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In this paper, we show that separable convex functions enjoy e-subdifferential sum formula as well as the
Fenchel duality without a regularity assumption, and establish that for convex programs with separable
convex constraints a new partially asymptotic Lagrange multiplier conditions hold without a constraint
qualification. Examples are given to illustrate the results.

1. Introduction

Consider the convex program
mf{f(:l:) gz(I) S 07 1= 1a27"' 7n}7 (1)

where f and g; (i = 1,...,n) are real-valued convex functions, defined on R™. It is known
that certain technical condition on the constraints, known as constraint qualification,
guarantees that the convex program enjoys the Lagrange multiplier condition,

(BrER}) 0€0f(a)+ Y oVg)(@, Noi(a) =0,

which is necessary and sufficient for optimality at a. In the absence of a constraint
qualification, it has recently been shown that the following limiting Lagrange multiplier
condition holds (see Jeyakumar et al. [8] and also Thibault [15]):

ut +vp — 0, tgi(a) — 0, e — 0,
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for some sequences {e;} C Ry and {\;} C R%, and for some v* € 0f(a) and v} €
De, (21 Xegi)(a). For related results see [9].

The purpose of this paper is to show that separable convex functions enjoy the e-
subdifferential sum formula as well as the Fenchel duality without a regularity assump-
tion, and to establish that for convex programs with separable convex constraints the
following strengthened form of the limiting Lagrange multiplier conditions holds:

0€df(a)+ Z@Ek i) ( vgi(a) — 0, e, — 0,

for some sequences {e;} C Ry and {\} C R}. Our method of proof makes use of
the fact, established recently by Tseng in [16], that there is no duality gap between (1)
and its Lagrangian dual whenever the functions f and g; are separable convex functions.
Numerical examples are discussed to illustrate our results.

The class of convex programming problems with separable constraints is an extension of
the standard convex quadratic programming problems (i.e., convex quadratic problems
with linear constraints) and it often arises in important application areas. For instance,
many classes of network optimization problems and integer programming problems can
be cast as convex programming problems with separable constraints. For recent work
on separable convex programming and convex programming problems with separable
constraints, see [2, 10, 14, 16] and the reference therein.

The outline of the paper is as follows. Section 2 provides definitions and some basic
results on conjugate functions, convex sets and functions. In Section 3, we present an
e-subdifferential sum formula as well as the Fenchel duality result for separable functions.
Finally, in Section 4, we establish a new form of subgradient optimality conditions for
convex programming with separable inequality constraint.

2. Preliminaries on Conjugate and Convex Functions

Throughout this paper, R™ denotes Euclidean space with dimension m. The correspond-
ing inner product in R™ is defined by (x,y) = 2Ty for any z,y € R™. We use B(z;¢)
(resp. B(x;¢)) to denote the open (resp. closed) ball with center # and radius e. For a
set A in R™, the interior (resp. relative interior, closure, convex hull, affine hull) of A is
denoted by intA (resp. rid, A, coA, affA). The recession cone of A, denoted by A, is
defined by Ay, = {d:a+td € Aforallt >0 and for all @ € A}. The indicator function
da:R™ — RU {400} is defined by

6a(2) = {0, if v € A, o)

+00, otherwise.

For a convex function f on R™, the effective domain and the epigraph are respectively
defined by domf := {& € R™ : f(z) < +oo} and epif := {(z,7) € R x R : f(x) <
r}. We say f is proper if f(x) > —oo for all z € X and domf # (). Moreover, if
liminf,_, f(2') > f(x) for all z € R™, we say f is a lower semicontinuous function. The
(convex) subdifferential of f at x € R™ is defined by

8f(q:) _ {{l‘* € R™; <x*’y—x> < f(y) — f(ﬂ?) vy c Rm}’ ifre domf,

0, otherwise.

(3)
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More generally, the e-subdifferential of f at € R™ is defined by

{z* e R™: (z*,y—x) < f(y) — f(x) + e Vy € R™}, if z € domf,
0, otherwise.

O.f(z) = { (4)

The normal cone of a convex set A at the point a € A, denoted by N4(a), is defined by
Ny(a) = 064(a) ={2" e R™: (z*,x —a) <0 for all z € A}

Let f be a proper convex function and let x € domf be such that 9f(x) # (). Then, one
has (cf. [1, Proposition 2.5.4])

(0 (2))oo = Naomg (2)-

Let A be a closed convex subset of R™. We denote I'(A) to be the proper lower semi-
continuous convex functions on A. We also define I';(A) as follows:

[s(A)={feT(A):9f(a) # 0 for all a € AN domf}.

It can be verify that I';(A) is a vector space (under the addition and scalar multiplication)
which contains the following two important classes of convex functions: (1) f € I'(A)
satisfying f(x) > inf f = = € ridomf; (2) f = d¢ for some closed convex set C' where § is
the indicator function. As usual, for any f € I'(R™), its conjugate function f* € I'(R™)
(cf. [13]) is defined by f*(2*) = sup,epm{(z*, 2) — f(2)} for all z* € R™. The definition of
f* entails that (z*, ) < f*(«*)+ f(x) (Young’s inequality) for any x € R™ and z* € R™.
Moreover, for any € > 0 and = € dom f

" €0f(x) & [f1a7)+ flx) < (2" 2) +e & (27,64 (2" x) — f(2)) € epif’. (5)
In particular, we have the following Young’s equality
i €0f(@) & (i"3) = () + F().

It is well known that (cf. [13]) for any proper lower semicontinuous convex functions

f17f27
< fe & fi>[f; & epiff Cepif;. (6)

Let f; (1 <i < n) be proper lower semicontinuous convex functions on R™. The infimal
convolution of f;, denoted fi1...01f,, is defined by

(AO...0f)(x) = inf{i filz;) - ixl = x} for all x € R™.
i=1 i=1

It is well known (see [13]) that if (), domf; # 0, then (f1O...0f,)* = >, f.

Moreover we also have

(Z fl> =cl(ff0O...0f;) and epi (Z fl> — Zepifi*' (7)
i=1 — —
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The lower semicontinuous hull in the first equation and the closure in the second equation
are superfluous (see [13] for detail) if there exists iy € {1,...,n} such that

dom f;, N (ﬂ int domfl) # 0. (8)

i#ig

Finally, a function f: R™ — R U {+oc} is called a separable function on R™ if
S ) Vom () R o

for some proper lower semicontinuous function g; on R (1 <1 < m). Clearly, an affine
function f is, in particular, separable and convex.

Lemma 2.1 (see [5]). Let f be a proper lower semicontinuous function on R™. Then
for each x € domf,

epif* = [ J{(&", e+ (&*,2) — f(2)) : 2" € Of ()}

0

Lemma 2.2 (cf. [8]). Let I be an arbitrary index set and let f; (i € I) be proper
lower semicontinuous functions on R™. Suppose that there exists xo € R™ such that

sup;es fi(xo) < 0o. Then
epi (sup fi) = COU epif;,

el iel

where sup;c; fi © R™ — R U {400} is defined by (sup,c; fi)(x) = sup,e; fi(z) for all
x € R™.

3. Separable Convex Functions and e-subdifferential formulas

In this section, we establish e-subdifferential sum formulas as well as some Fenchel duality
results for separable convex functions. To do this , we recall the following results which
is essentially due to [4, 5]. For related results, see [11, 12]. We state it in a version that
is convenient to us.

Theorem 3.1. Let n € N and let f; € T(R™) (1 < i < n) with (., domf; # (0. Let
[ =>"1fi. Then the following statements are equivalent:

(i)  (e-sum rule)

U{Zaelfz Zn:a (ze[)} Ve>0 and z € domf; (10)

(i) epif*=> epif;;
=1

(@ii) (Stable Fenchel duality) For any x* € R™ we have

Jnf {f(z) = (2",2)} = maX{ Zf D :c}
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(i) The infimal convolution is exact for fi,..., f, in the sense that

<Zfz> = (f0O...0f)(z") forall z* € R™.

Moreover, if one of the statements (i)—(iv) holds, then the following assertion holds

(v)  (Fenchel duality)

i o) = s -3 00 3 <0}
Lemma 3.2. Let n € N and f; € I'y(R) (1 < i < n) with (;_, domf; # 0. Then we
have " epif; is closed and hence

epi (Z fi) = epif;.
=1

=1

Proof. Since (;_, domf; # 0, it follows that > . | f; is a proper lower semicontinuous
convex function on R. By induction, we only need to consider the case when n = 2.
Note that domf; (i = 1,2) are closed convex subsets of R. Without loss of generality,
we may assume that domf; = [a;, b;] for some a;,b; € R (i = 1,2) with b; > a;. Let T €
[ao, bo]N[ay, b1] (this is possible since dom fyNdom f, # 0)). Denote [a, b] := [ag, bo]N[ay, b1].
If @ < b, it follows that int(domf; N domf,) # () and hence the conclusion follows
(see (8)) Therefore, we assume without loss of generality that @ = b. In this case,
domf; Ndomf, = {Z} for some T € R. We may further assume that by = a; = T. Next,
we claim that

0f1(T) + 0f2(T) = R. (11)
Granting this, it follows that for any ¢ > 0

0c(f1 + f2)(@) CR = 0/1(F) + 0f2(T) € | {0 1(T) + 0, 2(T) : €0 + €1 = €}

Note that d.(f1 + fo)(x) = 0 for any = # T (since dom(f; + fo) = {T}). It follows from
(1) < (di7) of Theorem 3.1 that the conclusion holds.

We now establish (11). Since proper lower semicontinuous function on R is continuous on
the closure of its domain (cf. [13]), we have f; is continuous on [ag, T] and f5 is continuous
on [Z,b]. This together with ay < T, T < by and 9f;(T) # 0 (by f; € Ts(R™)) (i = 1,2)
implies that

(afl(f))oo = Ndomf1( ) Ndomfl( ) N[ao m}( ) =Ry
and

(0f2(Z))oo = Naom,(T) = Ngomp (T) = Nz, (T) = R_.
Thus, one has 0f1(Z) = [ag, +00) and Jfs(T) = (—o0,aj] for some af € R (1 = 1,2).
Therefore, (11) holds and this finishes the proof. O

The following example shows that our assumption “each f; € I';(R)” cannot be dropped.
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Example 3.3. Consider fi(z) = 0(—oo,—1](x) and fo(z) = §j_11(x) — V1 — 22. It is clear
that df2(—1) = 0 but 9(f1 + f2)(—1) = R. Thus the sum rule fails. Therefore, from
Theorem 3.1 (i) < (ii), we see that epif; + epif; is not closed.

Theorem 3.4. Letn,m € N and f; € I's(R™) (1 < i < n) be separable convex functions
on R™ with (;_, domf; # 0. Then we have

epi (Z fl) = Zepifi*.
i=1 i=1
Proof. Define f : R™ — RU {+o0} by
fl@) =) fiz) Yoz eR™
i=1

Since (), domf; # 0, it follows that f is a proper lower semicontinuous convex function
on R™. In view of the second relation of (7), it suffices to show that

gphf* C > epif;,
=1

where gphf* := {(z*,r) : r = f*(z*)}. To do this, let (z*, f*(x*)) € gphf*. Since f; (1 <

i < n) are separable convex functions R™, we may assume that for each i € {1,... ,n}
fi@) = gi(x) Vo= (21,...,2,) €R™, (12)

=1

for some proper lower semicontinuous convex function gli (1 <1<m)onR and hence

flz) = ZZQ}(QJZ) = Zng(ml) Vo= (z1,...,2,) € R™.

Note that each ¢! € Ts(R) (I € {1,...,m},i € {0,...,n}) since f; € T;(R™). For each
le{l,....m}, let g, : R = RU {+oo} be defined by g,(z) = >_1", gi(x). Then we have

flz) = Zgl(azl) Vo= (r1,...,2,) € R™.

It follows that for any z* = (z7,...,2},) € R™,

[H(@") = sup {{@",2) = f(2)} = sup {Z((fciam—gz(wz))}

reR™ T=(T1,..,Tm ) ER™ =1

= > sw{(ef, @) —gl@)} =) gi(a]). (13)

=1 T ER
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On the other hand, for each [ € {1,...,m} (by the preceding Lemma)

(7, g7 (x])) € epig; = epi (Z gf) = epi(g))".
i=1

i=1

Hence, for each [ € {1,...,m} there exists (zi*,r}) € epi(g})* such that

(@7, 97 (27)) = Z(fﬁ?"‘#ﬁ (14)

1=1
This together with (13) implies that
fa) =g =33 =3 > =2 s
=1 =1 =1 i=1 I=1 i=1

— sup  {{(zV, .. 2%), (2, ) — filmn, . o)}

= fra¥, ... 2.

It now follows from (14) that (x*, f*(«*)) € >, epif;". This completes the proof. [

The following example shows that our assumption, “each f; is separable”, cannot be
dropped.

Example 3.5. Consider I = {1,2}, X = R?. Let Cy,C; be closed convex subsets of
X defined by C; = B((0,1),1) and Cy = {(z1,72) € R? : x5 < 0}. Let f; = ¢y,
fo = 6c,. Then f := fi + fo = d;0p and hence inf,cx f(z) = 0. Moreover, for any
z* = (27, 2%) € R™, we have

fi(@?) = oc,(2%) = |[(21, 23) | + 25 and f3(2") = 0¢,(27) = dfopxjo.ee) (7). (15)
Noting that (fi + f2)* = ooy = 0, we have (1,0,0) € epif*. We claim that (1,0,0) ¢
(epif;+epifs). To see this, we proceed by contradiction. Suppose there exist (af, a’,r) €
epif; and (b7, b3, s) € epify such that

(a7, a3, )+ (b],b3,5) = (1,0,0).

Note that bj = 0 and r, s, b5 are all nonnegative (see (15)). It follows that aj = 1 and
r = s = 0. This together with (af, a},r) € epif] implies that

V1+(a5)?2+a5<0.

However this is impossible and hence (1,0,0) € epif*\(epif; + epif;). In particular, we
have epif* # (epify + epifs). This together with Theorem 3.1 (ii) < (éi7) implies that
the stable Fenchel duality fails in this case.
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Using the preceding Theorem, the following corollary follows directly from the implica-
tion (i) < (i1) < (iii) < (iv) in Theorem 3.1.

Corollary 3.6. Letn,m € N and f; € T's(R™) (1 < i < n) be separable convex functions
on R™ with (\_, domf; # 0. Let f:=>""_, f;. Then the following statements hold.

(1) For each € > 0 and for each x € domf,

U{Z_j&lf, S a-- Zen}

=1

(2)  The infimal convolution is exact for fi,..., f, in the sense that

(Zﬁ) = (f0...0f)(z*) for all 2* € R™.

(3)  The following stable Fenchel duality holds: for any x* € R™ one has
xléllgn{f() (%, 2)} = max{ Zf ;azl:x}

4. Convex Programs with Separable Constraints

In this section, we establish e-subgradient optimality conditions for convex programming
problems with separable inequality constraints without a constraint qualification.

Consider the following primal convex programming problem (P):
(P) v(P) =inf{f(x) : g;(x) <0 forall 1 <i<n},

where f and g; (i = 1,...,n) are continuous convex functions on R™. Its dual problem
can be written as follows:

(D) w(D) = sup inf {f($)+z>\¢g¢(w)}

= sup inf {f() (A g) ()}

AeR? TER™

where g(z) = (g1(z),...,gn(z)) and (X,g) : R™ — R is defined by (\ g)(z) =
Yo Aigi(r) (A € R™). It is easy to see that v(P) > v(D), ie., the weak duality
always holds. We say the zero duality gap holds if v(P) = v(D). Define the feasible
set C' by C :=domf N[u < 0]) where [u < 0] := {z : u(z) < 0} and v = maxj<;<p G-
Throughout this section, we always assume C # (). We say x is a feasible point of P if
x € C. Moreover, we say x is a solution of (P) if z is feasible and f(x) = v(P).

Recently, Tseng [16] established the following zero duality gap result for a separable
convex programming problem, which will be used to derive subgradient conditions char-
acterizing optimality.
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Lemma 4.1 (cf. [16]). Let f and g; (1 <i < n) be proper lower semicontinuous sepa-
rable convex functions with domf C (!_, domg;. Let u := max<;<, ¢; with domf ([u <
0] #0. Then

inf f(r)= sup inf {f(x) + Z /\igi(x)} :

x€[u<0] X >0,1<i<n TER™

Using Lemma 4.1, we are now able to represent the normal cone, Ny<o(z) at x in
terms of e-subgradients, which allows us to derive optimality conditions characterizing
optimality without a constraint qualification.

Theorem 4.2. Let g; (1 < i <n) be continuous separable convez functions on R™ and
let g :=(g1,...,9n). Let u:=maxi<ij<, g; with [u < 0] # 0. Then, for each x € [u < 0],

Nuco@) =) U 2(ng)(@).

e>0  AeR™
((A9)) (@) €[—€,0]

Proof. For each = € [u < 0], the inclusion

Nu<o@)2() U 2N g)(@) (16)
>0 AER™
(Mg)(z)€l-e0]

always holds. To show the reverse inclusion, let € [u < 0] and let 2* € Np,<gj(x). Then
x solves the following minimization problem

(P) min (—z*, z)
st. zeu<ol.

Its dual problem is (D) SUD\ e inf,epm {(—2*, 2) + ((A\, ¢))(2)}. Since (—z*,-) is affine,

[u < 0] # 0 and each g; is continuous on R™, it follows from Lemma 4.1 that

(—x* z) = inf (—2* z) = sup inf {(—z", 2) + ((\,¢))(2)}.

z€[u<0] AERT z€R™

Then, for each € > 0, there exists A\ € R’} such that
(—x*2) + (A, g(2)) > (=2, x) —€/2 for all z € R™. (17)

Letting 2 = 2 and noting that x € [u < 0], Ac € R%, one has ((\,g))(z) € [—¢/2,0].
This together with (17) implies that for each z € R™ (a*,z — ) < ((A;, 9))(2) +€¢/2 <
((Ae, 9))(2) = ((Ae, 9)) () + €. That is to say, z* € 0.(()\, g))(x). Therefore, one has

wel U o).
>0 AeRT
((A9))(@)€[—e,0]

This completes the proof. O

The characterization of optimality now follows from the preceding Lemma.
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Theorem 4.3. Let f be a continuous convex function on R™. Let g; (1 < i < n) be
continuous convex separable functions on R™. Let a be a feasible point of (P). Then, a
is a solution of (P) if and only if there exist sequences {ex} C Ry and {\;} C R such
that €, — 0 and M.g;(a) — 0,(i=1,...,n), as k — oo, and

Vk, 0 € df(a +Za€k Aegi)(a

Proof. [(1) = (2).] Since a is a solution of the problem (P), a € [u < 0] and for all
x € [u <0

f(a) + dpu<o(a) < f(2) + <o) ().

So, 0 € 9(f+0u<q)(a). Since f is continuous on R™, it follows from the standard convex
sum rule that

0€df(a)+ Nu<o) (a).

It now follows from the preceding Lemma that

oeof(a+() U 2\ a))

e>0  XeR%
((Ag))(@)€[-e0]

Let {ex} be a sequence satisfying €, > 0 and ¢, — 0. Then, for each k € N, there exists
Me = (Mg, -+, AY) € RY such that

ZAkgz /\kv >)( )E [_Ekao]

and
n

0 € 0f(a) + 0o, (M, 9))(a) = Df (a) + D 9= (Mgi) (@),

i=1

where the last equality follows from Corollary 3.6 (1). Note that A.g;(a) < 0 (since
A >0 and a is a solution). Thus statement (2) follows.

[(2) = (1)] Note from Corollary 3.6 (1) that

Z aﬁk<)\i:gl) = nék (Z )‘kgl>
=1

This direction follows directly from the definitions of convexity and e-subdifferentials. [

We now present two examples. The first example illustrates the case where a con-
vex program with separable constraints satisfies our e-subgradient optimality conditions
whereas the standard Lagrange multiplier rule fails. The second example shows that the
assumption, “g; is separable”, in the preceding theorem cannot be dropped.
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Example 4.4. Let m = n = 2 and let f(z1,22) = 21 and g(x1,22) = (g1(x1, x2),
go(1, 12)) where gi(x1,22) = o and go(x1,22) = 23 — 9. Tt is clear that f is a real-
valued convex function and g; (i = 1,2) are real-valued convex separable functions. Let
ap := (0,0) and let ¢, = 1/4k and A\, = (\i,A?) = (k, k). Tt is clear that ¢, — 0
and Ay € R and ((Ag, 9))(ap) = 0. Since, for all € > 0, p > 0, 0.f(ap) = (1,0),
Oe(pg1)(ao) = (0, ) and

Oc(pg2)(a0) = [=2y/p€, 2¢/pe] x {—p}. (18)

Thus, one has df(ag) = (1,0), 0., (A.g1)(ao) = (0, k) and O, (M\2g2)(ag) = [—1,1] x {—k}.
Therefore, one has

(07 0) = (17 0) + (O’ k) + (_1’ _k) € 0f(ao) + 8Ek()‘llcgl)(a0) + aﬁk ()‘292)(610)'

Thus, from the preceding Theorem, ag is a minimizer of the corresponding problem (P).
Moreover, we note that the standard Lagrange multiplier rule fails at ag. Indeed, since
0f(ap) = (1,0), dg1(ap) = (0,1) and 9gz(ag) = (0,—1). We see that there do not exist
A1, A2 > 0 such that 0 € 9f(ag) + M\ 9g1(ag) + A2dga(ag).

Example 4.5. Let m =2, n = 1. Let f(x1,22) = 2x5 and g1(x1, x2) = /2% + 235 — 1.
It is clear that g; is not separable. It is clear that ag = (0,0) is the unique feasible point
and hence is the unique solution of the corresponding problem (P). Note that || - || is
sublinear and hence &|| - |((0,0)) = 9| - [|((0,0)) = B((0,0);1). Thus, for all A > 0, one
has

Al - 1((0,0)) + (=1,0)) = AB((—=1,0); 1), if A >0,

(0,0) itr—o 19

0:(A91)((0,0)) = {

Thus for any €, A\ > 0, one has
f(ao) + 0c(Ag1)(ao) € (0,2) + AB((~1,0);1).

Since (0,0) ¢ (0,2) + AB((—1,0);1) for all A > 0. It follows that the e-subgradient
optimality condition fails in this case.

Acknowledgements. Authors are grateful to the referees for their helpful comments which
have contributed to the final preparation of the paper.
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