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The paper studies the quasistatic evolution for elastoplastic materials when the yield surface depends
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is continuous with respect to the space variable. The case of piecewise constant dependence is also
considered. The evolution is studied in the framework of the variational formulation for rate independent
problems developed by Mielke. The results are proved by adapting the arguments introduced for a
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1. Introduction

The aim of this paper is to study quasistatic evolution problems in small strain associa-
tive elastoplasticity for nonhomogeneous materials. More precisely, in the spirit of [5],
we consider the case of a material whose plastic response is governed by the Prandtl-
Reuss flow rule, without hardening (perfect plasticity); differently from [5], however, the
elasticity tensor and the yield surface are allowed to change pointwise. This is a situa-
tion which may occur for example in composite materials, when each of the components
present a different elastoplastic response. In the first part of the paper, indeed, we extend
the results proved in [5], to this more general setting, under suitable conditions.

The problem is formulated as follows in a domain 2 C R™. The linearized strain Eu,
that is the symmetric part of the spatial gradient of the displacement u, is decomposed
as the sum Fu = e+p, where e and p respectively represent the elastic and plastic strain.
The stress o is determined only by e, through the formula o = Ce, where C := C(z) is
the elasticity tensor. At each point x € €2, ¢ is constrained to lie in a prescribed subset
K(z) of the space M " of nxn symmetric matrices, whose boundary 9K(z) is referred
to as the yield surface.

Given a time-dependent body force f(¢,x), the classical formulation of the quasistatic
evolution problem in a time interval [0, 7] consists in finding functions u(t,x), e(t, z),
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p(t,z), o(t, z) satisfying the following conditions for every ¢ € [0,7] and every = € {2

cfl
cf2) constitutive equation: o(t, z)

(cfl) additive decomposition: Eu(t,x) = e(t,z) + p(t, ),
(cf2) =
(cf3) equilibrium: —div, o(t,z) = f(t,
(cf4)
(cf5)

Clz)e(t, ),
),

cf4) stress constraint: o(t,z) € K(z)
cf5) associative flow rule: p(t,z) € Nk (op(t,x)),

where the colon denotes the scalar product between matrices and Nk, is the normal
cone to K(x). The problem is supplemented by initial conditions at time ¢ = 0 and by
boundary conditions for ¢ € [0,T], x € 0L, of the form u(t,z) = w(t,x) on a portion
[y of the boundary, and o(t, z)v(x) = g(t,x) on the complementary portion I'y, where
v(x) is the outer unit normal to 92, w(t, z) is the prescribed displacement on I'y, and
g(t, z) is the prescribed surface force on I';. Alternatively, one can consider the so-called
Dirichlet-Periodic problem: generally in this case the domain €2 is a cube and a periodic
condition is prescribed on the portion I'y of the boundary.

In this paper, we consider the case where K is a cylinder of the form K = K (z)+RI, where
I is the identity matrix and K (z) is a convex compact subset of M}*", the space of trace
free nxn symmetric matrices as in the model of Tresca and von Mises (see, e.g., [9]). We
shall suppose that there exist two balls B,,(0), By (0) such that B,,(0) C K(x) C By (0)
for every x € QU T'y. If we introduce the support function

H(z,§) = SUPgeK(x)f :C,

the flow rule (cf5) can be written in the equivalent forms (see Section 2):

(cf5’) flow rule in primal formulation: op(t,z) € 0cH (z, p(t, z)),
(cf5”) maximal dissipation: H (z,p(t,z)) = op(t,x):p(t, x),

where op(t,x) denotes the deviator of o(t,x) (see definition in the following section of
the paper) and O is the subdifferential with respect to €.

An approximation of quasistatic evolution problems of this type is obtained by solving
a finite number of incremental variational problems. The time interval [0, 7] is divided
into k£ subintervals by means of points

0=t <tp <---<tFt<th=T,

and the approximate solution u}, e, pi at time ¢, is defined, inductively, as a minimizer
of the incremental problem

min  {Q(e) + H(p —p ") — (L))}, (1)

(w,e,p)EA(w(t}))

where
Q(e) = / Cela)sela) e, H(p) = [ Haplo
(t)|u) /f (t,x) dm+/1g(t,x) u(z) dH" (), (2)
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H™ ! is the (n — 1)-dimensional Hausdorff measure, and A(w(t)) is defined, at this
stage of the discussion, as the set of triples (u,e,p), with Eu(x) = e(x) + p(x) for
every x € (2, such that u satisfies the prescribed Dirichlet boundary condition at time
t, ie., u(x) = w(t,z) for every x € T'y. Finally, the stress at time ¢, is obtained as
o} (x) := C(x)ey(x).

Since H has linear growth, problem (1) has, in general, no solution in Sobolev spaces: a
suitable functional space, for a weak formulation of the problem, proves then to be the
space BD(Q) of functions with bounded deformation, whose theory was developed in
[14], [8], [13]; the plastic strain p belongs to the space M,(Q2Uy; MY ") of My "-valued
bounded Borel measures on QUIy. In the weak formulation of problem (1) the functional
H(p) is defined as

H(p) = H{(z,p/lpl)dlpl, (3)
QuUI,
where p/|p| is the Radon-Nikodym derivative of the measure p with respect to its varia-
tion |p|, while the boundary conditions are suitably relaxed, leading to a weaker definition
of A(w(t)) (see Section 2). Functionals of this type were first studied by Y. G. Reshet-
nyak, who investigated their properties of w*-lower semicontinuity and continuity in the
space of bounded Radon measures.

The problem of continuous-time quasistatic evolution in the functional framework u €
BD(Q), e € L2(; M), p € My(QQU To; M™), 0 € L*(£; M%), can be solved, pro-

sym sym
vided a uniform safe-load condition is satisfied, by means of the introduction of the fol-
lowing weak definition (see also the work of Suquet [11] for a different approach): a qua-
sistatic evolution is a function ¢ — (u(t), e(t), p(t)) from [0, T into BD()x L*(Q; M%)

sym
X My(2 U I'g; M) which satisfies the following conditions:
(gsl) global stability: for every ¢t € [0, 7] we have (u(t),e(t),p(t)) € A(w(t)) and

Q(e(t)) = (L(B)[u(t)) < Q) +H(g — p(t)) = (L(H)]v)

for every (v,7,q) € A(w(t));
(gs2) energy balance: the function t +— p(t) from [0,7] into M,(Q2 U I'g; M,*") has
bounded variation and for every ¢ € [0, 7]

Q(e(t)) + Dr(p; 0,) — (L(1)|u(t))
= Q(e(0)) = (£ /{ s)|Ew(s)) — (L(s)li(s)) — (L(s)lu(s))} ds,

where o(t) := Ce(t), dots denote time derivatives, the first brackets (-|-) in the
integral denote the scalar product in L*(€; Mg "), while the other brackets (-|-)
are defined as in (2).

Here for every time interval [s, t] contained in [0, T] Dy (p; 0, t) represents the dissipation
associated with H, defined by

N
Dy (p;s,t) = Sup{ ZH(p(tj) —p(tj)):s=to <t < <ity=t,NE€ N} :

=1
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In the first part of the present paper we are going to slightly generalize results of [5],
about the existence and regularity properties of quasistatic evolutions: while the explicit
dependence on z of the elasticity tensor does not introduce changes in the proofs, some
effort has to be made for the functional H. Relying on the ideas of the theory of mea-
surable compact convex multifunctions developed in [4] and using the above mentioned
results by Reshetnyak, it is possible to show that, if the map = — K(z) is lower semi-
continuous, the functional H defined in (3) is lower semicontinuous too, but coercivity
of the incremental problems and the same Euler conditions as in [5] are not always guar-
anteed; however they are still true if the multimap is continuous, or in some piecewise
constant cases, for example when the convex sets are given by the Von Mises’ condition;
in these situations, also the construction of a precise representative s atisfying a strong
formulation of the problem is still valid.

In the second part of the paper we focus on one dimensional problems, which appear
also in the solution of multidimensional Dirichlet periodic problems as in the case of sim-
ple shear. In dimension one the assumption on the stress constraint can be weakened,
assuming the multifunction z — K (z) is only lower semicontinuous. Some interesting
phenomena can be observed in this case when the force does not depend on time; the
plastic deformation tends to be concentrated on a finite number of points (strain local-
ization), except in some degenerate situations; a complete qualitative study can be easily
done in this case, showing also an explicit formula for solutions in terms of the data.
These results can also be used to discuss the uniqueness of the solutions; moreover, they
provide examples where, indipendently of the regularity of the data, the elastic part of
the solution has at best a Lipschitz dependence on the time variable.

2. Notation and preliminary results
2.1. Mathematical preliminaries

For what concerns definitions and notatins about measures, matrices and functions of
bounded deformation we refer to [5], Section 2. All the Borel measures are tacitly
understood to be extended to the corresponding completion of the o-algebra of Borel
sets.

Multifunctions. Let X and Y be two sets. A multifunction is a map ¢ : X — 2Y,
that is a map from X to the subsets of Y.

According to [4], if (X,C) is a measurable space and Y is a finite-dimensional Hilbert
space we say this map to be C—measurable <=

V U open, ¢~ (U) € C

where

o (U) == {a € X|p(a) N U # 0}.

If moreover X is a topological space, we say this map is lower semicontinuous <=
V U open, ¢~ (U) is open
We say this map is upper semicontinuous <=

V U open, the set :{z € X|¢(x) C U} is open.
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We say the map ¢ is continuous if it is upper and lower semicontinuous.
The following equivalence can be easily proved:

Proposition 2.1. Let ¢ : X — 2¥ a map from X to the compact subsets of Y. Then
@ 18 lower semicontinuous (resp. upper semicontinuous) <=

Ve>03U > xopent.c. YyeU: ¢(x) C o(y) +eB

(resp.
Ve >03U > zopentc YyeU: o(y) Cp(xr)+eb).

Here B denotes the closed unitary ball of Y.

An important problem when dealing with multifunctions is the existence of a selection,
that is a map o: X — Y with the property: o(z) € p(x) Vx € X. The following result,
due to E. Michael, besides its intrinsic relevance, will be useful for the purpose of the
paper:

Theorem 2.2 (Continuous selections of lower semicontinuous multifunctions).
If X is a separable metric space, then every lower semicontinuous function ¢ from X
to the mon-empty, convex, closed subsets of Y admits a sequence (o,) of continuous
selections such that

Ve e X : p(x) ={o.(x)}.

Proof. See for instance [7] for the existence of a continuous selection; the rest of the
proof follows with the same argument as in [4], Theorem III.7. O

Remark 2.3 (Monotone approximation by continuous multifunctions). Under
the assumptions of the previous theorem we easily construct a sequence ¢; of continuous
multifunctions such that:

pi(x) / plx) VreX
by putting, for all j € N :

pj(x) = Cofon(2)|1 < n < j},

where as usual C'oA denotes the smallest convex set containing a given set A and (o)
is a sequence of continuous selections as in the previous theorem. If in addition there
exists m > 0 such that

B(0,m) C p(x) Vr e X

we can also assume that
VieN B(0,m) C p;(x) Ve e X

by putting:

@;(z) == CoB(0,m) U {o,(x)]1 <n <j}
Given a closed convex nonempty subset C' of a normed space V' we define its indicator

function ¢ as
0 ifved
S _
o(v) {—l—oo ifvegC
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and the normal cone Ng to C at u € C' as:
Ne(u) ={v* e V* : (v ;0 —u) <0} YveV.

It is easy to see that dc is a convex proper l.s.c. function.

2.2. Mechanical preliminaries

The reference configuration. Throughout the paper €2 is a bounded connected open
set in R™ with C? boundary. We suppose that the boundary 9€ is partitioned into two
disjoint open sets I'g, I'y and their common boundary 0I'g = 9I'; (topological notions
refer here to the relative topology of Jf2); we assume

FO 7& @7 (4)
Oy = oIy is C? regular, (5)

that is: for every x € 9y = OI'; there exists a C? diffeomorphism defined in an open
neighbourhood of  in R” which maps 0f2 to an (n—1)-dimensional plane and 9y = 9I';
to an (n — 2)-dimensional plane.

On I'y a Dirichlet boundary condition will be prescribed. This will be done by assigning
a function w € HY?(I'y; R™), or, equivalently, a function w € H'(R";R"), whose trace
on [y (also denoted by w) is the prescribed boundary value. The set I'y will be the part
of the boundary on which the traction is prescribed.

Every function v € BD(2) has a trace on 052, still denoted by w, which belongs to
LYOQ;R™). If ug, u € BD(Q), u, — u strongly in L'(Q;R"), and ||Euglly — || Eul,
then uy — u strongly in L'(9Q; R") (see [13, Chapter II, Theorem 3.1]). Moreover, there
exists a constant C' > 0, depending on 2 and I'y, such that

[ullio < Cllullr, + CllEullio (6)

(see [13, Proposition 2.4 and Remark 2.5]).

The space My(2UT'g; M), which is the dual of Co(QUT'o; MI,""), can be identified with
the space of functions in C'(£2; M) vanishing on I'y. The duality product is defined by

(Tl) 5:/Q Tidp = 12/9 Tij At (7)

ulg Ul'g

for every 7 = (;;) € C(€; ML) and every p = (p5) € My(2U Loy MI™).

The set of admissible stresses. Let K: QUT, — 25" be a continuous or piecewise
constant multivalued map from QUT; to the closed convex subsets of M'}", which will
play the role of a constraint on the deviatoric part of the stress. We assume that there
exist two constants m and M, with 0 < m < M < oo, such that

feeMp™: lg) < m} € K(x) C{€ €M™ : [¢| < M} Yo € QUT,.  (8)
It is convenient to introduce the convex closed set

Kp(Q) := {1 € L*(;My™) : 7(x) € K(x) for a.e. z € Q}.
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The set of admissible stresses is defined by

K(Q):={o € L* (M=) :op € Kp(Q)}.

sym

For fixed z the support function H(z,-): M — [0, +oo[ of K(x) is given by

H(z,§) = SUPgeK(x)f :C. (9)

It turns out that H(x,-) is the conjugate function of the indicator function d ), hence it
is convex; moreover, it is positively homogeneous of degree one. In particular it satisfies
the triangle inequality

H(x, & +¢) < H(x,§) + H(x,().

From (8) it follows that
mf¢| < H(z,§) < M[¢| (10)

for every (x,&) € QUTy x ME".
It follows that:

Proposition 2.4. Let K: QU — ME™" be a lower semicontinuous multivalued map
from QUTy to the closed convex subsets of M'™. Assume (8). Then the function H(x, &)
defined by (9) is lower semicontinuous from QU Ty x M} to [0, +oo.

Proof. Fix ¢ in My and consider the function H(-, ). Let ¢t € R such that H(x,&) > t.
This means that K (z) meets the open set U := {{ € M : (: £ > t}, hence there is
an open neighborhood A of = such that, K(y) N U # O for every y € A.This in turn
implies that H(y,&) > t for every y € A, i.e. the function H(-,¢) is lower semicontinuous.
Since, for fixed x, using (8) and for instance [1, Lemma 13.2.1] the function H(z, ) is
lipschitzian uniformly with respect to x, the function H is lower semicontinuous in the
product space. Il

For every pn € M(2U Lo; M) let po/|p| be the Radon-Nikodym derivative of 1 with
respect to its variation |u|. We introduce the nonnegative Radon measure H(u) €
My(2UT) defined by H(p) := H(-, p/|pl)|pl, ie.,

H(p)(B) := /BH(JJ,M/IMI(CC))dIM (11)

for every Borel set B C Q U Ty. Finally, we consider the functional H: M,(2 U
[o; M) — R defined by

H(p) == H(p)(QQUTy) = o H(, pf|pl(x)) dlp - (12)

Since H is lower semicontinuous and positively 1-homogeneous in the second variable
it follows from Reshetnyak’s lower semicontinuity theorem (see [2], Theorem 2.38) that
H is lower semicontinuous on M;(£2 U I'g; M'5™) with respect to weak* convergence. It
follows from the properties of H that H satisfies the triangle inequality, i.e.,

HA+ 1) < HA) +H(p) (13)

for every A\, € My(2U To; M7™).
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The elasticity tensor. At each point x € 2, let C(z) be the elasticity tensor, con-
sidered as a symmetric positive definite linear operator C(z): Mg — Mg<t. The
orthogonal subspaces M';*" and RI are assumed to be invariant under C(z) for every x.

This is equivalent to saying that there exist a symmetric positive definite linear operator
Cp(z): My — My and k(z) > 0 such that

C(x)§ == Cp(x)ép + k(z)(tré)! (14)
for every £ € MZx". Note that when C(x) is isotropic we have C(z)¢ = 2u(z)ép +

k(z)(tr&)I; here /L?Zx) > 0 is the shear modulus and k(z) is the modulus of compression,
so that our assumptions are satisfied. We shall suppose that C(z) is uniformly positive
definite, and we will require uniform boundedness of the norms of the operators C(z),
which is to say that, if Q(z,-): MZX" — [0, +o00[ be the quadratic form associated with

sym
C, defined by

Q(x,€) == 3C(w)é: € = 3Cp(x)ép:p + " (tr€)?. (15)
There exist 0 < o < [ not depending on x such that
ail* < Q(x,€) < gl (16)
for every z € Q and § € M 7.
It is convenient to introduce the quadratic form Q: L*(Q; M7<") — R defined by

Q(e) = / Qe) du (17)

for every e € L*(Q;MZ5"). It is well known that Q is lower semicontinuous on L*(£;

Mg ") with respect to weak convergence.

The prescribed boundary displacements. For every ¢t € [0,7] the boundary dis-
placement w(t) is prescribed in the space H'(R™;R"). This choice is motivated by the
fact that it is preferable not to impose “discontinuous” boundary data, so that, if the
displacement develops sharp discontinuities, this is due only to energy minimization.

We assume also that the function ¢ +— w(t) is absolutely continuous from [0,77] into
H'(R™;R"), so that the time derivative ¢ — (t) belongs to L'([0,T]; H*(R™;R™)) and
its strain ¢ — E(t) belongs to L([0, T]; L?(R™; M™X")).

sym

Body and surface forces. For every t € [0,T] the body force f(t) belongs to the
space L"(2;R™) and the surface force g(t) acting on T'; belongs to L*°(I'1;R™). By
hypothesis, the functions ¢t — f(¢) and t — g(t) are absolutely continuous from [0, T’
into L™ (Q;R™) and L>°(I'1;R™), respectively, so that the time derivative ¢ — f(t) belongs
to LY([0, T]; L™(Q; R™)), the weak* limit

g(t) = w’-lim w |

exists for a.e. t € [0,T], and ¢ — ||§(t)||c belongs to L'([0,T]) (see [5], Theorem 7.1).

Throughout the paper we will assume also the following uniform safe-load condition:
there exist a function ¢ — o(t) from [0, T] into L*(€; M) and a constant o > 0 such
that for every ¢ € [0, T

—divo(t) = f(t) a.e. on Q, lo(t)v] = g(t) on 'y, (18)
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and
op(t,z) + & € K(x) (19)

for a.e. z € Q and for every £ € ME" with || < . In these formulas op(¢, ) denotes
the value of pp(t) at x € Q, and the trace [o(t)v] of o(t)v on I'y is interpreted in the
sense of (28) below. We assume also that the functions ¢ — o(t) and t — pp(t) are
absolutely continuous from [0, 7] into L*(Q;M7x") and L>(€; M},*"), respectively, so
that the time derivative ¢ — ¢(t) belongs to L'([0, T7; L*(Q; M),

on(s) — on(t)

2~ () (20)

weakly* in L (Q; M") for a.e. t € [0,T], and t — || 0p(t)||o belongs to L*([0,T]) (see
[5], Theorem 7.1).

2.3. Stress and strain

Admissible displacements and strains. Given a displacement v € BD({2) and a
boundary datum w € H'(R™;R"), the elastic and plastic strains e € LQ(Q;MQLZ%L) and
p € My(2U Tp; M™) satisfy the equalities

Fu=e+p in Q, (21)
p=(w—u)OvH"" onTy. (22)

Therefore we have e = E%u — p® a.e. on () and p® = E*u on (). Since trp = 0, it follows
from (21) that divu = tre € L*(Q) and from (22) that

(w—u)-v=0 H"'—ae onTy. (23)

The stress o € L*(Q; M2x") is defined by

sym

o0 :=Ce =Cpep + Ktre. (24)

The stored elastic energy is given by
Q) = [ Qle)d = Yole). (25)
Q

Given w € HY(R";R"), the set of admissible displacements and strains for the boundary
datum w on 'y is denoted by A(w): it is defined as the set of all triples (u,e,p), with
ue BD(Q), e € L*(;ML7), p € My(QU Lg; MI™), satisfying (21) and (22).

In the case n = 1 which I shall deal with in the last section of the paper, €2 will be an
open interval (a,b) in R, and u € BV ([a,b]), e € L*(Q), p € M(QUTy) will satisfy:

uW=e+p inQ, (26)
p = (u(a) —w(a))da + (w(b) — u(b))d on {a,b}, (27)

where the boundary values are taken in the sense of traces.
We shall also use the space Il (2) of admissible plastic strains, defined as the set of



98  F. Solombrino / Quasistatic Evolution Problems for Nonhomogeneous ...

all p € My(Q U To; M5") for which there exist v € BD(Q), w € H'(R";R"), and
e € L*(Q; M%) satisfying (21) and (22), i.e., (u,e,p) € A(w).

sym

The traces of the stress. If ¢ € L*(Q;M}%") and dive € L*(;R"), then the
distribution [ov] on 02 defined by

([ovl[P)aq = (dively) + (o] EY) (28)

for every 1 € H'(€;R") belongs to H~'/2(02;R"™) (see, e.g., [13, Theorem 1.2, Chap-
ter I]). The normal and tangential parts of [ov] are respectively defined by

[ov], == ([ov] V)V, [ov]: = [ov] — ([ov] -v)v. (29)

v o

Since v € CY(0Q;R"), we have that [ov],, [ov]t € H~Y2(0;R"™). If, in addition,
op € L>®(Q;M}*™), then [ov]: € L®(9Q;R") and

llov] looo0 < J5llonlles (30)
(see [13, Lemma 7.2]).

Stress-strain duality. Let

E<Q) = {U c LQ(Q,Mnxn) cdive € LN(Q’Rn)’ op € LOO(Q,M%X”’)} '

sym

If o € (), then o € L"(; Mg ") for every r < oo by [13, Proposition 7.1]. For the
definition of the bounded Radon measure [op: Epu] we refer to [8] and [13], while for
what concerns the bounded Radon measure [op : E5u], when v € BD(Q) with divu € L?,
and the duality between 3(€2) and I, (£2) we refer to [5], Section 2.3: here some useful
properties are collected for the reader’s convenience. The measure [op:p| does not

depend on the choice of u, e, and w. It satisfies

lop:p|* =0p:p* a.e. on Q, lop:p]® =lop:Eju] on QUTY,

o)l < lopllclpl 00 QUTo,  llop:p| < lopllclp?] on@UT,. OV
Moreover
[Yop:p| =vYlop:p] in QUT, (32)
for every 1 € C*(2) and
(lop:plle) = (¢ oplp) (33)
for every o € C1(Q; M) and every ¢ € C'(Q), where the duality used in the right-

hand side is defined in (7). By approximation, using the continuity properties collected

in (31), (33) holds also for every o € C(Q2;M2*") and every ¢ € C(£2). Therefore, for

sym
every o € C(Q; M) and every p € IIp, ()

lop:p]=0p:p on QUTY, (34)

where the right-hand side denotes the measure defined by

“Wmm:ﬁ@WF;L%mj (35)
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for every Borel set B C QU I'.
If 0, — o weakly in L*(Q;M}%"), dive, — dive weakly in L*(€;R"), and (ox)p is
bounded in L>®(Q; M7"),

([(ox)p: plle) = ([on:pll#) (36)

for every ¢ € C(Q).
Finally, for every o € ¥(Q2) and p € I, (Q2), we define

(oplp) = [op:p](QUTY)
= (oplp") + (op|Epu) + ([ov], |w — u)r,
= (op|Epu) — (oplep) + {lov],[w — u)r, , (37)
where u € BD(Q), e € L*(;MZ"), and w € H'(R™;R") satisfy (21) and (22).

In [5] the following integration by parts formula for stresses o € () and displacements
u € BD(2), involving the elastic and plastic strains e and p, is proved.

Proposition 2.5 (Integration by parts). Let o € 3(Q), f € L"(Q;R"), g € L>(T'y;
R™), and let (u,e,p) € A(w), with w € H'(R";R™). Assume that —dive = f a.e. on Q
and [ov] = g on T'y. Then

{oplp) + (ole = Ew) = (flu —w) + {glu — w)r, , (38)
where (:|-)p, denotes the duality pairing between L>°(T'1;R"™) and L*(T'y;R™). Moreover

(lop:pllp) + (0: (e — Bw)lp) + (o](u —w) © Vo)
= (fle(u —w)) + {(glp(u —w))r,

for every ¢ € C1(Q).

(39)

It is useful for our purposes to get insight of the behavior of [op :p] on a C? orientable
hypersurface S contained in €). First of all, we need a notion of trace. We fix an ori-
entation on S: locally S splits (2 into two disjoint open sets 2, and €2 determined by
the convention that the oriented normal vg to S is inner to €2_. Regarding S as a sub-
set of 02, and 0Q2_ we can define, as in the previous section, the distributions [ovg]™,
lovs]™ and the normal and tangential parts of the two distributions, which belong to

HY ?(S;R™) as well. But condition divo € L™ easily yelds:

loc

[ovs]t = [ovs]” in H;,'*(S:RY), (40)

loc

and we denote this common value by [ovg]. We then have the following formula, com-
pletely analogous to that we already know in the case where S is part of the boundary
of Q.

Proposition 2.6. Let S C Q an orientable C* hypersurface, o € %(Q),p € I, (Q),
u € BD(Q), such that there exist w € H'(R™;R"), and e € L*(Q; M) satisfying (21)
and (22), i.e., (u,e,p) € A(w). Then [ovs]t € L®(S;R™) and

[op:p]|S = [ovs]t - (ut —u”)H" S, (41)

where u™ and u™ are the traces on S of u.
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Proof. By ([13, Chapter 2, Lemma 7.1]), we can take a sequence (oy,) C C°(€2; MZ¢™)
such that:

Om — O 1IN LQ(Q;M;‘;S),
dive,, — o in L"(Q;R"),
[1(om) pllse < [lon]loo;
from the definitions we easily get:

[(om)vs] = lovs] in Hip(S);

loc

the same reasonings as in the case when S = 0 (see [13, Chapter 2, Remark 7.2]),
actually show that:

(st = [ovsls, " in L(S;RY) (42)
so that the right-hand side in (41) is well-defined. Now
plS =FEulS=@u"—u)ovsH" S (43)
and the condition trp = 0 implies
(ut —u)-vg=0 H" ' —ae onS. (44)

By (34) and (44), formula (41) holds for the functions o,,, hence we immediately conclude
by (42). O

3. Quasistatic evolution
3.1. Properties of the functional H and study of the minimum problem

The relevant differences between our situation and the one studied in [5] come only by
the definition of the functional H. Clearly, in fact, by (16), the assumptions on the
elasticity tensor allow us to repeat the same arguments as in [5] about the quadratic
term Q. In this sections, instead, we show the connections between the duality (37) and
the functional H; only under certain conditions they will prove to be analogous to the
case studied in [5]. We start by the following approximation result.

Lemma 3.1. Let K: QUTy — M5 be a continuous multivalued map from QUTq to
the closed convexr subsets of My, which satisfies (8). Fiz e > 0. Let o € %(S) such

that o(x) € K(z) for a.e. v € Q. Then there exist a sequence (o},) C C(§; M) N X(Q2)
such that (oy)p is uniformly bounded in L (2 M™") and:

(i)  ox — o strongly in L*(Q; M7x")
(i) divog — dive strongly in L™(2; R™)
(iii) for every e > 0 and every compact subset C' of QU Ty there exists ko = ko(e, C)

such that (o) p(z) € K(x) +¢eB for every v € C, k > ky.

Proof. Taking the functions

Sortol MEROL
o
LB RN Jopma Y

O’R(ZU) =
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it only suffices to show that there exist R sufficiently small, only depending on e and

C, such that (or)p(z) € K(x) + B for every x € C. Since the measure m

is a probability measure on B(xz, R) N Q and a.e. in B(z, R) N Q the function op(y)
belongs to the fixed convex closed set Zr, := Co U, cp(, r K(y) it is well-known that,

for every « € C, (og)p(z) € Zr, . By an usual uniform continuity argument, one has
that there exist R > 0, only depending on ¢ and C, such that for every y € B(z, R),
K(y) C K(z) + €B ; this implies that for all R < R, Zg, C K(z) + B, this is to say
(or)p(7) € K(z) + €B for every x € C. Observe that this R does not depend on 0. [

We can now prove the analogous of Proposition 2.4 of [5], in the continuous case.

Proposition 3.2. Let K: QUL — 25" be a continuous multivalued map from QUT,
to the closed convex subsets of MIy", which satisfies (8). Then, for every p € Ilp,:

H(p) > lop:p] on QUTY. (45)

Proof. Let ¢ € C(f2), ¢ > 0. We fix ¢ > 0 and a compact set C C Q U Ty such that
Ip|(2U Ty \ C) < ¢g; considering the sequence oy, defined as in the previous lemma (we
omit to relabel subsequences), for every k € N, for every « € C, we get that there exists
Cew € K(x) such that |(ox)p(z) — (rz| < €, and so, by the Cauchy-Schwarz inequality:

(ox)p(@): (p/Ip))(z) < H(z, (p/Ip)(2)) + &;

moreover, there exists a positive constant Z such that

l(ox)pllee < Z

for every k € N. Then we get, by (35) and the previous inequalities:

: = g : ﬁ Ok)pD: ﬁ
(on)o: plle) = /C elon): L il + / o # o

P
< / o H(z, L(2)) dp| + / odlpl + 221l
C |P‘ C

< HWI) += [ dlpl+ 2ol

QUL

where the last inequality is trivially true by nonnegativeness of the integrands. As by
(36),

[(ox)p:p] =" [op: p]

when £ goes to 400, we obtain,

lon: p1le) < (HP)I@) +/ o dlpl + 2]l

and letting € to 0 we have H(p) > [op: p . O
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Concerning the case of a piecewise constant constraint K (z) we assume that there exist
a finite collection (£2;)", of open subsets of €2, a finite family (K;)™, of compact convex
subsets of M} and a closed subset N of  such that:

K\ CKyC .. C Ky, (46)
QcC U Q. € pairwise disjoint, (47)

i=1
(09, N 9Q; NQ)\N is a C* hypersurface, (48)
(09; N OQ)\ N is a C? hypersurface, (49)
K(z)=K; if z € Q, (50)
H"H(N) =0, (53)

where i A j = min{i, j}. By suitably redefining K (x) on N, we may assume that K (x)
is lower semicontinuous in € U I'y.

Remark 3.3. Condition (46) is easily satisfied for example if the sets K; are given by
the von Mises’condition. Condition (48), as N is closed, implies that if z € (99; N
o8 NQ)\ N one has v, (z) = —vg,(x), as Q; and €); are disjoint and so if m > 3,
(082 MO, N O N Q) C N whenever ¢ < j < k. Similarly, by condition (49), we easily
have that (0€2; N 092; N 02) C N whenever ¢ # j.

Proposition 3.4. Let K : QUTy — 25" be a piecewise constant multivalued map from
QUTy to the closed convex subsets of My™, which satisfies (8), (46)—(53). Then, for
every p € llp,:

H(p) > [op:p] on QUT,. (54)

Proof. For each 1 < i < j < mlet [';; = ;N Q;. By the above remark, for each
1 <i<j<m,T;\N are disjoint C? hypersurfaces contained in . Fix i < j and a
relatively compact open subset S of I';;\IN: we have K (y) = K for every y € I';;. We can
then regard S as the Dirichlet part of the boundary of a C? open set ; C Q; oriented by
the exterior normal. By Lemma 2.3 in [5] , we can take a sequence (03,) C C°(€;; M)
such that:

or — 0 in L%Q;;M’;;Jj),
divo, — o in L”(Q;;R"),
(ox)p(z) € K; for every x € (0.

By [13, Chapter 2, Remark 7.2] and (40) we have:
(or)vs]y, = lovs]y,  w™ in L¥(S;R"), (55)
and so, as, by (34), the functions oy, easily satisfy

H(p) > [(ox)p: p| on S,
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we get that
H(p) > [op:p] on S,

thanks to (55) and (41). This at once implies

H(p) > [op:p] on U Lijs

1<i<j<m

and then we conclude by applying Proposition 2.4 in [5] to each of the connected com-
ponents of the open set QU T'g \ (U;<;j<p, I'ij U N), as the map K is constant on each
of them. O

Remark 3.5. Easy examples show that the required inequality is not true in the case
of a piecewise constant multivalued map K, which does not satisfy (46), except in the
case n = 1 where each function o € X(Q2) has a continuous representative by usual
imbeddings, and so the required inequality trivially follows from (34) in the general case
of a lower semicontinuous multivalued map K. As (45) is crucial in proving the Euler
conditions related to the incremental minimum problems the results of [5], except in
the onedimensional case, can be extended only assuming the conditions on K given in
Proposition 3.2 or in Proposition 3.4.

It is well known that in the case when the multifunction K is constant, by [6] (Theorem
4) and [13] (Chapter II, Lemma 5.2) the following formula holds, for every p € M,(Q U
Lo; My") and every Borel set B C QU Ty:

H(u)(B) = sup {/B rdp: T € Co(QUT,) N ICD(Q)} : (56)

this will be useful in the next theorem, which is proven in the general case of a lower
semicontinuous multivalued map.

Theorem 3.6. Let K: QU Ty — 25" be a lower semicontinuous multivalued map
from QU Ty to the closed convex subsets of M}", which satisfies (8). Then, for every
e My(QUTLo; MY™):

H(p) = Sup{/QUFO rdps 7 € Co(QUTY) mcD(Q)}; (57)

Proof. The ">" inequality is trivial by (34).

The proof is given in two steps. First we suppose that the map is continuous. We
assume that I'g = 0€2: this is not restrictive, because otherwise we can proceed by inner
approximation with smooth sets €2, whose boundary is contained in Q U I'y.

Let € > 0 be fixed. By the compactness of { and standard properties of bounded Radon
measures we can find a finite family of pairwise disjoint open sets (Ql)i(j such that:

i(e)
aclJa. (58)
=1
K(z) CK(y) +eB Yo,y € QiNQ, V1 <i<j(e); (59)

|1[(0Q: N Q) = 0. (60)
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In particular, (59) easily yields:
|H(z,€) — H(y,€)| <elé| Vz,ye Q;NQ, V1<i<je), VEeMy™ (61)
We choose X; € Q;NQ: we can find, by (56), functions 7; € Co(Q; N Q; M'5*™) such that:

€

[ omduz [ HCG ) did -

QinQ QiNQ j(€)
and such that

for every x in Q; N 2. Since the mapping K is continuous, putting

pi(z) == k@) (Ti()),

where Il () is the canonical projection on the closed convex set K(x), the following
properties are verified, thanks to (59):

@i € Co(Q; N ME™),
lpi(z) — 7i(x)] < e for every x € Q; N, for every 1 <i < j(e),
pi(r) € K(x) for every x € Q;NQ, for every 1 <i < j(e);

We now easily have:
IS —
| ednz [ HOGw/ @) dinl - 5 = elal @0 )
Qin® QN0 j(€)
so, if we put

which is still continuous since the );’s are a finite collection and the functions ¢; vanish
on the interfaces, we get an admissible function verifying

o(z) = {gpl(a:) ifre@,NQ

/ pdu > Z H(X, /|l () dla]) — & — el Q).

QiNQ

From (61), since |u/|u|| =1 |p|-a.e., we get:

/ odp > / H 2 1/ |l(2)) dlpa] — & — 2] (),
Q Q

and this implies:

H(p) < sup {/QTdu: 7€ Co(QUTH) N ICD(Q)} ;

as required.
By considering a continuous monotone approximation as in Remark 2.3 the result can
be easily extended to the case of a lower semicontinuous multivalued map. ]
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Remark 3.7. Actually, the regularity of admissible functions in (57) can be improved:
it suffices in the previous proof to take a suitable uniform approximation in C§°(2UT))
of the (admissible) function (1 — ¢)y to get:

H(p) = sup {/MO s 7€ C(QUTY) N KD(Q>} | (62)

As a corollary of the previous theorems, we have:

Corollary 3.8. Let K: QUT, — 2" be a continuous multivalued map from QUTy to
the closed convex subsets of MIy*™, which satisfies (8), or a piecewise constant multivalued
map from QU Ty to the closed convex subsets of M", which satisfies (8), (46)—(53).
Assume that g € L>®(I'1;R™) and that there exists p € X(Q) N K(Q) such that [pv] = g
on I'y. Then, for every p € Ilp,:

H(p) = sup{{oplp): 0 € Q) NK(Q), [ov] =g onTi}. (63)

Proof. Apply the same argument of [5], Proposition 2.4., using Propositions 3.2 and
3.4, and (62). O

It is now possible to prove the existence of the minima of the incremental problems
exactly the same way as in [5]. The data are the current values py € Ilr, of the plastic
strain and the updated values w € H'(R™;R"), f € L"(Q;R"), and g € L>®(T';;R"),
of the boundary displacement and of the body and surface forces. The total load £ €
BD(Q)" is defined by:

(Llu) = (flu) + {glu)r, (64)
for every uw € BD(£2). The minimum problem to be solved is then:
min(,epeaw){Q(€) + H(p —po) — (Llu)}, (65)

and the following uniform safe-load condition is assumed: there exists o € L*(€; M2 ")
and o > 0 such that:

—divo=f ae.onQ, [pv]=g¢g onTy, (66)
and
op(z) + €& € K(x) (67)

for a.e. x € Q, and for every £ € M with || < a. As shown in [5], the minimum
problem (65) is equivalent to

Min (e p)eaw){Qe) — (ole) +H(p —po) — (oplp — po) } (68)

in the sense that they have the same solutions. The following theorem holds:

Theorem 3.9. Let w € H'(R™;R"), f € L"(;R"™), and g € L>(T'1;R™), and let L be
defined by (64). Assume (4), (5), (66), (67). Then, the minimum problem (65) has a
solution.

Proof. Thanks to (63), it is possible to apply the same arguments as in [5], Theorem
3.3. ]
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Also the same Euler conditions, summarized here for the reader’s convenience, hold.

Theorem 3.10. Assume (4), (5). Let w € H'R™R"), f € L™"(4;R"), and g €
LT3 R™), let (u, e, p) € A(w), let o := Ce and let L be defined by (64). The fol-

lowing conditions are then equivalent:

(a) (u, e, p)is a solution of (65) with py = p;
(b) —H(q) < {o|n) — (Llv) < H(q) for every (v, n, q) € A(0);
(c) oceX(Q)NK(), —dive = fa.e. on €, [ov]=gonT}.

Proof. See [5], Theorem 3.6. O

Remark 3.11. As in [5], Remark 3.9, if (u1, e1, po) and (usg, e, pg) are solutions to
problem (65) with the same data, then u; = us and e; = e5 a.e. on Q.

3.2. Quasistatic evolution

Thanks to Propositions 3.2 and 3.4, and to (62) the same results as in [5] about exis-
tence and regularity of quasistatic evolutions hold in our case. Here they are collected
for the reader’s convenience. Through all of this Section it is understood that the stress
constraint is given by a continuous multifunction satisfying (8), or piecewise constant
satisfying (8), (46)—(53). We now consider time-dependent absolutely continuous bound-
ary conditions w(t), as well as absolutely continuous body and surface forces f(¢) and
g(t); also the uniform safe-load condition (18)—(20) is assumed. For every ¢ € [0,T] the
total load L£(t) € BD(£2)" is defined by:

(L()|u) = {fO)u) + {g(@)[u)r, (69)

for every u € BD(Q2). Considering the separable Banach space Y := Co(Q U T'o; MY™),
whose dual X is given by X = M,(Q U Lg; M") and the closed convex set K; =
Kp(Q) N Co(QU Ly; M), by (57) the functional H can be regarded as the support
function of Iy, that is:

H(x) = sup,e, (zly) Vo € X; (70)

this gives another proof of the w*-lower semicontinuity of H. By (10) the following
bounds hold:
m||z|| < H(x) < M||z|| Vo€ X, (71)

where m, M are defined as in Section 2.1.

Given an absolutely continuous function p : [0, 7] — X the H-variation of p in the time
interval [s,t], which will play the role of the dissipation in [s,¢], will be defined as:

N
Dy (p; s,t) = sup{ ZH(p(tj) —p(tjs1)) i s=te<t1 <---<ty=t,Ne€ N} .
j=1

By the w*-lower semicontinuity of H it easily follows that:
Dyy(p; a,b) < Dx(p;a,b) (72)

whenever pi(t) — p(t) in the w*-topology, for every ¢ € [a,b]; the following theorem,
proved in ([5], Theorem 7.1) introduces the definition of p(¢) we will use in the rest of
the paper:
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Theorem 3.12. Given an absolutely continuous function p : [0,T] — X, the weak*-
limat
p(s) — p(t)

- (73)

p(t) == w* — limg_,

ezists for a.e. t € [0,T], and

H(p(t)) = lim, /M (M) . (74)

s—t

Moreover, the function t — H(p(t)) is measurable and

b
Dulpia.b) = [ H(p(e) d (75)
for every a, b € [0,T] with a <b.

The definition of quasistatic evolution is the same as in [5], that is:

Definition 3.13. A quasistatic evolution is a function t — (u(t), e(t), p(t)) from [0, 7]
into BD(2) x L*(; M2X™) x My( U To; M5") satisfying:

sym

(gsl) global stability: for every ¢ € [0,T] we have (u(t),e(t),p(t)) € A(w(t)) and

Q(e(t)) — (L@)|u(t)) < Qn) + H(g — p(t)) — (L(t)[v)
for every (v,n,q) € A(w(t));

(qs2) energy balance: the function t +— p(t) from [0,7] into M,(Q U T'o; M'5") has
bounded variation and for every t € [0, T

Q(e(t)) + Dr(p; 0,) — (L (1) |u(t))
= Q(e(0)) - <E(0)|U(0)>+/O {{o(s)| B (s)) — (L(s)|w(s)) — (L(s)[u(s))} ds,
where o(t) := Ce(t).

By the results previously obtained there’s actually nothing new to prove about the
existence and regularity of quasistatic evolutions, in the sense that the same arguments
as in [5] lead to the following:

Theorem 3.14. Assume (4), (5), (15), (16), and that the maps t — w(t), t — f(t),
t — g(t) are absolutely continuous. If the stress constraint is given by a continuous
multifunction satisfying (8), or piecewise constant satisfying (8), (46)—(53), and the
safe-load conditions (18)—(20) hold, given a triple (ug, eo, po) € A(w(t)) satisfying:

Q(eo) = (£(0)|uo) < Q(n) +H(g — po) — (L(0)]u) (76)

for every (u,e,p) € A(w(0)), there exist a quasistatic evolution t — (u(t), e(t), p(t))
such that u(0) = ug, €(0) = eg, p(0) = po.

Moreover, the functions t — e(t), t — p(t), and t — u(t) are absolutely continuous from
[0, T] into L*(Q; M), My(Q U Lo; MB™), and BD(RQ) respectively and the functions
t—e(t), t — o(t) are uniquely determined by the initial conditions.
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Proof. Apply the same arguments as in [5], Theorem 4.5, Theorem 5.2, and Theorem
5.9 [

Remark 3.15. By the previous theorem and Theorem 3.12, condition (qs2) in the def-
inition of quasistatic evolution is actually equivalent to:

(qs2’) For a.e. t € [0,T]

{o(O)]e(®)) +H(p(t) = (e Ew(t)) — (L)W () + (LX) |a(t)).

Moreover, as shown in [5], Remark 5.4, if the data are Lipschitz continuous in time, the
functions t — e(t), t — p(t), and t — wu(t) are Lipschitz continuous from [0,7] into
LA M2xm) My (Q U To; MB<™), and BD(Q) respectively.

sym

3.3. Strong formulation and precise definition of the stress

Also in this case the construction done in [5], Theorem 6.4, of a so-called precise repre-
sentative of the stress satisfying a pointwise formulation of the classical flow rule, holds;
namely, given an absolutely continuous mapping t — (e(t), p(t), u(t)) from [0, 7] into
L2(Q; M) x My(Q U To; MIF™) x BD(Q) this formulation will be expressed by the
inclusion:

p(t)
p(1)]

where N ;) denotes the normal cone to the closed convex set K (x) and % is the Radon-

(z) € Ngw)(op(t,x)) for [p(t)] —a.e. x € QUT, (77)

Nikodym derivative of p(t) with respect to its variation |p(¢)|, which is a function defined
Ip(t)] — a.e. in QUT,. We only have to check the measurability and the boundedness of
this representative: they are guaranteed by the following simple lemma, which we state
in the general case when K is only lower semicontinuous.

Lemma 3.16. Let K: QUTy — 2Y5°" be a lower semicontinuous multivalued map from
QU to the closed convex subsets of MI™, which satisfies (8). Let &: QU Ty — ME"
be a bounded Borel function. Then, for every p € M,(Q U To; ME™) the map:

2= (O¢)oH (z,¢()),

where (0¢)oH (x, €) denotes the element of OcH (x, §) with minimum norm, is ji-measurable
and bounded.

Proof. It easily follows from [4], Theorem I11.41, that if the multifunction:

= OgH (x, (x)) (78)
is y-measurable, so is the map:

z = (O)oH (,&(x)),

hence it only suffices to prove (78). Take an open set U C My denoting by G(z, ()
the Borel function from the product space (Q2UTy) x U into R defined by:
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we easily get, by well-known properties of the subdifferential (see for instance [1], Propo-
sition 9.5.1), that:

{‘7: < X’agH(l’,f(.CE)) nu 7é ®} = HQUFO {(l‘,C)’ G((E, C) = 0}7

where TIgur, is the projection on the first factor: by the Projection Theorem ([4], The-
orem I11.23), this is an universally measurable set. Finally, the boundedness of the map
x — (0¢)oH(x,&(x)) follows at once from the inclusion d¢H (x,&) € K(x) which is a
trivial consequence of the definitions. n

We have the following:

Theorem 3.17. Assume (4), (5), (15), (16), that the mapst — w(t), t — f(t), t — g(t)
are absolutely continuous and that (18)—(20) hold. Assume that the stress constraint is
given by a continuous multifunction satisfying (8), or piecewise constant satisfying (8),
(46)-(53). Let t — (u(t), e(t), p(t)) be a function from [0,T] into BD(S2)x L (Q; M7x")
XMy(QUTo; M), let o(t) := Ce(t), and let u(t) := L+ |p(t)|. Then t — (u(t), e(t),
p(t)) is a quasistatic evolution if and only if

(e) t— (u(t), e(t), p(t)) is absolutely continuous and
(e1)  foreveryt € [0,T] we have (u(t), e(t), p(t)) € A(w(t)), o(t) € L(Q)NK($),

€8) Jor ne 1 € IB) e eoists 5ol0) & Loz (630 Tug ME™) such tht
bp(t) = oplt)  Lr-ae onQ, (79)
on(t) (0] = (a(0): B 0] on U, (80
‘gg‘ (2) € N (6p(t, ) for [5(t)|-a.e. 2 € QUTY, (81)

where op(t,x) denotes the value of 6p(t) at the point x.

Proof. By Lemma 3.16, one can repeat the same construction as in [5], Theorem 6.4;
the proof then follows with the same argument. m

Remark 3.18. By Remark 3.5, in the special case of the dimension n = 1 (and related
problems) the results of this section hold with the weaker assumption of a lower semi-
continuous multivalued map K; there is no need of constructing a precise representative
as all admissible o have a continuous representative by canonical imbeddings.

4. One-dimensional problems

For the definition of the set of admissible displacements and strains in dimension n = 1,
we refer to Section 2.2; moreover we recall that in this case it is always assumed o = op.
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4.1. The case of simple shear

Before studying one-dimensional problems, here is a typical situation when the solution
to the quasistatic evolution problem leads to the solution of a one-dimensional one. Let
Q=(-19%letTo={-3} x (=L u({i} x (-1, 1)), and I’y = 02\ T'y; Dirichlet
conditions are prescribed only on Fo, Whlle perlodlc ones (m the second coordinate) are
assumed on I'y. This problem will be referred as (DP) (Dirichlet-periodic problem).
The elasticity tensor C is assumed to be isotropic (see Section 2.2). In the following
proposition x and y respectively denote the first and the second coordinate in R2.

Proposition 4.1. Assume that the boundary displacement is of the form
w(t,z,y) = \/ﬁw(t,x)ez,

Y 7?/ = \/— 9 2,

the constraint on the deviatoric part is given by:

K= {( 5 )V F < b |,

where ky(z) is a strictly positive lower semicontinuous function only depending on the
first coordinate. Assume also that the initial conditions are of the form:

ao(,y) = V2u(z),
éo(x,y) = M(eo(x)),
po=M(po® L") in Q,
Po = (Wo — Uy) ©v on Ty.

where (ug, €g, po) is an admissible triple for the boundary displacement wy, the constraint
Ki(x) = [~ki(x), k1(z)] and M is defined for every a € R as follows:

0 -«
M(a) := o V2o
. (70>

Then every quasistatic evolution satisfying (DP) conditions, and the given boundary and
wniatial conditions is of the form:

s an admissible triple for the one-dimensional Dirichlet problem
with boundary displacement w(t) verifying:

where (u(t), e(t), p(t

on the interval (—

(Cff) ult) =e(t

)
LY
) +p(t),
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)|
(&—o(t,x)): %(x) <0 for|p(t)|-a.e. x € [=1, 1], for every £ € [—ki(z), ki (z)].

Proof. It is easily seen that if (u(t), e(t), p(t)) is an admissible triple, so is (u(t), é(t),
p(t)). In our hypothesis, & = 6p, so the constraint is easily satisfied and so is the
equilibrium equation, since —divop(t,z,y) = f(t,z.y) whenever (Cf3) holds.

From the definition of p(t) it easily follows that:

-

CN0,
By Y = M

this equality is also true on the boundary I'. Hence, for fixed (x,y) € QUT, taken
§ € K(z,y):

@—6@xwﬁw§?Cuw=%¢%u—0u@xﬁéw(@;

~—

=

as the stress constraint implies, for every é € K(x,y):
1V2E12| < ki (),

by (Cf5) we conclude that, |p(t)]-a.e.

c _5(t,x ﬁ<t)
(€ —oa(t,z,y)) 20

(z,y) <0,

and so (u(t), é(t), p(t)) is a quasistatic evolution according to Theorem 3.17.

Vice versa, since 6(t) is uniquely determined by the initial conditions, so it certainly is of
the required form, it only suffices to verify that, given ¢(t) such that (a(t), é(t), ¢(t)) is
a quasistatic evolution, there exists ¢i(t) € My([—3, 3]) such that ¢(¢) = M (¢:(¢) ® L1):
once this is achieved infact, straightforward computations assure that (Cfl)-(Cf5) are
verified. The constraint K (z,y) is a sphere in the space of deviatoric matrices, so it is
well known that:

NE(ay)(0(t z,y)) = {Ao(t,z,y) [ A = 0} ;

by Theorem 3.17, we deduce that, for a.e. ¢, there exists g(t,z,y) € Lllé(t)l such that:

——(z,y) = M(g(t,z,y));
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this implies by absolute continuity, taking into account the initial conditions, that:
(t) = M(v (1))
for a suitable v(t) € M,(2UTy), and that:
Eu(t) = M(o(t,x) + v(t)).
This implies that there exists two functions uy(t), us(t) € BV ([—3, 1]) such that:
a(t, z,y) = ui(t,y)er + us(t, x)es;

but (23), since the normal to Ty is parallel to e; implies that:
11
u(y) =0 L' —a.e. in (—5, 5)
From this the conclusion easily follows. O]

4.2. The autonomous case

We first study a one-dimensional Dirichlet problem where the force does not depend on
time: in this case a complete qualitative study, as it will be shown, is possible. The data
of the problem are an open interval in R (only to simplify notation, this interval will be
(0,1)), the stress constraint

K(z) := [—a(z), B(x)], (82)
where «, 3 are strictly positive lower semicontinuous functions, and the boundary dis-
placement w(t, x): from now on, we define wy(t) := w(t,0) and similarly w; (t) := w(t, 1).
These two functions are absolutely continuous with respect to time. For simplicity, the

function 2u(z) in the elasticity tensor will be taken constant and equal to 1. According
to Theorem 3.17, the problem to be solved will be then:

Lot) = (1) + (1), ()

Lot =1, (34)

o(t,z) € K(x), (85)

@) € Niw(otta)) for j0)lae. = € 0.1) (36)

in fact, since the elastic part is in the 1-dimensional case absolutely continuous in space
by canonical imbeddings, the continuous representative is a precise representative in the
sense of Theorem 3.17. We easily have that:

[0,400) if o(t,x) = B(z)
Niw (o) =440} italz) < olt,2) < H(a) (57)
(—o0,0] ifo(t,x) = alx).

We assume for simplicity that

oo(z) = 0(0,z) € (=a(z), 5(z))
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for every x and that py = 0; most of the reasonings later developed will also work,
however, with different initial data, with slight adaptations. The initial displacement
can be recovered from oy by integration, taking into account the boundary conditions.
The function oy provides a safe-load solution at any time, so quasistatic evolution exists
in every time interval [0, 7] with 7" > 0: from now on, 7" will be fixed. By (84) the elastic
part will be given by:

o(t,x) = oo(x) + ¢(t) (88)

for a suitable function ¢(t) to be determined in the sequel, and, by continuity in time,
at small times the solution will be purely elastic, that is to say, taking into account the
boundary conditions

c(t) = h(t) := wi(t) —wo(t) — /0 oo(z) dz. (89)

In fact, from (86), since, given a convex closed set C' Ng(§) = {0} whenever ¢ is an
interior point of C, no plastic deformation can appear as long as o(t, z) is in the interior
of K(x) at any point. Now if for every ¢ € [0, 7],

—(ming ) ((x) + g())) < h(t) < (ming ) (B(z) = o0(2))),

the solution remains purely elastic and it is given by (88) and (89). Plastic deformation
may instead occur when, putting

v := miny q (B(z) — oo(2)), (90)
A :=miny (0o(x) + a(x)), (91)

either inf{t € [0, T]|h(t) = v} or inf{t € [0,T]|h(t) = —A} are finite; they cannot coin-
cide, as both A, v are strictly positive, so it is not restrictive to assume for example
that

ty :=inf{t € [0, T||h(t) = v} < inf{t € [0,T]|h(t) = —\}

(the discussion of the other case is similar). First of all, we make some general remarks.

An interesting case is when the minimum values defining A\, v are attained at a finite
number of points of [0, 1]: in this case the plastic deformation will be necessarily con-
centrated. In fact, let {z;};, be the set of points such that

Blxi) — oo(zi) = v
and {y;}7_, the set of points such that
oo(y;) +aly;) = A
Clearly, by (85), the function ¢(t) defined in (88), must satisfy:
-\ <c(t) < (92)

so, whenever x ¢ {z;};"; U {y;};_;, by lower semicontinuity of the functions involved

there exists an open neighborhood U, of x such that, for every y € U,:

—a(y) < oo(y) — A < oo(y) + c(t) < oo(x) +v < B(y);
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from (86), since, given a convex closed set C' N¢(€) = {0} whenever ¢ is an interior point
of C, it is easy to conclude that:

—= =0 |p(t)|-a.e. in Uy,
; (2]

hence supp p(t) C {z1, ..., zm } U{y1, ..., yn} : since this set is finite (this is the only point
where it is exactly needed), one has that there exist suitable functions ;, ¥, such that:

(f,p(1) = Z wi(t) f(xi) + Z%‘(t) f(y;) for every f € C([0,1]),

and by the w*-absolute continuity of the map ¢ — p(t), one gets:

m

F0) =3[ elo)as) fa+ 30 ([ 03(05) fly) - for every £ € (0.1

i=1

hence:

p0) =30 ([ it 96+ ([ w1 ds), (93

i=1 70
Given a quasistatic evolution (u(t),o(t),p(t)), we define:
P(t) = pt)([0,1]); (94)

we observe that P is absolutely continuous and that:

P(t) = p(t)([0,1]). (95)
By (83), taking into account the relaxed boundary conditions and (88), (89) one gets
the equality o(t,z) = oo(x) + h(t) — P(t), so P(t) is uniquely determined by o(t).
We claim that there exists a right neighborhood [t1, 5] of ¢; such that, for every ¢ in this
neighborhood:
P(t) = r(t) := maxyep, gh(s) — v, (96)
= oo(z) + h(t) — r(t). (97)

o(t,x

To prove the claim, we define &(¢, x) as the right-hand side of (97) and observe that it
suffices to find an absolutely continuous function t — (@(t), p(t)) such that p(¢)([0, 1]) =
r(t) and the triple (u(t),a(t), p(t)) satisfies (83)—(86).

Clearly (84) is verified by (¢): the definition of r(¢) yields

a(t,x) < B(z),
and by continuity in time, in a suitable neighborhood of ¢;, we will have:

a(t,x) > —a(x).
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Regarding (86), we choose p(t) defined by (93), with ¢; replaced by ¢; and ¢; = 0 (we
already know that in our hypothesis no plastification appear at these times at points y; ).
It then suffices to check that there is, for every 1 < i < m, for every t € [t1, 5] a choice
of ¢;(t) compatible with the condition:

M) =) @ilt), (98)
i=1
such that, for every 1 <7 < m,
p(t) i
(zi) € Nk (a))(G(t, 1)) (99)

[p(t)]

Since 7 is absolutely continuous and nondecreasing, 7(t) > 0: moreover,

=

r(t) > h(t) — v = r(t) = 0; (100)

indeed, under this assumption, r is constant in a neighborhood of ¢. In this case, the
choice:
t)=0 V1<i<m

Pi
is clearly compatible with both (98) and (99). The only other possible case is r(t) =
h(t) — v; in this case, by (90), &(t,x;) = B(z;): (98) and (99), by (87), are easily satisfied
by putting:

It is now easy to verify that:

ult, ) = / “on(y) dy + (h(t) — r(6))z + HE)([0, ) + wo(?)

is a distributional primitive of ¢ + p satisfying the relaxed boundary conditions, so the
claim is proved. Observe that, by the uniqueness of o the conditions on ; are also
necessary. We also can get rid of ¢; by putting:

r(t) = maxsepq(h(s) —v)*. (101)

The solutions found in this way obviously change form if at a certain time, still labeled
by t,, one has:
minze[o,l]o_(t%x) = _)\7

that is to say:
h(tg) — T’(tg) = —\.

At this time a concentrated plastic deformation can occur at points y;’s.

We claim that there exists a right neighborhood [ts,t3] where the elastic part of the
solution is given by:
o(t,z) = oo(x) + h(t) — r(t) — s(t), (102)
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where s(t) is defined as:
s(t) := mingep[—(h(s) —r(s) + X)7]; (103)

as before, we get rid of ¢5 in the definition of s(¢) by noticing that, at times smaller than
to h(s) —r(s) 4+ A is strictly positive, hence at these times s(t) = 0. In general, it turns
out that s(t) is a non-positive, nonincreasing, absolutely continuous function. Noticing
that t3, if we assume the claim, can be defined as:

ts =inf{t € [0,T] : h(t) —r(t) — s(t) > v}, (104)

with the convention ¢3 = T" whenever the right-hand side is the empty set, one also has,
by the nonpositiveness of the function s, with an easy application of (100), that:

in particular, equation:

> pilt) =i (t)

=1

is still verified (no new plastification is possible at points x; at these times, so we are
forced to put ¢;(t) = 0 for every t € [ta,t3)). The claim can now be proved with the
same reasonings as before, leading to the following possible choices of 9);:

Y;(t) <0, Z%‘(t) = 5(t).

Clearly, the procedure can be further iterated: if t3 < T', at time t3 new plastification
can appear at points x;: one should then define a new function r(t) as:

ri(t) = maxeep [(h(s) = r(s) = s(s) = v)]"

and then proceed as before.
These results can be summarized as follows:

Theorem 4.2. Let T' > 0 be fized, let Q@ = (0,1), let f(t,x) = f(x), let the stress
constraint be K () := [—a(x), B(x)] where a, B are strictly positive lower semicontinuous
functions, and the boundary displacement w(t) be an absolutely continuous function from
0, T] into H'((0,1)), let the stress tensor be equal to 1. Suppose that

oo(x) :==0(0,2) € (—a(z), B(z))
for every z, and that
t, = inf{t € [0, T]|h(t) = v} < (T Ainf{t € [0, T)|h(t) = —A}),
where h(t) is defined as in (39) and

v :=minj ) (B(z) — oo(x)), A = mingy) (0o(x) + a(x)). (106)
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Suppose that the values \, v are attained at a finite number of points in the interval [0, 1],
and let {z;};_, and {y;},_, be the set of points such that

B(zi) — oo(zi) = v

and

oo(y;) + aly;) = A
Let r(t), s(t), ts as in (101), (103), (104) respectively: then, for every quasistatic evolu-
tion (u(t),o(t),p(t)) in the time interval [0,t3) one has:

(t,x) = ao(z) + h(t) — r(t) — s(t), (107)
p(t) = Z%ﬁzw%+2/% ) ds)d,,, (108)

=1

Q

where the functions p;, ©; respectively satisfy

ngz =7r(t (109)

> th) = 400, (10)

Viceversa, to every pair (o(t),p(t)) defined as before, corresponds a quasistatic evolution.

Remark 4.3. The solution is then unique whenever it is purely elastic or when m =
n = 1; elsewhere, we have always infinitely many solutions. For other examples of non-
uniqueness of the solutions, see [11], or [12]. Moreover, as we already knew, lipschitzianity
in the time variable of the boundary displacement (in this case, this is the only time-
dependent datum, as both the force and the safe-load solution only depend on the space
variable) ensures lipschitzianity in time of the quasistatic evolutions, but Theorem 4.2
is also an example showing that this is the best dependence to be a priori assumed
on the solutions; in fact, whatever the regularity of the boundary displacement is, the
functions r, s of the previous theorem are in general not better than lipschitzian, and so
are obviously the explicit solutions found in this particular case.

4.3. The nonautonomous case

This last, very simple example is a case where a solution can be explicitly found but,
due to the time dipendence of the force, we cannot observe a concentration phenomenon,
even if the situation is somewhat similar to that considered in Theorem 4.2: the effect
of a time-dependent force is in fact, as it is intuitive, that the points where plasticity
appears “move” along the body, giving rise to a diffuse plastic deformation.

Example 4.4. Let Q := (0, 3), consider a boundary displacement w(t,z) := tx and an
applied load of the form f(t,z) := —t. The stress constraint is K (x) := [—1, k(x)] where:

k(x) =3+ (z —1)? (111)

and the initial condition is the null triple. We consider the quasistatic evolution problem
in the time interval |0, 2]' a correspondant safe-load solution is for example o(t,x) =
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tx—2. We easily have o(t,z) = tx+c(t) and at small times ¢(t) = 0. Plastic deformation
may occur at time when the function tx meets the yield surface at at least one point,
and this is easily equivalent to say that, for fixed ¢, the function:

d(t,z) =3+ (v — 1) —tx

has minimum value 0 in the space variable. The function d, for fixed ¢ takes its minimum
value at the point z = % : the smallest time when the minimum value is 0 is then, by
a direct computation, t = 2. At this time a plastic deformation appears at the point
x = 2. We claim that for ¢ € (2, 2] one has ¢(t) = 3 — % — t. We assume the claim: with

5 42

this assumption one has, by (86), that at every time ¢ € [2, 5] only at the point x = 52

(which is always in §2) a new plastic deformation appears, so we have:
PlE) = alt)dese (112)

for a function a to be determined. Taking a test function ¢, by absolute continuity and
by the initial conditions one has:

Wt ¢) = [ S0 e ds

t

= /22 2a(2(x — 1)) () dz

[

with an easy change of variables, so the claim implies that:

p(t) = 20(2(r — 1))\ 122 () £, (113)
that is a diffuse measure. Finally as the boundary conditions imply:
p()([0,3]) = —c(t) (114)
by deriving the formula:
t+2
R 12
/ 0(2(c — 1)) dr = +1-3 (115)
2
one gets:
alt)==-+1
hence
p(t) - 21‘X[27t+2]($) ﬁl
t
p(t) = (5 +1) 5%. (116)

With this choice of p(t) the claim can now a posteriori be easily verified. By the unique-
ness of o one can also infer that this is the only solution to the considered problem (the
above reasonings show that if we assume that o is of the claimed form, p(t) necessarily
verifies (116)): we thus have a diffuse plastic deformation as announced; at every fixed
time, instead, the w*- derivative of the measure p(t) is concentrated.
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