ||un||2 - ||:L‘n||2 - 2<Za Jun - Jmn) Z 0,

H, is convex. So, H, N W, is a closed convex subset of E for all n € NU {0}.

Let u € F(S)N A7'0. Put y, = J. x, for all n € N. Since J, and S are relatively
nonexpansive, we have

(u, up) = o(u, J H(anJr, + (1 — ay,)JSyn))
= [Jul]® = 2(u, anJzy + (1 — ) JSyn) + |l Jzn + (1 — a,)J Sy
< “uH2 — 20, (u, Jzn) — 2(1 — @) (u, JSY,) + O‘nuanQ +(1— an)HSyn”Q
= a,¢(u, ) + (1 — ) d(u, Syn)
= ano(u, x,) + (1 — an)o(u, SJ,, x,)
< o(u, zn).

Hence, we have v € H,. This implies that
F(S)NnA™'0c H,, VneNuU{0}.

Next we show by induction that F'(S) N A™'0 c H, N W, for all n € NU {0}. From
Wy = C', we have
F(S)YN A0 c HynW.
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Suppose that F'(S) N A~'0 C H;, N W;, for some k € NU {0}. Then there exists x4 €
H; N'W,, such that

Tk+1 = HHkakI.

From the definition of x;,1, we have, for all z € H, N Wy,
(g1 — 2z, Jx — Jopq) > 0.
Since F'(S) N A710 C Hy N Wy, we have
(Tpp1 — 2, Jx — o) >0, Vz€ F(S)N A0
and hence z € Wj44. So, we have
F(S)YNA™'0 C Wi,

Therefore we have
F(S) NnA~t0 C Hk+1 N Wk+1.

So, we have that F(S) N A~'0 C H, N W, for all n € NU {0}. This means that {x,} is
well-defined.

From the definition of W,,, we have z,, = Ily, x. Using x,, = Il x, we have

for all w € F(S)N A7'0 € W,. Then, {¢(x,,z)} is bounded. Therefore, {x,} and
{Jr,xn} = {yn} are bounded.

Since x4 = gy, Aw, v € H, "W, C W,, and z,, = [y, z, we have
O(Tn, ) < P(xpi1,2), Yn e NU{0}.
Thus {¢(z,, )} is nondecreasing. So, the limit of {¢(z,,z)} exists. From z, = Iy, z,

¢<xn+1; xn) = (b(anrl? Han)
S ¢<xn+1’ :L‘) - ¢(HWn$7 QS)
= ¢(rpq1,2) — G(2y, 1)

for all n € NU{0}. This means that lim, . ¢(p11,2,) = 0. From z,,1 = g, ~w,z C
H,,, we have

A(Tny1,Un) < O(Tny1,Tn), Vn € NU{O}.
Therefore, we have
lim (2,41, u,) = 0.

n—oo

Since lim,, oo (Tpi1,n) = limy, oo ¢(2411,u,) = 0 and E is uniformly convex and
smooth, we have from Lemma 2.6 that

lim ||zp41 — 2| = Im ||2,11 — u,|| = 0.
n—oo n—oo

So, we have
lim ||z, — u,|| = 0.
n—oo
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Since J is uniformly norm-to-norm continuous on bounded sets, we have

lim ||Jx, — Ja,|| = lim ||[Jzp — Ju,| = lim ||Jz, — Ju,|| = 0. (1)

On the other hand, we have

[J2pi1 — Junl| = [[Jzns1 — (@nJzn + (1 — ) JSy,) |
= [lon(Jzni1 = Jon) + (1 = ) (i1 — JSyn)|
> (1 — ap)||[Jxns1 — JSYn|| — || JTnsr — Jzu|.

Therefore we have

1
”‘]xn+1 - JSynH < 1

1
1—a,

(1 znr1 = Jun| + ol Jzns1 — Jzn|)

<

([ JZns1 — Jun|| + | J2pg1 — J2]]).

From (1) and liminf, (1 — ay,) > 0, we have

lim || Jxp1 — JSy,|| = 0.

Since J~! is uniformly norm-to-norm continuous on bounded sets, we have

lim ||z,41 — Sya|| = 0.
n—oo
From
Hxn - SynH < Hxn - xn-i-lH + ”xn-i-l - SynHa
we have

lim ||z, — Sy,|| = 0.
Using y,, = J,.,x, and Lemma 2.4, we have

O Yns Tn) = O(Jr, T, T) < O(u, 20) — d(u, Iy, T0)
= o(u, xp) — O(u, Yn).

From ¢(u, u,) < ano(u, z,) + (1 — o) p(u, yp ), we have

¢(u7 un) - an¢(u7 an)

1—a,

DU, yn) >

and

(Y, Tn) < O(u, 2n) — G(u, yn)

< ¢(u7 In) . ¢(u’ U’N)l__();:ljs(u7 In) (2)
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Since

o(u, ) — ¢(u, un) = Han2 - ||un||2 = 2(u, Jrn — Juy)

Mzall® = ] + 20, T = Juy)|

Nzl = Nunlll (2l + [lunll) + 2fjulll]Jzn = Ju|]
[0 = vnl ([l + [Junl)) + 2l ull][ 27 = Junl],

IA AN A

and liminf, (1 — a;) > 0, we have from (2)

lim ¢(yn,x,) = 0.

n—oo

Since F is uniformly convex and smooth, we have from Lemma 2.6 that

Tim [y, — .| = 0. 3)
From lim,, ., ||2n — Syn|| = 0, we have

Tim{lyn — Synl| = 0.

Since {z,} is bounded, there exists a subsequence {z,,} of {z,} such that x, — z.
From lim, . ||z, — yn|| = 0, we have y,,, — &. Since S is relatively nonexpansive, we

have & € F/(S) = F(S). Next, we show # € A~10. Since .J is uniformly norm-to-norm
continuous on bounded sets, from (3) we have

lim || Jz, — Jy,|| = 0.

From r, > a, we have
= Tl

n—00 Tn

0.

Therefore, we have
. o1
lim ||4,, z,| = lim —||Jz, — Jy,| = 0.
n—oo n—00 Ty,

For (z,z*) € A, from the monotonicity of A, we have
(z —Yn, 2" — Ap xp) >0

for all n € N.

Replacing n by nj and letting £ — oo, we have
(z —z,2%) > 0.

From the maximality of A, we have & € A710.

Let w = Hp(g)na-102. From 2,1 = Iy, aw, 2 and w € F(S5) NA-'0 c H,NW,, we have

gb(l‘n—&-l? :L‘) S ¢(w7 "E)
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Since the norm is weakly lower semicontinuous, we have

¢(&,2) = ||2[* - 2(z, Jo) + [|=]*
< liminf (||zn,||* — 2(2n,, J2) + [|2])

= liminf¢(x,,, x)

k—o00

< limsup ¢(xp, , )

k—o00

< ¢(w, z).

From the definition of Ilp(gyna-10, we have = w. Hence limy_o ¢(zn,, ) = d(w, x).
Therefore we have

= Jim (2 = ol = 2z, — 0, J))
= Jim (e, 12— ol

Since E has the Kadec-Klee property, we have that z,, — w = Ilp(g)na-102. Therefore,
{xn} converges strongly to Ilp(g)na-102. O

As direct consequences of Theorem 3.1, we can obtain the following corollaries.

Corollary 3.2. Let E be a uniformly smooth and uniformly convex Banach space, let
A C E x E* be a mazimal monotone operator with A=10 # () and let J, = (J +rA)~1J
for allr > 0. Let {x,} be a sequence generated by xy =z € C' and

Up = Jrnx’m
H,={z€ FE:¢(z,u,) < o(z,2,)},
W,={z¢€FE:{(x,—z Jo— Jz,) >0},

Tny1 = Up,ow, @
for every n € N U {0}, where J is the duality mapping on E and {r,} C [a,00) for

some a > 0. Then, {x,} converges strongly to Il o-1gx, where M 5-1q is the generalized
projection of E onto A~10.

Proof. Putting S = I, C' = F and «,, = 0 in Theorem 3.1, we obtain Corollary 3.2. [

Let E be a Banach space and let f : F — (—o00, 00| be a proper lower semicontinuous
convex function. Define the subdifferential of f as follows:

Of () ={z" € E": f(y) 2 (y —x,2") + f(x), Vy € E}

for each € E. Then, we know that df is a maximal monotone operator; see [23] for
more details.
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Corollary 3.3 (Matsushita and Takahashi [13]). Let E be a uniformly smooth and
uniformly convexr Banach space, let C be a nonempty closed conver subset of E, and let
S be a relatively nonexpansive mapping from C into itself such that F(S) # (0. Let {x,}
be a sequence generated by xo = x € C and

Uup = J HapJr, + (1 — ay,)JSw,),
H,={z€C:o(z,u,) < o(z,z,)},
W,={€C:(x, -z Jov— Jx,) > 0},
Tp1 = g, ow,
for every n € N U {0}, where J is the duality mapping on E, {a,} C [0,1) satisfies

liminf, .o(1 — o) > 0. Then, {z,} converges strongly to Ilpsyx, where lp(g) is the
generalized projection of E onto F(S).

Proof. Set A = 0ic in Theorem 3.1, where i¢ is the indicator function of C| i.e.,

, {0 x e,
c =

oo otherwise.

Then, we have that A is a maximal monotone operator and .J, = IIo for r > 0, in fact,
for any x € E and r > 0, we have from Lemma 2.2 that

z=Jx
Jz+rdic(z) 3 Jx
Jr — Jz € rdic(z)
Jr—J
ic(y) > <y — 2, ¥> +ic(z), YyeFE

0>(y—zJo—Jz), Yyel

2= argmin ¢(y, )

[ A

Z = Hc,CE.

So, from Theorem 3.1, we obtain Corollary 3.3. ]

4. Convergence theorem by the shrinking projection method

In this section, we prove a strong convergence theorem for finding a common element of
the zero point set of a maximal monotone operator and the fixed point set of a relatively
nonexpansive mapping in a Banach space by using the shrinking projection method.

Theorem 4.1. Let E be a uniformly smooth and uniformly convex Banach space, and
let C be a nonempty closed convex subset of E. Let A C E x E* be a maximal monotone
operator satisfying

D(A) c C C J ' (NysoR(J +1rA))

and let J, = (J+1rA)"YJ for allv > 0. Let S be a relatively nonexpansive mapping from
C into itself such that F(S)NAT'0 # (0. Let {x,} be a sequence generated by o = x € C,
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Hy=C and

up, = J NapJz, + (1 — o) IS, ),

Hyon={z€ H,: ¢(z,u,) < P(z,2,)},

’xn+1 = HHn+lx
for every n € N U {0}, where J is the duality mapping on E, {a,} C [0,1) satisfies
liminf, o(1—ay,) > 0 and {r,} C [a,00) for some a > 0. Then, {x,} converges strongly
to Hp(s)na-10®, where lpg)na-19 is the generalized projection of E onto F(S)N A710.
Proof. Putting y, = J,., x, for all n € N, we know that J, are relatively nonexpansive.
We first show that H,, is closed and convex. It is obvious that H,, is closed. Since

o(z,up) < (2, xy)
= luall* = [Jaal® = 2(z, Juy, — J2n) 20,

we also have that H,, is convex. So, H, is a closed convex subset of E for all n € NU{0}.

Next we show by induction that A~0 N F(S) C H, for all n € NU {0}. From Hy = C,
we have
F(S)n A™'0 C H,.
Suppose that F'(S)N A0 C Hy, for some k € NU{0}. Then let u € F(S)NA~'0 C Hy.
Since J,, and S are relatively nonexpansive, we have
P(u, un) = ¢(u, J_l(ant]xn + (1 — an)JSyn))
= [Jul®* = 2{u, apJzy, + (1 — ) JSYn) + || Iz + (1 — ) JSyn|
< Jull® = 20 {u, Jog) — 2(1 = ag)(u, JSYn) + anlla|* + (1 = an) [ Syal®
= and(u, zn) + (1 — an)o(u, Sy,)
= an¢(u7 $n> + (1 - an)¢(u7 Sjrnxn)
< p(u, ).
Hence, we have u € Hy.1. So, we have that
F(SYnA™'0c H,, Yne NU{0}.
This means that {z,} is well-defined.

From the definition of x,, and Lemma 2.1, we have

¢<$n, SL‘) = ¢<Hanvx) < (b(uv ZC) - (b(uu Han) < (b(u? l‘)

for all u € F(S)N A0 C H,. Then, {¢(x,,z)} is bounded. Therefore, {z,} and
{J., x,} = {yn} are bounded.

From H,,; C H, and z,, = [Iy, x, we have
O(Tn, ) < P(xni1,x), ¥Yn € NU{0}.
Thus {¢(z,, )} is nondecreasing. So, the limit of {¢(z,, )} exists. Since

¢($n+17wn) = QS(xn-i-laHan)
S ¢(xn+17 CC) - gb(HHn:L‘Vr)
= (b(anrla 37) - ¢($n,$)
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for all n € N, we have lim, .o ¢(Tn41,2,) = 0. From 2,1 = g, @ € Hyyq, we also
have

¢($n+17 un) < ¢(In+1’ xn>’ Vn e NU {O}

Therefore, we have
lim ¢(zpe1,u,) = 0.

n—oo

Since lim,, o0 ¢(Tpi1, n) = limy, oo @(Tpi1,u,) = 0 and E is uniformly convex and
smooth, we have from Lemma 2.6 that

lim ||z,41 — z,] = lim ||2,00 — u,|| = 0.
n—oo n—oo
So, we have
lim ||z, — u,|| = 0.
n—oo

Since J is uniformly norm-to-norm continuous on bounded sets, we have

lim || Jzp1 — Ja,|| = Um ||z — Ju,|| = lim ||Jz,, — Ju,|| = 0. (4)
On the other hand, we have

| JZni1 — Jun|| = [ JTns1 — (nJzn + (1 — ) JSy,) ||
= ||an(Jzps1 — J2n) + (1 = ) (JTps1 — JSy,)||
> (1 - O‘“)H‘]anrl - JSyn” - OénHJ*%n+1 - anH

Therefore we have
1
1—a,

1
<
—1-a,

|01 = JSynll < [ Jzn i1 = Junll + el Jxna = Jal)

(1 zps1 = Jun|| + [[J2nt1 — Jzn ).

From (4) and liminf, (1 — ay,) > 0, we have

lim ||Jzp11 — JSyn| = 0.

Since J~! is uniformly norm-to-norm continuous on bounded sets, we have
lim ||z,41 — Sya|| = 0.
n—oo

From
|20 — SYull < 20 — Tngal| + 201 — Syall,

we have
lim ||z, — Sy,|| = 0. (5)

Using y,, = J,,x, and Lemma 2.4, we have

¢(yn> $n) = ¢(Jrn$n> 'Tn) < gb(u, xn) - Qb(u; Jrnxn)
- gb(uv l‘n) - ¢(u7 yn)
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From ¢(u, un) < an(u, 2,) + (1 — 4)d(u, ), we have

¢(u7 un) - an¢(u7 xn)

O(u, Yn) 2 o,
and
O(Yn, Tn) < O(u, n) — G(U, Yn)
< o, z,) - cb(u,un)l—_ O;:zj(u’xn) (6)
_ 9w an) — $u un)
1—a,
Since

O, 25) — D(u,un) = [|2a]® = [Junll® = 2(u, Tz, — Juy)

[llall® = llonll*] + 20w, Ta — Jun)|

l[zall = llun Il (lzall + lunll) + 2[lul[[[ Jzn = Junll
[z = wnll (lznll + lfunll) + 2l J2n = Tunll,

VANRVANRVAN

and liminf, (1 — a;,) > 0, we have from (6) that

lim ¢(yn, z,) = 0.

n—oo

Since F is uniformly convex and smooth, we have from Lemma 2.6

From (5) and (7), we have
i [l — Syl = 0.

Since {z,} is bounded, there exists a subsequence {z,, } of {z,} such that z, — z.
From lim, . ||z, — y»|| = 0, we have y,, — Z. Since S is relatively nonexpansive, we

have & € FI(S) = F(S). Next, we show # € A~10. Since .J is uniformly norm-to-norm
continuous on bounded sets, from (7) we have

lim ||Jz, — Jy,| = 0.
n—oo
From r, > a, we have

o m = Tyl

n—00 Tn

0.

Therefore, we have
. o1
lim ||4,,z,| = lim —||Jx, — Jy,| = 0.
n—oo n—0o0 T,

For (z,z*) € A, from the monotonicity of A, we have

(z —Yn, 2" — Ap ) >0
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for all n € N.

Replacing n by n; and letting k& — oo, we have
(z —x,2") > 0.

From the maximality of A, we have & € A~10.

Let w = Ip(syna-10z. From 2,4 =1y, 2 and w € F(S)NA™'0 C H,11, we have

n+1
¢(£L’n+1, -77) < ¢(wa Qf)
Since the norm is weakly lower semicontinuous, we have

¢, ) = [[2]* — 2(z, Ja) + |||
< liminf (||zn, |* — 2(zn,, J2) + [|2])

= h;fn inf ¢(z,, , )

< limsup ¢(xp, , )

k—o00

< ¢(w, ).

From the definition of IIpg)na-10, we have & = w. Hence limy oo (T, ) = d(w, x).
Therefore we have

0= lim (¢(Ink’x) - ¢(w7 JI))

k—o0

= T (> = ol® = 2z, — w, J))

= Tim ([, [I* = [Jw]®).
oo

Since E has the Kadec-Klee property, we have that x,,, — w = Ilp(g)na-102. Therefore,
{xn} converges strongly to Ilp(g)na-107. O]

As direct consequences of Theorem 4.1, we can obtain the following corollaries.

Corollary 4.2. Let E be a uniformly smooth and uniformly conver Banach space. Let
A C E x E* be a mazimal monotone operator with A~'0 # 0 and let J, = (J +rA)~1J
for allr > 0. Let {x,} be a sequence generated by xo =z € E, Hy=FE and

Up = Jrnxna
Hn—H = {Z S Hn : ¢(Zaun> < ¢(Z7In)}7
Tpp1 = gy, @

for every n € NU{0}, where J is the duality mapping on E and {r,} C [a,o0) for some
a > 0. Then, {x,} converges strongly to 11 4-1ox.

Proof. Putting S =1,C = Hy = F and o, = 0 in Theorem 4.1, we obtain Corollary 4.2.
O
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Corollary 4.3. Let E be a uniformly smooth and uniformly convex Banach space, let C
be a nonempty closed convex subset of E, and let S be a relatively nonexpansive mapping
from C' into itself such that F(S) # 0. Let {x,} be a sequence generated by xog = x € C
and

Up = J HapJr, + (1 — a,)JS,),
Hyon={z€ H,: ¢(z,u,) < P(z,2,)},
Tny1 = Uy, @
for every n € N U {0}, where J is the duality mapping on E, {a,} C [0,1) satisfies

liminf, .oc(1 — o) > 0. Then, {x,} converges strongly to Ilpsyx, where (g is the
generalized projection of E onto F(S).

Proof. Set A = Jic in Theorem 4.1, where i¢ is the indicator function of C'. So, we
obtain Corollary 4.3. O
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